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We introduce the generalized Carleson measure spaces CMO; that extend BMO. Using Frazier
and Jawerth’s ¢-transform and sequence spaces, we show that, for a € R and 0 < p < 1, the duals
—a,q
(q’/qp)—(q’/q)
and CMO, (/P (for any r € R), respectively. As applications, we give the necessary and
sufficient conditions for the boundedness of wavelet multipliers and paraproduct operators acting
on homogeneous Triebel-Lizorkin spaces.

of homogeneous Triebel-Lizorkin spaces F,? for 1 < g < oo and 0 < g < 1 are CMO

1. Introduction

In 1972, Fefferman and Stein [1] proved that the dual of H! is the BMO space. In 1990,
Frazier and Jawerth [2, Theorem 5.13] generalized the above duality to homogeneous Triebel-

Lizorkin spaces F,?. More precisely, they showed that the dual of F{? is F* for a € R and
0 < g < oo, where ¢’ is the conjugate index of g. Throughout the paper, ¢ is interpreted as
!

4 = oo whenever 0 < g < 1,and ¢’ = q/(q-1) for 1 < g < co. Note that F{* = H' and

BMO = F. Fora € R,0 < p <1,and 0 < g < o, it is known (cf. [2-4]) that the dual of F,7is

F /P Here, we will give another characterization for the duals of F," in terms of the

generalized Carleson measure spaces fora € R,0<p <1,and 0 < g < oo.

We say that a cube Q C R" is dyadic if Q = Qjx = {x = (x1,x2,...,x,) ER": 277k < x; <
277(ki+1),i=1,2,...,n} forsome j € Zand k = (ki, ks, ..., k,) € Z". Denote by £(Q) =27/ the
side length of Q and by xg = 277k the “left lower corner” of Q when Q = Qjk. We use sup),
and > p to express the supremum and summation taken over all dyadic cubes P, respectively.
Also, denote the summation taken over all dyadic cubes Q contained in P by 3, p. For any
dyadic cubes P and Q, either P and Q are nonoverlapping or one contains the other. For any



2 Abstract and Applied Analysis

function f defined on R", j € Z, and dyadic cube Q = Qjx, set

o) =l 27 ( 552 =225 (2 -,
fix) =2"f(2'x),
f@) = f=x).

28, g0), where (f, g) denotes the paring in the usual sense

(1.1)

It is clear that gj * f(xo) = |Q]
for g in a Fréchet space X and f in the dual of X.
Choose a fixed function ¢ in Schwartz class S = S(R"), the collection of rapidly

decreasing C* functions on R", satisfying

supp(9) € {5 <lél <2}, "

[#@)] > ¢c>0 ifgslélﬁg-

Fora € Rand 0 < p,q < +oo, we say that f belongs to the homogeneous Triebel-Lizorkin

space F;"q if f € 8"/, the tempered distributions modulo polynomials, satisfies

< oo for 0 <p < oo,

(1.3)

1/q
{z<2k“|<,ok*f|>"}

keZ

Lr

1/q
sup{|P| f (Zk“|(pk*f(x)|)qu} <o forp=co.
P= 1ogze(P)

mag L=

£l

When 0 < p < oo and g = oo, the above £9-norm is modified to be the supremum norm as

usual, and F5™ is defined to be B%™, which is

11l g2 == sup sup 2**[gicx £ (x)| = supl Q"2 |(f,90)| < .
* €Z xeQ Q (14)

o(Q)=2k

We now introduce a new space CMO;"? as follows.

Definition 1.1. Let ¢ € S satisfy (1.2). For a,r € R and 0 < q < oo, the generalized Carleson

measure spaces CMO; is the collection of all f € S’/ satisfying ||f|| cmor < 00, where

1/q
sup{|P| I Z oI (a/n)=(1/2) |<f ‘PQ>|XQ(X)> dx} , 0<g<oo,
I fllemoze =

PQcp
sup suplQ|" " V2| (£, )| = suplQIT VB f,0,)], q=0o,
P QcP Q

(1.5)

and yo denotes the characteristic function of Q.
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Remark 1.2. By definition, we immediately have CMO;"* = F5%® for a, r € R, and it is easy to
check CMO;" = {0} forr < 0and 0 < q < oo. Note that the zero element in CMO}"! means
the class of polynomials. Also note that CMO}? = F7? with equivalent norms for a € R and
0 < g < oo. It follows from Proposition 3.3 that CMOT’q =F fora e Rand 0 < g <oo.In
particular, CMO?’2 = BMO, and hence the spaces CMO;"? generalize BMO.

Remark 1.3. For a dyadic cube P, denote by kp = —log,#(P); that is, kp is the integer so that
¢(P) = 2% In [5, 6], Yang and Yuan introduced the so-called “unified and generalized”
Triebel-Lizorkin-type spaces Fp,; with four parameters by

p/q 1/p
£l = SuP|P|_T{f [Z <2ka|‘l’k *f(x)|>q] dx} < o, (1.6)
’ P P

k>kp

fora, 7 €eR,p e (0,0), g€ (0,0],and f € S'/P. Note that in [5] the space P;‘,’; was defined
for 7 € [0,00), p € (1,0), and g € (1, o]. It follows from [6, Theorem 3.1] that

p/q p
If F-::';zsuplpl”{f [Z (IQI“”")'“/”|<f,<,oQ>|xQ<x>)"] dx} .an
’ P P

QcpP

It is clear that CMO}/ = F27/% for 0 < g < o, and hence CMO;"? “looks like” a special

. a4 .

case of Fy7. In fact, it was proved in [7, 8] that the space F,7 is the “same” as the space
a,q

CMOTq+1—q/p :

The definition of CMO;" is independent of the choice of ¢ € S satisfying (1.2). To
show that, we need the following Plancherel-Polya inequalities.

Theorem 1.4 (Plancherel-Polya inequality for 0 < g < o). Let ¢, ¢ € S satisfy (1.2). Fora,r € R
and 0 < q < oo, if f € 8'/ D satisfies

1/q
w© q
sup [P D> D) <2k”sup|(]5k*f(u)|> [e] < oo, (1.8)
p k=-log,¢(P) QCP ueQ
2=k
then
1/q

o q
supq IP[” X, Y, <2"“sup ¢k*f<u>1> QI
p k=-log,¢(P) QCP ueQ
o=k

» (1.9)

© q
=supl P S S (il fwl) 10
P k=—log,e(P) QCP ueQ
«Q=2k
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Theorem 1.5 (Plancherel-Polya inequality for g = o). Let ¢, ¢ € S satisfy (1.2). For a, v € R, if
f € 8'/ D satisfies
sup<|Q|(”‘/")rsup|(]5kQ * f(u)|> < oo, (1.10)
Q ueQ

then

sup<|Q|_(“/")_rsup o *f(u)|> = sup<|Q|_(“/")_rinf|(ﬁkQ *f(u)|>. (1.11)
Q ueQ Q ueQ

Remark 1.6. Let ¢, ¢ € S satisfy (1.2). Denote by CMO;(¢) the collection of all f € $'/p
satisfying || fllcyom ) < ® defined in Definition 1.1 with respect to ¢. Then, by Theorem 1.4,

1/q
o q
”f”CMo‘,‘”(q;) <supq |P[” Z Z <2ka5up Pk *f(”)'> Q|
p k=-log,¢(P) QCP ueQ
2Q)=2k
1 (1.12)

0

q
<Csup? |P|” Z Z <2k“inf|(ﬁk *f(”)|> Q|
P k=-log,¢(P) QCP ueQ
e(Q)=2k

< C”f”cMoff‘?(,p) for 0 < g < co.

Similarly, || f ”CMOf’q((p) < Clifllemor #) by interchanging the roles of ¢ and ¢. Hence, the

definition of CMO;"/(¢) is independent of the choice of ¢ and, for short, denoted by CMO;"?.
Also, Theorem 1.5 shows that CMO;** is independent of the choice of ¢ satisfying (1.2) in the
same argument.

Remark 1.7. The classical Plancherel-Polya inequality [9] concludes that if {xx} is an
appropriate set of points in R”, for example, lattice points, where the length of the mesh
is sufficiently small, then

oo 1/p
(kz If(Xk>|”> - 11, w13
=1

for all 0 < p < oo with a modification if p = co.

Using the Calderén reproducing formula (either continuous or discrete version),
several authors obtain the variant Plancherel-Polya inequalities [10-13]. These inequalities
give characterizations of the Besov spaces and the Triebel-Lizorkin spaces. Moreover, using
these inequalities, one can show that the Littlewood-Paley g-function and Lusin area S-
function are equivalent in LP-norm.
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Define a linear map S,, from .S’/ into the family of complex sequences by

So(f) ={{fr90)}o (1.14)

Let Sy denote the family of f € S satisfying [x¥f(x)dx = 0 for all k € (N U {0})". For
g€ CMO;a’qI, define a linear functional L¢ by

Le(f) = (S¢(8),S(f)) = %}(g,qfcg)(pr@ for f € So. (1.15)

We now state our first main result as follows.

Theorem 1.8 (duality for FS"’). Suppose that a e R, 0 <p <1,and 0 < g < co.

(a) For 1 < g < oo, the dual of F,? is CMO(_;’;’;Hq, 1) i1 the following sense.
(i) For g € CMOZ;,/qr;)—(q’/q)/ the linear functional Lg given by (1.15), defined initially on
So, extends to a continuous linear functional on Fg’q with ||Lg|| < Cl|gl| CMO[;’f;)_(q,/q)
(ii) Conversely, every continuous linear functional L on F:,l’q satisfies L = Ly for some
€ CMO ;7 /) With o < C|L].
g @/p)=(/9) ”g”CMO(q’?P)—(q’/q) ” ”

(b) For 0 < q <1, the dual of F,/" is CMO; ™ /P (any r € R) in the following sense.

(i) For g € CMO,“*™P® e linear functional Ly given by (1.15), defined
initially on Sy, extends to a continuous linear functional on Fg’q with ||Lg|l <
C | | g | | CMO;uu(n/p)fn,oo .

(ii) Conversely, every continuous linear functional L on F;’q satisfies L = Lg for some
§ € CMO;™ ™= it | g oy resrmnee < CIIL]

Remark 1.9. For 0 < p < 1 and 0 < g < 1, it follows immediately from [2, 3] (Verbitsky [4]
corrected a gap of the proof) and definition that (F,’?)" = I o Y (e i
(any r € R). Theorem 1.8 (b) shows a different approach to the duality and includes the case
ofp=1.

Forp = 1 < g < o, we have CMO;,T’Z;,M) = (B = £ For 0 < p<l<g<oo,

—-a,q _ gy, _ prat(n/p)-noo —-a,q _ —a+(n/p)-n,
CMO(q,/p)_(q,/q) = (F,") = F» , and hence CMO(q,/p)_(q,/q) = CMO, . That

is, each CMOZﬂp)_(q /4) coincides with CMO‘;H(n/p)%OO fora,reRand0<p<1<g<oo.
Remark 1.10. In Remark 1.2 we are aware that CMO;? generalize BMO by the viewpoint of
spaces directly. Choosing a« = 0 and g = 2 in Theorem 1.8, we immediately have (H?)' =

(PS’Z)’ = CMO(()éz/p)_1 for 0 < p < 1. In particular, BMO = CMO?’Z. Once again, we obtain

that CMO}"? generalize BMO by the viewpoint of duality. It was also proved in [14] that the
dual of the multiparameter product Hardy space is the generalized multiparameter Carleson
measure space (cf. [14] for more details).
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Remark 1.11. For a,r € R, in order to make each index works, we defined CMO{* to be

supp|P|’rsupQgp|Q|_(“/")_(1/2)|(f, ¢@)| in our earlier version and in [7]. In such a situation,
for 0 < p,g < 1, the dual of F;’q would be CMO(_l’” /’;_1. In this paper, however, we follow
the referee’s suggestion and adopt a more “natural” definition of CMO{"* in Definition 1.1,
that is, the limit of CMO;“ as g — 0. The sequence space ;'™ given in Definition 2.1 has a

similar story as well.

As applications, we first recall the Haar multipliers introduced in [15, 16]. Given a
sequence t = {t;};, where the I’s are dyadic intervals in R, a Haar multiplier on L*(R) is a
linear operator of the form

Hif (x) := Z ti(f,hiyhi(x), feL*R), (1.16)
T

where h; are the Haar functions corresponding to I.

Using Meyer’s wavelets, we may generalize the above Haar multiplier to R” and
obtain a necessary and sufficient condition for the boundedness on Triebel-Lizorkin spaces.
Let {¢'} fori € E := {1,2,...2" — 1} be Meyer’s wavelets (cf. [17], [18, pages 71-109]).
Then, {q;é}, where i € E and Q’s are dyadic cubes in R”, is a frame for F;;’q for a € R and

0 <p,g < oo; that s, ||f||Fg,q = >ice H(f, (,ué) }Q||f:,q for f € Fg’q. For t = {tg}, define a wavelet
multiplier T, on R™ by

T(f) = X, 210t (£ 4 ) (1.17)

ieE Q

for f € 8'/ P such that the above summation is well defined.

Theorem 1.12. Suppose that a,p € R,0<p <1and 0 < q < oo. Then,

~a+p,1

(a) for 1 < q < oo, T is bounded from E, into F} b

@/p-@ /)
ifand only if t € cbrpme

ifand only ift € ¢

(b) for 0 < q < 1and r € R, T is bounded from F,' into F;Hﬂ'l

where c;’! is given in Definition 2.1.

We consider another application. Let ¢ and ¢ in S satisfy (1.2) and (3.1). Choose a
function @ € S supported on [0,1]" and [® = 1. For a € R and g € Fx™, define the
paraproduct operator Il by

Mg (f) = §<g, 90)IQI*(f, Do) 0. (1.18)

Thus, the adjoint operator ITj is

I (f) = D2 9)IQI™*(f,w0) ®o. (1.19)
0

Then, I;1 = g and IT;1 = 0 since (1,Dg) = |Q|'? and (1,p0) = 0. Also, if g € E%®, then



Abstract and Applied Analysis 7

both IT; and IT; are singular integral operators satisfying the weak boundedness property.
Moreover, I, is a Calderén-Zygmund operator (i.e., I is bounded on L?(R")) if and only if
g€ Y by David-Journé’s T1 theorem [19] (also see [12, Theorems 5.4 and 5.8]). The authors
showed a more general type of paraproduct operators in [12, page 688], which were derived
from the discrete Calderén reproducing formula.

Theorem 1.13. Suppose that pe R, 0<r<landO0<p<r<qg<r/(1-r).

. . . Aty . /(g-r)
(i) For a <0, I, is bounded from ng into F‘”ﬁr ifand only if g € CMOf(Zr p)q/pr(q oy

(ii)fa e Rwitha+p > 0and g € cMoP /@) , then T1% is bounded from F,’? into
; g r(q-p)/p(g-r) 8 P
F'.tx+ ,T'

r

Remark1.14. Whenr =1,0<p<1<g<oo, and p € R, Theorem 1.13 says that I'l; is bounded
from F, ¥ into F{ 1 if and onlyif g € CMO , for a < 0, and TT% is bounded from F,"?
q / p)=(q/q) 8 p

into F P for a > —p provided g € CMO(q Jp)~(q'q) T 1995, Youssfi [20] showed that, for
pER 1<p<o,1<q<2andge >, I, is bounded from Fg’q into Fﬁ’p if and only if

g€ FP7 . The special case of Theorem 1.13(i), p = r, generalizes Youssfi's result to 0 < p < 1.
More precisely, fora <0, e R,0<p <1,and p < q <p/(1 -p), I, is bounded from F;’q to

Ex*P7 if and only if g € CMO[P/ @) = phra/as),

The paper is organized as follows. In Section 2, we introduce the discrete version of

the generalized Carleson measure spaces c,’’ and show that the duals of sequence Triebel-

—a+(n/p)-n,c0

Lizorkin spaces f, for 1 < g < coand 0 < g < 1 are ¢, and ¢, (for any

(q /p) q/q)
r € R), respectively. In Section 3, we prove the duals of homogeneous Triebel-Lizorkin spaces

F, q for1l < g < coand 0 < g < 1tobe the generalized Carleson measure spaces CMO(q p)~(q'/4)

and CMOr‘H(n/p Jmee (for any r € R), respectively. In Section 4, we prove the Plancherel-
Polya inequalities that give us the independence of the choice of ¢ for the definition of
the generalized Carleson measure spaces. In the last section, we show the boundedness of
wavelet multipliers and paraproduct operators. Throughout, we use C to denote a universal
constant that does not depend on the main variables but may differ from line to line. Also,
Q and P always mean the dyadic cubes in R", and, for r > 0, we denote by rQ the cube
concentric with Q whose each edge is 7 times as long.

2. Sequence Spaces

In this section, we introduce sequence spaces ¢, and then characterize the duals of f;,x T by
means of ¢;. Let us recall the definition of these sequence spaces f, defined in [2]. For
a€Rand 0<p,q < oo, the space f;f “ consists all such sequences s = {sg } o satisfying

< o if0<p<oo,
Ly (2.1)

1/q
Sll'lap{ I Z |Q|( -a/n)-(1/2) |SQ|XQ(x)> } < o0 lfp:oo

POCP

1/q
H Si(1Qrterm-em |5Q|XQ>q}

sl joa :=
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As before, the previous £7-norm is modified to the supremum norm for 0 < p < oo and g = .
For p = g = o0, we adopt the norm

I8 oo = supl Q" /1P| sg. 2.2)
Q

Note that ||s||;a,q is equivalent to the Carleson norm of the measure

_ _ q
S (1170 s0]) QI o 0 (2.3)
g

where 6y is the point mass at (x,t) € R"*1. See [2] for the details.

To study the duals of f;’q, we introduce a discrete version of the generalized Carleson
measure spaces ¢,
Definition 2.1. For a,r € R and 0 < g < oo, the space ¢,/ is the collection of all sequences
t = {tg}g satisfying ||t[| s < co, where

sup|P| J Z |Q|@/m- (1/2)|tQ|xQ(x)> dx for 0 < g < oo,
[t 2 = rQcp (2.4)
sup sup| Q" ~1/D 15| = sup|Q| @12 |ty| for g = co.
P QcP Q

It is obvious that

1/q
[[tl]cea = Sup{|P|_r Z <|Q|_(“/")‘(1/2)+(1/q)|tQ|>q} for0<g<oo (2.5)
P Qcp
and |[[t[|@= = [t|s= for a,r € R. Using embedding theorem, Frazier and Jawerth

[2, equation (5.14) and Theorem 5.9] obtained that, for « € R and 0 < g < oo, the dual of
fplis Fr P yhen 0 < p < 1, and the dual of fi"is fo . Note that ¢, = {0} for r <0
and 0 < g < 0. Here we give the dual relationship between sequence spaces f; T and ¢

Theorem 2.2 (duality for f,"). Suppose thata € R,0<p <1,and 0 < g < oo.

(a) For1 < g < oo, the dual offp isc, in the following sense.

(q /P) q'/9)

(i) For t = {tQ}Q € c(q /p) /) the linear functional &; on f;”q given by €(s) =

>0 Sotq is continuous with || €| < Cl|t| L fors ={sg}, € i
q/p)-/q
(ii) Conversely, every continuous linear functional € on f;f’q satisfies € = &y for some
with [|t]] . < Cl4|.

S ip-d 1a)

te C(q /p) q'/q)

(b) For 0 < g <1, the dual off;f is ¢ ;M("/p) "% (any r € R) in the following sense.



Abstract and Applied Analysis 9

—a+(n/p)-n,0

(i) For t = {tg}, € cr , the linear functional &; on f;"q given by €y(s) =
2.0 Sqtq is continuous with || €| < C||t||C;a+<n/p),n,m fors = {SQ}Q € f;‘/‘i.
(ii) Conversely, every continuous linear functional € on f;’q satisfies € = &y for some
te e, P with ] s < CIIE])|
Remark 2.3. For a € R and 0 < g < oo, sequence spaces ¢;"’ = fo.! and ¢;'® = f&* (for any

r € R) by definitions. Theorem 2.2 shows that (f?) = f*7, which gives a different but
simpler proof of Frazier-Jawerth’s result for the duality of ff 1 (cf. [2, Theorem 5.9]).

Proof of Theorem 2.2. For s = {sq} € fpand t= {talg € ;™ sets = {salg and t = {?Q}Q to
be

50 = 1Q1™ s, to = QI to. (2.6)

Then, 4;(s) = ¢i(s). Also,

I8ll oo = Nsllzen, ] .os = 1l 2.7)

Without loss of generality, we may assume that a = 0.
0,9

/P~ /2 and define a linear functional

We first consider the case 1 < g < 0. Lett € ¢
¢.on £, by

ét(S) = EQ: SQtQ for s € fr?’q. (28)
Fors = {sg}, € fg’q, let

1/q
V(x) = <Z <|Q|-1/2|5Q|XQ(x))"> : (2.9)
Q

For k € Z, let

Q= {x ER": 25 <V, (x) 52"”},

~ 1

Qk::{xeR”:Mka(x)>§}, (2.10)
o O 1. 19l , 1Q .

By = dyad1cQ.|QﬂQ]|>7, QHQ,+1|§7forsome]2k ,

where M is the Hardy-Littlewood maximal function. Then, for each dyadic cube Q, there
exists exactly a k € Z such that Q € Bg. For every Q € By, let Q denote the maximal
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dyadic cube in By containing Q. Then all of such Q’s are pairwise disjoint. Thus, by Holder’s
inequality for g and the inequality (a +b)P <a” +b” for0<p <1,

<3 3 X (IQrvrsgl) (1QI 1 rg )

k€Z Qe QO

QeBy
p/q p/q ) VP
-(1/2)+(1/ q -(1/2)+(1/q d
< Z Z Z <|Q|( )+( q)|SQ|> Z <|Q|( )+( q)|tQ|>
keZ GeB \ QcQ 0o
QeBy QeBy
p/q 1/p
—(1/2)+(1 q ~11=(p/q)
< [t o0 > 3| S (e is]) | |9
S 1p-@/a keZ OB, \ QcO
QE_Bk
(2.11)
Since Q € By implies Q C Q, the disjointness of Q’s and Holder’s inequality yield
—ola) p/q /P
p/q - q
T R A
€@ /o /9 OBy

We claim that 3, (IQI"1/2+1/0)|sg))? < C2%|Qy | for k € Z and 0 < g < co. Assume the
claim for the moment. The weak (1, 1) boundedness of M gives |£~2k| < C|Qk[, and hence

<Clt| o <Z 'ék'l—(r’/q) <2kq|ﬁk|>p/q>l/p
kezZ

(q /p)-q'/q)

1/p
< ClItl] oo <Z 27 |le> (2.13)

S 1p-@/a keZ,
<Clller Vil
/p)=(q'/4q)

= Cllt]] oq lIsll soa-

S ip~d /o)

' Z sgtg

To prove the claim, we note that, for k € Z and 0 < g < oo,

2q(k+1)

flk| > J‘~ (Vy(x))7dx
Q\UiZein &)

=L~2 o S (1012 [sglxo(x) ) dx (2.14)
kK\Ujk1 241 Q

= Q;Bk <|Q|_1/2|SQ|)q| (ék \ Qj) N Q| for some j >k +1,
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which implies

~q(k+1)

G2 2 3 (1o s ). (215)
2 Q€eBx

For 0 < g £ 1, with a modification, we have

' > sotg
Q

(1/p)-1
22 s a(2)a

k€Z Qe QcQ
QeBy,
p 1/p
~1-p
1/2
<l ) S| D 101 Isol | |0
keZ HeB, \ QcO (2.16)
QeBy
1/p
k =~ p
SC”tHC(n/p)-n,w( |Qk| (2 |Qk|> )
' keZ

S C”t”c(n/p)—n,oo
r

|V‘1”LP
< Cltll gp-neo IS joa-

On the other hand, suppose that ¢ is a continuous linear functional on f}?’q. For each
dyadic cube P, write e’ = {(e” )o} 0 to be the sequence defined by

(ep) ={1 %fQ:P’ (2.17)
Q 0 ifQ#P.

Lettp = £(e”) and t = {tp}p. Then, for s = {sq},, € f;,)’q,

€(s) = D sqto = &(s). (2.18)
Q

Fix a dyadic cube P. For 1 < g < oo, let X be the sequence space consisting of s = {sg}gcp,
and define a counting measure on dyadic cubes Q C P by do(Q) = |Q|/ |P|@/P=@/9) Then,

1/4
1 _ , q
<|P|(q’/p)—(q’/q) %}('Ql trmas )|th> >

= 172 2.19
et IPIW” q/q)c;?@' selQl™ltal 21
1/2
s0lQ|
<€l sup {W :
lIsllea x40y <1 |P| Qcp f'Orq
4
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Note that
{ SQ|Q|1/2 }
|p|(q /p)-(q'/q) ocp

Thus,

1/p

1 p/q
< — 1 ( SiQllsal”) P
P[P/ <ch;‘a [scl (2.20)

< C”S”eq(x,dg)-

04
I

1/4q

1 B , J

<W (10!t ””*‘”“ltd)) <Cllel, (2.21)
Qcr

0,
and hence t € c(;

|P|~(1/2+(/p) and

' : P : P _
- /0)" For 0 < g < 1, consider e defined before. Then, |le"]| fr =

(IPI(”Z)“””)ItPI)||eP (2.22)

= lirl = [e(")| < el

0q°
5!

Hence, [[t|| ovp-n= = supp|P|(1/2)_(1/”)|tp| < [|€]|. This completes the proof. O

3. Proof of the Main Theorem

Let us recall the ¢-transform identity given by Frazier and Jawerth [2]. Choose a function
@ € S satisfying (1.2). Then there exists a function ¢ € S satisfying the same conditions as ¢

such that 37 P(2778)§(277¢) =1 for ¢ #0. The -transform identity is given by

f= %:(f/tPQWQf (3.1)

where the identity holds in the sense of S’/ ), Sy, and F:,"q—norm.
Define a linear map S, from .S’/ p into the family of complex sequences by

Sp(f) = {({f90)} o (32)

and another linear map T, from the family of complex sequences into .S’/ 0 by

Ty({s0}g) = % sQ¥Q- (33)

Then, Ty, © S|« is the identity on E," by [2, Theorem 2.2].

Proposition 3.1. Suppose that a € Rand, 0 < p,q < +oo, and ¢, ¢ in S satisfy (1.2) and (3.1). The
linear operators S, : Fg’q — f;’q and Ty, : f';’q — Pg’q defined by (3.2) and (3.3), respectively, are
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Dual relation by Theorem 2.2 (a) el

F0q (s

v (q'/p)~(q'/9)
Sy Ty Sy T,
it Dual relation by Theorem 1.8(a) —aq
Fp CMO(q’/n)f(q’/q)

Figure 1: Diagram for spaces and maps for 1 < g < co.

- Dual relation by Theorem 2.2 (b)

—a+(n/p)-n,0
P Cr

F;’q Dual relation by Theorem 1.8(b) CMO;/H—(n/p)—n,oo

Figure 2: Diagram for spaces and maps for 0 < g < 1.

bounded. Furthermore, Ty o S, is the identity on F:’q. In particular, || f|| poa = 1S (Al fo4 and F;’q

can be identified with a complemented subspace of f,"".

Figures 1 and 2 illustrate the relationship among F:’q, f a’q, CMOf’q, and cf’q.

One recalls the almost diagonality given by Frazier and Jawerth [2]. For a« € R and
0<p,g< oo let ] =n/(min{l,p,q}). One says that a matrix A = {an}Q,P is (a, p, q)-almost
diagonal if there exists € > 0 such that

|agr|
o wor(e) (34
where
_ @ . |xQ—xp| _]_E. ) @ (n+e)/2 @ ((n+e)/2)+]-n
wor® = (37) (1 st e mm{(f(P)) (ag) -
(3.5)

Lemma 3.2. For a,r € Rand 0 < g < oo, an (a + nr, q,q)-almost diagonal matrix is bounded on
¢!, Furthermore, when r > 0, an (& + nr, 00, 00)-almost diagonal matrix is bounded on cy'*.

We postpone the proof of Lemma 3.2 until the end of Section 4.
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Leta,r € R. For g = oo, we have ¢/ = f&* and CMO¥* = F*. Thus, S, : CMOY® +—
¢y and T, : ¢} +— CMO%* are bounded by Proposition 3.1. For 0 < g < oo and f € CMO;",
lets = {sq}g = Sy(f). Then, the p-transform identity (3.1) shows that f = 35 sopg and

I llemops = ISp()llza = lIsllza. In particular, | fllepors = 1Sp(llza = IS ()l jaa = N1 fllpzs-

Furthermore, for s € ¢/,
{ <Z SPgp, th> }
p Q

where A := {{gp,pg) }Q,P is (a + nr, g, q)-almost diagonal (cf. [2, Lemma 3.6]) and hence A

is bounded on ¢, by Lemma 3.2. Therefore, S, is bounded from CMO;" to ¢, and Ty is
bounded from ¢, to CMO;".
We summarize that Ty, o S|y 0 is also the identity on CMO;.

= || As]| s, (3.6)

Ty () “cMoi"‘7 = HZ Sr¢p
P

CMO;

a,
o

Proposition 3.3. For (a,7r,9) € R xR x (0,00) or (a,7,q) € R x R x {oo}, the linear operators
Sy : CMO; " — ¢, and Ty : eyl — CMO; are bounded. Furthermore, Ty o S, is the identity on
MO and | flleyios = ISy 1l g Tn particular, || fleysoes = 1 (Hllss = 18p(Hl oo = Il
for a € Rand 0 < g < a0, and | fllcygone = 1Sy (F)ll o = ISp(F)ll e = e for a7 € .

Theorem 1.8 can be proved as a consequence of Propositions 3.1-3.3 and a duality
result between two sequence spaces.

Proof of Theorem 1.8. First let us consider the case for1 < g < oo. Let g € CMO;;Z;)_W /o) Then,

by Proposition 3.3, [Ig]l o« = IS¢ (| -aa - It follows from Theorem 2.2 that &s, (¢
@ /p)-q'/q) » S im-@/a
is a continuous linear functional on f, “ and 1€5, o)1l = 1Sy ( g)||cfa,q/ . Hence, for f € Sy,
' /p)~@ /9

|Lg(f)| SC”S‘/f‘(g)l ,/q)”S(p(f) f:,q SC”g”CMO(_a,’q, , ”f

q'/p)-(d'/q)

paa. (3.7)

-aq
S Ip—(q

Since S is dense in F,‘;’q, the functional L, can be extended to a continuous linear functional
on F,? satisfying ||L,]| < Cl|gll

MO :
(q'/p)-(d /9)
Conversely, let L € (F,")', and set ¢ = Lo T, on f,. By Proposition 3.1, ¢ € (f,"7)".
Thus, by Theorem 2.2, there exists t = {tg}, € c(_q')ff,)_(q, /a) such that
€<{SQ}Q> = > sotq  for {sa}g € £, (3.8)
Q
and [[t]] -« = ||¢|| < C||L||. For f € F;’?, we have

@ /p)-d'/9)

¢0S,(f) =LoT,oS,(f) = L(f). (39)
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So, for f € Sy and letting g = Ty, (t) = X towq,

L(f) =€0S,(f) = 2Q1<f,svg>tg = (t,5,(f))- (3.10)

It follows from [2, equations (2.7)-(2.8)] that (g, f) = (S4(8),Se(f)) and (t,S,(f)) =
(Ty(t), f) for f € Spand g € S'/P. This shows that L(f) = (T,(t), f) = Lg(f) for f € So.
Proposition 3.3 and Theorem 2.2 give

Isllcyoe < Clltlss  <CIL. (3.11)
q

/p)=(4'/9) (q'/p)=@'/9)
A similar argument gives the desired result for 0 < g < 1 with a slight modification,
and hence the proof is finished. O

Remark 3.4. As pointed out by one of the referees, Yang and Yuan [8, Theorem 1] show that

if 7>1/pand 0 < p,q < oo, then Fy7 = pomT /e

’ , where the definition of F,7 is given in
Remark 1.3. Thus, forO<p <land1<g < oo,

=0\ _ pea+(n/p)-noo _ pm-a,(l/p)-(1/q) _ ~at,q'
(Fp ) = F = =CMOT7 (3.12)

which demonstrates a different approach to the duality.

4. Proofs of the Plancherel-Pélya Inequalities

In this section we demonstrate the Plancherel-Polya inequalities.

Proof of Theorem 1.4. Without loss of generality, we may assume that « = 0. By (3.1), we
rewrite ¢; * f (u) as

i+ £ = 3 (f00) [[#1-0p0ax

N 4.1)
=2 2 1Q(f gx(- -~ x0)) f ¢j(u = x)gic(x = xg) dx.
keZ Q
(Q=2k
Using the inequality [2, page 151, equation (B.5)]
~ ) 2-(jnk)
(1 - - xg)dx| < C27KIiH , 42
'J‘(P](u x)(lfk(x xQ) X - (27(]-/\,{) + |u_xQ|)n+1 ( )
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where j A k = min{j, k} and K > 1 + nr, we obtain

2-(jrk)

bi* f(u)| < C 27Kk g
|¢J f | % % (2—(j/\k) + |u—xQ|)
2Q)=2-k

— | Pk * f(xq) |- (4.3)

Thus, for £(Q') =277,

sup
ueQ’

2-(jnk)

q
eswl) <c| T 5 2900

| Pk * f(x0)|
~(jAk) _ n+l
keZ e(Q)Q=2_k (2 + |xg - xql) (4.4)
ey S Mg —— 26 f(x)
< e Pr * f (X0
~(jAk) — n+l
=5 (0% + |xq - xol)

q
7

where the last inequality is followed by Holder’s inequality and

2-(jnk)

1Ql—
CIE Ry ey

o(Q)=2k

w1 <C 4.5)

Denote T by
— inflG q
Ig:= ;g(glwk*f(u)l : (4.6)

Since xg can be replaced by any point in Q in the last inequality,
<sup
ueQ’

Given a dyadic cube P with £(P) = 27%, the above estimates yield

2-(j"k)

q
$j*f<u)|> <cy 3 2N T (47)

kez “Q (270N + |xg = x0])
e(Q)=2k

© ~ q
> Y <sup|¢j*f<u>|> Q'
j=ko Q<P \ueQ'

eh=21

<C S 2-KIiH| |

o@Q)=27 o=k

2-(iK) (4.8)
n+l TQ|Q|

= CA1 + CAz,
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where

[*) . 2_(j/\k)
Ay = 27 KM o TolQl,
Y R T
o= o=k
o . 2—(j/\k)
Ar=3 3 > X 2HHNQ]— —TolQl.
i=ko QCP k<ky Q (270N + |xg = x0])
e@)=277 e(Q)=27k
Then, A; can be further decomposed as
o _ 2=(jnk)
Av=2 3 3 > Q] — el
j=R QTP ksky Q3P (270" + [xg - xq])
Q=277 2Q)=2k
YDID D HE R Al [ T
+ 270 : To|Q
R QP ik QGP=0 (270M) + |xg - xg|)""
e@)=277 eQ=2k
= A11 + A12.
There are 3" dyadic cubes in 3P with the same side length as P, so
D, TolQI<3" sup > TolQl.
Qc3p P'a3P - Qcp
«Q)<e(p) e(P")=¢(P) g(Q)<e(p')
Thus,
» , 9=(jAk)
PITAn<CIPIT Y, Y > Y 2N — 1TolQl
= 0P iR dGP (270" + |xg - xp|)

2(Q"=2"1 oQ=27k

SCSI;P'PIrT Z Z i25|¢k*f(u)|q|Q|-

k=-log,€(P') QCP'
oQ)=2k

17

(4.9)

(4.10)

(4.11)

(4.12)

Next we decompose the set of dyadic cubes {Q : QN3P =0, £(Q) = ¢(P)} into {B;};cy
according to the distance between each Q and P. Namely, for eachi € N,

Bi:={P': P'n3P =0, &(P) = £(P), 270 < |yp —yp| <2751},

(4.13)
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where yg denotes the center of Q. Then, we obtain

[*e]

ra<cy SIPITS 5SS el
i=1 P'eB; j=ko QCP k>ky QCP’
o= eQ=2k (4.14)
2-(jAk)

w1 1olQl:

X

Since 3 ocp |Q'| = |P| for each j > ko and |xp — xp| = 27k for P’ € B;, the right-hand side of
aQ)=277

(4.14) is dominated by

cy Y |P|2(l D < S zko—(]'/\k)—lk—ﬂ) P Y TolQl | (415)
i=1 P'eB; j=ko Qcr
aQ=2k

There are at most 202" cubes in B;, and hence

[ee) 2k

IPI"An<C S‘;,P|Pl|7r > 2 Toldl Zl (- kg)(n+1)2in

k>ko QCP'
o=k (4.16)

= Csup|P'|” Z > 1nf|(Pk*f(u)|q|Q|
P k=—log,¢(P") QCP’ e
Q-

To estimate A,, fori € Nand k < ko, set
= {Q :0(Q) =27%, xo€2P\ 2f-1p}. (4.17)

Then, |xg — xp| = 21k for Q € E;x and

2-KIi=KI| p| 2-(jrk)

I

j=ko k<ko i=1 Q€E; Q1™ (27070 + |xg — xp|)

— QI Tg|Q|- (4.18)

Since, for Q € Ej,

QI TolQl <sup|P'|" > >, Tol|Q| (4.19)
P m=-log,¢(P') Q'CP'
£(Q)=2"m
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and the number of dyadic cubes contained in E; x is at most 2 (i+k=ko)n

0

P Az < CosuplP|" 3, 3, TolQ]

m=-log,¢(P") Q'CP’

oQ)=2m
) ) ) 2—k(n+1) .
(ko—k)nrHK (k—j) (i+k—ko)n 4.20
X Z Z 22 - 2(i—k0)(n+1)2 ! (4.20)

j=ko k<ko i=1

7

0
=Csup|P|" > D inf |G+ f)]'|Q
P m=710g2€(P’) e(g//)gglm

where the condition K > 1+nr is used in the last equality. Combining the estimates of A; and
Aj, we prove Theorem 1.4. O

By modifying the proof above, we may easily show Theorem 1.5. Detailed verifications
are left to the reader.
We now return to show Lemma 3.2.

Proof of Lemma 3.2. For r <0, ¢," = {0}, and hence the result holds. For r = 0, cg’q = f *4 and
so the matrix is bounded by [2, Theorem 3.3]. To complete the proof, it suffices to show the
boundedness of (a + nr, g, q)-almost diagonal matrices for the case r > 0.

We may assume that a« = 0 since the case implies the general case. The proof is similar
to the proof of Theorem 1.4. Here, we only outline the proof. First let us consider the case for
g>1.Let A= {an}Q/P be an (nr, q, g)-almost diagonal matrix. Then, for £(Q) = 2k

. . —n—¢
|(AS)Q‘ <CY 3 2R /2) (1 +2|xg - xp|> Isp|,
JEZ e(P)=2T

_ . o (4.21)
<|Q|—1/z|(AS)Q|>q <cy 3 2(rk><nr+(s/z>><1 +2|xg - xp|> " £<|P|_1/2|Sp|>q
JEZ e(P)=27i
due to Holder’s inequality. Given a dyadic cube R with £(R) = 279,
> <|Q|_1/2|(AS)QDq|Q| <CI+ClII, (4.22)
k26 QCR
{Q=2k
where
1= 3 3 3 20 (1 2llxg - xpl) (1P lsel) 1P,
k26 QCR jzb ¢(P)=271
e (4.23)

H=3, 3 % 3 20 (1 2ilxg —xp|) " (1P lsrl) |

k>6 QCR j<6 ¢(P)=271
2=k
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Then, I can be further decomposed as

i . —n—-€ _ q

1= 3 3 3 2000 (14 2lxg —xp]) (1P srl) P
k>6 QCR j>6 PC3R
2Q)=2k op)=277

+ Z Z Z Z 2 (j=k)(nr+n+(e/2)) (1 +2;‘|xQ B JCp|>_n_£<|P|_1/2|5P|)q|P| (4.24)

k>6 QCR j>6 PN3R=(
Q)=2k op)=277

= I1q + Ipp.
The same argument showed in the proof of Theorem 1.4 for the term A; gives us
IRI™"T < CIISIIZB,q- (4.25)
To estimate I, fori € Nand j < §, let
E;j = { Q:€(Q)=27, xo€2R\ Zi’lR}. (4.26)
Then, using the same argument as Theorem 1.4 for A,, we have

IRIII < Cllsl,. (4.27)

Both estimates for I and I show the desired result for q > 1.
When g < 1, we modify the previous proof by replacing Holder’s inequality with g-
triangle inequality to get the result.

When g = o and r > 0, the space cP® = f&*, and hence an (a + nr, oo, o)-almost
diagonal matrix is bounded on ¢;"* by Proposition 5.3. O

Remark 4.1. Note that ¢ = f. By a duality argument and [2, Theorem 3.3 and page 81],
one can show that the (« + 7, g, g)-almost diagonal matrix is bounded on fx?. When g > 1
and r > 1, we can prove Lemma 3.2 by duality in Theorem 2.2. Let A = {agp}, p be an
(nr, g, q)-almost diagonal matrix. Also define the transpose of Aby A’ = {apg}g p. For g > 1
andr > 1,letp = (9+4')/(q'r + g). Then, p < 1. Since A is (nr, q,g)-almost diagonal, A’ is
(0,p, q')-almost diagonal by a calculation for a different value of €. Thus, by Theorem 2.2 (a)

and Proposition 5.3, A’ is bounded on c(,)’q.

5. Applications

We define another wavelet multiplier on R” by using ¢-transform identity as follows. Let ¢
and ¢ in S satisfy (1.2) and (3.1). For a sequence t = {tg},, where the Q's are dyadic cubes in
R”, define the wavelet multiplier Ty by

Ti(f) = EQ: QI *to(f, pa)wa (5.1)
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for f € S’/ such that the above summation is well defined. Thus, we have the following
characterization.

Theorem 5.1. Suppose that a,f € R,0<p <1,and 0 < g < oo. Then,

X ~a,q . sa+fl . B4
(a) for 1 < g < oo, Ty is bounded from F," into F;""" ift € W Ip)~(a'/a)

sa+f,1

. =04 - p+(n/p)-n,0
= 7 Lt .
(b) for 0 < g <1landr € R, Ty is bounded from F," into F,

iftec

Proof. We show the case a = 0 only, which implies the general case by (2.7). For f € R,
0O<p<l,and1<gq<oo,letf ng’qandte P

| .. It follows from Theorem 2.2 and
(q'/p)-(q'/9)
Proposition 3.1 that

Il < C|[{1Qr ras 00},

i
-p/
=3 (1" ral ) I(f 90|
Q (5.2)
< “B/n
<cf|icr.vallo | {10710} | .,
@ /p)-d'/9)
< CIIfIIFg/qIItIICﬁ,q/
(q'/p)-(d' /9)
This shows that T; is bounded from Fg’q into F' f ! and ITell < Clitll s . A similar argument
@ /p)-d'/9)
yields the boundedness of T for the case 0 < g < 1. O

In order to prove Theorem 1.12, we demonstrate a similar result in sequence spaces
first. For a sequence t = {t}, define D¢ by

Dy(s) = {|Q|’1/2thQ}Q for s = {sQ}Q with finitely many nonzero terms. (5.3)

Theorem 5.2. Suppose that a,f € R,0<p <1,and 0 < g < oo. Then,

(a) for 1 < q < oo, Dy is extendible to be bounded from f,7 into '{Hﬂ’l if and only if t €

B
S /p)-q/9)

(b) for 0 < g < 1and r € R, Dy is extendible to be bounded from f;‘ Tinto f; e if and only if

te e
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Proof. We still assume thata =0.For e R,0<p<1,and1<g<oo,lets={sg}, Efp and
t={tglg € ch, )~ /0)" It follows from Theorem 2.2 that

IDs)ll 0 = 33101 ta] ) 150l
Q

{laro} |,

= Clisll joa lItll s

<4 /p)=(q'/q)

< Clisll s (5.4)

(q’/p) @ /9

Conversely, suppose that Dy maps from f,S"’ into flﬂ g boundedly. For t = {tg}g, let
t={|QI" g} o- Define a linear functional ¢ by

4(s) = EQ: soto  for s = {sg}, with finitely many nonzero terms. (5.5)

Then,

)] < X (1017 [t ) sa] = IDe(s) - (56)
Q

The assumption shows that #; is a continuous linear functional on f;,)’q. Using Theorem 2.2,

pa
we havet € c(q )~ /a)" and hence t € c<q 1P~ /a)"
For 0 < g <1, a similar argument gives the desired result of (b). O

Proof of Theorem 1.12. The “if” part follows from Theorem 5.1. To show the “only if” part,
define T} by

T(F) = 3107 2t (£ 0 Yy (5.7)
Q

The boundedness of Tt says that TIN"{ is bounded from Fg’q into F? 1 Clearly,

Sy 0T oT,i(s) = Dy(s) forse f,". (5.8)

It follows from Proposition 3.1 that Dy is bounded from f57 into f{""', and hence t €

i p+(n/p)- "® for 0 < g <1and r € R by Theorem 5.2. O

S /p)-@/9) f0r1<q<00a1’1dt€c

In order to study the boundedness of the paraproduct operators acting on Triebel-
Lizorkin spaces, we need more results described as follows.

Proposition 5.3 ([2, pages 54 and 81]). Fora € Rand 0 < p,q < oo, an (a, p, q)-almost diagonal
matrix is bounded on fp .
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Lemma 5.4. Define a matrix by G = {(¢p,@g)}qp- Then, fora < 0and 0 < p,q < +oo, G is
(a, p, q)-almost diagonal and hence is bounded on f,f .

Proof. For €(P) < €(Q), since [ x"¢p(x)dx = 0 for all y, by [2, page 150, Lemma B.1], we have

2(Q)\* |xg - xp| e 2(P) ((n+e)/2)+]-n
|<(PP'CDQ>|SC<W> <1+W> <m> (5.9)

fore >0and a < | —n+ (¢/2), where | = n/ min{1,p, q} and C is independent of P and Q.
For ¢(Q) < €(P), by [2, page 152, Lemma B.2], we obtain

lxo = xp|\ 7 1 2(Q) \"?
|<<FP/‘DQ>|SC<1+ o(P) > <W>

= C<%>a<1 + %>_F£<%>(ﬂ—2um.

Choosing € = —2a, we obtain the result. O

(5.10)

We now can prove Theorem 1.13.

Proof of Theorem 1.13. To simplify notations, let go = qr/(q —r) and (1/po) = (1/p) — (1/q) +
(1/qp) - The requirement p <7 < q < r/(1 - r) guarantees that py < 1 < go. Now assume that

g€ CMOZZO/po)—(qo/q’) and f € F:f’q. To prove part (i), by (3.1) we rewrite I, (f) as
0

e (f) = D (g wQ>IQI‘”2<Z<ﬁ ‘PP>‘I’PICDQ>‘PQ
Q

P (5.11)
= 2.(8:9)IQI"*(Gs)gwo,
Q
where s = {(f,¢,)}p. Proposition 3.1 and Theorem 2.2 give
T (f) ;:Hﬁ,, SC||{|Q|—1/2 (g,90) (Gs)Q}Q o
_ CZ <|Q|—(ﬂ/n)—(1/2)+(1/2r)|<g, ¢Q>|>r _ <|Q|—(tx/n)—(1/2)+(l/2r) (GS)QDr
Q
(5.12)

< C“ {(1grem-armam)g, ({,Q>|>r}

{ <|Q|—(a/n)—(1/2)+(1/2r)

CO,(q/r>’
((a/m)/(p/m))~((q/7) /(q/7))

Q

X

(Galol)'}

40,q/7.
Q frl/r
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It is clear that

H (1 /m-1/22020 (g |>T}Q|| »

((q/r) /(p/m)-(@/r) /(a/7))

1/(q/r
r(q/r)
—sup{lPl (/@) ”‘”)f >, (IR0 (g, p0) [ xo(x)) x}

P Qcp
= [tz 0o sn
(qo/po) (0/v}y)
(5.13)
and
—(a/n)—(1/2)+(1/2r) r
“ { <|Q| (GS)Q> }Q Fodarn
p/r
g " 5.14
- H <Z (IQrm=172]Gs)q) xQ<x>> (549
Q Lp/r
— r
= Gslljer
Hence, by Propositions 3.1 and 3.3, and Lemma 5.4,
T (e < €| ({2 900} n IGs|ljos
(@0/r0)-(a0/qy)
< Cllgll cpopao I gz (5.15)

(@0/r0)-(90/4))

< Cllgllcyop A1

0,4 o
(a0/po)~(a0/9p)

Next suppose that Iy is bounded from Fg’q into Fy 7 Without lost of generality, we
may assume that a = 0. A computation yields

1/q0
<|p| =q0((1/p0)+(1/490) 1)f Z QI (B/n)- (1/2)|<g ‘PQ>|XQ(’C)> >

P Qcp

(g-r)/qr
n qr/(g-r)
=|P| (1/p)+(1/q) <’[P Z oI (B/n)- (1/2)|<g (PQ>|XQ(x ) dx> (5.16)

Qcp

1/r
<clp <“P><f >, (1M1 (g, 90) | xo(x)) ' > :

P Qcp
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Fix an integer N > (n/ p) — n. Choose a function 6 € S(R") satisfying 6(x) = 1 on [0,1]",
O(x) = 0if x ¢ 3[0,1]" and [x70(x)dx = O for all multi-indices y with |y| < N. By the
molecular theory [2, page 56], it follows that 6 € Fp 7. For each dyadic cube P, define 07 by

6P (x) = 9(’;;;)1’). (5.17)

Then, (67, Dq) = [ Dg(x)dx = |Q|"/* for all dyadic cubes Q C P and [|0]| 04 = C|P|'/? by the
P

translation invariance and the dilation properties of P,S’q. By Proposition 3.1,

[ms)]

{(g po)iQI(6", @0 )}

w” Qll

1/r
> (J, Z (0 g po)lxoto) ax)

Qcp

(5.18)

and hence, by the boundedness of I,

1/40
<|p| w5 (1 (g, g0) xo() > cc 1)

P Qcp

. Pao
Taking the supremum on P, we show that g € CMO @0/ P00/ )"

To prove part (ii), assume that g € CMOZZU/W (@0/b) and f € P]‘;"q. Lett = {(g,90)}0
and s = {(f, ¢g) }o- By Proposition 3.1,

IT,(f) “GDts

ey (5.20)

gt ” {EP: IPI™2(g, 0p) (@, 90)(f, <PP>}

Q f;x-v»ﬂ T

where G := {{D@p, pq) } o, p is the transpose of {(¢pp, D)} p. Since a + f > 0, by Lemma 5.4, G

is (&t + B, ,7)-almost diagonal and hence is bounded on f,' T Following the same argument
as the proof of part (i), we get

(||

< C”Dtsll;:aﬂ}/r

a+ﬂr -

- CZ <|Q|—(ﬁ/n)—(l/2)+(l/27)|<g’ ‘PQ>|> . <|Q|—(a/n)—(1/2)+(1/2r)|<f, ‘FQ>|> (5.21)

< CIIgIICMom I1£1%

Faq
(0/v0)~(0/9) !

which completes the proof. O
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