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A nonlinear partial differential equation containing the famous Camassa-Holm and Degasperis-
Procesi equations as special cases is investigated. The Kato theorem for abstract differential equa-
tions is applied to establish the local well-posedness of solutions for the equation in the Sobolev
space H*(R) with s > 3/2. Although the H'-norm of the solutions to the nonlinear model does not
remain constant, the existence of its weak solutions in the lower-order Sobolev space H°® with
1 < s <3/21is proved under the assumptions 1y € H® and ||ty ||z < oo.

1. Introduction

Constantin and Lannes [1] derived the shallow water equation
3
U+ Uy + Epuux + ﬂ(auxxx + ﬂutxx) = Plfl(Yuxuxx + 6uuxxx)r (11)

where the constants «, B, y, 6, p, and p satisfy certain conditions. Under several restrictions on
the coefficients of model (1.1), the large time well-posedness was established on a time scale
O] p|_1) provided that the initial value 1 belongs to H®(R) with s > 5/2, and the wave-break-
ing phenomena were also discussed in [1]. As stated in [1], using suitable mathematical trans-
formations, one can turn (1.1) into the form

Up — Upyy + 2KUy + MU = AU Uy + DU, (1.2)



2 Abstract and Applied Analysis

where a, b, k, and m are constants. Obviously, (1.2) is a generalization of both the Camassa-
Holm equation [2]

Up — Upyy + 2KUy + 3Ully = 2Us Uy, + Ullyry, Kk iS a constant (1.3)

and the Degasperis-Procesi model [3]

Up — Usext + 2KUy + AUl = SUylyy + Ulhyry. (1.4)

Equations (1.3) and (1.4) are bi-Hamiltonian and arise in the modeling of shallow water
waves. These two equations pertain to waves of medium amplitude (cf. the discussions
in [1, 4]) and accommodate wave-breaking phenomena. Moreover, the Camassa-Holm and
Degasperis-Procesi models admit peaked (periodic as well as solitary) traveling waves cap-
turing the main feature of the exact traveling wave solutions of the greatest height of the
governing equations for water waves (cf. [5, 6]). For other dynamic properties about (1.3)
and (1.4), the reader is referred to [7-20].

Recently, Lai and Wu [21] investigate (1.2) in the case where k =0, m = a+b, a > 0, and
b > 0. The well-posedness of global solutions is established in [21] in Sobolev space H*(R)
with s > 3/2 under certain assumptions on the initial value. The local strong and weak solu-
tions for (1.2) are discussed in [22] in the case where b > 0, a, k, and m are arbitrary constants.

Motivated by the desire to extend the work in [22], we investigate the following gene-
ralized model of (1.2):

Up — Upyx + 2KUy + MUUy, = AU Uyy + DUlyrr + PUl, (1.5)

where b > 0, a, k, m, and f are arbitrary constants, and # is a positive integer.

The aim of this paper is to investigate (1.5). Since a, b, m, and f are arbitrary constants,
we do not have the result that the H' norm of the solution of (1.5) remains constant. We will
apply the Kato theorem [23] to prove the existence and uniqueness of local solutions for (1.5)
in the space C([0,T), H*(R)) N C([0,T), H"*(R))(s > 3/2) provided that the initial value
up(x) belongs to H°(R)(s > 3/2). Moreover, it is shown that there exists a weak solution of
(1.5) in lower-order Sobolev space H(R) with 1 <5 <3/2.

The structure of this paper is as follows. The main results are given in Section 2. The
existence and uniqueness of the local strong solution for the Cauchy problem (1.5) are proved
in Section 3. The existence of weak solutions is established in Section 4.

2. Main Results

Firstly, we give some notations.

The space of all infinitely differentiable functions ¢(t, x) with compact support in
[0,+o0) x Ris denoted by C5°. We let L? = LP(R)(1 < p < +o0) be the space of all measurable
functions h such that ||h||’zp = [ |h(t,x)[Pdx < co. We define L* = L*(R) with the standard
norm ||hf| . = infye)-0 SUp ¢\ 1 (£, x)|. For any real number s, we let H* = H*(R) denote the
Sobolev space with the norm defined by

it = ([ (Leie) e pfa)” <o 1)



Abstract and Applied Analysis 3

where fl(t,g) f e ™h(t, x)dx. Here, we note that the norms || - ||U,, I Iz, and || - || s depend
on variable t.

For T > 0 and nonnegative number s, let C([0, T); H®(R)) denote the space of functions
u:[0,T)xR — Rwith the properties that u(t,-) € H*(R) for each t € [0, T], and the mapping
u:[0,T) — Hf(R) is continuous and bounded.

For simplicity, throughout this paper, we let ¢ denote any positive constant which is
independent of parameter ¢ and set A = (1 - 92 )1/2

In order to study the existence of solutions for (1.5), we consider its Cauchy problem
in the form

Up — Upyx = —Oy <2ku + %Lﬂ) + AUy Uy + bUllyyy + pu”, 02
2.2

M(O, x) = uo(X),

where b > 0, a, k, m, B, and n are arbitrary constants. Now, we give the theorem to describe the
local well-posedness of solutions for problem (2.2).

Theorem 2.1. Letf ug(x) € H(R) with s > 3/2, then the Cauchy problem (2.2) has a unique solution
u(t,x) € C([0,T); H*(R)) N C([0,T); H*"'(R)) where T > 0 depends on 20| 5 (R)-

For a real number s with s > 0, suppose that the function uy(x) is in H*(R), and let 1,
be the convolution u, = ¢, * ug of the function ¢.(x) = e /4¢p(¢7/4x) and uy such that the
Fourier transform ¢ of ¢ satisfies ¢ € Ccy ¢(g) >0, and ¢( h(&) =1 for any ¢ € (-1,1). Thus one
has u,o(x) € C=. It follows from TheoremZ 1 that for each ¢ satisfying 0 < ¢ < 1/4, the
Cauchy problem

U — Upyx = —Ox <2ku + %LF) + AUy Uyy + bllliyyy + PUi,
(2.3)
u(0,x) =uxn(x), x€R

has a unique solution u,(t, x) € C*([0, T;); H*), in which T, may depend on ¢. However, one
will show that under certain assumptions, there exist two constants ¢ and T > 0, both
independent of ¢, such that the solution of problem (2.3) satisfies [[ucx|l1» < ¢ for any t €
[0,T), and there exists a weak solution u(t, x) € L*([0,T], H®) for problem (2.2). These results
are summarized in the following two theorems.

Theorem 2.2. If ug(x) € H*(R) with s € [1,3/2] such that ||ugx||r= < oo, let ug be defined as in
system (2.3), then there exist two constants ¢ and T > 0, which are independent of €, such that the
solution u, of problem (2.3) satisfies ||uzx||1» < c forany t € [0,T).

Theorem 2.3. Suppose that uy(x) € H® with 1 <s <3/2 and ||ugx||r» < oo, then there existsa T >
0 such that problem (2.2) has a weak solution u(t, x) € L*([0,T], H*(R)) in the sense of distribution
and u, € L*([0,T] x R).
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3. Proof of Theorem 2.1

Consider the abstract quasilinear evolution equation

% +A(v)v = f(v), t>0, v(0) = vy. (3.1)

Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in X, and
let Q : Y — X be a topological isomorphism. Let L(Y, X) be the space of all bounded linear
operators from Y to X. If X = Y, we denote this space by L(X). We state the following con-
ditions in which p1, p, p3, and py4 are constants depending only on max{||y|ly, ||z|ly }:

(I) A(y) € L(Y, X) for y € X with
[(A(y) - A@)wllx <prlly - zllxllwlly, v,z weY, (32)

and A(y) € G(X,1,p) (ie., A(y) is quasi-m-accretive), uniformly on bounded sets
inY.

(I QA(y)Q™! = A(y) + B(y), where B(y) € L(X) is bounded, uniformly on bounded
sets in Y. Moreover,

I(B() - B)wlly < pally = zllylwllx, v,z€Y, weX. (3.3)

() f : Y — Y extends to a map from X into X, is bounded on bounded sets in Y, and
satisfies

If ) - fF@y <pslly -2
1) - fF@D|x < pally - =]

v, Y, ZEY,

(3.4)

X7 Yy, z€Y.

Kato Theorem (see [23])

Assume that (I), (II), and (III) hold. If vy € Y, there is a maximal T > 0 depending only on
|lvolly and a unique solution v to problem (3.1) such that

v =v(,v9) € C([0,T);Y) () C"([0,T); X). (3.5)
Moreover, the map vy — (-, vp) is a continuous map from Y to the space
C([0,1);Y) (" C([0,T); X). (3.6)
In fact, problem (2.2) can be written as

Ut — Upxx = _[2ku + %uz] - gai u? - 3b2_ aax (ui) +huz (3.7)

u(0,x) = uo(x),
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which is equivalent to

U + buu, =-A72 [<2ku + %nu2> + buu, — %T_”ax(ui) + pul|,

u(0,x) =up(x).

(3.8)

We set A(u) = bud, with constant b > 0, Y = H*(R), X = H*'(R), A = (1 - ai)l/Z,
fu) = =A2Qku + (m/2)u?), + bA2(uuy) — ((3b — a)/2)A720,(u2) + pA~2u”, and Q = A°.
We know that Q is an isomorphism of H® onto H*™!. In order to prove Theorem 2.1, we only
need to check that A(u) and f(u) satisfy assumptions (I)—(III).

Lemma 3.1. The operator A(u) = ud, with u € H*(R), s > 3/2 belongs to G(H*!, 1, ).

Lemma 3.2. Let A(u) = bud, withu € H® and s > 3/2, then A(u) € L(H®, H*™!) for all u € H®.
Moreover,

I(A@w) - A@Z)wll s < prllu = 2l s [0l 4, 2,w € H(R). (3.9)

Lemma 3.3. For s > 3/2, u,z € H%, and w € H%™, it holds that B(u) = [A,ud.]A™" € L(H*™)
foru € H® and

[(B(u) = B(2))w||pgs1 < palle = 2l s @] 51 (3.10)

Proofs of the above Lemmas 3.1-3.3 can be found in [24] or [25].

Lemma 3.4 (see [23]). Let r and q be real numbers such that —r < q <r, then

o1
[l < cllull vl if 7> 5,
(3.11)

. 1
[l < cliullpe ol i 7 <5

Lemma 3.5. Let u,z € H® with s > 3/2 and f(u) = ~A2(2ku+(m/2)u?), + bA™*(uuy) — ((3b -
a)/2)A 20, (u2) + BA~2(u), then f is bounded in H® and satisfies

”f(u) - f(z)”Hs < P3||” - Z”HS/

(3.12)
£ @) = F@) || gor < palle = zll e
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Proof. Using the algebra property of the space H® with sy >1/2and s -1 >1/2, we have
1f @) = £ @]
) T 2 _ ﬂ 2
A <<2ku+ S U >x (2kz+ 5z >x>

[Pt a-)

<

' + “bAQ(uux —2zZy)
H

Hs

Hs

|+ lpaaz-z

Hs

<c <||u = 2l o (1 [tllpgor + 12l o) + ||A-2 (u2-2%)
X

n-1 . .
2_ 2 n-j j
Hlluy =zl e — ZJCHH“"lZ”ux”Hsfl |29
A= 7=0 (3.13)
< C<||u = 2l s (1 [lell s + N2l ) + M1 (2 = 2) (1 + 2) [ s
n-1 . .
2_ 2 n-
[t = Zx || o+l = Zall e D el 12 s
=0
n-1 X .
n=jn
Scllu=zllgs ( 1+ lullgs + 12l + DNl Izl
=0
< cpsllu -zl g,
from which we obtain (3.12).
Applying Lemma 3.4, uu, = 1/2(u?),, s > 3/2, we get
I1f @) = £ (@] o
m m
<[l o= (k= 52|+ o -2
2 2 Hs2 Hs2
s = 20+ 20l + = )
< cllu = zll o2 (1 + Jlull o + 120l o)
(3.14)
+ cllux — Zxl| oo (x| o + 12| o)
n-1 . .
e
+cllux - Zx”Hs’ZZ”ux”Hs]J ||Zx||]1_15—1
7=0
n-1 nej i
< cllu =zl | T+ llpgs + Nzl + D5 lulle Nzl )
j=0

which completes the proof of (3.12). O
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Proof of Theorem 2.1. Using the Kato theorem, Lemmas 3.1, 3.2, 3.3, and 3.5, we know that sys-
tem (3.11) or problem (2.2) has a unique solution

u(t, x) € C([0,T); H*(R)) ﬂC1<[O,T);HS‘1>. (3.15)
O

4, Proofs of Theorems 2.2 and 2.3

Before establishing the proofs of Theorems 2.2 and 2.3, we give several lemmas.

Lemma 4.1 (Kato and Ponce [26]). If r > 0, then H" (| L* is an algebra. Moreover,
ol < c(lullp= ol + lullglloli-), (4.1)

where c is a constant depending only on r.

Lemma 4.2 (Kato and Ponce [26]). Let r > 0. Ifu € H' YWY and v € H"™' (| L*, then

A, uloll: < e (19l || Ao

Lt I8l o]l ), (4.2)

where [A",u]v = A"(uv) — uA"v.
Using the first equation of problem (2.2) gives rise to

% UR (uz + ui)dx] + (a - 2b) JR (uy)’dx = 2p JR uu’? dx, (4.3)

from which one has

IR <u2 + ui)dx + JZ UR <(a - 2b)us - Zﬁuu,’é) dx] dr = IR (ué + ué,()dx. (4.4)

Lemma4.3. Let s > 3/2, and the function u(t, x) is a solution of the problem (2.2) and the initial data
ug(x) € H®, then it holds that

t -
ll o < clluell g < clluo]l e Jolutelles +luaellzz2 ) (4.5)

where ¢y = 1/2max(|la - 2b|,|f]).
For q € (0,5 — 1], there is a constant ¢ depending only on q such that

IR (A7u) dx < f ) (ATug) dx + c f;(nuxnm el Yl (4.6)

If g € [0, s — 1], there is a constant ¢ depending only on q such that

-1
leallgzs < ellal g (1 Nl + el 1) (47)
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Proof. Using ||ull?,, < ¢ [(u* + u2)dx and (4.4) derives (4.5).
We write (1.5) in the equivalent form

b 3b -
Up — Upyx = —[Zku + %uz] + Eaiuz - a

ax<u§) + pu. (4.8)

X

Applying 92 = —A? + 1 and the Parseval’s equality gives rise to

IR AU <u2>dx =-2 j

<A"+1u>A‘7+1 (uty)dx + zj (AN (uuy)dx.  (4.9)
R R

For g € (0,s — 1], applying (A7u)A? on both sides of (4.8), noting the above equality,
and integrating the new equation with respect to x by parts, we obtain the equation

%% UR((Mu)Z + (Aqux)2>dx

- —f (ATu) AT [Zku T Tuz] dx — bf <A‘7+1u>A‘7+1(uux)dx (4.10)
R 2 x R

. 3b—aJ‘ (Aqux)Aq<ui>dx+bf (Aqu)Aq(uux)dx+ﬁf ATuNTu? dx.
2 R R R

We will estimate each of the terms on the right-hand side of (4.10). For the first and the
fourth terms, using integration by parts, the Cauchy-Schwartz inequality, and Lemmas 4.1-
4.2, we have

[r(ATU) A9 (uuy)dx = IR (ATu) [AT(uuy) — uMNuy]dx + JR(Aqu)quux dx

< cllwllpga (lltaxllpee 12l e + lotecll e Nl 24l £10)
(4.11)

1 2
+ 5 el s 1A 2 2

2
< clfullga el =

where ¢ only depends on g. Using the above estimate to the second term yields

f (A7) AT () dbx < clualfyge ot (4.12)
R
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For the third term, using Lemma 4.1 gives rise to

fR(Aqux)A‘? (u§>dx < ATl AT |
< cllullggon -l e (4.13)
< el llttall o
For the last term, using Lemma 4.1 repeatedly, we get
|fR<Aqu>M<ux>"dx| < Nl g 12 g0 < ] a2 (4.14)
It follows from (4.10)—(4.14) that
1 q,\2 4, \2 1 9., \2 q 2
= | [(ATu)” + (Auy)"|dx— = | |(A9up)” + (ATugy)|dx
2 R 2 R
(4.15)

t
< [ (sl + =) el
0
which results in (4.6). Applying the operator (1-82)™" on both sides of (4.8) yields the equa-
tion

Uy = <1 - 8§>_1 [— [Zku + %uz]x + gaiuz - 3b2_ aax (ui) + ﬂuﬁ]

(4.16)

Multiplying both sides of (4.16) by (A9u;)A1 for g € [0,s — 1] and integrating the resultant
equation by parts give rise to

f (ATu;)*dx
. , W (4.17)
-1 m -a
_ q 2 q|_ o2 TaN3.2 2 n
= JR(A ut)<1 ax) A [ [2ku+ U ]x + zaxu 5 6x<ux> +ﬂux] dx.
On the right-hand side of (4.17), we have
-1
[ o) (1-82) " A9 | < 2l (418)
R
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-1 _
J (Aqut)<1 _ ai) A9, <_ﬂuz _3b auz)dx|
R

2 2

<l <jR (&) ae( [ [Face-maom + 252w - ’1”‘7(’7)]”1”)2)1/2

/2
clullgalllle + Mexllallsllnn) . \!
< cllully, (f de
! R 1+¢2

< clluellpalleell g el o,

(4.19)
in which we have used Lemma 4.1. As
-1
j (A"ut)(l - ai) A (uny)dx = —J (ATuy) A9 () dx
. . (4.20)
-1
+f (ATu)(1-8%) A9 (un)dx,
R
by using [[utix|| e < cllu? | o < cllull=llull e < cllullplull o, we have
[t A ] <l sl <l el wan)
R .
-1
f (M) (1-0%) A9 (uae) x| < cllull gzl 1l oo (4.22)
R
Using the Cauchy-Schwartz inequality and Lemma 4.1 yields
2 -1 q(,n n-1
(AT) (1= 02) " A9 < clll o laeel 1 Nl (423)
R
Applying (4.18)—(4.23) to (4.17) yields the inequality
loaello < cllallgne (14 il + ™), (424)

for a constant ¢ > 0. O
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Lemma 4.4. For s >0, uy € H*(R), and u.9 = ¢, * ug, the following estimates hold for any € with
e€(0,1/4):

[teoxllre < Cllttonllpe, N0l <€ if g <s,

ol e < ces/4 if q>s,

(4.25)

[0 — uo|| e < ce® D4 if q<s,

lltco — uoll s = o(1),

where c is a constant independent of e.

The proof of this lemma can be found in [21].
Applying Lemmas 4.3 and 4.4, we can now state the following lemma, which plays an
important role in proving existence of weak solutions.

Lemma 4.5. For s > 1 and uy € H*(R), there exists a constant c independent of €, such that the
solution u, of problem (2.3) satisfies

[1te |1 < ce olleslimsliucdl =D for ¢ € [0,T,), (4.26)

where ¢y = 1/2max(|a — 2b|, |B|).
Proof. The proof can be directly obtained from Lemma 4.4 and inequality (4.5). O

Proof of Theorem 2.2. Using notation u = u, and differentiating (4.16) with respect to x give
rise to

Uyt + bUllyy + aT_bui =2ku + m- bu2
(4.27)
- A7 [Zku smobp, 3 22 —ﬂ(uZ)x] )
2 2
Using
j Utk (1) P dx = j u(u) P duy
R R
(4.28)
= —f Uy [(ux)ZP+2 +(2p+ 1)u(ux)2puxx] dx,
R
we get
2p+1 3.0 _ _ 2p+3
IR Uy (Uy) P T dx pi2 IR (1) dx. (4.29)
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Letting p > 0 be an integer and multiplying (4.27) by (u,)**'

resulting equation with respect to x yield the equality

and then integrating the

. a-bp+a-2b .
2p+2dtI (e 2tz + 2);I:+2 IR ()" dlx
= J‘ (1) %P <2ku L u2>dx (4.30)
R
_I (1) PHA2 [?_ku + m2— bu2 + 3b2 a us - p(ut), ]dx
R

Applying the Holder’s inequality, we get

- 2p+2 1/(2p+2)
pt < 2 d
2p+2dtf ()™ ddx (JR " x>
/ 2p+1)/ (2p+2
EEED) W)}(j wfrax) @3
R R

-b —2b
. (a-b)p+a

2ku + m

|||ux||me a2,
R

2p+2
or
d )
dt <fR (1) 7
m— 2p42 1/(2p+2) 1/(2p+2)
< (I 2ku + 1> dx> + ( f |G|2P*2dx) (4.32)
R 2 R
b “9%b 1/(2p+2)
o B e [ pslrzax)
2p+2 R
where
-b b
G=A2|2ku+ mz u2+3 212 - B ] (4.33)

Since ||fllr — || fllz= asp — oo for any f € L® () L?, integrating (4.32) with respect to t and
taking the limit as p — oo result in the estimate

t
it < tox e + f [c(
0

2ku + mz_bu2

-b
+||G||Lw>+ Iqu||%m]dT. (4.34)

L*
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Using the algebraic property of H* (R) with 5o > 1/2 and Lemma 4.5 leads to

-b -b
“2ku+m2 u> <c 2ku+m2 u?

L= H1/2+

2 4.35
< c(lullgp + 1wl (4.35)
< ce20 il Hlhulf)ar

b b-
Gl = HA-2[2ku+m u2+3 T2 - p(u”

o
(

+ ||A‘2ui
H1/2+

+ ”A‘Z(ux

x H1/2+>

H/2+

‘A‘Z <2ku + mz— bu2>

‘Zku + u2

/\

ol g el e + ||u2||Ho)
H1/2+

2 -1
< c(llullgr + el + Noall g el oo + N2l o eI >

t -1
<1+ el + ") 2 e hliz,

(4.36)

where c is independent of ¢, ¢g = 1/2max(|a — 2b|,||) and H'/** means that there exists a
sufficiently small 6 > 0 such that ||u;||gy1/2 = |1t g1/205. From Lemma 4.5, we have

t t
_ T n-1
Ldr <c U] 7o |7 0 Jo (Il T. .
|G|l dT < I <1 + ||l + |1 ||z 1) x e%¢ Jo (telloo +lux 70 ) g (4.37)
0 0

Applying (4.25), (4.34), (4.35), and (4.37) and writing out the subscript ¢ of u, we
obtain

l[texllp < clltoxllp=

. ) (4.38)
o [ [(1+ Mool ) 2ot D 4 2] i
0

It follows from the contraction mapping principle that there is a T > 0 such that the
equation

Wllr= = clluoxll

¢ : ) ", . (4.39)
cfo[(l Wl + W) x 0B IIeAIWIEDE 4 . | dr

has a unique solution W € C[0,T]. From (4.39), we know that the variable T only depends
on ¢ and [[ugx||r=. Using the theorem presented on page 51 in [16] or Theorem 2 in Section 1.1



14 Abstract and Applied Analysis

in [27] derives that there are constants T > 0 and ¢ > 0 independent of € such that ||tzx||1» <
W (t) for arbitrary ¢ € [0, T], which leads to the conclusion of Theorem 2. O

Remark 4.6. Under the assumptions of Theorem 2.2, there exist two constants T and ¢, both
independent of ¢, such that the solution u, of problem (2.3) satisfies ||tzx||r» < ¢ for any ¢t €
[0, T]. This states that in Lemma 4.5, there exists a T independent of ¢ such that (4.26) holds.

Using Theorem 2.2, Lemma 4.5, (4.6), (4.7), notation u, = u, and Gronwall’s inequality
results in the inequalities

t
Jaell o < c exp [cf (leel - + ||ugx||z;1)dr] <,
0 (4.40)

-1
lotellr < utelpgrn (1 + Ntells + ueellf) < c,

where g € (0,s],7 € (0,s-1],and t € [0,T). It follows from Aubin’s compactness theo-rem
that there is a subsequence of {u.}, denoted by {u,, }, such that {u,, } and their temporal
derivatives {u,, ;} are weakly convergent to a function u(t, x) and its derivative u; in L%([0,T],
H?) and L?([0,T], H*™), respectively. Moreover, for any real number R; > 0, {uen1 } is con-
vergent to the function u strongly in the space L?([0,T], H1(—Ry, R;)) for g € (0, s], and {ute,, 1}
converges to u; strongly in the space L*([0,T], H"(-Ry, Ry)) for r € [0,5 — 1].

Proof of Theorem 2.3. From Theorem 2.2, we know that {u., }(e,, — 0) is bounded in the
space L. Thus, the sequences{u,, }, {u, x}, {ugnlx }, and { ugnlx} are weakly convergent to u,

Uy, ui, and u} in L*([0,T], H" (-Ry, Ry)) for any r € [0,s—1), separately. Hence, u satisfies the
equation

T T _
_I J‘ u(gt - gxxt)dx dt = f I [<2ku + Tuz + 3 aui>gx - Izuzgxxx - ﬁuzg dth/
0 Jr 0 JR 2 2 2
(4.41)

with u(0,x) = up(x) and g € C{°. Since X = LY([0,T] x R) is a separable Banach space and
{ute, x} is a bounded sequence in the dual space X* = L*([0,T] x R) of X, there exists a
subsequence of {u,, »}, still denoted by {u., »}, weakly star convergent to a function v in
L*([0,T]xR). As {”snlx} weakly converges to u, in L2([0,T] x R), it results that u, = v almost
everywhere. Thus, we obtain u, € L*([0,T] x R). O
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