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The exponential stabilizability of switched nonlinear systems with polytopic uncertainties is
explored by employing the methods of nonsmooth analysis and the minimum quadratic Lyapunov
function. The switchings among subsystems are dependent on the directional derivative along the
vertex directions of subsystems. In particular, a sufficient condition for exponential stabilizability
of the switched nonlinear systems is established considering the sliding modes and the directional
derivatives along sliding modes. Furthermore, the matrix conditions of exponential stabilizability
are derived for the case of switched linear system and the numerical example is given to show the
validity of the synthesis results.

1. Introduction

In the last two decades, there has been increasing research in stability analysis and
control design for switched systems and many results have been studied on stability and
stabilizability problems for various types of switched systems [1-9]. Many interesting results
for different kinds of problems of switched systems can be found in some books [10, 11]. The
motivation of studying the switched system is out of the fact that many practical systems
are inherently multimodal, and several dynamical subsystems are required to describe their
behavior which may depend on various environmental factors. Sometimes there are some
systems that cannot be asymptotically stabilized by a single continuous feedback control rule
but can be stabilized by switching rule [3].
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It is very important to investigate switched systems which contain uncertainties due
to modelling errors, aging disturbance, and complex environment in realistic problems. One
important type of uncertain systems are switched systems which are composed of polytopic
uncertainty subsystems. As pointed out in [12], polytopic uncertainties exist in many real
systems, and most of the uncertain control systems can be approximated by systems with
polytopic uncertainties. The polytopic uncertain systems are less conservative than systems
with norm bounded uncertainties [13]. Recently, the stability and stabilization problems for
both continuous-time and discrete-time switched systems with polytopic uncertainties are
investigated in [14, 15]. In particular, the paper [14] investigated the quadratic stabilizability
problem via state feedback, and provided sufficient conditions to be quadratically stabilized
for the switched systems which being composed of two subsystems. More recently, necessary
and sufficient conditions for continuous-time case via state feedback are proved in the paper
[16,17].

Lyapunov theory is a very important approach to stability analysis or stabilization for
switched systems, and the construction of Lyapunov functions is one of the fundamental
problem in system theory. The most popular types of Lyapunov function are quadratic
functions, piecewise-linear functions, and piecewise affine functions [9, 18-20]. Furthermore,
there are some results for the systems with time-delay [21, 22]. Paper [22] investigates the
stability and stabilization properties of linear switched time delay dynamic systems subject
to; in general, multiple uncommensurate known internal point delays based on Lyapunovs
stability analysis via appropriate Krasovsky-Lyapunovs functionals and the related stability
study is performed to obtain both delay independent and delay dependent results. In [9],
the authors studied the exponential stabilization problem for discrete-time switched linear
systems based on a special control Lyapunov function which can make the hybrid-control
policy of the related switched system be derived analytically and computed efficiently. Hu
and Lin [23] proposed a composed quadratic Lyapunov function for constrained control
systems. The composite quadratic Lyapunov function turned out to be very effective in
dealing with some constrained control systems as well as a class of more general nonlinear
systems [4, 24-26].

Motivated by the methods in [4], we consider the exponential stabilizability problems
of switched nonlinear systems with polytopic uncertain subsystems using the composite
quadratic functions. We mainly use the minimum quadratic function. The contributions
in our work is that, the analysis of possible sliding modes in the switched systems and
employing the nonquadratic Lyapunov functions to reduce the conservatism in references
[14, 16, 17]. We extend the main result of [14] and establish the matrix conditions of
exponential stabilizability for the switched linear systems.

The remainder of this paper is organized as following. In Section 2, we briefly review
some conceptions especially the switched systems with polytopic uncertainties and the
minimum quadratic functions. Then, in Section 3, the exponential stabilizability results based
on the minimum functions are established, and the conditions as matrix inequalities are
derived for the switched linear system. Moreover an example is given to demonstrate the
effectiveness of our method. Finally, concluding remarks are given in Section 4 and some
definitions or conclusions from nonsmooth analysis are listed in the appendix.

Notations. We use I[ki, k;] to represent the set of integers {ki, ki + 1,k +

2,...,kz}; VV(x) denotes the gradient of V at x and 0V (x) the subdifferential of V at x;

V(x;¢) stands for the one-sided directional derivative of V at x along ¢; co{S} denotes the
convex hull of a set S.
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2. Switched Systems and the Minimum Quadratic Function

Switched system is a hybrid dynamical system composed by a family of continuous-time
or discrete-time subsystems with a rule orchestrating the switching between the subsystems
[1, 2]. In this paper, we consider the time-invariant switched nonlinear systems

X(t) = foren (x(t)), (2.1)

where x(t) € R" is the state vector and o(x,t) is the switching rule defined by o(x,t) :
R" x R* — I[1,N], R* denotes nonnegative real numbers. Therefore, the switched system is
composed of N continuous time subsystems which are expressed as

x(t) = fix(t)), iel[l,N]. (2.2)

We assume that all subsystems are uncertain systems of polytopic type described as
Ni
fi = Z)‘i]'fi]'f i€ 1[1, N], (23)
j=1

where f;; : R" — R", j € I[1,N;] are known and in locally Lipschitzian. They are called
vertex directions of the subsystems. N;, i € I[1,N] are integers. A;; > 0, j € I[1,N;] are
polytopic uncertain parameters for i € I[1, N] and satisfy Zﬁfl Aij=1.

Define the minimum function

Vinin (X) = min{Vj(x) | j € I[1,]]}, (2.4)

where {Vi1,V,,...,V;} is a set of differentiable, positive definite, and radially unbounded
functions, which are zero at x = 0.

The function Viin(x) is positive definite and homogeneous of degree two [23]. It is
established from the theory of nonsmooth analysis that the function is not convex and not
differentiable everywhere even if the functions V;(x) are all differentiable.

For a vector field x = h(x), we have V(x(t + At)) = V(x + h(x)At) for At > 0 small
enough. Thus directional derivative V (x; h(x)) measures the time derivative of V at x along
the trajectory. For this reason the exponential stabilizability of the switched systems in our
paper can utilize the directional derivative of the minimum quadratic function.

3. Exponential Stabilizability of the Switched Systems

There are many methods to construct switching rule for the stabilizability of switched
systems [4, 14, 27]. Just as the paper [4], our switching rule is constructed by employing
the minimum function and its directional derivative. We select the minimum function (2.4),
which is constructed from ] general functions V;(x), where each V;(x) is continuously
differentiable.

Now we consider the stability of a closed loop system % = f;(x s (x) by examining the
directional derivative of Vinin along its trajectories.
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Proposition 3.1. Consider the closed loop systems (2.1). Construct the switching rule as follows:

o(x) = aremin { max Viin(x; fii(x } 1
(<) = argmin {max Voun (5 3 (2) (1)
Define

p(x) = ieIIr[lll,IIl\f]{jEI}[lle,lf)\(fi]VInin (x; fij(x)) } (3.2)

When x is not in a sliding mode, Viin (3; %) = Vinin (%; fo(x) (X)) < p().

Proof. When x is not in a sliding mode, then x* may equal to a fi(x). i is chosen by the
switching rule o(x). Then

Ni
Vmin(x; x) = Vmin <x; Z)tz]fl] (x)>
j=1

Ni .
= A -)Liijin (x/ fl] (x))
= (33)

il e Voo

p(x).

The proof is completed. O

From a practical point of view, a sliding mode is very important and it is often
unavoidable in the switched systems. So we need to pay particular attention to sliding modes.
When there is a sliding mode, we assume that I, be the set of indices of subsystems involved
in the sliding mode. Then x may not equal to any of f;(x), instead x(t) stay on the switching
surface and x is a convex combination of those fi(x)’s, that is,

X = Z aifi(X), i€ Ism/ (34)

i€lym

where a; >0, 3;c;ai =1 (see [28]).

Proposition 3.2. Consider the closed loop systems (2.1) with the switching rule (3.1). Assuming a
sliding mode involving subsystems x = fi(x), i € Ism, then for each xy in this sliding mode,

Vinin (X0; fi(x0)) < pt(x0), Vi € Iim. (3.5)
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Moreover, along the sliding direction 3;c; aifi(xo), one has

Vmir\ <.X'(); Z “ifi (X())> < ‘Ll(X()), (36)

i€lsm

where a; >0, 3c; ai = 1.

Proof. If Viin is differentiable at x, then there is an integer k such that Viin(x0) = Vi(x0) <
Vis(x0) for all s #k, and Vinin (x0; fi(x0)) = Vi (x0; fi(x0)). One has

N;i
Vi (x0; fi(x0)) = D ijVie (x0; fij (x0)) < jgl[laﬁ_]{vk(xo;fij(xo))}
i=1 Ni

(3.7)
= iéﬂ}gl{j;n[l%]{Vk(xmfij(xO)) }} = p(xo), Vi€ o(xp),Vs & o(xo).
For the structure of the switching rule (3.1), we have
jeI}[lﬁl)\(i,-]{Vk (x0; fij(x0)) } < jGI}[lléﬁs]{Vk (x0; fsj(x0))}, Vieo(xo),s & o(xg). (3.8)

Since Vi (x; fi(x)) is continuous in xo, max;e1,n;]{ Vi (x; fij(x))} is continuous in x too.
There is a small neighborhood of xy, say U(xg), where

jer;[lf}gi]{ Vie(%; fij(x))} < jerg[lfgs]{Vk(x; fsi(x)}, Vi€ o(x), s ¢ o(x), (3.9)

which implies o(x) C o(xg). We can conclude that if s € o(xp), fs(x) will not be chosen by
the switching rule for x € U (xy), that is I;n C 0(x¢), and (3.5) comes from (3.7).
Moreover, along the sliding direction 3;.; a;fi(xo) we have

Ni
Vinin <xo; > aifi(xo)> = (VVi(x0))" - Y ai <Z)Lijfij(x0)>
j=1

i€lm i€lsm

N;i
> i > i (VVi(x0))" fij(x0)

i€lgm  j=1

. (3.10)
= > @i > i Vie(xo; fij(x0))

i€l j=1

< > aip(xo)

i€lsm

= p(x0)-

Now we consider the case that Vy,, is not differentiable at x; that is, Jmin(x0) has two
or more integers. Suppose that Jmin(x0) = I[1, k], then Vi (x) = Va(xg) = -+ = Vi(x0) < Vs(x0)
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for all s > k. When k = 2, then V;(x0) = V2(xp) < Vj(xp), for all j > 0. Furthermore, there must
exist two fi’s, say, fi,, and f;,. In this situation Isy, = {i1,i2}.
Defining
®; = {x € R" | Vj(x) < Vi(x), Yk #]}, (3.11)
and within the vicinity of xy, we have two cases.

(a) If x € @y, then i; € o(x) and a trajectory of x = f;, (x) would enter @, from ®;.

(b) If x € @y, then i, € o(x) and a trajectory of x = f;, (x) would enter @; from @,.

We interpreter cases (a) and (b) below. Case (a) implies that f; (x) is chosen by the
switching law in @y, thus one has

jegg%l]{w(x i)} < max (Vix; fsi(x))) (3.12)

for all s € I[1, N]. In particular, one has

emax {Vi(xifuj(0)} < max (Vi (x; fi(x)) - (3.13)

Taking x — xo, then

jeﬂ}i\)}il]{vl(xO/fw(xO))}< nax {Vi(xo; foj(x0)) ), Vs. (3.14)

When s = i, we have
iegﬂg@l]{‘ﬁ (x0; firj(x0)) } < A {Vi(x0; firj(x0)) } (3.15)

To ensure that a trajectory of x = f;, (x) would enter @, from @;, we must have

jeﬁ}%l]{Vz (x0; firj(x0)) } < jeﬁ}%l]{vl (x0; firj(x0)) }- (3.16)

Similarly, from case (b), we have

].elg[g%z]{"z(xo,fm(xo))}< nax {Va(xo; fsj(x0))}, Vs, (3.17)
jegﬂi\)ﬁz]{% (x0; firj (x0)) } < jeﬁg\ﬁl]{vz(xmfm(xo)) b (3.18)
max {Vl(xo,flzj(xo))}< _max {Va(x0; fizj(x0)) }.- (3.19)

FEITL,N, ] eIlLN,]
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Combining the inequalities from (3.15) to (3.19), one has

je%f‘]\’]‘il]{vl (x0; firj(x0))} < jeﬁﬁ\)}izl{vl (x0; firj (x0)) }

S e V2 o))

< max (Va(xo; i ()

< e G0 fuso))

(3.20)

Thus, the following inequalities:
jér[lﬁ\)}il]{vl (x0; fuj(x0)) } = ,-éﬂf‘z’viﬂ{vl (%07 finj(x0)) }

= e {Va(x0; finj(x0)) } (3.21)

B ie%\)ﬁl]{% (307 fuj (o)) )

are valid. They are all equal to p(xp). So we have

Vinin (X0; fi (x0)) = min{ V4 (xo; fi, (x0)), V2 (x0; fi, (x0)) }

Ny Niy
min{ Vi <xo; Z)Liljfilj(xo)> Vs <xo; Z)Liljfilj(xo)> }
= = (3.22)

min{ max {Vi(xo; fi,j(x0))}, max {V2(xo;f,-1j(x0))}}

j€I[1,N; ] JEI[1,N; ]

IN

p(xo).

Similarly, we obtain Vinin (X0; fi,(x0)) < pu(xo). Thus the relation (3.5) follows for Igm = {i1,i2}.

The above argument can be extended to the case k > 2. Then V1, V5, ..., Vi are involved
in the sliding motion with corresponding indices i1, i, . . ., ix, with fj, (xo) pointing from ®; to
@,, ..., fi, (x0) pointing from @ to @;. Similar procedure can be used to derive the conclusion
extended from (3.21).

iér[ll%é_]{Vs(xO;fisj(xo))} = max ]{Vz(xmfitj(XO))} = p(x0), Vs,t,lel[lk]. (323

it
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Thus we have

Vimin (x0; fiy (x0)) = min{V;(xo; fi,j(x0)),t € I[1,k]}

N;,
min{Zﬂtht(XO}fh]’(xO))/t € I[1,k] }

o (3.24)

IN

min{ max {Vi(xo; fi, (x0)) }, t € I[1, k]}

JEI[L,N; ]

= p(xo)-

Similarly, we have Viin(x0; fi,(x0)) < p(x0), - -+, Vimin (x0; fi, (x0)) < p(x0). Thus the relation
(3.5) is obtained for Iy, = {i1,12,...,ik}.

Now we consider there are three elements in the sliding direction. Let v1, v,, v3 be
positive numbers, such that vy + v, + v3 = 1. Define ¢ = (v1 fi, + v fi, + v3 fi,) (x0). Since sliding
mode stays in the set where V;(x) = Vo(x) = V3(x), we have

Vi(x0;8) = Va(x0;€) = Va(x0;¢) = Vimin (%0 ¢),
Vi(x0) = Va(x0) = V3(x0) = Vimin(x0)-

(3.25)

For At > 0, let x1 = xo+ Aty fi, (x0), x2 = x0+ At(v1 fi, (x0) +v2 fi, (x0)), and x3 = x9+ Afg. Due to
the sliding motion for At sufficient small, x; € ®,, x, € @3 and by (3.25), Vj(x3) = Vinin(x3) =
o(At),j=1,2,3:

. ST Vmin(xo + Até) B Vmin(xO) s Vmin(x3) B Vmin(xO)
me(xO/ g) - 1&}}8 At - lAltIf(% At

Vmin(x3) - Vmin (.X'z) + lim Vmin(x2) - Vmin(xl)

- lAltrl% At At]0 At
. Vmin(xl) - Vmin(x())
3.26
*lim At (3:26)
< hmVs(D@,) - V3(x2) . hmvz(xz) - Va(x1)
At10 At AtL0 At

N limV1(351) - Vl(xO).
At10 At
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Since each function V;, j = 1, 2,3 is continuously differentiable, then

Vmin (.’)Co,' (Vlfﬁ (x0) + V2fi2 (x0) + VSfis (XO)))
= .min(xOr' ‘;)
< Vi (xo; fi, (x0)) + v2Va (x0; fi, (x0)) +v3V3(x0; fis (x0))

Nil Niz
=mWi <x0; Zviljfilj(x0)> +1mVs <x0; Zvizjfizj (x0)>

=1 =1

N,'3
+v3V3 <Xo; Zvigjfi3j(x0)>

(3.27)

j=1

v max {Vi (x0; finj(x0)) } + vz, max {Va(x0; firj(x0)) }

+ v3]-€}1[11%i<[i3]{V3(x0;fi3j(x0))} = p(xo).

Above step can be extended to the case where I, has more than three elements. Therefore,
the inequality (3.6) is satisfied and the proof is completed. O

To summarize Propositions 3.1 and 3.2 we have the result that if x is not in a sliding
mode, then & = fy(x) (%) and Viin(%;%) = Vinin(X; fo) (%)) < p(x). If x is in a sliding mode
involving subsystems X = fi(x), i € Iy, then there exist a;, i € Iy, satisfying 0 < a; < 1,
and 3, a; = 1,such that x = 3., a;fi(x). We also have Vinin (%; %) < p(x) from (3.6). In
view of these arguments, we can establish a sufficient condition of stability for the switched
systems in terms of p(x).

Theorem 3.3. For the switched system (2.1) under the switching rule (3.1), if there exists an 17 € R,
such that

: 7. . f. = < .
anin { max Voo (3 () | = 03) < Vi @) (3.28)

forall x € R*\ {0}, then
Vmin(x(t)) < Vmin(x(o))ent (329)

for every solution x(-).

Remark 3.4. This theorem indicates that when a minimum function is used, it is sufficient
to use the directional derivatives along all vertex directions of subsystems to characterize
stability of the switched systems with polytopic uncertainties, and the existence of sliding
modes has no effect.
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When we consider the the case of the switched linear systems, then the systems (2.1)
turn to

x(t) = Agxpx(t), (3.30)
Ni

Ai =D NijAy, i€I[1,N], (3.31)
j=1

where A;j, j € I[1,N;], i € I[1, N] are constant matrices.
We can establish a matrix condition for exponential stabilizability of the systems.

Theorem 3.5. The switched linear system (3.30) is exponentially stabilizable via state switching if
there exist real matrices P; = P].T >0, € I[1,]], and real number 1, 0 < pis;j < 1, >N Hisij = 1,
Bix >0, j,k€lI[1,]],s; € I[1,N;],i € I[1, N], such that

N T N J
<Z/’li5iinSi> P] + P] <Z/’li5iinSi> < Zﬁ]k (P] - Pk) + T’IP] (332)
i=1 i=1 k=1

Proof. Let Vipin(x) = min{xTP]-x | j € I[1,]]}. Consider x#0 and assume that Jmin(x) =
{1,2,..., Jo} for a certain integer Jo < J. Then xT Pcx = Viin(x) for k < Jo and xT Pex > Vipin(x)
for k > Jy. Hence xT(P]-—Pk)x <0, forallj < Jy. According to (3.32), the following inequalities:

N J
ZxTP]- (Zyisiins)x < ZﬂjkxT (Pj— Po)x + quP]-x
i=1 k=1 (3.33)

< nx’ Pix = nVimin(x),  ¥j < Jo,

hold.
Since 0 < p;s;; < 1, we have

min{ZxTP]-Aisix ts; € I[1,Ni],i e I[1, N]} < Vain(x), Vi< Jo. (3.34)
It follows that

i Tp. A < ~ i < Jo. )
Jnin, ]{s,- max i]{Zx P]Als,x}} <NVmin(x), Vi< o (3.35)
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By Lemma A.1 in the appendix,

min { max Vpin(x; Aisx) p = min { max min{V;(x; AisX),] € Jmin(x
ieI[l,N]{seI[l,Ni] min (% Ais )} ieI[l,N]{s,-eI[l,Ni] (V) (63 Ais ), j € Jmin )}}

_ . . T . . . .
= ie?[qllFV]{Sierﬂ%ﬁ]mme P;Ajs;x,j € ]mm(x)}} (3.36)

< mi 2xT P A < 1 Vmin (x).
_ieIIIHRT]{Siéﬂ%)I(\Ti]{ v ISIX}}_TZ 0

Define the switching rule as

o(x) = arg min{ max Vmin(x; Ajjx } -
) ie%[l,N] {jel[l,N,»] m‘“( ij ) ( )

Under this switching rule we have Viin(x(t)) < Viin(x(0))e™ for every solution x(-) from
Theorem 3.3. The proof is completed. O

Remark 3.6. If P; = P for all j € I[1,]] and N = 2, then Vi, can be reduced to a quadratic
function and (3.32) can be reduced to the matrix inequalities

[/’lstAls + (1 - Hst)AZt]TP + P[HstAls + (1 - ,ust)AZt] < T[OP- (338)

If 79 = 0, then this corresponds to the stability condition given in [14]. In this sense,
Theorem 3.5 is the extension of the main result in [14].

Example 3.7. Consider the switched linear system (3.30) composed of two subsystems, where

2 1 21
A = [2 _4], A = [1 —6]’

(3.39)
-4 -1 -5 -1
An = [0 2.1]’ An = [0.1 2]‘

The eigenvalues of Aj1, A1, A, Agp are {2.3166, —-4.3166}, {-6.1231, 2.1231}, {-4, 2.1},
and {-4.9857, 1.9857}, respectively. They are all unstable. Therefore, neither subsystems is
quadratically stable.

We turn to use Viin composed of two quadratic functions and minimize # subject to
(3.32). The minimal # is given as —1.4752 when fix the parameters as following: p1; = 0.5,
12 = 0.5, po1 = 0.4, pp = 0.6. That is to say a unified convergence rate is guaranteed. For
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X2
(6]

0 0.5 1 1.5 2 25 3
X1

Figure 1: The state of the switched system in example.

verification, other parameters are provided as following:

P - 11.5608 0.4678 _ [11.5591 0.4723
7| 0.4678 2.1290| 27 104723 2.1177)

(3.40)
P2 =89, P =5.8.
Let us investigate the system state trajectory using the two special subsystems
A1 =04A11 +0.6A1 = 2 1
1=04An+06An =, 5|/
(3.41)

A2 = 0.1A21 + 0.9A22 = [0 09 2.01

-49 -1 ]
They are both unstable.

We suppose that the initial state is xo = [3,4]". According to the switched rule (3.37),
the dynamic system can exponential stabilizability and the typical result is plotted in Figure 1,
which show that the system state converge to zero very quickly.

4. Conclusion

In this paper, the exponential stabilizability of switched nonlinear systems with polytopic
uncertainties is considered employing the methods of nonsmooth analysis and nonquadratic
Lyapunov functions. The function is formed by taking the pointwise minimum of a family
of quadratic functions. We establish the switching rule to stabilize the switched systems by
utilizing the directional derivative along the vertex directions of subsystems. In this process,
we take a lot of effort in examining the case that the control systems involving sliding modes.
The matrix conditions for exponential stabilizability of the switched linear systems are also
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obtained. As numerical example demonstrate in this paper, our synthesis result is effective.
Future efforts will be devoted to the switched systems with time delay.

Appendix

For convenience we briefly list some definitions and conclusions from nonsmooth analysis.
One can refer to [29, 30] for more detail.

Suppose f is defined from R" to R = RU{-o0, +0}, and f(x) is finite. The one-sided
directional derivative of f at x in direction ¢ can be expressed by

. At) -
oty =i LT 680 =/ ) A1)

Suppose f is a convex function in R", and finite at x. The set
of (x) = {x* | f(z) > f(x) +xT(z—x),Vz € R"} (A.2)

is called the subdifferential of f at x and x* is a subgradient of f at x [30]. For a convex
function f in R", f is differential at xy if and only if 0f (xo) has only one vector. In this case
we have 0f (xp) = Vf(xo).

If f is locally Lipschitz near x and S is any set of Lebesgue measure 0 in R". The set of
points at which f fails to be differentiable is denoted by £2¢. Then the generalized gradient of
f at x in the sense of Clarke denoted by Oc f (x) is defined as

Ocf(x) = co{xliiLnfo(x,-) | xi ¢ S, x; ¢ Qf}. (A3)

The following lemma can be obtained by combining some results from [29, 31].
Lemma A.1. Suppose xy € R". Then one has

(1) For ¢ € R", the directional derivative of Vimin at xq along § is given by
Vinin (%07 §) = min{V;(x0;¢) | j € Jmin(x0) }, (A4)

where the index set Jimin(x0) = {j € I[1, J] | Vj(x0) = Viin(x0)}.
(2) If Vi(x) = x" Pjx, j € I[1, 1, then d¢ Vimin(x0) = c0{2Pjxq | j € Jmin(X0)}.
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