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We study a modified Hunter-Saxton equation from the Lie group-theoretic point of view. The Lie point symmetry generators of
the underlying equation are derived. We utilize the Lie algebra admitted by the equation to obtain the optimal system of one-
dimensional subalgebras of the Lie algebra of the equation. These subalgebras are then used to reduce the underlying equation
to nonlinear third-order ordinary differential equations. Exact traveling wave group-invariant solutions for the equation are
constructed by integrating the reduced ordinary differential equations. Moreover, using the variational method, we construct
infinite number of nonlocal conservation laws by the transformation of the dependent variable of the underlying equation.

1. Introduction In this paper the modified Hunter-Saxton equation [6]

The nonlinear partial differential equation —uu

u, —2u,u —U,, =0 (2)

XX XXX

(u +uny,) = %(ui)x 6))

was proposed by Hunter and Saxton [1]. They showed that
the weakly nonlinear waves are described by (1), where
u(x,t) describes the director field of a nematic liquid crystal,
x is a space variable in a reference frame moving with
the linearized wave velocity, and t is a slow time variable.
Liquid crystals are fluids made up of long rigid molecules.
Equation (1) is a high-frequency limit of the Camassa-

is studied from the Lie group analysis standpoint. We first
obtain the Lie point symmetry generators and then utilize the
Lie algebra admitted by the equation to obtain the optimal
system of one-dimensional subalgebras of the Lie algebra of
the equation. These subalgebras are later used to reduce the
modified Hunter-Saxton equation to nonlinear third-order
ordinary differential equations. We then construct exact
traveling wave group-invariant solutions for the equation
by integrating the reduced ordinary differential equations.

Holm equation [2]. Hunter and Zheng [3] showed that it is
bivariational, bi-Hamiltonian, and a member of the Harry
Dym hierarchy of integrable flows. It is well known that
(1) under reciprocal transformation reduces to the Liouville
equation [2]. Also, an interesting geometric interpretation
of the Hunter-Saxton equation [4, 5] is that, for spatially
periodic functions, it describes the geodesic flow on the
homogeneous space Vir(S)/Rot(S) of the Virasoro group
Vir(S) modulo the rotations Rot(S), with respect to the right-
invariant homogeneous H' metric: {f, g) = .[s gy dx.

Finally, using the variational method, we construct infinite
number of nonlocal conservation laws by the transformation
of the dependent variable of the underlying equation.

The outline of the paper is as follows. In Section 2,
we briefly discuss some main operator identities and their
relationship. In Section 3, we present the Lie point symmetry
generators of (2). In Section 4, the optimal system of one-
dimensional subalgebras of the Lie symmetry algebra of
(2) is constructed. Moreover, using the optimal system of
subalgebras, symmetry reductions and exact group-invariant



solutions of (2) are obtained. In Section 5, nonlocal conser-
vation laws of (2) are constructed using Noether’s theorem.
Finally, in Section 6, concluding remarks are presented.

2. Preliminaries

In this section we present the notations that will be used in
the sequel. For details, the reader is referred to [7, 8].

Consider a kth-order system of partial differential equa-
tions (PDEs) of n independent variables x = (x, x%,.. ., %™
and m dependent variables u = (u', 4%, ..., u™); namely,

> ”(k)) =0,

where u,u,), ..., Uy, denote the collections of all first,
second,. . ., kth-order partial derivatives; that is, u;" = D,;(u"),
ui; = D;D;(u®), ..., respectively, with the total differentiation

operator with respect to x* being defined by

E* (x,u, gy - .- a=1,...,m, (3)

o o .
Dizaxi+uiaua+uijau?+.--, i=1...,n,  (4)

and the summation convention is used whenever appropriate.
The conserved vector T = (TY, T%,...,T") of (3), where

each T' € o, o is the space of all differential functions,

satisfies the equation

DT =0 (5)

1

along the solutions of (3).
The Lie point symmetry generator in the form of infinite
formal sum is given by

X = Ea + ,7068 o+ chllz i Ous o (6)

s>1

where & and # are functions of x and u and are independent
of derivatives of u, and the additional coeflicients are deter-
mined uniquely by the prolongation formulae

¢ = D; (W) + Eug,

, (7)
CZmis =D, ---D; (W%)+ E]”?ir-is’ s> 1,
in which W* is the Lie characteristic function defined by
o _ o gjoa
W =y = &u;
Let L = L(x,u,uqy,....up) € o, 1 < kbea

Lagrangian associated with a Noether symmetry operator
X. If B',..., B" are point-dependent gauge terms, then the
Noether symmetry operator X is determined by

XL+LDE =DB, i=1,...,n (8)

and the conserved vectors, T, corresponding to each X

T'=B - L& - WaaLa
)
- [D;(w*) - WD]aaLa i=1...n

are obtained via Noether’s theorem (see [9]).
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3. Lie Point Symmetries of (2)

In this section, we discuss in brief the Lie symmetry group
method to obtain Lie point symmetry generators admitted by
(2). For detailed account of this method see [10-14] and the
references therein.

A vector field

X=1(t,xu)d,+&E x,u)0, +n(t, x,u)ou  (10)
is a generator of point symmetry of (2), if
=0, (11)

XB] (ut = 2U Uy — Uy — uxxt)l(z)

where the operator X!
operator X defined by

is the third prolongation of the

x®¥ = x+ (,aut + (Xaux + Cx©,

XX U,

i, (12)

XXX

with the coefficients {,, {, ..., and {,,, being given by

D, (1) = uD; (7) = u,D; (&),

D, (1) =Dy (v) = u,D, §),

D, ({,) = gD, (1) —u D, (), (13)
Caxx = Dy (Cex) = ey Dy (1) = 1, D §),
Caxt = Dy (Cx) = g Dy (7) = 1 Dy §) -

Here, D, and D, are the total derivative operators defined by

D, =0, +uo,+--,
(14)
D,=0,+ud0,+---

The coeflicient functions 7, &, and # are independent of
the derivatives of u; thus equating the coefficients of like
derivatives of u in the determining equation (11) yields the
following over determined system of linear PDEs:

T=1(t), E=&(t,x), N = 0,

Exx - znxu =0, 2€x ~ Maexu = 0,
T = 3€x Ty T Moexew = 0,

Mt = Mexxe = Wxxx = 0, (15)

& —ur, +3ul, n=0,

~ Ulxeu —

zftx + 3ngx - an Mty — 31’”1)(14 =0,

3un,,, = 0.

Etxx t USyxx — Et - znxx - zrltxu -

Solving the determining equations (15) for 7, &, and #, we
obtain the three-dimensional Lie algebra spanned by the
following Lie point symmetry generators admitted by (2):

X,=9, X,=0, Xy=to,-ud, (16)
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TaBLE 1: Commutator table of the Lie algebra of (2).

X, X, X5
X, 0 0 X,
X, 0 0 0
X, -X, 0 0

TABLE 2: Adjoint table of the Lie algebra of (2).

Ad X, X, X,
X, X, X, X, - €X,
X, X, X, X3
X, X, X, X,

TABLE 3: Subalgebras, group invariants, and group-invariant solu-
tions of (2).

N X y Group-invariant solution
1 X, t u = h(y)

2 X, +€X, x —¢€t u = h(y)

3 X, +aX, x—alnt u = (1/t) h(y)

Here € = 0, %1, and a is an arbitrary constant.

4. Symmetry Reductions and Group-Invariant
Solutions of (2)

Here we utilize the Lie point symmetry generators (16) of
(2) found in Section 3 to obtain symmetry reduction and
construct exact group-invariant solutions for (2).

We first present the optimal system of one-dimensional
subalgebras of the Lie algebra admitted by (2). The one-
dimensional subalgebras are then used to reduce (2) to ordi-
nary differential equations (ODEs). Exact group-invariant
solutions for the underlying equation (2) are constructed by
integrating the reduced ODEs.

The results on the classification of the Lie point symme-
tries of (2) are summarized in the Tables 1, 2, and 3. The
commutator table of the Lie point symmetries of (2) and the
adjoint representations of the symmetry group of (2) on its
Lie algebra are given in Tables 1 and 2, respectively. Tables 1
and 2 are then used to construct the optimal system of one-
dimensional subalgebras for (2) which are given in Table 3
(for more details of the approach see [10]).

Case 1. In this case, the group-invariant solution correspond-
ing to the symmetry generator X, leads to the trivial solution
u(x,t) = C, where C is a constant.

Case 2. The group-invariant solution arising from the subal-
gebra X, + eX, reduces (2) to the following nonlinear third-
order ODE:

(h—e)h"" +21'h" +eh' =0, e#0, (17)
where “prime” denotes differentiation with respect to y.
Integrating (17) twice with respect to p, we obtain

W +Kh+K,

W= € (18)
e-h

>

where K, and K, are arbitrary constants of integration.
Separating the variables in (18), integrating, and reverting
back to our original variables, one obtains the solution of (2)
in quadrature

J JLdu:Kp_L(x—et), (19)

ew? + Kju + K,

where K; is an arbitrary constant of integration. One can
obtain two particular solutions for (17) given by

1 By\> A
h :-(5_—> _4
r)=5(0+5 3

(20)
2

hy)=-56),

where A = C, — €%, B = —¢, and C,, § are arbitrary constants.
Hence, we obtain the two special group-invariant solutions
for (2) given by

2
u(x,t) = —é [(81 @) —(Cl —62)] ,

(21
u(x,t) = —2[8 + (x — et)].

Likewise, one can obtain the following three group-invariant
steady state solutions of (2) for the case when € = 0:

u(x,t) = VC, (Cs £ x),

1/3
x)z} ,
\C,u(Cyu+C,) - C,log <\lC1 (Cu+GC,)+C \/ﬁ)

=C(Cy£x).

u(x,t)={9TC2(C3i

(22)
Here, C,, C,, and Cj; are arbitrary constants of integration.

Case 3. Substitution of the group-invariant solution corre-
sponding to the subalgebra X; + aX, into (2) results in the
reduced nonlinear third-order ODE

th-a)H" -KW'+ 200" +ah' +h=0, (23)

where “prime” denotes differentiation with respect to y.

5. Conservation Laws of (2)

In this section, we obtain nonlocal conservation laws of (2)
using the variational approach.

Equation (2) does not have a Lagrangian as it is an
evolution equation. By making a substitution u = v, (2)
becomes

v

xt vaxv

xxx — VaVaxxx = Vaxxt = 0. (24)



Equation (24) has a usual Lagrangian
1 2
L= - (vtvx F VLVt thVxx)~ (25)

If X = 79, + &0, + 50, is the Noether symmetry operator,
then from the Noether operator determining equation (8) we
obtain

- —v G = (vt + v )C - (vxvxx

- %Vxxcxt + (Tt + Tvvt) L+ (gx + gvvx) L (26)

1
+ vat> Cxx

1 1 2 2
=B, + B,v, + B, + B,v,.

Expansion of (26) and then equating the coefficients of the
various monomials in the first- and second-order partial
derivatives of v to zero yield the following determining
equations:

T, =7,=0, €t=£v=0’
’11/20’ 4£x_Tt_3’1v:0’
n, = §x> Et Ny = 0, (27)
1 1 ) 1
Bv = _Erlx’ Bv = _E’/]t’
B} +B. =0.

The solution of (27)ist = ¢;,& = ¢,, 17 = a(t), B' = ¢(t, x),and
B* = —1/24' (t)v + d(t, x), where €, G, are arbitrary constants,
a(t) is an arbitrary function, and ¢, +d,, = 0. Wesetc =d = 0.
Thus, we obtain the following Noether symmetry operators
associated with the Lagrangian (25) for (24):

X,=0, B'=0, B'=0,
1 2
X, =0,, B =0, B =0, (28)
1
X5 =a(t)o, B' =0, B* = —Ea' v

Hence, by invoking (9), we obtain the following conserved
vectors corresponding to the Noether symmetry operators
(28):

(i) X, =0,,B' =0,B* =0,

L1 1
T :2 X xx+2Vt XXX
1 1
T = _EV + th eV Vi TV VeV ik (29)

1,
- Evttvxx “ ViVixVax — Evtx'
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Hence, from (5), we have

1 2
Dt (T ) + Dx (T ) =" (th - vaxvxxx ~ VaVxxxx ~ Vxxxt)
1 1
+ Evtvxxxt - zvxxvxtt
1
= Evtvxxxt - vaxvxtt
1 1
= Dt <Evtvxxx) - Dx <2Vxxvtt) .
(30)

Taking these terms across and including them into the
conserved flows, we get

1 1
(T - S m) +D, <T2 + vaxvﬁ) =0. (31
If we let
=1 1 1 2
T =T Evtvxxx 2vaxx’

(32)
1, 1
:_Evt+5 ox TVt Vixt T ViVaVaxx
1,
— Vi ViV vV

xx 5 tx?

one can readily verify that the new components of the
conserved vector T satisfy the equation D, T’|(24) =0.
(ii) Consider X, = d,, B' = 0, B> = 0,

1 1 2 1 1 2
T = _va + vavxxx vaxa
(33)
1
T = ViVaxt T Vi Vxxx vatvxx
Invoking (5), we obtain
1 2
Dt (T ) + Dx (T ) ==V (th - 21/xxvxxx  ViVxxxx = vxxxt)
1 1
+ vavxxxt ) S VaxVaxt
1 1
= zvxvxxxt - vaxvxxt
1 1,
= Dx (vavxxt> - Dt (vax> .
(34)

Taking the terms across and adding them into the conserved

flows yield
5 1
xx) +D, (T 2V vxxt> 0. (35)
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Considering
~ 1 1
1 1 2 2

=T+ SVax = vavxxx ~ 5V

Foo?_ 2 (36)
- - vavxxt

1 2 1

= vavxxt TV Vaxx ~ zvxtvxx’

we obtain the modified new components of the conserved
vector T so that the equation, DiT’I(M) =0, is satisfied.
(iii) Consider X; = a(t)d,, B' = 0, B> = —(1/2)a(t)v,

1 1
T' = Ea(t)vx—za(t)v

xXxXx>

1 1 1
T = - Ea' Hv+ Ea(t) v, — Ea(t) vix (37)

—a(t) Veyy — A () ViV irr-

In this case, we have infinite number of conservation laws.
Using (5), we have

D,(T") + D, (T?)

a (t) (th - vaxvxxx ~ VaVaxxx ~ Vxxxt)

_ % (0 () Vg + A () V)

_ % (0 () Vs + @ () V)

D, (—%a (t) vxxx> .
(38)

Taking the term across and adding it into the conserved flows,
we obtain

1
D, (T‘ +2a () vm> +D, (1) =0. (39)
If we choose

~ 1 1
T =T"+ Ea(t) Vixx = Ea(t) Vo
(40)

T =T
we obtain DiTi|(24) =0.

6. Concluding Remarks

In this paper, we studied the modified Hunter-Saxton equa-
tion (2) using the Lie symmetry group of infinitesimal trans-
formations of the equation. We found that the underlying
equation admits a three-dimensional Lie algebra spanned by
the vector fields of translations in time and space and the scal-
ing of time and the dependent variable. We obtained the opti-
mal system of one-dimensional subalgebras of the Lie algebra
of the equation. These subalgebras were then used to reduce
the underlying equation to nonlinear third-order ordinary

differential equations. Exact group-invariant solutions called
traveling wave solutions were constructed by integrating the
reduced ODEs. Furthermore, we constructed infinite number
of nonlocal conservation laws for the underlying equation by
the transformation of the dependent variable of the equation
and making use of Noether’s theorem.
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