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We study the boundary value problems of second-order singular differential equations. At first, we reduce the BVPs to initial value
problems of first-order singular integrodifferential equations and then we employ the quasilinearization method in studying the
IVPs and obtain two monotone iterative sequences, which converge uniformly and quadratically to the unique solution of the IVPs.

Finally, we get the similar result for the given BVPs.

1. Introduction

It is well known that quasilinearization method is a powerful
tool for proving the existence of approximate solutions of
nonlinear systems and the converge quadratically to the
unique solution of the given problems (see [1]). Recently,
Abd-Ellateef Kamar et al. investigated the first-order singular
systems of differential equations with initial value problem
[2]. In [3], Wang and Liu developed monotone iterative
technique combined with the method of upper and lower
solutions for studying the second-order singular systems with
boundary value problems (BVPs).

In this paper, we extend quasilinearization method to
study the second-order singular systems with the boundary
conditions:

AX=f(X,X), XO0)=X, X®=X, )

where A € R™ is a singular matrix, f € C[I x R" x R",R"],
I = [0,b], and X, and X, are two constant vectors. By using
the existence result [4] for linear singular systems and the
comparison result [5],we investigate two monotone iterative

sequences which converge uniformly and quadratically to the
solution of the problem.

2. Preliminaries

Consider the following initial value problem:

-AU = f (t,SU,-U), U(0) = -X,, (2)

where A is a singular n x n matrix, f € C[I x R” x R",R"],
b . . .

I=10,b],SU =X, + L U(t)ds is an increasing operator, and

X, is a constant vector.

In order to obtain two monotone sequences, we introduce
an existence result for the corresponding linear singular
systems and a comparison result.

The existence of the solution of the linear initial value
problem of the form

—AU+M @)U =g(t), U() =-X, (3)

is well known and is given by the following lemma.



Lemma 1 (see [4]). Assume that the nonhomogeneous linear
system (3) exists and if

(i) there exists a A € R such that (~AA + M(t))™" exists,
(ii) X, is the solution of (I-AAP)(~X,~W(0)) = 0, where
A=A+ M@®) 7 (-A),
M=(-A+M@®)'M@®),
GO =CA+M@) g1,
W(t)=(1-AA) M 5 (t),

and AP, M are the Drazin inverses of A, M(t), respectively,
then the solution is given by

U0 = FIRR(x) + [ A GG o) ds
+(I-APA) M 5 (t). ()
Now one gives the following assumptions for convenience.
(H,,) Let A and M(t) be matrices such that (~AA + M(t))™"

exists and is nonnegative for some A € R'. Suppose
further that T, T™" exist and are nonnegative, such that

. (C O e (I,=AC 0
T AT_(O 0), T MT-( 0 Iz)’ (6)
where A = (-AA + M)A, M = (-AA +

M) ' M(t), and C is a diagonal square matrix with
C'>0andC'(I; - AC) > 0.

(H,,) There exist (1), Bo(t) € C'[I, R"] with ay(t) < By(t)
on I, such that

—Ady < f (8, Sy, —ty)

~ABy = f (B0, —fo) »

o (0) < -X,,
(7)
B (0) > =X,

(H, ;) All second-order derivatives of f(t, X, U) exist and are
bounded, f(t,X,U) is convex in X for each (t,U),
f(t, X,U) is convex in U for each (t, X), f.(t,X,U) is
nonincreasing in U for each (t, X), and f(t, X,U) is
nonincreasing in X for each (t,U).

(H,.4) Moreover M(t) = —[ f,.(t,Sn,—m)b — f,(t,Sn, —n)].

To obtain the results, one needs the following comparison
theorem.

Lemma?2. Let —AP+ M(t)P < 0 such that A and M(¢) satisfy
assumptions (H, ) and (H, 4). Then P(0) < 0 implies P(t) < 0
onl.

The proof is similar to [5] and one omits it.
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3. Main Results

Firstly, we develop the following result which is important for
the final result.

Theorem 3. Suppose that assumptions (H, ,)-(H, ) hold and,
for X, € R",

(i) (I - AAP) (=X, — W(0)) = 0, where W(t) = (I —
APAMPg(t).
Then there exist two monotone sequences {o,} and {,,}, which

converge uniformly on I to the unique solution of problem (2)
and the convergence rate is quadratic.

Proof. From (H, ;) we find that f, (t, X,U) > 0, and
FEXLU) 2 f(6X,U) + £, (6 X,,U) (X, - X5), (8)

for all X;,X,,U € R"and t € I. The convexity of f(t,X,U)
in U implies that

ftXU0) 2 fEXU,)+ £, (6X0,) (U -Uy),  (9)

forU,,U, € R",t € I,and X € R".
Now consider the following linear problems. For k =
0,1,2,3..,

—Ady,; = f(t,Soy, —oy) + fo (£, Sog, —0) (Setgyy — Sexy)

+ fy (8 Sag, —04) (=0esr + o) s ey (0) = =X,
(10)

~ABir = f (6B —Be) + f (S, —a.) (SBrsr — SBe)

+ fy (6 St =) (=Bess + Be) > Prar (0) = =X,
(1)

For (10), set
g (t,Sx,-x) = f (t, Sy, —ay) + £ (£, S, —0xy) (Sx — Sexy))

+ f, (t, Setg, —ag) (= + &) .
(12)

Then, we obtain that —Adg, < f(t, Sy, —ty) = g(t, Saty, —xg).
Furthermore, we can get

~ABy = f (t:5B~Po)
> f(t, Sy, —ag) + fic (£ Serg, —atg ) (SBy — Saxg)
+ f, (£, Sag, —at) (o + &)

= g (t. By —Bo) -

Hence «, and f, are lower and upper solutions of (12),
respectively. Thus (12) has a solution «; on I, and we have
oy < a; < f. Similarly, set

g" (t:Sx,—x) = f (£, Sy, —Py) + fx (. Sexg, —0t) (Sx = SBy)
+f, (t, Sexg, —0ty) (= + By) -

(13)

(14)
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Then we obtain that (14) has a solution 3, on I, and we have

a < B < .
Now we claim that

on I. 15)
Let p = a; — B,. We get that
—Ap= - Ad, - (-AB,)
= f (t, Satg, —tg) + £ (£, Saxg, —axg) (Sex; — Sexg)
+ £, (£, S, —ax) (=0t + )
= f (£:SBo, =Bo) = fi (£ Setg, ~at9) (B = SBo)
= f, (6, Sag, —0x) (=1 + o)
= f (¢, Sexg, —etg) — f (£, By —y)
+ f (£ SBo» —a%9) = £ (t:Bo> — o)
+ £, (t, Sag, —ty) (St — Sexy)
+ f, (£, Sag, —ag) (—ot; + otg)
= fie (£ Satg, =0t (B, = SPBo)
— £, (& Sag, —9) (=B + By)
< £, (£, Sag, —eg) (Setg = SBy)
+ £, (&, S, —g) (=0t + fBy)
+ £, (t, Satg, —ty) (Set; — Sexy)
+ f, (¢, Sag, —ay) (—ay + o)
= [+ (t:SBo, =Bo) (S = SBo)
= £y (:5Bo=Bo) (=B1 + Bo)
< fy (8, Serg, —ex)
x (Sety — Sy + Sty — Sery — SB; + SB,)
+ f, (£, Sag, —atg)
x (—atg + By — oty + g + By — o)
= f, (£, Sety, —cty) (Set; — SB;)

-1 (t, Sexg, —0ty) (0 = By) < =M (t) (o = By) -
(16)

Noticing that p(0) = «,(0) — 3,(0) < 0, we get «, (t) < f3,(t),
onl.
Now, assume that, forn = 0, 1,2,..., k, (10) and (11) admit
solutions «,, and f,,, respectively, such that
Ay <o << <P < <P <Py, on Il (17)

Then setting n = k in (10) and (11), we observe that the
assumptions in Theorem 3 are satisfied. Thus, there exist

solutions &y, (t) and B, ,(¢) for (10) and (11), respectively,
and we now will show that the following relation

o () <oy () <P ) <P (), tel, (18)
holds. Firstly, we can easily know that o (t) < o, (t) < Bi(t)

and o (t) < i, (1) < ().
To prove that o, < By, consider p = oy — fBi;. Then
—Ap= - Ad,; — (AP

= f(t,Soq, —o) + £, (£, Soy, —t ) (Sotgery — Se)
+ f, (t, S, ) (ot + 0g)
= f (6B =Be) = f (t: B> —PBi) (SPrsr = SPe)
= fy (:SBis =Br) (=Prer + Be)

= f(t, Sa, —o) — f (£, B> —0ti.)
+ f (6 SB —awe) = f (t: SPr = PBr)
+ f, (t, Sog, —a) (Soge; — Sy
+ £, (& S, —0g) (—atgyy + )
= [ (: 5B =Br) (SBrs1 — SPr)
= f, (8B —B) (~Brsr + Br)

< fy (t, Sog, —oy) (So — SPy)
+ f, (8, P —o4) (—oy + B)
+ f, (t,Sog, —ay) (Sogey — Seye)
+ f, (6 Sa, —04) (—0teyy + o)
= [ (: 5B =Br) (SBrs1 — SPr)
= f, (6B =B) (~Brsr + Br)

< fy (t, Sog, — )
X (Sog. — SBy + Sagesy — Soy — SPrst + SPr)
+ f, (£, S, —o)
X (=0 + B = Qeyy + 0 = Pror + Br)

= [ (t: St —oy) (Setieyy = SPrsr)

+ f, (£, S, —at) (=0gesy + Prsr) = ~M (t) p.
(19)

We know that p(0) = «,,(0) — B,;(0) < 0. Hence, from
Lemma 2, we deduce that o, (t) < Bi,,(t), on I. Thus, we
have monotone sequences {«,}, {f,} such that

ay<a <<, < B, << B <Py, on I (20)

Now, employing Ascoli-Arzela’s theorem we conclude that
the sequences converge uniformly and monotonically to the
unique solution U(t) of (2) on I.



To show that the convergence rate is quadratic, we begin
with p,,; = x — «,,,;. Then

~Apui = — Ax = (-Ady,,)
= f(t,Sx,—x) — f (t,Sa,, —a,,)
— fe (t: S, —t,) (Sev,pyy — Set,)
= fy (t:Setyo —t,) (= ety + 1)
= f(t,8x,-x) = f (£, Sa,, ~at,))
~ f. (£, S, —at,) (Set,,y — Sx + Sx — Sa,)
- f, (tSa,, —at,) (0ty + X = X + o)
= f(t,8x,-x) - f (. Sa,, ~ax,)
+ fe (St —at,) Spyiy — fo (1 Set, —x,) Sp,
= fy (6:Sats —at,) Py + f, (£ St —t,) Py
= fi (t:Sa —0t,) Spyiy = fy (£ Sety, —t,) P
+ f (t, 8%, —x) — f (t,Sa,,, —ax,,)
— fi (t: Sty —t,) Sp,, + f,, (> Sev,p, —r,) Py
~M@®)p+ f(tSx,—x)
- f (t.Sa, —at,)) = f. (t: St —0,) Sp,,
+ fy (& Set,, —at,) Py
- M(t) p+ f (t,Sx,—x) — f (£, Sex,, —x)
+ f (&, Sa,, =x) = f (£, Ser,, ~ct,)
= fe (t: Sty —at,) Sp,, + f,, (> Sev,, —t,) P,
-M(#)p

IN

1
+ J f.(t,08x + (1 -0) S, —x) (Sx — Sax,,) do
0

1
+[ £ w5000+ (1-0)(-a)
x (-x+a,)do

- fx (t’ S“n’ _(xn) Spn + fy (t’ San’ _“n) Pn

~M(t)p+ Jl [f, (t,08x + (1 — 0) Sex,,, —x)
0
_fx (t’ San’ _‘xn)] Spnda
1
- [ 15 tSsape 0+ -0 (-a)

_fy (t’ S“n’ _Ocn)] Pndo_
_M(t)P+A1 +Bl’

(21)
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where

A= Ll [f, (t,08x + (1 - 0) Sar,,, —x)

£, (t:Sat,., —at,))] Sp, do,
1 (22)
B, = - L [f, (t: Sty 0 (—x) + (1 - 0) (-av,.))

-1 (t, Sex,,, —ocn)] ppdo.

Set&, = 0Sx + (1 - 0)Sa,,. Then
1
A= [ 1082~ £ (65,0, Spdo

= -[0 [fx (t’ El’ —X) - fx (t’ S“n’ _x) + fx (t’ San’ —X)
_fx (t’ S‘Xn’ _“n)] Spnda
= JJ:) [fxx (t’ TEI + (1 - T) S(Xn’ _x) (51 - S“n)

+ fo (6,80, 7 (=x) + (1 = 7) (-,))

x (-x +a,)] Sp,dr do

”; [fxx (t,&,—x) 0o (Sx - Sa,,)

= fry (t: S, &5) (x = “n)] Spydrdo

1 1
ElePyzz + N, p,Sp, < (ENlbz + N2b> przw

(23)
where &, = 7€, + (1 - 7)S«,, & = 7(—x) + (1 — 7)(-0,,),

fextU, X) < Np,and - f, (£,U, X) < N,.
Next, set 77, = 0(=x) + (1 — 0)(-«,,). Then

B, - J-O [fy (t’ San’rll) - fy (t’ San’_“n)] pnda

- J, L S0+ -0 )

(24)
x(n; + o) ] p,dodr
[ t,$ 2dodr < LN, p?
- Ofyy( > an’”Z)opn oar = 5 3Pw
where fyy(t, U,X) < Nyandy, = 1, + (1 — 7)(-0v,,).
Furthermore, we have that
~Appiy < =M (t) pyy + Nypp» (25)

where N, = (1/2)N,b* + N,b + (1/2)N5.
Using Lemma 2, we show that p,_, (t) < U(t) on I, where
U(t) is the solution of

~AU +M (H)U = N,p2, U(0) = 0. (26)
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Thus, using Lemma 1, the solution of the previously men-
tioned equation is given as

e [t

U@t) = e M I AV D (CAA + M ()N, p (s) ds
0
+(I-APA) MP(-AA + M (£)) ' N,p2 (¢).
(27)

After taking suitable estimates, we obtain

Punt < K1 P (28)

where K; = ¢4 M [ A MAP(CAA + M(s) ' Nyds + (I -
APA)MP(-AA + M(t))'N,.
Set g, = Bus1 — x. Then we can get

~Ady = = APy — (FA%)

= f(t:8B—=PB.) + f (t,Sat, —at,) (SBss = SBo)
+ fy (t: 8ot —at,) (=Bsy + Ba) = f (& Sx,—x)

= fi (t:Sa, —at,) (SPyiy — Sx + Sx = SB,)

+ fy (6,80, =06,) (=Bsy + x = x + )

+ f (t:5B=PBy) = f (£, Sx,—x)

e (t,Sat,, —at,) (SBysy — Sx)

= fy (6:Sa, =) By = %) + £ (£, 5B, =P,)

— f (t:Sx,—x) = f.. (t, Set,,, ~et,,) (SB, - Sx)

+ f, (tSav,, —et,) (B, = x)

= M (t) Gy + f (6B, =B,) = f (t:5x,-PB,)

+ f (t,8x,=B,) = f (£, Sx,—x)

IN

- fx (t’ S(xn’ _(xn) (Sﬁn - Sx)

+ fy (t> S(xn’ _(xn) (JBn - x)

-M (t) dn+1

+ JOI o (6,08B, + (1 - 0) Sx,~B,) (SB, - Sx) do

o[ gy o (8 +(1-0)(-2)
x (=B, + x)do

~ f (t: Sat,, —av,) (SB,, — Sx)

+ f, (t: S, —at,) (B, — %)

1

= MO g + | [fe(t05B,+ (1-0)Sx,-p,)

0

_fx (t’ S(xn’ _(xn)] sqnda
_ Jol [fy (t,8x,0(=B,) + (1 - 0) (x))

_fy (t’ S(xn’ _an)] qnda

= -M(t)g,., +A, +B,,
(29)

in which
1
Ap = L [f (£ 0SB, + (1 - 0) Sx,—B,)
_fx (t’ S(Xn, _“y,)] Sqnd()',
1 (30)
B, = - L [fy (t,Sx,0 (=p,) + (1 - 0) (-x))

_fy (t’ San’ _(xn)] qnda'

Set 0, = 0SB, + (1 — 0)Sx. Then we get that

A2 = JO [fx (t’ 01’ _ﬁn) - fx (t’ S‘xn’ _(xn)] Sqnda

= [ 10008 - £t 508)
(650, ~ £, (2,0, S, 0

1 o 670, + -1 52,,) 0, 5a,)
oy (050, () + (- 0) ()
(B, + )] Sq,do d

[ 028 (05, £,

~fuy (t:80,,60;) (g, + p,)| Sq,do dr

< Nlaqnsqn + Nlpnsqn + NanSqn + sznsqn

1 1 1
ENﬂib + leE (Pfl + (Jﬁ) + szqi + szz (Pi + Qi)

IN

(N1 + %Nz> b‘li + %b(Nl + Nz)Pﬁ’
(31)
where 8, = 70, + (1 — 7)Sa,, and 05 = 7(-,) + (1 — 7)(-«,,).



Similarly, set 9, = o(-f3,) + (1 — 0)(—x). Then

B, =~ L [fy (t.5x,9;) - fy (£, Sex, _(x")] qudo

- Ll [f, (t:5%,9,) - £, (t:Sa,,9,)
+f, (t, S, 9y) = f, (¢, Set,, —at,) | g, do
- ”: (£, (6,78 + (1= 1) Sa,,9,) (Sx — Sa,)
+ fyy (S0, 79 + (1 - 7) (~a,))

x (9 +ay) ] qndo dt

! (32)
~ ] [ 0929 Sp, £y (15,9

x (G (_ﬁn + x) - (X - (xn)) ] qnda dr

1
JJ’O [_fyx (t’ ‘92’ 91) Spn
+fyy (65, 93) (0G, + p,) | gudo dr
1
< Nqunpn + EN3qu + Nsann
1 2 1 2

< (EbNS + N3> 9t 5 (bNs + N3) p,.»

where 9, = tSx + (1 - 1)8«,,9; = 79, + (1 - 7)(—«,,), and

—fyx(t, X, U) < Ns.
Then we get that

~Adpey € =M () gyyy + Noqi + Nyp2, (33)

where Ny = (N; + (3/2)N,)b + ((1/2)bN5 + N;) and N, =
(1/2)b(N; + N,) + (1/2)(bN5 + N;). Thus we have that

qn+1 (t)
<U(®t) =e ™M Jt A M ZDAA + M (s))™
0
X (Nﬁqn(s)2 + N7pn(s)2) ds

+(1- APA) MP(-AA + M (1)) ' Ngg, ®’

+ N, p,(1)°.
(34)
Furthermore, we obtain after taking suitable estimates
2 2
pn+1 < Kan * KSPn’ (35)

where K, =
(I — APA)MP(-AA + M(t))'Ng and K; =
[ X" MAP(-2A + M(s)) ' Nyds + (I - APAMP (-AA +
M(t))'N,.

Hence we proved that the convergence rate is quadratic.
O

AN [ ATMAD(QA + M(s)) " Nds +
e—XDJVIt
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Next, we consider singular differential systems BVPs and
prove the following main result.

Theorem 4. Let assumptions (H,,)-(H,,) hold. Suppose
further the following.

(Hs,) There exist Vi(t), Wy (t) € C?[1, R"] with Vo(t) < Wy(t)
and V,(t) = W,(t) on I and

AV, < f(EVe Vo), Vo(0)2 Xy, Vo (b) < X,
(36)
AW, > f (EWe Wy), Wy (0) < Xoo Wy (b) 2 X,

(H,,) For X, € R*, (I - AAP)(-X, - W(0)) = 0, where
W(t) = (I - APA)MP5(1).

Then there exist monotone sequences {V,} and {W,} which
converge uniformly on I to the unique solution of (1) and the
convergence rate is quadratic.

Proof. Using the transformation U = —X, we have that

b
SU(t)zX(t)=X1+JU(s)ds, tel (37
t

BVPs (1) can be transformed into IVPs of singular system:
-AU = £ (t,SU,-U), U(0) = -X,. (38)

Let oy (0) = —V,(0) and B,(0) = —W,(0). By using assumption
(H;,), we get that

oy (£) < Vo (6) < ~Wy (1) = o (1) (39)

and o,(0) = -V;(0) < —X, < =W, (0) = B(0).
Noticing that «,(0) = —V},(0), we have that

b
Vo (t) =V, (b) + L ay(s)ds, tel,

\ (40)
[Sexo] () = X, + J oy (s)ds, tel
t
Then Vj(t) < [Sa,](¢) from V() < X, and
—Ady = AV, < f (V4 V) < f (£ S, Vi)
(41)
= f (.S, ).
A similar argument shows that

~APy = AW, > f (£, Wo, Wo) = f (£.SBy. W ) -

=f (t> SBo> _/30) .

By Theorem 3, there exist monotone sequences {w,}, {3,,}
such that

a, - U — B, (43)
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and the convergence rate is quadratic. Again set V,, = Sa,, and
W, = Sf3,. Then

VosVisVy< SV, SW, << W, < W, <W,,

V, - U—W,
(44)

and also the convergence rate is quadratic. Noticing that

b b
x(t) -V, ) =X, + J; U(s)ds - (X1 + Jo Gy (8) ds)

b
L (U(s) -, (5)) s

IN

b
L [K,(U (5) - a, (9))°] s

K (x (1) -V, (®)
(45)

we can obtain the similar result that W, converges quadrati-
cally to the solution of (1). The proof is complete. O

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Authors’ Contribution

All authors completed the paper together. All authors read
and approved the final paper.

Acknowledgments

The authors would like to thank the reviewers for their valu-
able suggestions and comments. This paper is supported by
the National Natural Science Foundation of China (11271106)
and the Natural Science Foundation of Hebei Province of
China (A2013201232).

References

[1] V. Lakshmikantham and A. S. Vatsala, Generalized Quasilin-
earization for Nonlinear Problems, Kluwer Academic Publish-
ers, Dordrecht, The Netherlands, 1998.

[2] A. R. Abd-Ellateef Kamar, G. M. Attia, K. Vajravelu, and M.
Mosaad, “Generalized quasilinearization for singular system of
differential equations,” Applied Mathematics and Computation,
vol. 114, no. 1, pp. 69-74, 2000.

[3] W.Wangand Y. Q. Liu, “Monotone iterative for boundary value
problem of second order singular dierential system,” Journal of
Systems Science and Systems Engineering, vol. 4, no. 4, pp. 266-
272,1995.

[4] S. L. Campbell, Singular Systems of Differential Equations,
Pitman Advanced Publishing Program, London, UK, 1980.

[5] A. S. Vatsala, “Monotone iterative technique for singular
systems of differential equations,” in Nonlinear Analysis and

Applications, vol. 109 of Lecture Notes in Pure and Applied
Mathematics, pp. 579-582, Dekker, New York, NY, USA, 1987.



