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We aim to find Hermite-Hadamard inequality for r-preinvex functions. Also, it is investigated for the product of an r-preinvex

function and s-preinvex function.

1. Introduction

Several interesting generalizations and extensions of classical
convexity have been studied and investigated in recent years.
Hanson [1] introduced the invex functions as a generalization
of convex functions. Later, subsequent works inspired from
Hanson’s result have greatly found the role and applications
of invexity in nonlinear optimization and other branches
of pure and applied sciences. The basic properties and role
of preinvex functions in optimization, equilibrium problems
and variational inequalities were studied by Noor [2, 3] and
Weir and Mond [4]. The well known Hermite-Hadamard
inequality has been extensively investigated for the convex
functions and their variant forms. Noor [5] and Pachpatte [6]
studied these inequalities and related types for preinvex and
log-preinvex functions.

The Hermite-Hadamard inequality was investigated in
[7] to an r-convex positive function which is defined on
an interval [a,b]. Certain refinements of the Hadamard
inequality for r-convex functions were studied in [8, 9].
Recently, Zabandan et al. [10] extended and refined the
work of [8]. Bessenyei [11] studied Hermite-Hadamard-type
inequalities for generalized 3-convex functions. In this paper,
we introduce the 7-preinvex functions and establish Hermite-
Hadamard inequality for such functions by using the method
of [10].

2. Preliminaries

Let f: K —» Rand#(,:) : KxK — R be continuous
functions, where K ¢ R" is a nonempty closed set. We use

the notations, (-,-) and | - ||, for inner product and norm,
respectively. We require the following well known concepts
and results which are essential in our investigations.

Definition 1 (see [2, 4]). Let u € K. Then, the set K is said to
be invex at u € K with respect to #(:, -) if

u+tn(v,u) € K, Vu,vek, tel01]. 1)

K is said to be invex set with respect to #(:,-) if it is invex at
every u € K. The invex set K is also called a 77 connected set.

Geometrically, Definition1 says that there is a path
starting from the point u which is contained in K. The point
v should not be one of the end points of the path in general,
see [12]. This observation plays a key role in our study. If we
require that v should be an end point of the path for every pair
of points u,v € K, then n(v,u) = v — u, and consequently,
invexity reduces to convexity. Thus, every convex set is also
an invex set with respect to #(v,u) = v — u, but the converse
is not necessarily true; see [4, 13] and the references therein.
For the sake of simplicity, we assume that K = [a,a+#(b, a)],
unless otherwise specified.

Definition 2 (see [4]). The function f on the invex set K is
said to be preinvex with respect to # if

fu+tnvu) <(1—t) f ) +tf (v),
Yu, ve K, t€[0,1].

2)

Note that every convex function is a preinvex function, but
the converse is not true. For example, the function f(u) =



—|ul is not a convex function, but it is a preinvex function with
respect to #, where

ifv<0, u<0orv>0, u>0,

otherwise.

v—-1u,

n(v,u) = 1 (3)

u-yv,

The concepts of the invex and preinvex functions have played
very important roles in the development of generalized
convex programming, see [14-17]. For more characterizations
and applications of invex and preinvex functions, we refer to
(3, 15, 18-25].

Antczak [26, 27] introduced and studied the concept
of r-invex and r-preinvex functions. Here, we define the
following.

Definition 3. A positive function f on the invex set K is said
to be r-preinvex with respect to # if, for each u,v € K, t €
[0,1]:

(=0 F @+t ), r£0
(f @)™ (F W), r=o.
(4)

Note that 0-preinvex functions are logarithmic preinvex
and 1-preinvex functions are classical preinvex functions. It
should be noted that if f is r-preinvex function, then f” is
preinvex function (r > 0).

The well known Hermite-Hadamard inequality for a
convex function defined on the interval [a, b] is given by

a+b 1 (* f@+fb)
(557 il roas I 0

fu+tn(vu) < {

see [6, 28, 29].

Hermite-Hadamard inequalities for log-convex functions
were proved by Dragomir and Mond [30]. Pachpatte [6, 17]
also gave some other refinements of these inequalities related
to differentiable log-convex functions. Noor [5] proved the
following Hermite-Hadamard inequalities for the preinvex
and log-preinvex functions, respectively.

(i) Let f : K = [a,a + n(b,a)] — (0,00) be a preinvex
function on the interval of real numbers K° (interior

of K)and a,b € K’ witha < a + (b, a). Then, the
following inequalities hold:

2a+1n(b,a) 1 b f@)+fb)
f( 2 )Sn(b,a) J‘uf(X)dxsf'
(6)

(ii) Let f be a log-preinvex function defined on the
interval [a, a + (b, a)]. Then,

L(* f@-f®)
dx <
nmmLﬂ@x<mf@4%ﬂm @)

=L(f(a),f®),

where L(p, q)(p #q) is the logarithmic mean of positive real
numbers p, g.
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3. Main Results

Theorem 4. Let f : K = [a,a + yn(b,a)] — (0,00) be an
r-preinvex function on the interval of real numbers K° (interior
of K) and a,b € K° with a < a + n(b, a). Then, the following
inequalities hold:

1 J»a+r1(b,a)

(@ + "
7 (ba) —] , r=>1.

ﬂwﬂs[ :

a

(8)

Proof. From Jensen’s inequality, we obtain

1 a+n(b,a) r 1 a+n(b,a) .
([ roas) < g s
)

Since f” is preinvex, then, using Hermite-Hadamard inequal-
ity for preinvex functions (see [5]), we have

f(x)dx < S (10)

1 jaﬂj(b,u)

"(a)+ [T (b)
1n(b,a) 2 ’

a

Hence,

1 a+n(b,a) ff (a) +f1’ (b) 1/r

This completes the proof. O

Corollary 5. Let f : K = [a,a + #§(b,a)] — (0,00) be a
1-preinvex function on the interval of real numbers K° (interior
of K) and a,b € K® with a < a + n(b, a). Then,

a+n(b,a) b
Theorem 6. Let f : K = [a,a + n(b,a)] — (0,00) be

an r-preinvex function (with r > 0) on the interval of real
numbers K° (interior of K) and a,b € K’ witha < a+ n(b, a).
Then, the following inequalities hold:

1 a+n(b,a)
n(b,a) L fx)dx
r fr+l (a) _ fr+1 (b) (13)
H1[ﬂ@—f@ > 170
f@-f®) .

log f (@) — log f (b)’

Proof. For r = 0, Noor [5] proved this result. We proceed for
the case > 0. Since f is r-preinvex function, forall t € [0, 1],
we have

1/r

fla+tn,a) <((1-t) f (a)+tf (b)". (14)
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Therefore,

1 a+n(b,a)
J f(x)dx

1 (b,a)

a

= jl f(a+tnba))dt (15)
0

<[ @t e- @)

Putting u = f"(a) + t(f"(b) — f"(a)), we have

1 a+n(b,a) 1 f7(b) \r
dx < ———— d
7 (b, ) J T @ J i @
_ fr+1 (b) _ fr+1 (61)
r+l1 fr(b)-f(a) ~
(16)
which completes the proof. O

Note that for r = 1, in Theorem 6, we have the same
inequality again as in Corollary 5.

Theorem 7. Let f : K = [a,a + n(b,a)] — (0,00) be an
r-preinvex function with 0 < r < s on the interval of real

numbers K° (interior ofK)and a,b € K witha < a+ n(b, a).
Then, f is s-preinvex function.

Proof. To prove this, we need the following inequality:

W < (U + o) < (- e+ ), (1)

(see [10]) where 0 < t < 1, 0 < r < s. Since f is r-preinvex,
by inequality (17), for all u, v € K, t € [0,1], we obtain

f(u+tnv,u)
((1=0) @) +tf )"

<(@-DfwrtFm’ o<rss 18
(f @) (f o))
<=t F@+tF WY, o=r<s
Hence, f is s-preinvex function. O

As a special case of Theorem 7, we deduce the following
result.

Corollary 8. Let f : K = [a,a + n(b,a)] — (0,00) be an
r-preinvex function with 0 < r < 1 on the interval of real
numbers K° (interior ofK) and a,b € K’ witha < a+ n(b, a).
Then, f is preinvex function.

Theorem 9. Let f : K = [a,a + yn(b,a)] — (0,00) be an
r-preinvex function with 0 < r < s on the interval of real

numbers K° (interior ofK)anda,b € K witha < a+ n(b, a).
Then, the following inequalities hold:

1 a+n(b,a)
n(b,a) J

- r |:fr+1 (a) _ fr'+l (b)]
r+1 f"(a)- f"(b)
S [f5+1(a)_fs+l(b)], 0<r55 (19)

f(x)dx

a

_] Tsril Fe-Fe
- f @) - f®)
log f (a) - log f (b)
s fs+1 (a) _ f$+l (b) -
| _s+1[ @ - ], 0=r<s.

Proof. The left side of these inequalities is clear from
Theorem 7. For the right hand side, we have from inequality
(17)

1/r

(=8 fr @ +tf ®)" < (-1 f (@) +tf )"

(20)
Integrating both sides with respect to ¢, we obtain
r fr+1 (a) _ fr+1 (b) § s fs+1 (a) _ fs+1 (b)
r+1 fra)—-fr(b) ~s+1| f5(a)-f5(b)
(21)

Again, using the other part of (17) and integrating, one can
easily deduce the second part of the required inequalities. [

Corollary 10. Let f : K = [a,a + n(b,a)] — (0,00) be
an r-preinvex function with 0 < r < 1 on the interval of real
numbers K° (interior ofK)and a,b € K’ witha < a+ n(b, a).
Then, the following inequalities hold:

f<2a+1;(b,a)>

1 a+n(ba) @
= }7 (b> a) Ja f (x) dx < [f (a) - f(b)] ln f(b)

r [ @) - b) - fa)+f(®)
Tr+l| fr@-fri) | 2 '

(22)

Theorem 11. Let f,g : K = [a,a + y(b,a)] — (0,00) be
r-preinvex and s-preinvex functions, respectively, withr,s > 0



4

on the interval of real numbers K° (interior of K) and a,b € K°
with a < a + n(b, a). Then, the following inequalities hold:

1
n(b,a

a+n(b,a)
J f(x)g(x)dx

~—

1 r fr+2 (a) _ fr+2 (b)
2r+2 | f'(a)- fr(b)

+l s s+2 (a) gs+2 (b)
2s+2| g'(a)-g°(b)

(f(@#f(®), gla)+g®).

(23)

Proof. Since f is r-preinvex and g is s-preinvex, for all t €
[0, 1], we have

fla+tn®a) < ((1-1) f @) +tf ®)",

(1= g (a) +tg° (0))"".

(24)
gla+tn(b,a) <

Therefore,

a+n(b,a)
q(ba J f(x)g(x)dx

f(a+tn,a))g(a+tnba))dt

< —

—

Ir

L (-0 f @ +tf ®)] (25)
x [(1-1) g° (a) + tg° (b)) alt
1

= L [ (a)+t(f" (b)

x [g° (@) +t(g° ) - g° (@))]Vdt.

£ @)

Now, applying Cauchy’s inequality, we obtain

.mf@HU%%ﬂ@W’

l/s

x[g' (@ +t(g" (b) - g (@)]

1
séj [F @+t (f ) - f (@) dt
0

1 (26)
5[ g @+ t(g @ - g @) e
0

r [fr+2 (a) _ fr+2 (b) ]
r+2| fr(a)- fr(b)

. l s gs+2 (a) _ gs+2 (b)
2s+2 g'(a)-g°(b) ’

1
2

which leads us to the required result. O
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Note. By putting f = g, r = s = 2, in Theorem 11, we have the
following inequality:
L f@+f o
x)dx < ————. (27)
O 2
Theorem 11, for r = s = 0, was proved by Noor [31].

Theorem 12. Let f,g : K = [a,a + n(b,a)] — (0,00) be
r-preinvex (r > 0) and 0-preinvex functions, respectively, on
the interval of real numbers K° (interior of K) and a,b € K°
with a < a + n(b, a). Then, the following inequalities hold:

1 a+n(b,a)
ﬂwmj £(x) g (x)dx
§ l r [fr+2 (a) _ fr+2 (b) :|
S 2r+2 [ fr@-fr) (28)
+1[ g’ (@) - g* (b) ]
4 | log g (a) —logg (b)
(f (a) # f (b)).

Proof. Since f is r-preinvex and g is 0-preinvex, for all t €
[0, 1], we have

fla+tnba)<((1-1)f @ +tf ®)",

gla+tn®a)<(g@) " (g®)-

Therefore,

1 a+n(b,a)
il I ICTICES

= Jlf(a+t11(b,a))g(a+t11(b,a))dt
0

1 " , 1/r

< L [(1=0) f" (@) + " ()] (30)
x[(g@)" " (g ®))] dt
1

- L [ @+t (f ®) - f @)

x[(9 @) (g b))'] dt.
Now, applying Cauchy’s inequality, we obtain
1
|, 7 @+t (7 -5 @) [(g @)

<1
2

(g(0))']dt
j L @+t (f ) - F @) de

j [(g(@)* (g )" ]t

L [f’”() +1[ g'@-g"(b) ]
2r+2 | f"(a)- 4 [log(g(a)/g®) ]’
(1)

1
+ =

2

Y+2 (b)
170

which is the required result. O
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