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We will give conditions which will guarantee the existence of global weak solutions of the
Boussinesg-type equation with power-type nonlinearity y|u|” and supercritical initial energy. By
defining new functionals and using potential well method, we readdressed the initial value
problem of the Boussinesq-type equation for the supercritical initial energy case.

1. Introduction

This paper is devoted to the initial value problem of a Boussinesg-type equation:

Ut — Uxx + Uxxxx + Uxxxxtt = (f(u))xxr X € R, £> 0/ (11)

u(x,0) =¢p(x), u(x,0)=¢(x), x€R, (1.2)

where f(u) = ylul’,y > 0. Equation (1.1) is of fundamental physical interest because it
arises in the study of shallow water theory, nonlinear lattice theory, and some other physical
phenomena. In the absence of the sixth-order term, (1.1) becomes the good Boussinesq
equation and has been intensively studied from a mathematical viewpoint with various
additional terms [1-9].

Concerning the initial value problem (1.1) and (1.2), it is important to cite the works
of Xu et al. [10], Y. Z. Wang and Y. X. Wang, [11] and Wang and Xu [12].

Wang and Xu [12] investigated the Cauchy problem (1.1) and (1.2). They first proved
the existence and nonexistence of global solutions of the problem for a general nonlinear
function f(u) provided that the antiderivative F of f satisfies F(u) > 0 or f'(u) is bounded
below. Then by the potential well method, they proved the global existence of solutions for a
special case of the nonlinear term f(u) = —f|u|’u with 0 < E(0) < d.



2 Abstract and Applied Analysis

In [11], the initial value problem for a class of nonlinear wave equations of higher
order:

U — Uxx t Uxxxx + Uxxxxtt = (‘P(u)x)x (1.3)

was considered. The global well-posedness of the initial value problem of (1.3) with ¢(s) =
als|P, a #0 was studied making use of the potential well method.
Very recently, Xu et al. [10] studied the multidimensional Boussinesg-type equation:

uy — Au+ A%u+ Auy = A(f(u)), (1.4)

with the nonlinear terms +alul?, —alul’'u, +au®, and —au?*!. When E(0) < d, the global
existence and finite-time blowup of solutions were proved by the aid of the potential well
method.

All of the above-mentioned three studies considered the cases E(0) < d or 0 <
E(0) < d. The case E(0) > 0 was also investigated in [12], but the conditions imposed
on the nonlinear term are only valid for the odd-degree nonlinearities, that is, positivity
condition is not enough for the nonlinear term f(u) = y|ulf. In the present paper, we again
investigate problem (1.1) and (1.2) and give the global existence of solutions for f(u) = y|u|’
with supercritical initial energy. We emphasize that our main results would seem to be
the first contribution to global well-posedness of the sixth-order Boussinesq equation with
supercritical initial energy and this type of nonlinearity.

The plan of the paper is as follows. Section 2 contains some definitions and an
abbreviated description of the global existence theory given in [10, 12]. Also it contains our
first new functional and some theorems about sign preserving property of this functional. The
global existence theory for supercritical initial energy is presented in Section 3, following the
lines laid down by Kutev et al. [13]. For this purpose, we introduce the second new functional
and give the invariance of this functional under the flow of (1.1) and (1.2). A few concluding
remarks and an example are to be found in the last section.

The notation employed is standard and may be found explained in detail in [10].

2. Preliminaries

In this section, we give some definitions and some theorems from the papers mentioned in the
first section. We also introduce a new functional, and we try to prove global well-posedness
for supercritical energy by the aid of this functional.

Let s > 1. For the Cauchy problem (1.1) and (1.2), we define

1 -1/2 |2
() = Eut) u0) = 5 (-38) |-+ lwal? <ty + 1= [ wPudx = E), - @1
R

_1 o Y P
R e 2)
1) = Julfy +y [ JuPuct, 23)
R
_ _ 1. _
d=infJ), N-= {ueH': 1(w) =0, ||ulln #0}, (2.4)

which are all well defined.
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In the following, we show one more characterization of d used before in the literature

_p-1 ( Sp+1>—2/(p—1)

d= 2(p+ 1)\ ’ 25)

where S,, is the imbedding constant from H'(R) into LP*!(R) given by

u
Sy = sup | ”pﬂ. (2.6)
ucH?! ”llnffl
By the use of (2.1) and definition of S, (2.5) can be easily obtained as follows:
Ml = =L S % < ) < ECO). (27)
M =y oe Wl 2 JU0 =
The function
LY o ey
h(k) = gk =g S 2.8)
is strictly increasing in [0,k;) and strictly decreasing in (ki, o0), where k; = y 2/®*D
5;2(%1)/(’771). By (2.4), we get
a 3 _p- 1 p+1\ ~2/ (P-1)
d = max h(k) = h(ki) = 50— D (ysp ) . (2.9)

The following theorem is a generalization of Theorem 3.4 in [12] and Theorem 6.2 in [10].

-1/2 -1/2

Theorem 2.1. Assume that ¢ € H', ¢ € H' and (-02) "¢, (-0%) "¢ € L*(R).
(i) If E(0) < O, then all weak solutions of (1.1) and (1.2) blow up in finite time;

(ii) if E(0) = O, then all weak solutions of (1.1) and (1.2), except the trivial one blow up in
finite time;

(iii) let 0 < E(0) < d. If I(¢) > O, then the weak solution of (1.1) and (1.2) is globally defined
for every t € [0,00), if I(¢) < O, then the weak solution of (1.1) and (1.2) blows up in
finite time.

Remark 2.2. For the critical and subcritical initial energy case, the functional I(¢) determines
the behavior of solutions of (1.1) and (1.2). But, the numerical results in [13] showed that
in the supercritical case the sign of the functional I(¢) cannot guarantee the global well-
posedness of the problem. Due to the choice of initial data, for I(¢) > 0, there are some
solutions that blow up in finite time, and for I(¢) < 0, there are some solutions that exist
globally. A new functional Is was considered in [6]. In the rest of this section, we prove that
even if we take a more general functional than I, it will be insufficient in determining the
behavior of problem (1.1) and (1.2) in supercritical case. For a satisfactory result, we have to
take into account the initial velocity in a new functional. This will be done in the next section.
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Now, we define the first new functional:
Io(u) = (1-0)lulf + Yf lulPudx = 1(u) - ollull7;, (2.10)
R

for o > —(p — 1) /2. The depth D, and N, are as follows:

Dy = inf J(w),  No={ueH" : L) =0, Julm#0}. (2.11)

Obviously, taking o = 0 corresponds to the functional I(u). Moreover in the case of o <
—(p - 1)/2 we have D; < 0. From Theorem 2.1, we know that in this case all weak solutions
of (1.1) and (1.2) blow up in a finite time.

For o > —(p — 1) /2, we have the following lemmas.
Lemma 2.3. Assume that u € H'(R). If I,(u) < 0, then ||ull;n > r(0), and if I,(u) = 0, then

1.1/ (p-1)
lull g > 7(0) or ully = 0, where r(0) = (1-0) /ySy) .

Proof. First, from I;(u) < 0, we have |[u||;: # 0. Hence, by

1 1
(L= o)lulizy <~y IR ulPudx < ySp™ |lullyy,, (212)

we have ||u||g > r(0).
If |u|lgr = 0, then I (u) = 0, if I; (1) = 0 and ||u|| g1 #0, then from

+1 +1

(1-o)|ully = -y JR |ulPudx < ySp" ||ullf (2.13)
we have ||u|g > r(0). O
Lemma 2.4. If ||u||n < 7(0), then I (u) > 0.
Proof. From ||lu||gn < r(0), we obtain

1 1
y f ulPudz < ySE ulE < (1 - o) lull (2.14)
R

from which follows I;(u) > 0. O

The properties of I(u) have been studied in detail. Particularly, analogous results to
above lemmas are obtained in [10] (Lemma 3.3), for o = 0.

Theorem 2.5. Let D, be defined as above. Then for o > —(p — 1) /2, one has

D, = b(o)r*(0), (2.15)
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where b(c) = (1/2) = ((1 = o)/ (p + 1)). If one writes D, in terms of d, one obtains the following

statement:

Dy = b(0)(1-0)* <P1>2(;’+11)d. (2.16)

Proof. If u € Ny, we have by Lemma 2.3 that ||u||;n > 7(0). In the proof of Lemma 2.3, the
inequality (2.12) is an equality if and only if u is a minimizer of the imbedding H' into LF*!.
Since |[u|,;; = Spllullg is attained only for u = (cosh((p - 1)/2)x) /%Y [14], and it has a
constant sign, we have

uier}VfUIIuIIHl =7(0). (2.17)

Hence from

. . 1 2 Y p

p+1
= inf |(3- STl + 1o (o) (218)
- (3-S5 il
and by definition of D,,, we obtain D, = b(c)r*(0). O

As properties of Dy, the following corollary can be obtained by a simple computation.

Corollary 2.6. D, is strictly increasing on o € (—(p —1)/2,0) U (1, o0) and strictly decreasing on
(0,1). Moreover lims_,1Ds = 0, and Dy, = 0, where o = —(p — 1) /2.

The following theorems show the invariance of I, under the flow of (1.1) and (1.2) in
the framework of weak solutions for 0 < E(0) < d and E(0) = d, respectively.

Theorem 2.7. Assume that ¢,¢6 € H'(R), (—ai)_l/zqf € L*(R). Let 0 < E(0) < d. Then the sign
of I, is invariant under the flow of (1.1) and (1.2) for o € (01, 02], where (01, 02] is the maximal
interval such that D, = E(0).

Proof. In consequence of assumption E(0) > 0, we have ||ul|;n > 0. If for 0 € (01,02], the
sign of I, is changeable, then we must have a ¢ € (03, 02] such that Is = 0. First, we prove
the theorem for ¢ € (01,07). Notice from (2.16) that o1 < 0 and o, € (0,1). Thus, we have
Dy, > E(0) > J(u) > Dg. Since Dy is strictly decreasing on (0,1), from Corollary 2.6 we
have Dz > D,,, which contradicts with the previous inequality. So, the theorem is proved
for ¢ € (01,02). For 0 = 0y, assume that I,, = 0 and there exists some o € (0, 02) such that
I; =1;,+ (02 —g)||u||%11. Hence I; = (02 —g)||u||§{1 > 0 and for some t' > 0, we get I (u(t')) = 0.
Then, by the similar argument used for ¢ € (01,02), we obtain a contradiction. Thus, the
proof is finished. O
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Theorem 2.8. If on top of all the assumptions of Theorem 2.7, we suppose that E(0) = d. Then the
sign of Iy (recall that when E(0) = d, we have o1 = 0, = 0) is invariant with respect to (1.1) and (1.2)
forevery t € [0, o0).

Proof. The theorem states that if Iy(¢) > 0, then Ip(u(t)) > 0, contrary if Iy(¢) < 0, then
Io(u(t)) < 0. We only give the proof of the first statement, the second is similar. To check that
Iy does not change sign, we proceed as follows. Let u(t) be any weak solution of problem
(1.1),(1.2) with E(0) = d. If the first statement is false, then there must exist a t' > 0 such that
Io(u(t')) <0. It follows from Lemma 2.3 that ||u(t')|| g+ > 0. From the energy identity, we get

2

|t (F) |+ T ()

d=E(0)=%

(-82) ()

>J(u(t)) > inf J(u) = d.

(2.19)

If u(#') € Ny, then u(t') must be a minimizer of J(u) for u € Ny, and we have Ip(u(t')) = 0.
This, however, is impossible, since it violates Ip(u(t')) < 0. Thus the lemma is proved. O

Now, we give a lemma for ¢ > 1, which states similar results to Lemmas 2.3 and 2.4,
and can be proved similarly.

Lemma 2.9. Assume that u € H'(R). For o > 1, if I,(1) > 0, then ||ul|;n > s(c), and if I,(u) =0,
1/(p-1)
then ||ul| g > s(o) or ||u||g = 0, where s(o) = ((0 - 1)/}/55”) .

then I(u) < 0and I,(u) = 0 if and only if ||ul|gn = 0.

. Moreover, if ||ull iy < s(0),

Theorem 2.10. Assume that ¢, € H(R), (<02)"*¢ € L2(R). IFE(0) > 0, then I, (u(t)) < 0 for
P g x ¥

every t > 0 and o > 0,,, where o, is the maximal positive root of Dy = E(0).

Proof. We give the proof of the theorem for o = 0,, and 0 > 0y, separately. First we prove the
theorem for ¢ = 0y,. Proceeding by contradiction, assume that there exists some #' > 0 such
that I, (u(#')) > 0. By Lemma 2.3, we have ||u|;n > 0, and there exists a value 0, 0 > 0, such
that I;(u(t')) = 0. Then by (2.1), D,,, = E(0) > J(u(t')) > infuen, J(4) = Dy. From definition of
D, for o > 0, > 1, we have D, > D,,. A contradiction occurs, which proves the theorem for
0 = 0p. For 0 > oy, I, (u(t)) > I (u(t)) implies that the theorem is true for every o > oy,. O

The following corollary is a direct consequence of Theorems 2.1 and 2.10.

Corollary 2.11. Suppose ¢, ¢ € H!, (—ai)_l/z(p € L%(R). Let 0 < E(0) < d and Iy(¢) > 0. Then

0 < Ip(u(t)) < Omllull?: (2.20)

for every t > 0.

Remark 2.12. We tried to characterize the behavior of solutions for E(0) > 0 in terms of initial
displacement. We constituted a new functional I, (u) and proved the sign invariance of I (u)
for 0 < E(0) < d and E(0) = d. But the case E(0) > 0 is still an open question, because from
Theorem 2.10, we concluded that in this case I;(u) is always nonpositive. Due to numerical
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results of [13], we know that such a functional to prove global existence must include the
initial velocity too. We will introduce this new functional in the next section.

3. Global Existence for Supercritical Initial Energy

In this section, we state the main result of the paper. The functional we introduce here, which
was used before in [13] in a similar form, permits us to establish global existence of solutions
for (1.1) and (1.2) in the supercritical initial energy case

2

—_ -1/2
F(o,w) = ol +y [ oo - | (-02) | - el?
R
(3.1)
A2 |12 )
- 100 - | (-22) || -l
In order to simplify notation, we rewrite H (u(-, t), u (-, 1)) as
H(u,t) = H(u(, 1), u(,1). (3.2)

Once we have proved the invariance of the above functional with respect to (1.1) and (1.2),
then global existence can be proved by the aid of invariance of this functional.

Theorem 3.1. Assume that ¢, ¢ € H'(R), (-32)"%p, (-02)"¢ € L2(R) and E(0) > 0. For

some G > Oy, Oy, defined as above, one have

2

<(-a§>—1/ij/ <_ai>—1/z¢> + (¢, ) + % H <—3i>_1/2(p

(r+1)o (3.3)

1 2
e+

Moreover, H (u, t) is positive provided that H (u,0) is positive, for every t € [0, o).

Proof. Looking for the global solution is equivalent to showing that there is no blow up. So,
we modify a blow up technique for the proof [15]. To this end, we define

2

o) = H (-ai)'l/2u T P (3.4)
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Direct computations yield

0'(t) =2 < (—a§> 71/2ut, <—a§> 71/2u> + 2(Uyt, Uy),

0"(t) = 2| (-02) " |+ 2 (-02) ™ P, (-3) 2w + 2taae 1) + 2l O
:2||(—8x) 1/Zut” + 2| ()| +2<(—8§) utt,u>—2(uxxtt,u)

= 2||(-02) ™| + 2Mowan )1 - 2120
=-2H(u,t).

(3.5)

For contradiction, assume that there exists some ' > 0 such that H(u,t') = 0. Since 68" (t) < 0,
we conclude that €'(¢) is strictly decreasing on [0, t'). Moreover, (3.3) implies 6'(0) < 0 and
therefore 6'(t) < 0in [0, #'], from which follows that 6(t) is strictly decreasing on [0, ']. By the
energy identity and H(u,t') = 0, we have

ro =5

s OF) + P Ol )

(3.6)
— 1 1 2\71/2 ' 2 N |12 p-1 N 112
-G o) (JC) " w® [ +ha@F) + 25 WOl
Theorem 2.10, Corollary 2.11, and H(u,t') = 0 yield
2 -1 / -1 2\ 712 ? |12
Il > o o (u(¥)) 2 o7 ||(-82) + e ()17 ) (3.7)
The use of the above inequality in (3.6) shows that
F0 (5 5, o) )| ). @9
+ || . .
27 prl 2(p+1)o' “ et

This can be rephrased in terms of 8(t) and 0'(t) as

e0)> P () ) )|+ e €) - uF

2(p+1)o

_2<< 3 ), (-0 )Uzu(t’))—2(uxt(t’),ux(t')) 59)

2

1
~(1(=82) 2u®)|| - llue(®)]?
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From the monotonicity of 8(t) and 0'(t), we get

Q) > PrAorpol [ ()0 (<)) - )

(p+1)o
S

which contradicts (3.3). Thus, the theorem is proved. O

(3.10)

1 2
- o]

Theorem 3.2. Assume that ¢, ¢ € H'(R), (-02)"%p, (-0%)""*¢ € L2(R). Suppose that E(0) >
0, H(u,0) > 0and (3.3) holds for some o > oy,. Then, the weak solution of (1.1) and (1.2) is globally
defined for every t € [0, 0).

Proof. The proof of this theorem follows from adding some arguments to the local existence

result of Corollary 2.10 of [10]. If (-32) /?¢s € L2, then (—82)"/*u, € L2 (Lemma 2.8 of [10]).
H(u,0) > 0 implies from the sign preserving property of H(u,t) that H(u,t) > 0, thereby
Io(u) > 0 for every t > 0. From the energy identity we have

E(0) = %<”<—6§>_1/2ut 2
g ey

Therefore |[u||;n and ||u]|;n are bounded for every t > 0. The previously mentioned local
existence theory completes the proof. O

-1 1
+ ||uxt||2> * gyl + g1

2 p-1

2t )

(3.11)

2
[l -

4. Final Remarks

Remark 4.1. In a section of the paper of Y. Z. Wang and Y. X. Wang [11], problem (1.1) and
(1.2) was studied with the supercritical initial energy. A global existence result was obtained
under the assumption F(u) > 0 or f'(u) is bounded below, that is, f'(u) > Ap. As the authors
have mentioned in an example, this condition is valid only for odd-degree nonlinearities,
namely for f(u) = pu®*!,u € R,p > 0,p is a nonnegative integer. For f(u) = flulf, this
condition cannot guarantee the global existence. For example, if we take f(u) = (3/2)u?, then
the antiderivative and derivative of f are F(u) = (1/2)u® and f'(u) = 3u, respectively. For
f(u) = BlulP, we have F(u) = (B/(p + 1))|[ufPu and f'(u) = ap|ulP"*u, which do not always
satisfy the positivity condition. To remedy this, we generate a new functional for potential
well method, which also contains the initial velocity different from the previous ones, and
use the invariance of this functional with respect to problem (1.1) and (1.2).

Remark 4.2. In Section 2, we introduce the first new functional I;(u), which is more general
than the ones introduced before in some papers for the fourth-order Boussinesq equation.
However, in the case of E(0) > 0 we are not able to prove the sign invariance of I, (u), because
we see that for E(0) > 0, I,(u) is always nonpositive. Eventually, a satisfactory result comes
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from H (u,t) which includes not only the initial displacement ¢, but also the initial velocity

.
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