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The purpose of this paper is using Korpelevich’s extragradient method to study the existence
problem of solutions and approximation solvability problem for a class of systems of finite
family of general nonlinear variational inequality in Banach spaces, which includes many kinds
of variational inequality problems as special cases. Under suitable conditions, some existence
theorems and approximation solvability theorems are proved. The results presented in the paper
improve and extend some recent results.

1. Introduction

Throughout this paper, we denote by N and R the sets of positive integers and real numbers,
respectively. We also assume that E is a real Banach space, E* is the dual space of E, C is a
nonempty closed convex subset of E, and (-, ) is the pairing between E and E*.

In this paper, we are concerned a finite family of a general system of nonlinear

variational inequalities in Banach spaces, which involves finding (x},x3,...,x;) € C x C x
-++x C such that

(MAX; +x7 -5, j(x—x7)) 20, VxeC,
(VA + x5 —x3,j(x—x3)) >0, VxeC,
0,

(M3Asx) + x5 —xp,j(x—x3)) >0, VxeC,

(1.1)

(AN-1AN-IXN + X — XN j(x—xN)) 20, VxeC,

(ANANXT + x5 — ], j(x—x3)) 20, VxeC,
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where {A; : C — E, i =1,2,...,N} is a finite family of nonlinear mappings and A; (i = 1,
2,...,N) are positive real numbers.

As special cases of the problem (1.1), we have the following.

(I) If E is a real Hilbert space and N = 2, then (1.1) reduces to

(MAX; +x] —x5,x—x7) >0, VxeC,
(12)
(M Axx] + x5 —xj,x—x3) >0, VxeC,

which was considered by Ceng et al. [1]. In particular, if A; = A, = A, then the problem (1.2)
reduces to finding (x], x3) € C x C such that

(MAxS +x] —x5,x—x7) >0, VYxeC,
(1.3)
(M Ax] + x5 —x],x—x3) >0, VYxeC,

which is defined by Verma [2]. Furthermore, if x] = x3, then (1.3) reduces to the following
variational inequality (VI) of finding x* € C such that

(Ax*,x—x*) >0, VYxeC. (1.4)

This problem is a fundamental problem in variational analysis and, in particular, in
optimization theory. Many algorithms for solving this problem are projection algorithms
that employ projections onto the feasible set C of the VI or onto some related set, in order
to iteratively reach a solution. In particular, Korpelevich’s extragradient method which was
introduced by Korpelevich [3] in 1976 generates a sequence {x,} via the recursion

Yn = Pc[x, — LAx,],
(1.5)
Xni1 = Pe[xy, — AAy,], n2>0,

where Pc is the metric projection from R” onto C, A: C — H is a monotone operator, and A
is a constant. Korpelevich [3] proved that the sequence {x,} converges strongly to a solution
of VI(C, A). Note that the setting of the space is Euclid space R".

The literature on the VI is vast, and Korpelevich’s extragradient method has received
great attention by many authors, who improved it in various ways. See, for example, [4-16]
and references therein.

(II) If E is still a real Banach space and N = 1, then the problem (1.1) reduces to finding
x* € C such that

Ax*,j(x-x"))>0, VxeC, (1.6)
]

which was considered by Aoyama et al. [17]. Note that this problem is connected with the
fixed point problem for nonlinear mapping, the problem of finding a zero point of a nonlinear
operator, and so on. It is clear that problem (1.6) extends problem (1.4) from Hilbert spaces
to Banach spaces.



Journal of Applied Mathematics 3

In order to find a solution for problem (1.6), Aoyama et al. [17] introduced the
following iterative scheme for an accretive operator A in a Banach space E:

Xp1 = XXy + (1 —ag)e(x, — L Axy), n2>1, (1.7)

where I¢ is a sunny nonexpansive retraction from E to C. Then they proved a weak conver-
gence theorem in a Banach space. For related works, please see [18] and the references therein.

It is an interesting problem of constructing some algorithms with strong convergence
for solving problem (1.1) which contains problem (1.6) as a special case.

Our aim in this paper is to construct two algorithms for solving problem (1.1). For this
purpose, we first prove that the system of variational inequalities (1.1) is equivalent to a fixed
point problem of some nonexpansive mapping. Finally, we prove the strong convergence of
the proposed methods which solve problem (1.1).

2. Preliminaries

In the sequel, we denote the strong convergence and weak convergence of the sequence {x, }
by x, — x and x,, — x, respectively.
For g > 1, the generalized duality mapping J, : E — 2F" is defined by

Jox) = {f € B+ (e, f) = Ixll%, (£ = Nl ) (2.1)

for all x € E. In particular, | = J; is called the normalized duality mapping. It is known that
Ja(x) = ||x||972 for all x € E. If E is a Hilbert space, then J = I, the identity mapping. Let
U = {x € E : ||x|| = 1}. A Banach space E is said to be uniformly convex if, for any ¢ € (0,2],
there exists 6 > 0 such that, for any x,y € U,

|x - y|| > e implies <1-6. (2.2)

xX+y
2

It is known that a uniformly convex Banach space is reflexive and strictly convex. A
Banach space E is said to be smooth if the limit

lim M (2.3)

n—0 t
exists for all x,y € U. It is also said to be uniformly smooth if the previous limit is attained
uniformly for x,y € U. The norm of E is said to be Fréchet differentiable if, for each x € U,
the previous limit is attained uniformly for all y € U. The modulus of smoothness of E is
defined by

1
p(t) = sup{§(||x+y|| +|x-y|)-1:x,y€E |x|=1, |ly| = T}, (2.4)

where p : [0,00) — [0, o0) is function. It is known that E is uniformly smooth if and only if
lim;_o(p(7)/T) = 0. Let g be a fixed real number with 1 < g < 2. Then a Banach space E is
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said to be g-uniformly smooth if there exists a constant ¢ > 0 such that p(7) < c79 forall 7 > 0.
Note the following.

(1) Eisauniformly smooth Banach space if and only if ] is single valued and uniformly
continuous on any bounded subset of E.

(2) All Hilbert spaces, L, (or I,) spaces (p > 2) and the Sobolev spaces Wf,;(p > 2) are
2-uniformly smooth, while L, (or [,) and WP spaces (1 < p < 2) are p-uniformly
smooth.

(3) Typical examples of both uniformly convex and uniformly smooth Banach spaces
are L”, where p > 1. More precisely, L? is min{p,2}-uniformly smooth for every
p>1

In our paper, we focus on a 2-uniformly smooth Banach space with the smooth con-
stant K.

Let E be a real Banach space, C a nonempty closed convex subset of E, T : C — C a
mapping, and F(T') the set of fixed points of T.

Recall that a mapping T : C — C is called nonexpansive if

[Tx-Ty| <|lx-y|, VxyeC (2.5)

A bounded linear operator F : C € E is called strongly positive if there exists a constant y > 0
with the property

(F@),j(@) 2 ylxl?,  ¥xeC. (2.6)
A mapping A : C — E is said to be accretive if there exists j(x — y) € J(x — y) such that
(Ax-Ay,j(x-y)) 20, (2.7)

for all x, y € C, where ] is the duality mapping.
A mapping A of C into E is said to be a-strongly accretive if, for a > 0,

2 (2.8)

(Ax- Ay, j(x-y)) > allx-y

forall x,y € C.
A mapping A of C into E is said to be a-inverse-strongly accretive if, for a > 0,

(Ax - Ay, j(x-y)) > a||Ax - Ay|*, (2.9)

forall x,y € C.

Remark 2.1. Evidently, the definition of the inverse strongly accretive mapping is based on
that of the inverse strongly monotone mapping, which was studied by so many authors; see,
for instance, [6, 19, 20].
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Let D be a subset of C, and let IT be a mapping of C into D. Then IT is said to be
sunny if

TI[IT(x) + t(x - I1(x))] = I1(x) (2.10)

whenever Il(x) + t(x —I1(x)) € C for x € C and t > 0. A mapping IT of C into itself is called
a retraction if I'1? = I'1. If a mapping IT of C into itself is a retraction, then I1(z) = z for every
z € R(IT), where R(IT) is the range of IT. A subset D of C is called a sunny nonexpansive
retract of C if there exists a sunny nonexpansive retraction from C onto D. Then following
lemma concerns the sunny nonexpansive retraction.

Lemma 2.2 (see [21]). Let C be a closed convex subset of a smooth Banach space E, let D be a
nonempty subset of C, and let T1 be a retraction from C onto D. Then Il is sunny and nonexpansive if
and only if

(u-TI(w), j(y -Tl(w))) <0, (2.11)

forallu e Candy € D.

Remark 2.3. (1) It is well known that if E is a Hilbert space, then a sunny nonexpansive retrac-
tion I'lc is coincident with the metric projection from E onto C.

(2) Let C be a nonempty closed convex subset of a uniformly convex and uniformly
smooth Banach space E, and let T be a nonexpansive mapping of C into itself with the set
F(T) #0. Then the set F(T) is a sunny nonexpansive retract of C.

In what follows, we need the following lemmas for proof of our main results.

Lemma 2.4 (see [22]). Assume that {a,} is a sequence of nonnegative real numbers such that
1 < (1= yn)an + 60, (2.12)

where {y,} is a sequence in (0,1) and {6, } is a sequence such that
(a) Z;.lo:ﬂ"n = O,
(b) limsup,, _, _(6n/yn) < 0o0r X% 16,] < co.

Then lim,, _, xct,, = 0.

Lemma 2.5 (see [23]). Let X be a Banach space, {x,}, {y,} be two bounded sequences in X and
{Bn} be a sequence in [0, 1] satisfying

0 <liminfp, <limsupf, < 1. (2.13)

Suppose that X1 = Ppxn + (1 = Pp)Yn, foralln > 1 and

Hmsup {[|yn = yal| = 2tn1 = 2all} <0, (2.14)

n— oo

then limy, — o5 ||y — xu|| = 0.
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Lemma 2.6 (see [24]). Let E be a real 2-uniformly smooth Banach space with the best smooth
constant K. Then the following inequality holds:

[l +y|1* < lIxl? + 2(y, Jx) +2||Ky]|*,

Vx,y € E. (2.15)

Lemma 2.7 (see [25]). Let C be a nonempty bounded closed convex subset of a uniformly convex
Banach space E, and let G be a nonexpansive mapping of C into itself. If {x,} is a sequence of C such
that x, — x and x, — Gx,, — 0, then x is a fixed point of G.

Lemma 2.8 (see [26]). Let C be a nonempty closed convex subset of a real Banach space E. Assume
that the mapping F : C — E is accretive and weakly continuous along segments (i.e., F(x + ty) —
F(x)ast — 0). Then the variational inequality

x*e€C, (Fx",j(x-x"))>0, xeC, (2.16)

is equivalent to the dual variational inequality

x*e€C, (Fx,jlx-x*))>0, xeC. (2.17)

Lemma 2.9. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space E.
Let Tlc be a sunny nonexpansive retraction from E onto C. Let {A; : C — E, i=1,2,...,N} be
a finite family of yi-inverse-strongly accretive. For given (x},x3,...,x;) € C x C x -+ x C, where
x*=x7, x7 =Tlc(I-XiA)x},, i€{i,2,...,N=-1}, x3; = [Ic(I-ANAN)X], then (x], x5, ..., x},)
is a solution of the problem (1.1) if and only if x* is a fixed point of the mapping Q defined by

Qx) =Ilc(I - LA - A2 Ag) - - e (I - ANAN) (%), (2.18)

where \; (i=1,2,...,N) are real numbers.

Proof. We can rewrite (1.1) as

(x7 = (05— MA1x3), j(x—x7)) >0, VxeC,
(x5 = (x5 = M A2x3), j(x - x3)) 20, VxeC,

(x3— (x5 - A3A3x}),j(x —x3)) 20, VxeC,
(2.19)

(xjo = (e = A Anaaxy), j(x - x32)) 20, VxeC,

(xy — (X7 —ANANXY), j(x - x3)) 20, VxeC.
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By Lemma 2.2, we can check (2.19) is equivalent to

xp =Tc(I = M A1)x;,
x; = (I = A2 A2)x3,

xy- = e = An-1AN-1)XY, (2.20)
x}‘\] = Hc(I - )LNAN)XI.
—

Q(x") =Ic(I = MADNTIc(I = A A) - - - TIe(I — ANAN) (x7) = x™.

This completes the proof. O
Throughout this paper, the set of fixed points of the mapping Q is denoted by Q.

Lemma 2.10. Let C be a nonempty closed convex subset of a real 2-uniformly smooth Banach space
E. Let I'lc be a sunny nonexpansive retraction from E onto C. Let {A; : C — E, i=1,2,...,N} be
a finite family of y;-inverse-strongly accretive. Let Q be defined as Lemma 2.9. If0 < \; < yi/K?, then
Q : C — C is nonexpansive.

Proof. First, we show that for alli € {i,2,..., N}, the mapping I'lc(I — \;A;) is nonexpansive.
Indeed, for all x, y € C, from the condition \; € [0,y;/K 2] and Lemma 2.6, we have

ITIc( — AiA)x ~ TIe( - LAY *< || - LiA)x - (I - LAYy
= |(x-y) - L(Ax - Ay) |I°
<l - yll* - 20(Aix - Ay, j (x - )
+2K22||Ax - Ay )
< Jlx - ylI” - 2un]| Aix - Ay ||” + 2K202 ]| Aix - Ay ||

= [l =yl + 20 (K20 = yi) [ Ax - Ay

2
< [lx-yll",
(2.21)

which implies for all i € {1,2,..., N}, the mapping I'lc(I — 1;A;) is nonexpansive, so is the
mapping Q. O
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3. Main Results

In this section, we introduce our algorithms and show the strong convergence theorems.

Algorithm 3.1. Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Ilc be a sunny nonexpansive retraction from E to
C.Let {A; : C — E, i =1,2,...,N} be a finite family of y;-inverse-strongly accretive.
Let B: C — E be a strongly positive bounded linear operator with coefficient « > 0 and
F : C — Ebe a strongly positive bounded linear operator with coefficient p € (0, «). For any
t € (0,1), define a net {x;} as follows:

x; =Ic(tF + (I - tB))y:,
@3.1)
ye =Ilc( = MADNTIc(I = A7) -+ TIc(I = ANAN) Xy,

where, for any i, A; € (0, yi/ K?) is a real number.

Remark 3.2. We notice that the net {x;} defined by (3.1) is well defined. In fact, we can define
a self-mapping W, : C — C as follows:

Wix = Hc(tF + (I - tB))Hc(I - /\1A1)Hc(1 - )LzAz) .. Hc(I - )LNAN).X', Vx e C. (32)

From Lemma 2.10, we know that if, for any i, \; € (0,y:/K?), the mapping I1c(I -
MADIIc(I-AA2) -+ - TIc(I - AN AN) = Q is nonexpansive and ||I —tB|| < 1-ta. Then, for any
x,y € C, we have

||th - Wty|| = ||1‘[C(t1-"+ (I -tB))Q(x) —TIc(tF + (I - tB))Q(y)||
< ||((tF + (I - tB))Q)x - ((tF + (I - tB))Q)y||
= ||t(Fx = Fy) + (I - tB)(Qx - Qy) ||
<tpllx -y + I - Bl[|Qx - Qy||
<tpllx -yl + (1 - ta)[|x - y|
= (1= (a-p)t)||x -yl

(3.3)

This shows that the mapping W; is contraction. By Banach contractive mapping principle, we
immediately deduce that the net (3.1) is well defined.

Theorem 3.3. Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E. Let Tlc be a sunny nonexpansive retraction from E to C. Let {A; : C —
E, i=1,2,...,N} be a finite family of y;-inverse-strongly accretive. Let B : C — E be a strongly
positive bounded linear operator with coefficient a > 0, and let F : C — E be a strongly positive
bounded linear operator with coefficient p € (0, ). Assume that Q# @ and \; € (0, y;/K?). Then the
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net {x;} generated by the implicit method (3.1) converges in norm, as t — 0* to the unique solution
Xof VI

$€Q, ((B-FZXj(z-0)>0, zeQ (3.4)

Proof. We divide the proof of Theorem 3.3 into four steps.
(I) Next we prove that the net {x;} is bounded.

Take that x* € Q, we have

It = x*|| = || TIc (¢F + (I - tB))y: — x*||
= | TIc(tF + (I - tB))y; — Icx*||
< ||((F + (I - tB))y: — x*||
= ||t(F (ye) - F(x*)) + (I - tB) (y; — x*) + tF(x*) — tB(x")

<HIF(ys) = F(x)|| + 1T = tBll[lye = x*|| + HIF (x*) = B(x)|| (35)
<tpllys = x*|| + (A= ta)[|ye — x| + H|F (x™) = B(x")]|

= (1= (a=-p)t)|lye = x| + tIF(x") - B(x")]

= (1= (a-p))IQx) - Q") + H|F(x*) = B(x")|

< (1= (a=p)t)llx = x*|| + HIF (x*) = B(x)|-

It follows that

IFG) = Bl

[l = x*|| <
a-p

(3.6)

Therefore, {x;} is bounded. Hence, {y:}, {By:}, {Aix;}, and {F(y:)} are also bounded. We
observe that
llt = yell = [Tc(¢F + (I - tB))y: — Tey||
<|GF + (I = tB)ye - wi
= t{|F(ye) = B(ys) ||

— 0.

(3.7)

From Lemma 2.10, we know that Q : C — C is nonexpansive. Thus, we have

ly: = Qi) |l = 1) = Qy) || < llxt — wel| — 0. (3.8)
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Therefore,

}Lm()”xt - Qx| = 0.

(I) {x;} is relatively norm-compact as t — 0*.

(3.9)

Let {t,} C (0,1) be any subsequence such that t, — 0" as n — oo. Then, there exists
a positive integer ng such that 0 < t, < 1/2, for all n > ny. Let x,, := x;,. It follows from (3.9)

that
llxtn = Q(xn)|| — 0.
We can rewrite (3.1) as
xt =c(tF + (I - tB))y: — ((F + (I —tB))y; + (tF + (I — tB))y;.
For any x* € Q C C, by Lemma 2.2, we have

((tF + (I = tB))yr — xt, j(x* = x1))
= ((tF+ (I —tB))y; —IIc(tF + (I = tB))yy, j (x* = TIc(tF + (I = tB))y;)) < 0.

With this fact, we derive that

e =27 = (%" =1, j (" = x1))
= (x" = (tF + (I - tB))y1, j(x" - x1))
+ ((tF + (I = tB))y; — TIc(tF + (I = tB))ys, j(x* — x;))
< ((EF + (I =tB) (x" = yr), j(x" = x1)) + H{B(x") = F(x*), j(x" = x1))
< (1=t(a=p))||x* = ye||llx* = xell + H{B(x") = F(x*), j(x" - x¢))
= (1-t(a—p))IQ(x") — Qaxn)[[|lx* — xel| + £(B(x") = F(x"), j(x" = x1))
< (1-t(a=p))llx* = xllllx” = x| + £(B(x") = F(x"), j(x" = x1))

< (1-t(a=p))lx" = xl® + ({B(x") = F(x), j(x" = x1))-
It turns out that
* (12 1 * K\ ok *
[loc: — x*||* < m(B(x )= F(x*),j(x* - xp)), x*€Q.
In particular,

* 1 % * . % *
2, = x*|* < m<B(x ) —F(x*),j(x* —xn)), x*€Q.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(%)
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Since {x,} is bounded, without loss of generality, x, — X € C can be assumed.
Noticing (3.10), we can use Lemma 2.7 to get X € Q = F(Q). Therefore, we can substitute
X for x* in (x*) to get

2 1 ~ iy~
||, — X||” < E(B(x) - F(X),j(X = xu)). (3.15)

Consequently, the weak convergence of {x,} to X actually implies that x, — X strongly. This
has proved the relative norm compactness of the net {x;} ast — 0.
(III) Now, we prove that X solves the variational inequality (3.4). From (3.1), we have

x¢ = TIc(tF + (I - tB))y; — (tF + (I — tB))y; + (tF + (I - tB))y;
— X = HC(tF + (I - tB))yt - (tP + (I - tB))yt - (tF + (I - tB))(xt - yt)
+ tF(xt) + (I - tB) (xt)

= F(x;) - B(x;) = %[(tF + (I - tB))y; - TIc(kF + (I - tB))y; — (tF + (I - tB)) (1 — x1)].
(3.16)

For any z € Q, we obtain

(F(xt) = B(x1),j(z—xp)) = %((tP + (I —tB))y; —c(tF + (I = tB))y:, j(z — x1))
- %((tl—" + (I =tB))(y: — xt), j(z — x1))
1 (3.17)
< —;((tF + (I —tB))(y: —x1),j(z—x1))

=Lz ) + (B - B =300,z - 30

Now we prove that (y; — x;, j(z—x¢)) > 0. In fact, we can write y; = Q(x;). At the same
time, we note that z = Q(z), so

(Y —x1,j(z —x1)) = (2= Q(z) = (1 = Q(x1)), j(z = x1)).- (3.18)

Since I — Q is accretive (this is due to the nonexpansivity of Q), we can deduce immediately
that

(i = x1,j(z=x1)) = (2= Q(2) = (x: = Q(x4), j(z = x1)) > 0. (3.19)
Therefore,

(F(x¢) = B(x¢),j(z—x1)) <((B=F)(yr — x¢),j(z = x1)). (3.20)
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Since B, F is strongly positive, we have

0< (a=p)lz= x> < ((B-F)(z~x),j(z-x))

= ((F(x) - B(x1)) ~ (F(2) - B(2)), j(z ~ x1)). .
It follows that
(F(2) - B(2), j(z - x)) < (F(xs) - B(x1), j(z - ). (3.22)
Combining (3.20) and (3.22), we get
(F(z) - B(z),j(z - x1)) < ((B=F)(y1 - x1), j(z — x1)). (3.23)

Now replacing t in (3.23) with t,, and letting n — oo, noticing that x;, — y;, — 0, we obtain
(F(z) - B(z),j(z-X)) <0, zeQ, (3.24)
which is equivalent to its dual variational inequality (see Lemma 2.8)
(B-F)x,j(z-X))>0, z€Q, (3.25)

that is, X € Q is a solution of (3.4).
(IV) Now we show that the solution set of (3.4) is singleton.
As a matter of fact, we assume that x* € Q is also a solution of (3.4) Then, we have

((B-F)x*,j(x-x")) > 0. (3.26)
From (3.25), we have
((B-F)X,j(x*-X)) >0. (3.27)

So,

((B-F)x*,j(x-x"))+((B-F)X,j(x*-%)) >0
= ((B-F)(X-x"),j(x"-%)) 20
(3.28)
= ((B-F)(x" - %),j(x* - %)) <0
= (a-p)lx" - 3| <0.

Therefore, x* = X. In summary, we have shown that each cluster point of {x;} (ast — 0)
equals X. Therefore, x;y — X ast — 0. This completes the proof. O
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Next, we introduce our explicit method which is the discretization of the implicit
method (3.1).

Algorithm 3.4. Let C be a nonempty closed convex subset of a uniformly convex and 2-
uniformly smooth Banach space E. Let Ilc be a sunny nonexpansive retraction from E to
C.Let {A; : C — E, i=1,2,...,N} be a finite family of y;-inverse-strongly accretive. Let
B : C — E be a strongly positive bounded linear operator with coefficient a > 0, and let
F : C — E be a strongly positive bounded linear operator with coefficient p € (0,a). For
arbitrarily given x € C, let the sequence {x,} be generated iteratively by

Xn+l = ﬂnxn + (1 - ﬂn)Hc(anF + (I - tan))Hc(I - )LlAl)Hc(I - J\2A2) . Hc(I - /\NAN)xn,

n>0,
(3.29)

where {a, } and {f,} are two sequencesin [0,1] and, forany i, \; € (0,y;/K?) is a real number.

Theorem 3.5. Let C be a nonempty closed convex subset of a uniformly convex and 2-uniformly
smooth Banach space E, and let T1c be a sunny nonexpansive retraction from E to C. Let {A; : C —
E, i =1,2,...,N} be a finite family of y;-inverse-strongly accretive.Let B : C — E be a strongly
positive bounded linear operator with coefficient & > 0, and let F : C — E be a strongly positive
bounded linear operator with coefficient p € (0, ). Assume that Q# Q. For given xo € C, let {x,} be
generated iteratively by (3.29). Suppose the sequences {a,,} and {p,} satisfy the following conditions:

(1) limy, ety = 0 and =2 ay, = o,

(2) 0 <liminf, B, <limsup, , p, <1

Then {x,} converges strongly to X € Q which solves the variational inequality (3.4).

Proof. Set y, = Ilc(I — MAD)IIc(I — A Ap) - Tle(I — ANAN)x, for all n > 0. Then x,41 =
Pnxn + (1 = pu)Ic(anF + (I - a,B))y, for all n > 0. Pick up x* € Q.
From Lemma 2.10, we have

lyn = x*[| = 1QGen) = QG < Ml = x"I- (3.30)

Hence, it follows that

1%ne1 — x*|| = || Buoxn + (1 = u)Tc(anF + (I — 2, B))yp — x*
= [|Bn (20 = x*) + (1 = ) (Tlc (anF + (I = @uB))yn - x°) |
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< Bullxn = %[ + (1 = Ba) |[Tc(anF + (I - ayB))yn — x|

< Pullxn = x| + (1= o) [[(anF + (I = aB))ym — x*|

= Pullxn = [ + (1= Bu) | (@nF + (I = 2B)) (Y — x*) + an(F(x*) = B(x")) ||

< Pullxn = x|+ (1= Bu) (anp + (1 = @u@)) lyn = || + (1 = ) @l F(x*) = B(x")|

o) IFG) =BG

S(1—an(l_ﬁn)(a_p))”xn_x*”+an(1_ﬁ")(a_ a-p

(3.31)

By induction, we deduce that

IF(=) B

p— (3.32)

s — x| < max{nxo .y

Therefore, {x,} is bounded. Hence, {A;x;} (i=1,2,...,N),{y.}, {By,}, and {F(y,)} are also
bounded. We observe that

|yne1 = yal| = 1Q(xns1) = Q(xa)|| < [[%ns1 = - (3.33)
Set xp11 = Puxy + (1 = Pu)z, for all n > 0. Then z, = Ic(a,F + (I — a,B))y,. It follows that

1zni1 = zull = ||[TIc(@na F + (I = @n41B))yna1 — e (anF + (I — a,B))y|
< ||(anir F + (I = @31B)) Y1 — (anF + (I — 2, B)) ||
= lyne1 = ¥ + @1 (F(yne1) = B(yna1)) = an(F(yn) = B(ym)) | (3.34)
< Nlywa = yall + ana || F(Ynr) = B(yner) || = anl| F (yn) = B(ya) ||
< N2t = xull + anar || F (Y1) = B(yuar) || = aul| F(yn) = B(y) |-

This implies that

limsup(||zp+1 = znll = |21 = xxl]) < 0. (3.35)

n— oo
Hence, by Lemma 2.5, we obtain lim,, _, o ||z, — x,|| = 0. Consequently,

nli_r)rc}o”xnﬂ — x| = _ﬂlgrc}o(l - ﬂn)“zn - x| =0. (3.36)
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At the same time, we note that

120 = Yal| = | TIc(anF + (I = auB))yn = yu||
= ||Tc(anF + (I = 2uB))yu — Tcya|
< |[(@nF + (I = ayB))yn = yal|
= an||F (yn) = B(ym) ||

— 0.

It follows that

lim ||x, = ya|| = 0.

From Lemma 2.10, we know that Q : C — C is nonexpansive. Thus, we have
lyn = Q(yn) [l = 1QGxw) = Q(ym) || < [|xn = yul| — 0.
Thus, lim,, _, ||, — Q(x,,)|| = 0. We note that

1zn = Q(zu) |l < llzn = xnll + [l = Q)| + [|Q(xn) — Q(zn)l
<2||zn = xul| + (20 = Qxu) |l

= 2III_IC(D‘HP +(I - “nB))yn - Han” +[|xn = Q(xn)l

< 2([|yn = xu |l + an||[F(yn) = B(ya) ||) + 12 = Q(xa)

— 0.

Next, we show that

limsup(F(X) — B(X), j(zn — X)) <0,

n— oo

where X € Q is the unique solution of VI(3.4).
To see this, we take a subsequence {z,, } of {z,} such that

lim (F(%) - B(%), j(z0 ~ %)) = nl_iinm<1-"(9?) - B(i),j(zn]. - 3?) >

15

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

(3.42)

We may also assume that z,, — z. Note that z € Q in virtue of Lemma 2.7 and (3.40). It

follows from the variational inequality (3.4) that
lim (F(%) - B(&),j(z, ~ %)) = lim <F(7c) - B(%),j(z, - %) >
[>e] ‘rl] — o0

= (F(%) - B(X),j(z- %)) <0.

(3.43)



16 Journal of Applied Mathematics

Since z, = I1¢c(a,F + (I — a,B))y,, according to Lemma 2.2, we have
((anF + (I — auB))yn — Ic(anF + (I = ,B))Yn, j(X — zn)) < 0. (3.44)
From (3.44), we have

1zn = X|* = (e (anF + (1 - uB))yn — %, j (20 — %))
= (M (anF + (I - ayB))yn = (anF + (I - auB))yn, j(za — %))
+ ((anF + (I — ayB))yn — X, j(zn — X))
< {(@nF + (I - auB))yn — %, j(za - %))

(3.45)
= ((anF + (I - a,B)) (yn — X),j(zn = X)) + 2 (F(X) - B(X), j(zs - X))
< (1-an(a=p))llyn - X||Izn - X[l + an(F(X) = B(%), j(z - %))
1-ay(a—p)) _ _ e
< AomlD) 52 4 L 5P 4 (P - B,z D).
It follows that
20 = I* < (1= an(a=p)) lyn = Z|* + 20, (F(F) - B), j(z0 - %)),
(3.46)

< (1= an(a = p))llxn = X + 24, (F (%) = B(), j(za = %))-
Finally, we prove x, — X. From x,,.1 = f,x, + (1 — )z, and (3.46), we have
e = ZI? < Pullxn = %> + (1= Bu) |z - ZII?
< Bl =TI+ (1= ) (1= (@ = p)) Iotn = I + 200 (F(F) = B(Z), j (20 - 5)))
= (1= (1= Bu) (@ = p))llxn = X|* + an (1= ) (a - p)
2 - —_ . ~
x {a_—p<F(x) - B(X),j(zn —x))}.
(3.47)

We can apply Lemma 2.4 to the relation (3.47) and conclude that x,, — X. This completes the
proof. O
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