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We explore the dynamics of a class of mutualism-competition-predator interaction models with
Beddington-DeAngelis functional responses and impulsive perturbations. Sufficient conditions
for existence of positive periodic solution are established by using a continuation theorem in
coincidence degree theory, which have been extensively applied in studying existence problems
in differential equations and difference equations. In addition, sufficient criteria are given for the
global stability and the globally exponential stability of system by employing comparison principle
and Lyapunov method.

1. Introduction

The ecological predator-prey systems and impulsive functional differential equations have
been studied extensively by many authors [1-7]. A predator’s per capita feeding rate on
prey, or its functional response, provides a foundation for predator-prey theory. Since 1959,
Holling’s prey-dependent type II functional response, a model that is a function of prey
abundance only, has served as the basis for a large literature on predator-prey theory. The
traditional Kolmogorov type predator-prey model with Holling’s type II functional response:

’_ _i _ X I X
x-rx(l K> Cy<m+x>' y dy+fy<m+x>, (1.1)
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and its various generalized forms have received great attention from both theoretical and
mathematical biologists and have been well studied [1, 8, 9]. In (1.1), x and y represent
the densities of prey specie and predator specie at time ¢, respectively. Predator-prey model
with Holling’s type II functional response assumes that predators do not interfere with one
another’s activities; thus competition among predators for food occurs only via the depletion
of prey. However, when predators have to search for food (and therefore, have to share or
compete for food), the functional response in a prey-predator model should be predator-
dependent. The predator-prey system with the Beddington-DeAngelis functional response:

y X\ axy y_ pxy
x—rx<1 K> a+bx+cy’ y= dy+a+bx+cy (12)

was originally introduced by Beddington [10] and DeAngelis et al. [11], independently,
where x and y represent the densities of prey specie and predator specie at time t, respectively.
The main difference of this functional response from Holling’s type II functional response
is that it contains an extra term presenting mutual interference by predators. In this model,
individuals from a population of two or more predators not only allocate time to searching for
and processing prey, but also spend some time engaging in encounters with other predators,
the Beddington-DeAngelis type can provide better descriptions of predator feeding over a
range of predator-prey abundances.

On the other hand, differential equations with impulsive effects form a wide set of
different problems. During the last three decades those problems were intensively studied.
Some authors devote themselves to the study of impulsive differential equation [12-22]. The
main definitions and results of the theory of systems of ordinary differential equations with
impulse effects were given in [12, 13, 15]. Similarity and differentiality of such problems of
applied mathematics with corresponding problems of ordinary differential equations (and
without the conditions of impulsive effects) were demonstrated, and general characteristics
of these systems were described. Periodic and almost-periodic solutions of differential
equations with impulsive effects were studied in [18]. De La Sen investigated time-varying
systems with nonnecessarily bounded everywhere continuous time-differentiable time-
varying point delays [19]. The delay-free and delayed dynamics are assumed to be time-
varying and impulsive, the constructed solution trajectories of both the unforced and forced
systems are obtained from different (input-state space/output space and state space to output
space) operators. The system stability and the compactness of the operators describing the
solution trajectories are well investigated. De La Sen and Luo also obtain sufficiency-type
stability results for time-delay linear systems with constant point delays under impulsive
inputs of impulses of state-dependent amplitudes occurring separately through time. They
proved that the amplitudes of the impulses and the time intervals between impulses may
be chosen sufficiently large if the delay-free dynamics is sufficiently stable compared to
the delayed one [20]. Xu and Sun investigated the problem of finite-time stability of linear
time-varying singular systems with impulses at fixed times, they have proposed a sufficient
condition for linear singular impulsive systems to be finite-time stable in terms of a set of
coupled matrix inequalities [21]. Zhang and Sun also considered the stability of impulsive
linear differential equations with time delay. By using Lyapunov functions and analysis
technique, they get some results for the stability of impulsive linear differential equations
with time delay [22].
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Some impulsive factors have also great impact on the growth of a population. For
example, we notice that the births of many species are not continuous but happen at some
regular time (e.g., the births of some wildlife are seasonal). Moreover, the human beings
have been harvesting or stocking species at some time, then the species is affected by another
type of impulse. If we incorporate these impulsive factors into the models of population
interactions, the models must be governed by impulsive ordinary differential equations.

Population communities are embedded in periodically varying environments. There-
fore, this study should take into account the biological and environmental periodicity (e.g.,
seasonal effects of weather, food supplies, and mating habits), we focus on the existence
of periodic solution with strictly positive components. In real world, any biological or
environmental parameters are naturally subject to fluctuation in time, so it is reasonable to
study the corresponding nonautonomous system.

The first author investigated the existence of positive periodic solutions of a
nonautonomous competitive Lotka-Volterra system with impulse and Holling type III
functional response [23]. An N-dimensional Lotka-Volterra system with fixed moments of
impulsive perturbations is given in [24] by Ahmad and Stamova. By means of piecewise
continuous functions which are modifications of classical Lyapunov’ functions they give
sufficient conditions for asymptotic stability of the solutions. Inspired by [23, 24], in this
paper, we focus our attention on the existence of periodic solution and globally asymptotic
stability of solutions for multispecies mutualism-competition-predator system with impulses
in which the competition among predator species and the mutualism among prey species are
simultaneously considered. In general, mutualism is relevant to two species [25, 26], thus we
focus on two prey species and assume that there exists the relation of mutualism between
two prey species. The primary approach is based on the coincidence degree and its related
continuation theorem [27], which has been widely used in dealing with the existence of
periodic solutions of differential equations. We will investigate the following nonautonomous
system:

x1(t)
pi(t) + wi(t)x2(t)

x1(t) = x1(t) <b1 (t) —a1(t)x1(t) —

_i cu(Hyk (f)
= a1k (t) + P () x1 () + ey (t) )’

x2(t)
pa(t) + wa(t)x1(t)

X (t) = x2(t) <b2(t) —ax(t)xa(t) -

< 2k (D y (£)
& g (t) + far (Hx2(t) + yar (Hye(t) )

. 2 dji (£)xk (t)
b1 =y;0) < SO Y T B 107D

k=1

—Z5jk(t)yk(t)> ,
k=1
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4, (keZY), j=1,...n,
Axi(t) = x;(t7) — x;(t7) = buexi(t),

Ay;(t) = yi(t") —y; () = bixy; (1),
t=t, (keZ'), i=12 j=1,..n,
(1.3)

where

(i) x;(t) (i = 1,2) denote the densities of prey species at time t, respectively;
(ii) y;(t) (j = 1,...,n) denote the density of predator species at time ¢, respectively;

(iii) bjx represent the sum of the birth rate and the harvesting (or stocking) rate of x;(t)
at time £, respectively;

(iv) bjk represent the sum of the birth rate and the harvesting (or stocking) rate of y;(t)
at time f, respectively;

(v) xi(t") and x;(t") represent the right and left limit of x;(t) at t, y;(t") and y;(t")
represent the right and left limit of v;(t) at t.

Let g(t) be a bounded continuous function on R. Define

g’ =infg(t),  g“=supg(t). (1.4)

teR teR

Particularly, if g(t) are T-periodic functions with respect to t, we denote

T
3= % f gb)dt. (1.5)
0

The range of the indices i € {1,2} and j, k € {1,...,n} are used in this paper unless otherwise
stated.
Throughout the paper, we give the hypotheses as follows

(A1) for any t € R, bi(t), ai(t), rj(t), pi(t), wi(t), d;i(t), 6jk(t), cik(t), aik, Pix, Yik are
nonnegative continuous T-periodic functions and a;; = a;i, ij = Bji, Yij = Yjis

(A2) by, E]-k >0,1+bj >0, 1+Ejk >0, big, Ejk(k € Z*) are constants. There exists a positive
integer g, such that ty,; = tx + T, bjx+q) = bik,E,-(kJrq) = Ejk, (k € Z*). Without loss of
generality, we also suppose that tx #0 and [0, T]N{tx : k € Z*} = {t1,t2,..., 15}, then
it follows that g = s;

(A3) x;(t), y;(t) is left-continuous at t, that is, the following relations are satisfied:

xi(te) = xi(te), xi(ty) = (L+bi)xi(te), keZ,
B (1.6)
yi(t) =yilte),  yi(t)) = <1 + bjk>yj(tk), k €Z;
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(Ad) t; <ty <--- and limg _, otk = oo;

(A5) xi(t5) >0, y;(t) > 0.

A brief description of the organization of this paper is as follows. The basic concepts
and lemmas are given in Section 2. The main results in this paper are stated in Theorems 3.1,
4.5, and 4.6.

2. Basic Concepts and Lemma

Let ¢ : [0,T] ¢ J] — R be a piecewise continuous function with points of discontinuity
t1,...,ts, we denote

d
PCr={p:9(0)=¢(T)}, PCr= {(p € PCr: <d—‘f) € ch}. (2.1)
Suppose

Iolc, = sup 191 lrcy = max{llolic I, - 22)

It can be easily proved that PCr and PC;. are Banach spaces under the condition endowed
the above norms.

Make the change of variables x;(t) = exp{u;(t)}, y;(t) = exp{v;(t)}, then (1.1) can be
reformulated as

exp{ui(t)}

U1 (t) = bi(t) — ai(t) exp{us (t)} - 1 (8) + on () explm (D)

z cik () exp{ok(f)}
& aik(t) + Pu(t) explua (b)) + yue () exp{o ()}

exp{uz(t)}
pa(t) + wi(t) explun ()}

1(t) = ba(t) — ax(t) exp{ua(t)} -

n

~ Z cok (F) exp{ok(t) }
oy (1) + P (t) exp{ua(t)} + yax (t) explok(t) }

2 dii (1) exp ux (1))
yilt) =it + ; i (t) + Bix (D) explu ()} + 17 (t) explo; (1))

- D0kt explok(h)},
k=1
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t#t, (k€Z), j=1,..n,
Aui(t) = wi(t") —u;(t7) = In(1 + by),

Avj(t) = vj(t") —v;(t7) = 1n<1 + Ejk);

t=t, (kez"), i=12, j=1,...,n
(2.3)

For (1.3) and (2.3), we have similar lemma and definitions. So we only relate such results for
(1.3).

Definition 2.1. The mapping x : [0,T] — R™2,x(t) = (x1(t), x2(t), y1(t),...,yn(t)) is called a
solution of system (1.1) in [0, T], if

(1) x(t) is piecewise continuous in [0,T] and [0,T] N {tx : k € Z*} are discontinuous
points of the first kind of x(t), and x(t) are left continuous at [0, T] N {tx : k € Z*};

(2) x(t) satisfies system in [0, T].
Definition 2.2. The mapping x : ] — R"? is called a T-periodic solution of system (1.1) if

(1) x(t) = (x1(t), x2(t), y1(t), ..., yn(t)) is a solution of system (1.1);
(2) x(t) satisfiesx(t + T —0) =x(t - 0), t e R.

Obviously, if x(f) is a solution of (1.1) satisfying x(0) = x(T) in [0,T], then from the
periodicity of the vector field of (1.1), we know that

(6) = {x(t—eT), te[¢T,(+1)T]\ {t:k€Z*}, ¢€N, 2.4)

X", (t) is left countious at t

is an T-periodic solution for (1.1). Thus, the problem which discusses the existence of solution
of (1.1) will be transformed to discuss the existence of periodic solution for (1.1) in [0, T]
satisfying x(0) = x(T). In order to explore the existence of positive periodic solutions of (1.1),
we recall some concepts and results on coincidence degree from [27, pages 39-40], borrowing
notations there.

Let X, Z be normed vector spaces, £ : Dom.£ C X — Z a linear mapping, and N :
X — Z a continuous mapping. If dimker £ = comdim Im £ < +oo and Im £ is a closed in
Z, then the mapping £ will be called a Fredholm mapping of index zero. If £ is a Fredholm
mapping of index zero, there exists continuous projects ) : X — Xand Q : Z — Z such that
Imp =Ker £, Im £ =KerQ = Im(I — Q). It follows that £|pom zrkerp : (I — P)X — Im £ has
an inverse which is denoted by K,,. If Q be an open bounded subset of X, the mapping /A will
be called £-compact on Q provided that QN(Q) is bounded, and K,(I-Q)N : Q — Xis
compact. Since Im Q is isomorphic to Ker £, there exists an isomorphism 2 : ImQ — Ker 2.

The following continuation theorem is due to Gaines and Mawhin [27].

Lemma 2.3 (Continuation Theorem in [27]). Let .£ a Fredholm mapping of index zero and N be
L-compact on Q. Suppose that
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(a) for each X € (0,1), every solution x of £x = ANx such that x ¢ 0€;

(b) Qx#0 for each x € Ker LN 0Q and deg{2QN,QNKer £,0} #0.

Then the operator equation £x = Nix has at least one solution lying in Dom £ N Q.

We can show that the solution of (1.1) with positive initial value remains positive too,
that is, the following Lemma 2.4 holds.
Lemma 2.4. Suppose the hypotheses (A1)~(A5) hold. x;(t), y;(t) is a solution of (1.1), then

xi(6),y;() >0, te]. (2.5)

Proof. By integrating of (1.1) in the interval (fy, 1], we have

o t x1(t)
x1(t) = x;(t5) exp{ LU <b1 (t) — a1 (t)x1(t) — 1 (t) + w1 (£)xo(t)

z cik () yx (t) dt
ok (t) + P (B)xr (8) + yie (D y (t) ’

x2(t)
Ha(t) + o (t)x1(F)

t
xa(t) = xi(tg) exp{ L <b2(t) —ax(t)xa(t) -
(2.6)

< cok (D y(t)
2220+ P 0320 + 7Oy D >"”}’

o YN () 01
vt =vi(t) e"P{ f< Ot D T B + 1Oy

—ﬁjajka)yk(t))dt},
k=1

forte (to, tl].
There does not exist point of discontinuity of x;(t), y;(t) in the interval (¢, t], it is
obvious that x;(t) > 0, y;(t) > 0 for t € (to, t1], hence x(t;) > 0. We have from (1.1) that

xi(t) = A+ bixi(t),  yi(t) = (1+ B )i (h)- (27)
It follows from (A2) that

xi(6) = A+b)xi(t) >0, yi(£) = (1 + Ejk)yj(tl) > 0. (2.8)
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We now integrate (1.1) in the interval (¢;, f;], and we have

x1(t)
pa (£) + ws (£)x2(t)

t
x1(t) = x; () eXp{ L (bl(t) —ar(t)xi(t) -

RS cuk(Hyk(t)
kz:; aik(t) + Pk ()1 (£) + yre (B) y () > dt}’

! x2(t)

Ha(t) + wa (t)x1(t)

to

xa(t) = xi(H) eXp{ f (bz(f) — ay(t)xa(t) -

(2.9)
2 ea(Dy(t)
é a2k (£) + Por (£) x2(£) + yar () yic (£) > dt}’
o v 2 i () xi (1)
yi®) = yi(t) e"p{ J ) < 10+ 2 T B 0D + 1D,
_i@'k(t)]/k (t)) dt},
k=1
for t € (t1,t,]. From the above relation it follows that x;(t) > 0 for t € (¢4, t2].
By similar arguments, we can obtain that
_ + t X1 (t)
x(t) = x(t) eXp{ f b <b1(t) e n ) - o (xa(®)
< cik () y (f) at
S i (t) + P (B)x1 () + yre(B) v (8) ’
ot ' x2(t)
x () = xi (t7) exp{ LO <b2(t) —ax()xa(t) - PGETOE0)
(2.10)

RN cok (B y(t)
kz:; ok (t) + Por (H)x2(t) + Yar () yk () >dt},

2 dji(b)xi(t)
o <‘r] (&) + é aji(£) + P () xxc (8) + (D) y; ()

—iéjk(t)ykw)dt},
k=1

t

=y eyesef |

for t € (tx, txi1]. So x;(t) >0, y;(t) >0fort e J. O
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3. Existence of Positive Periodic Solution

We denote

q ~
Ai=bi+ =Y In(1+by), 4= %Zm(nbjk) -7,
k=1

agi 0 A;
B=|("7 — A=( ="
< 0 6i’f’>, <AJ’>/

where i*,j* € {1,...,n}, 7, € {1,...,n}. We also denote Bi(k € {1,...,n + 2}) the matrix
obtained by replacing the kth column of B with A.

=l =

(3.1)

Theorem 3.1. If system (2.3) satisfies (A1)—(A5) and following conditions

(A6) Ay > ((eXP{Hl}/Kg)(l/wl) _Z_Z:l(clk/j’}k))ialz Ap > ((exp{H2}/K1)(1/wy) —
ko1 (Cak/v2k)) /a2, Dj > 3y k2 Ojkexp{Hi} /65, where

H; = max{ln<$> } + Zi In(1 + byx),

ii =1
S (3.2)
= Rj+ 3 (Al By ) d
H; = maxq In — +ZZ In(1+bj),
bjj k=1

(A7) B>0,By >0, ke {1,...,n+2}.

Then system (1.1) has at least one positive T-periodic solution.

Proof. Let X = PC;. x PC} x --- x PC} be the Cartesian production of (n + 2)-tuples, Z =
X x R™27 where R4 is (n + 2)g-dimensional Euclidean space. It is clear that x(0) = x(T)

for any x € X.
We define

2 n 2 n
Il = X lllocy + DMyl per = Disuplei(®)l + 3suply; ()],
i=1 j=1 i=1[0,T] j=110,T] (3.3)

llzllz = [IxIl + llel..

for any x = (x1,X2, Y1,...,¥n) € X, = (c1,...,Cns2)g) € R4, and z = (x,c) € Z, where || - ||
is the norm of X, and || - ||+ is any norm of R"#24. Then it is trivial to check that X, Z are both
Banach spaces when they are endowed with the above norms || - || and || - ||z, respectively.
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Let

ervemecx (40— (GO ()L

(3.4)
w200 - (GG
Then
Ker .2 = <Z;$))> : <Z;$))) _ :;1 er™2 L
n+2 .

: li q T q T _ q
e (V] ) o o5

dim Ker £ =n+2 = codim Im Z.

Since Im £ is closed in Z, £ is a Fredholm mapping of index zero. We respectively define
and Q in the following:

wi(t) 1 fTui(t)dt
p(”f(t)>:"f f}vj(t)dt ’

0
(3.6)

0 q

T q
a fi i\’ |1 «[0 fudt + ;lik .
Qz=Q 7\ S a_ | ;
i i*/ ) k=1 j fidt+ le,k 0 .
0 k=1 B

It is easy to show that ), Q are continuous projectors such that Im.£ = KerQ = Im(I - Q).
Furthermore, the generalized inverse (£)K, : Im £ — Dom £\ Ker [ exists. That follows

one will calculate K.
q
fi lik) ) s

Let
wi(t)\ _ ( fi(t) Au;(t) _ (I
<77j(t)) - <fj(t)>t¢tk, <Avj(t)>t=tk <ljk>’ (3.8)

then
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that is,
t
O\ j fi(s)ds+§kzik +14;(0)
vit)) = . (3.9)
/ Jf](s ds + > Tk +v;(0)
>ty
Note that
1 (T
wi(t) . Tf ws)ds )
<v]-(t)) € Ker P, that is, _I%U_(S)ds = <0> (3.10)
j
0
From(3.9), we obtain
T T
J J‘f u;i(s)ds dt + IO > lixdt + Tu; (0) <0>
e =(.) (3.11)

1

T 0J0
1 T At T -

T IO fo vj(s)ds dt + fo > Lixdt +To;(0)

t>t

and hence,
f ui(s)ds + >l — —f J ul(s)dsdt—lek + = lektk
<u1(?> — >t k 1 , (312)
vj(t) I vj(s)ds + g;z,k - —f f vj(s)ds dt - kz_;‘ljk - T;zjktk
that is,
t
J‘f,-(s)ds+Zl,-k f J.fl(s dsdt—lek
K,z = >l ) (3.13)
(s)ds+ Sl — = (s)dsdt - Y1,
Jf]ssg;]k ij]ss ;]k
Thus

an- (- (()O)) e19
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where

exp{ui(f)}
Hi(t) + wi(t) exp{ua(t)}

T
m=ti-g <a1<t> explu (1)} +

i c1k (t) exp{ok(t) }
+é ar(t) + Pix(t) exp{ur ()} + yix (t) exp{ok(t) } >dt’

exp{ua(t)}
i (t) + wn (t) exp{u(t)}

T
hy = A, - % fo <a2(t) explux(t)} +
(3.15)

3 cok () exp{ok ()}
+kz:; ok (£) + Por () expluz(t) } + yar () exp{ok(f) } >dt’

hio A lf( S (1) expux (b))}
P T o NS i) + B (t) explu(h)} + v () exp{o; (1)}

—En]@k(t) exp{ok(t)} > dt.
k=1

Clearly, Q /U and K, (I-Q) /N are continuous. Using the Arzela-Ascoli theorem, it is not diffcult

to show that K,(I - Q)N Q) is compact for any open bounded set Q C X. Moreover, QN/(Q)

is bounded. Thus, A is £-compact on £ with any open bounded set Q C X. A isomorphism
2 of Im Q onto Ker £ can be chosen to be the identity mapping; since Im Q = Ker Z, there
exists an isomorphism 2 : ImQ — X given by

g1 o\’ 81

2:ImQ — X, , — . (3.16)
gn+2 0 k=1 n+2

Corresponding to operator equation Lu = ANy, u(t) = (ul(t),ug(t),vl(t),...,vn(t))T,/\ €
(0,1), we have

exp{ui(t)}
p1(t) + wi(t) explua(t)}

w(t) = )L<b1(t) —ai(t)exp{ur(t)} -

_Z": c1k (£) exp{o (b))
& ok (t) + Puc(t) explui ()} + yue(t) exploi(t)} )
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expf{ua(t) }
w1 (t) + wq (t) exp{ui(t)}

i (t) = )L<b2(i’) —ax(t)exp{ua(t)} -

i ook (F) exp{ok(t) }
o aak(t) + Por (t) explua(t) } + yar (t) exp{ok(t)}

] 2 dik(t) exp{ux(t)}
(= = j
o) < O e B explu(®)] + 1 oxp (0,0

“S () exp{vka)}),
k=1
t#ty, (ke NY),
Au;i(t) = u;(t) - ui(t’) =AIn(1 + by),
Av;(t) = vj(t) = 0;(t7) = Mn(1+ by ),

t=t,, (keN").
(3.17)

Suppose that u(t) = (u1(t), uz(t), vi(t),..., vn(t))T is a solution of system (3.17) for a
fixed A € (0,1). Integrating on both sides of (3.17) from 0 to T, we obtain

expf{ui(t)}
1 (t) + w (t) exp{u(t) }

T
fo <— bi(t) + a1 (t) exp{ui(t)} +

7 cik(t) exp{ok(t)}
+§ a1 (£) + Pir(t) exp{ui (£) } + yix () exp{ok(t) } >dt

q
= > In(1+by),
k=1

expf{ua(t)}
Ho(t) + wa(t) exp{ui(t)}

T
fo < —by(t) + ax(t) exp{ua(t)} +

< cax () exp vk (t) }
+é i (t) + Por (t) exp{ua(t) } + yor (t) exp{oi(t) } >dt

q
= Z In(1 + bax),
k=1
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T .
fo <rj o i (1) explux ()

S aji(t) + P (t) explui(t)} + yjr (t) exp{vj(t) }

q .
+25]k(t) exp{ok(t)} > Zm(nbjk).

k=1
(3.18)
Since u € X, there exist &;,¢; € [0, T] such that
ui(e) = minwi(t),  ; (&) = i o;(f). (3.19)
On the other hand, note that there exist ¢, g; € [0, T] such that
w(g) = supwi(t), (&) = sup vjh). (3.20)

te[0,T] te[0,T]

If §i # ty, then u;(¢) = ui(g,-),v]-(g;) = v;(¢;). While if §; = t;, we have u; () = u,-(tZ),vj(g]f) =
v;j(t;). Thus we can obtain from (3.18) and (3.19) that

T

T
I a;(t) exp{ui(g)}dt < f a;(H)e" O dt
0 0

q

< Dl In(1+by) + f b;(t)dt,
k=1
(3.21)

~

J 6j;(t) exp{v; (§;) }d 6j; (t) exp{o;(t) }dt

N\
M&o

B T k(t)
ln(l + bik> - fo ri(B)dt + kz fo ﬁ;k(t)

k=1

It follows that

. Aj+ 3 /
u; (&) < max{ln%} =p, v; (é]) max{ln J ké( jk ﬂ]k> } =g (3.22)
i ji
From (3.17) and (3.18), we obtain

T q T q -
f i ()]t < 23 In(1 + by), f |oj ()| dt < 2 1r1<1 + b]-k>. (3.23)
0 0

k=1 k=1
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By (3.22) and (3.23), we have that

ui(t) < (&) + f i (B)|dt < p + 22 In(1 +by) :=
k=1
(3.24)

q ~ —_—

T
;) < v; (&) + L |oj(D)]dt < g +2) In(1+bj) = H;.

k=1

On the other hand, by (3.18) and (3.20), we also have

T

fOT 8;3(t) exp{o; (1) Jdt > f 6;; (1) exp{o;(t) ) dt

0

il <1+b]k> fr](t)dt_ zn: J‘T6jk(t)exp{ﬁk}dt, (3.25)

k=1k#j”0

Ej - ZZ:l,k#jg]'k exp{ﬁk}
0jj

and hence,

vi(h) > 05(g7) - fOT|z>]-(t)|dt

- — (3.26)
Aj = Dko1kzj Ok eXP{Hk }

> In —
6jj k=1

By (3.18), we have

T

T
fo ar (t) exp{ua (¢7) }dt > f a1 (t) exp{uy(t)}dt

0

q T T exp{ui(t))
é In(1 + byx) + f bi(t)dt ~ ,[0 p1(t) + wi(t) explua(t)}

dt

B n IT Clk(t) eXp{'Uk(t)}

o a(t) + Puc(t) explur ()} + yue(t) exp{ok(t) }

q T exp{H1} (T 1
> In(1+by)+ | bi(d)dt - dt
2 In( 1k) .[o 1) K fo w1 (t)

k=1

M0
- d
; Io Y1k (£) b
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T

T
-[0 a (t) exp{uz(&3) }dt > 4[0 a (t) exp{ua(t) }dt

g ! ! explua(t))
> I+ ba) + J, 0= [ e e

< IT ok (t) exp{ok ()}
=)o ax(t) + Puc(t) expluz(t)} + yar (t) exp{ok(t) }

T
=

exp{H>} LS|
ln(1+b2k)+f by (t)dt - e fo wz(t)dt

q
k=1 0

% IT cox (t) At

k=170 Y2k (t)
(3.27)
where K; is a positive number satisfied exp{u;(t)} > K, for t € [0,T]; therefore,
A1 - (exp{H1}/K>) <1/w1> - <Clk/Y1k>
u1(4y) > 1In = ,
a
(3.28)

a

e <A2 - (exp{Ha} /K1) (T/wz) - Sy (cac/ ) >

So

T
() > m Q) - fo s (1)t

<A1 - (exp{H1}/K>) <Tw1> -k (Clk/Y1k> >
n

> 1

=

q
-2> In(1+by) := Ny,

a k=1

T
U (t) > up(83) - fo |11 (t) | At

N 1n<A2 - (exp{Hz}/K1)<Twz> -k (CZk/Y2k>>

q
=23 In(1+bx) = N».

a k=1

(3.29)
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Take M; = min{Kj, N;}. By (3.24)-(3.29), we have

wi(H)] < max{|Mil, |Hil} = Gi,  |oj(®)] < max{ |M]) |ﬁ])} =G;. (3.30)

Here, G;, (~3]~ are independent of the choice of .
Letu = (ul(t),uz(t),vl(t),...,U,,(t))T € R™2, set G = |lu]| + Gy, where Gy is taken
sufficiently large, such that the solution u* = (uj, u3,vj,..., v;*,)T of the equation

1 IT exp{u (t)}dt

b —aexp{ui(t)} - T Jo pi(t) +wi(t) explua(t)}

1S IT cie(t) exp{ok(t) ) dt
T& )y ai(t) + Puc(t) explua ()} + ye(t) exp{ok(t) }

q
+=> In(1+by) =0,
k=1

Sl =

_ 1 (T exp{ua(t)}dt
by - mexplua(t)) - % fo pa () + wa () exp{us () }

(3.31)

_1"r' cak (£) exp{ok(f) }dt

T Jo aa(t) + o () explua(t) ) + yax (£) exp ok () }

1 q
+ T; In(1+by) =0,

1& JT djr(t) exp{ux(t)}dt
T

T+ _é 0 jk(t) + Bjk(t) expluk(t)} + yjx () exp{o; ()}

n _ q ~
- D bkexpluk(t)) + %Z ln<1 + b]-k> -0
k=1 .

satisfies

”(ui,uz, v}‘,...,v;‘l)T” < Gy,
(3.32)

[t +0)| <G, (k=1,2,...,4).

LetQ = {u= (u1,u2,v1,...,vn)T eX| ||(u1,u2,v1,...,vn)T|| < G}. Then it is clear that
Q satisfies the requirement (a) of Lemma 2.3.
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When u € 0Q NnKer £ = 0Q N R™?2, u is a constant vector in R"*? with |[u]| = G, then

QNu#0, we check Q/Nu and according to mean value theorem, there exist 61,0,,0;, 11,12 €
[0, T] such that

QNu =

(

For any u € QN Ker £, we have

~ expf{ui(t)}
/ Ay —ayexp{u(t)} - 141(61) + w1 (61) exp{us(t))
_Zn: cikexp{uk(t)}
=i (m) + Puc(m) explua(t)} + yie (1) explok(t) }
exp{ua(t)}

A —ayexpl{uy(t)} - 12(02) + w2 (02) expluy (t))

2QNu = = Cox exp{uk(t)}

_gi a2k (12) + Pax (112) exp{ua(t)} + vk (112) exp{oi (b))

~ 2 djk exp{uk(t)}

_ - exp{u(t)}
(=@ el 12(81) + w1 (61) expu:(0)] \
_i cik exp{ok(t)}
= aw(m) + P (m) exp{ua (t)} + yix (1) exp ok (1))
As - T explus()} - plu(b))
p2(02) + w2 (62) exp{ua (t) }
_2”: Cok exp{ok(t)} :
S a2k (m2) + P (112) expua ()} + 2 (112) exp{ox(h))
L2 djx exp{ux(t)}
A+ — — ! =
! é @jk <6,~> +Bjk <9,-> exp{uk(t)} + yjk (9;') exp{v;(t)}
\ = ik exp{o(t)) )
k=1

Aj+ = = =
: g;djk <6]~> + Bk <9]~> exp{ur(£)} + yjk (9]') exp{v;(f)}
\ - > 6k expluk(h)}
k=1

Define the map ¢ : (QNR™?) x [0,1] — R™? by

g

Ay —ayexpl{u(t)}

Us
vj

u1> | Ar-mexplun(t))

Aj- i&-k explok(h))
k=1

(3.34)
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exp{ui(t)} \
p1(61) + w1 (61) exp{uz(t)}
u cik exp{ok(t)}

+kz:; ar(m) + P (m) exp{ur(t)} + yie (m) exp{ok(t) )

exp{u(t))
112(0) + w2 (62) exp (w1 (b)) '
X i ok exp vk (t))
o1 X2k (712) + Pox (le) SXP{uz(t) b+ Y2k (’12) exp{ok(t)}
2 djx exp{ux(h))

\ _k; “ik<5j> + ﬂjk(@') exp{u(t)} + yjk (5]') exp{v;(t)} /

i'llele (111,112,{1,...,1”) EH{ 4 S [011]' € can Sllc v tllat
#

(F(ulzuZ/vl/-”/vn/#) #0/ (336)

for any u = (ul,u2,vl,...,vn)T € 9Q N R™2, u € [0,1]. Otherwise, it is similar to

above mentioned discussion, we obtain that the solution u = (ul,uz,vl,...,vn)T of
¢(u1,up,v1,..., 05, 4) = 0 satisfies ||ul| < G; therefore, this contradicts the fact that u €
0QNR™2,

Since ¢ (u1,uz,v1,...,0,, 1) is a homotopic mapping and topological degree is
invariant under homotopic mapping, thus we can show the topological degree as folows:

deg((2Qm, QN Ker £,(0,...,0)")) = deg( (g1, QN Ker £,(0,...,0)"

(3.37)
= deg( (g0, QN Ker £,(0,...,0)7))
On the other hand, the differential equations
_ 13
bi - @xy + = > In(1+by) =0,
&
(3.38)

s, 1 ~
7 - kz_;(s]-kyk + T; In(1+bj) =0
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satisfies condition (A7), by the law of Crammer, one can easily obtain that (3.38) has unique
solution

(A5 va)s (339)

where Sc\f = det(B;)/det(B), ;/7 = det(B;)/det(B). Therefore, one can check

deg(2QM, QN Ker £,(0,...,0)") = deg(g=0, QN Ker £, (0., 0)")

(3.40)

sgn <(—1)"+2x{xzny}‘ det(B)> #0.
j=1

By now we have proved that Q satisfies all requirements of Lemma 2.3, then £x = /x
has at least one solution in Dom £ N Q, that is, (2.3) has at least one T-periodic solution

in Dom £ N Q and denote 4 = (ﬁl,ﬂz,ﬁl,...,ﬁn)T by the solution of system (2.3). Set
X; = exp{ﬁi},yj = exp{?}j}, then X = (X1,X2,¥1,...,Yn) is one positive T-periodic solution
of system (1.3). The proof is complete. O

4. Global Stability and Globally Exponential Stability of Solutions

Let xo = (x10, X20, Y1,0, - - -, Yno) and Xio, Yjo € Ry. We denote by
X(t) = x(t;to, x0) = (x1(£), x2(6), y1(8), -, Yu(t)) (4.1)
the solution of system (1.3) satisfying the initial conditions:
x(to + 0; tp, x0) = X (4.2)

and by | = J(tp,xo) the maximal interval of type [t,7]) in which the solution x(t; ty, x¢) is
defined.

Let x(t;to, x0) x(t) = (x1(t), x2(t), y1(t), ..., yn(t)) and x*(t; to,x(’;), xX*(t) = (x;(t),x;(t),
A (t),...,y;(t)) be any two solutions of (1.1) with initial conditions:

X(to +0; to, xo) = Xo, X*(to +0; to, XS) = XS, ty € R,. (43)

We introduce the following notations:

Gk = (k1 ) xRY?, keZ', G=|]JGk (4.4)
k=1

We put forward two definitions in [24, 28].
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Definition 4.1 (Ahmad and Stamova [24]). The system (1.3) is said to be

(a) globally stable if for all € > 0, there exists 6 = 6(¢, t9) > 0 such that if x(t), x* (t) € R"*2,
with [xo — x§ || < 6 then for all t > to||x(t; to, x0) — X* (£; to, x3)|| < &

(b) globally asymptotically stable if it is globally stable and

Jim [|x(£; to, x0) = x" (£ to, x5) || = 0; (4.5)

(c) globally exponentially stable if for all a > 0, there exists y = y(a) > 0 such that
x(t),x*(t) € R"*?, with ||xo — x5|| < a, then for all t > £

|[x(E to, x0) = x* (£ to, x5) || < v||X0 = x5|| exp{-¢(t - to) }. (4.6)

Definition 4.2 (Ahmad and Stamova [24, 28]). We say that the function V(t,x),V : [ty, o) x
R”*2 belongs to the class Vj if the following conditions are satisfied:

(1) the function V is continuous in U2 G;, and V'(¢,0) = 0 for t € [ty, o0);

(2) the function V satisfies locally the Lipschitz condition with respect to x on each of
the sets G;;

(3) for each k € Z™, there exist the finite limits:

V(ter—-0,x) = lim V(tx), V(e +0,x) = lim V(tx); 47
t (47)

— b <t t —ty >t

(4) for each k € Z*, the following equalities are valid:

V (tk-1,x) = V(tk, x). (4.8)

In the proofs of the main theorems, we will use the following comparison results.

Lemma 4.3. Suppose the hypotheses (A1)—(A5) hold. There exist functions P;, Q;, 13j, Qj € R™2 such
that Pi(t) < xi(t) < Qi(t), Pi(t) < y;(t) < Q;(t) forall t > to.

Proof. First we will prove that

xi(t) <Qilt),  yi(t) <Q;(b), (4.9)
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for all t > ty, where (Q;(t), Qj(t)) =(q1(t), q2(t), g1 (t), ..., gn(t)) is the maximal solution of the
system:

gi(t) = qi(t) (bi(t) - ai(t)qi(1)),

fon ol 2 dik(£)qx(t)
% = q’(t)< (ER Y Gy MOT A GEAT) >

t#ty, (keZ"),

. G (t g 4.10
qi(t;) =90 >0, §(ty) =gjo >0, (4.10)
qi(t;) = (1+ bi)gi(tx),
Gy(t) = (1+ b ) @1,

t=t, (keZb.
The maximal solution
Qi(t) = Qi(t;to, q0), Qj(t) = Qi(tto, qo), 9o = (410,920, G30, - - -  G(n+2)0) (4.11)

of (4.10) is defined by the equality:

(QV(t;t0, QY +0), to<
Ql(tt,Q +0), tH<
Qi(t:to, q0) = < ey
QF (b, QF +0), b <t< b,

L ceey

'Q?Et;to,(:)? + 0;, to < t

<
Q}umépn, ti<t<t,

(4.12)

Qj(t;fo,qo)=< .,
Q;F (t; tk,Q;.‘ + 0), te <t < tpe,

L ceey

where Q;{(t; tr, Qg‘ +0), Q{((t; tx, Q;‘ +0) is the solution of the equation without impulses

Gi(t) = qi(t) (bi(t) - ai(t)qi(1)),

Lo 2 i (H9x(t) (4.13)
40 =) <"f R Ry OPROES A >
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in the interval (t, tcs1], k € Z*, for which QF+0 = (1+by) QF (t; te_1, QX' +0), Q;F+O = (1+bj),

Q;'((tk} tk—l/é;c_l +0), k € Z*, and QY + 0 = gy, (:)? +0 = gjo.
We note that the solutions x;(t), y;(t) of (1.1) are functions which for t#tx, k € Z*
satisfy

x1(t)
pi1(t) + wi(t)x2(t)

X1 (t) = x1(£) (bl(f) —a(B)x1(f) -

< cuk (D) yx ()
ok (t) + P (B)xa (t) + e ye(t) )°

x2(t)
pa(t) + wo (t)x1(t)

X2 (t) = X7 (t) (bz(t) - az(i’)XQ(t) -
(4.14)

< cak (Hyk(t)
& agi(t) + far (H)x2(t) + yar (Hye(t) )7

: N - 2 djk(t)xk(t)
yi(t) = yﬂ”( 0 2 B B ) + 1 9,

—Zéjk(t)yk(t)>,
k=1

and for t = ti, k € 7, satisfying the conditions x;(t;) = (1 + bi)xi(tx), y;(t;) = (1 + E]-k)yj(tk),
By hypothesis (Al), it follows from (1.1) that

%i(F) < xi () (bi(t) — ai()x;(t)),

) 4 e djk (1)q () (4.15)
yi(t) < y;(t) <—r,(t) + I; FRCEY OGRS MOIAC >

for t # t. The elementary differential inequality (4.15) yields that
xi(h) < Qi) yi(h) <Q(h), (416)

for all t € (fo,t1], that is, the inequality (4.9) is valid for t € (o, t1]. Suppose that (4.9) is
satisfied for t € (tx_1,tx], k > 1. Then using hypotheses (A2)—-(A4) and the fact that (4.9) is
satisfied for t = t;, we obtain

xi(t) = (1 + bix)xi (k) < (1 +bix)Qi(te) = Qi(t7),

3 o 3 (4.17)
yi(t) = (1+ b)) < (1+ B ) Qs (k) = G (£))-
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We apply again the comparison result (4.15) in the interval (¢, tx+1] and obtain

x;(t; to, xi0) < QF <t} te, QF + 0) = Qi(t;to, q0),
(4.18)

yj(tto, yjo) < Q;c (t; tx, Q;c + 0) = Qj (£ to, q0),

that is, the inequality (4.9) is valid for (tx, tx+1]. The proof of (4.9) is completed by induction.
Further, by analogous arguments, using (Al)-(A4), we obtain from (1.1) and (4.15) the
following:

Q1 (t)
w1 (t) +wi(t)xa(t)

K ek () Qk (1)
S ari(t) + puec()xa(t) + yicOye(t) )°

Qa(t)
po(t) + wo (t)x1(t)

x1(t) = x1(t) <b1(t) —ai(t)x1(t) -

Xo(t) = x2(t) <b2(t) —ax(t)xa(t) -

- cak () Q (1)
& ok (t) + o (H)x1 (1) + var Dy (t) )7

| 2 djr () xi(t) 19
yi(t) = y;(b) <-Tf(t) * ; ajk () + Bjk () xic () + yjk ()5 (1)

—Zajk<t>@k(t>>,
k=1
t#ty, (k € Z+),

xi(t)) = (1 + b)xi(ty),
yi(t0) = (1+B3) v (te),

t=t,, (keZ),
and hence

xi(t) = Pi(t),  yj(t) > D), (4.20)
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for all t > ty, where (Pi(t),f’j(t)) = (p1(t), p2(t), p1(t), ..., pa(t)) is the minimal solution of the
system:

e B B Qi(t)
pi(t) = p1(t) (bl(t) ay (t)x: (£) () + o (D52 (D)
R c1k () Ok (1)
g (t) + Puc()xr (8) + (O (t) )7
N : 3 Qa(t)
palt) = pa) (12(6) = aa()a) = -
K ook (H) Qi ()
S () + P (H)x1 (8) + (D yx (t) )7
NN 2 dik (t)pk(t)
p””‘”“(’“”*Zﬁﬁm+mum%m+numMﬂ (4.21)

—Zsjkmék(t)),
k=1
t#ty, (keZ"),
pi(ty) =pi >0,  p;i(t5) =Pjo >0,
pity) = (1+ bi)pi(ti),
pi(t) = (1 +Ejk>f5j(fk)/
t=t,, (keZ").
Thus, the proof follows from (4.9) and (4.20). O
Lemma 4.4. Suppose the hypotheses (A1)-(A5) hold. x(t) = x(t; to, x0) =
(x1(t), x2(t), y1(t), ..., yn(t)) is a solution of (1.1), then there exist positive constants: a;, p;, a;, and
ﬁ,- such that
a; < xi(t) < fi, aj <y;t) < ﬁj, (4.22)
forall t € (tk-1,tx], k € Z* and if in addition
0<l+bx<1, 0<l+bp<1, (4.23)
then

w<x()<p, &<yt <P (4.24)

forallte J.
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Proof. From Lemma 4.3, we have Pi(t) < x;(t) < Qi(t),ﬁj(t) < yi(t) < Qj(t) for all t > ¢,
where P;i(t), INJj(t) is the minimal solution of the system (4.21), and Q;(t), Qj(t) is the maximal
solution of the system (4.10). Under the conditions of Lemma 4.4 for the solutions of (4.10)
and (4.21) with initial functions, it is valid that

G <P(), QO<B, FH<HO, Q1 <p, (4.25)

@, & >0,0 < pi, i < o, forallt > to, t € (-1, t], k € Z*, then a; < x;(t) < fi, & < y; () < B,
forall t > ty, t € (tk_1,tk], k € Z*. If in addition 0 < 1+ by < 1,0< 1 + b]k < 1, then from the
left continuity of x;(t) at the points t;, we have

= (1 +bix)a; — (bix)a; < (1 +big)x;i(t) — (bix)xi(t)

< (1 +bi)fi — (bix) Bi = Pi,

= (1+5)a - (B < (1+ ) w0 - (B w0 (4.26)
< (1 + Efk)ﬁj - @k)ﬁj = B,
that is,
a <xi(t) <P &G <y(t) <Py (4.27)
hence
a<xi(t) <P, & <y) <P (4.28)
forallt > tg. O

Let V € Vp, for any (t,x) € [tx-1, ) x R"*2, the right-hand derivative D*V (t,x(t)) along
the solution x(t, o, xo) of (1.1) is defined by

D'V(t,x(t)) = lim inf 1 FLV(E+ R x(E+ ) = V(EX(D)]. (4.29)
Define
2 n
m(t) = 3 |xi(h) - x; (1)) + Y |wi(h) - v )] (4.30)
i=1 j=1

and consider a Lyapunov function:

n+2

i(t
V0, (0) = S0 = LAY

xl(t)
G

O

(4.31)
=1
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Theorem 4.5. Let the following conditions hold:

(1) the hypotheses (A1)—(A5) hold;

(2) there exist nonnegative continuous functions 6;(t), and 6;(t) such that

(A8)

2 %
g #1 Twa,

(.”1 +wifa) (i + wip;)

n u qu 2 U 2%
3 YiePricPr w3 i
¢ . gl ¢~ 0 B0 okl ¢, 0 ¢
k=1 (“1k + P + Ylk“k> (“uc + P + Ylk“k) (:“2 + “’2“1> (#2 + “’2“1)
u ( u uQz.
L d; <“j1 + leﬁ])

+2 :
j=1 <“]1 + :5]1“1 + Y]1a1> (“;1 + ﬂ]lal + Y]1 )

0
¢ #2 T W,

2T G ) (4 + )

> i PP wif; (4:32)
k=1 <a§k + ﬁgkoq + Yfﬁk) (agk + ﬂgkaz + }ffkﬁw (yf + wfoq) (/11 + wfaé)

n dy; <“}12 + Yj’éﬁ]’)
' ng <“]2 + .3 a2 + Y]zf"J) (“]z + ﬂ 20 + Y]z )I

2 das yé ax
6‘3 jk1jk _
: ’ é <“}4k + ﬁ;lkﬁk + ijﬁj> (ajk + ﬁ;[kﬁl*c + Y]ukﬁ;>
L i (% + i)
>k:§¢j5jk+§ <zx +ﬂ a1+y1]a]><al] + 1] ,+Y,] ]>

(3)0<1+byx<1,0<l+by<1

Then, the solution x(t) of (1.1) is globally stable.
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Proof. Consider the upper right derivative D*V (x(t), x*(t)) along the solution of system (1.1).
For t > tgand t #tx, k € Z*, we derive the estimate as follows:

DTV (x(t),x" (1))

B ik (D yk(t)
= <—a1(t) (xi(8) = x5(5)) = Z (mk(f) + Prc®)x1(t) + 11 (D) ye (t)

i ci Dy (0)
i (t) + BrD%; () + Y (DY ()

_( x1(t) _ x3(t) )
pr(t) +wr(H)x2(t)  pa(t) + wr(t)x5(t)

x sgn(x; — x7) + < — ay(t) (x2 () = x5(t))

< ok () Yk (t)
é <b¥2k(t) + Poic (£)x2(t) + yar () Y ()

~ cak () yi (1)
azk (t) + Por () x5 () + var () v (2)

B x2(t) 3 x5 (t)
pa(t) +wa(H)x1(t)  pa(t) + wa(t)x)(t)

x sgn(x, — x3)

. i 22: ik (B)xic(t) B ()X (t)
T\ \ @ik () + Bix (O xic () + v (Oy; () () + Pix () x (8) + ¥k D)y} (E)
] ]

= 651 (yw(b) - y}:(t))> Sgn(yj - y;f),
k=1

< i <ag|x1(t) X! (t)|+Z ik

i=1 k=1 (“1k+ﬁlkxl(t)+}’,k]/k t))( ﬂ X; UHYSJU”)

x |yk () -y (t)]

+ i 1kﬂ yk(t)

|2ci (£) =7 (1) |
5 (af + Blexi(t) + vfye () (ah + Bl () + yEwi(®))

+

: A0 :
[y () -y (8]
Zl(wﬁ () + vy () (e + Bt () + 7 0)) " >
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~ 1o+ wlxs(t) .
G atea) G+ OO
. wix5(t)
<‘uf+wfx2(t)> (/41 +wy xz(t)>
ps + wix; (t)

_ -
(3 +wyx1 (1)) (u3 +wyxi (b)) [xa(t)-x3(1)|

|22 (5) =3 (1) |

wyx; (t)

’ <,u§+w§x1 (t)> <‘u2+w2x1 (t))

|1 (8) =7 (1)

n 2 d*
+ Z Z ]ka7k

j=1 \ k=1 <zx;’k + ﬂ].ekxk(t) + yfkyj(t)> ((xjk + ﬁka;(t) + y]ky] (t))

|k (8) = (1) |

N i d}‘kY;lkyj(t)
=1 (b + Bk (b) + y?ky]-(t) af + o (t) +yhy ()
] ] ] ] JkI ]

|k (8) = (1)

2 d‘(’] Vi (t)
-5 Kl v -y )|
k=1 (tx}‘k + Bk () + vy (t)> (“jk + B () + ¥y (t)>

‘5ff|%—yf + 5}‘k|yk(t>—yil>
#j

k=1k

2 n u gu 3
I pi + wids _ YiePricPr

(i + wifa) (Wi + wip;) é <afk + Y+ Yfk&k> <afk +plar + yfk&;;>

o2 (o)
(N ey Ry ey
ps + wia;

* | ®-x0] - < (5 + Wi pr) (5 + wyBr)
Zn] 3PP
=1 (“2k + Pt + sz"‘k> ("‘gk + Poicts + ngk&Z)
wif;

(ol (4 + ol

i iy (aty + v'5B;)

j=1 <“]2 + ﬂ pd2 * Y]2“J> <“]2 + ﬁ;z“z + Y]za >
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x |xa () -5 () |

i i d]kY]kak
= ]] k=1 (tx]k + ﬁ ﬁk + ijﬁi> (‘xjk + ﬁ?kﬁ;2 + Y]ukﬁ;‘>

Cij <txl] +ﬂ [51>
tX + ,5 & + Yl]“’) (al] * ﬁl] i Yé&F)

_ 64 - S

k=1k#j
x |y]~(t) —y}‘|.
(4.33)
Thus in view of hypothesis (A8), we obtain
D™V (x(t),x(t)) < -6(tym(t), t=>ty, t#t, (K€L, (4.34)
where 6(t) = min{0;, 6;}.
Fort > ty, t=1tr, (k € Z*), we have
. S|t ) &y ()
V()X (7)) = Ffin TS Dol 2
i=1 =1 y]( 9
2 Vs n 1+ by )y (t) 4.35
| T+ bi)x] (k) =1 <1 + bjk>y;.“(tk)
= V(x(t), X (k).
Then the inequality,
t
V(x(t),x*(t) < V(x(t§),x*(£5)) —f 6(s)ym(s)ds, t=>ty (4.36)
to
holds.

By Mean Value Theorem and by Lemma 4.4 it follows that for any closed interval
contained in t € (tx_1,tx], k € Z*, there exist positive numbers r and R such that for every

i,j, 7 < (), y; (1), % (£), v () < Rand

%Ixi(t) -xi ()| < |Inx;(f) - Inx} (1] < %Ixi(t) - x; ()],
(4.37)

i - 50] < iy -y 0] < Ly - 50|
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Hence, we obtain

2 n
V(xox) = Y linx(8) - Inxi (5)] + X [Iny; () - Iny; (1)
i=1 j=1

(4.38)
1 *
< ol
Further, from (4.34) and (4.35) we have
D+V(X(t),x*(t)) < 01 t 2 tO/ t#tk/
(4.39)
AV (x(tk),x"(tk)) =0,
and hence
V(x(t),x"(t)) < V(xo,%x5), (4.40)

forallt > ty. Given 0 < £ < R, choose 6 = er/2R. Then from (4.37)—(4.40) it follows that

2

Slxt) - x 0]+ Xy -y )] <& (4.41)
=1

i=1
forallt > ty, whenever ||xo—xg|| < 6 and ty € R,. Since ty € R, is arbitrary, by Definition 4.1(a),
the system (1.1) is globally stable. This proves the theorem. O

Theorem 4.6. In addition to the assumptions of Theorem 4.5, suppose that there exists a constant ¢
such that

t

6(s)ds = c(t - to). (4.42)

to

Then the system (1.1) is globally exponentially stable.

Proof. We consider again the Lyapunov function (4.31). From (4.34) and (4.37), we obtain
DV (x(t),x*(t)) < —o6()m(t) < -r&6(H)V (x(£),x*(1)). (4.43)

From the above mentioned estimate and (4.38), we have

V(x(t),x"(t)) < V(x0,x5) exp{—r t 6(s)ds}, (4.44)

to
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forall t > to. Then from (4.37),(4.40), (4.44), and (4.38), we deduce the inequality

2 n R
St =51 0]+ 3]s 0 - v 0] < 5 flxo —x e (4.45)
1 j=1

i=

for t > ty. This shows that the system (1.1) is globally exponentially stable. This proves the
theorem. 0O
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