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We consider the existence of the global attractor «/; for the 3D weakly damped wave equation.
We prove that 7 is compact in (H*(Q) N H;(Q)) x H}(Q) and attracts all bounded subsets of

(H?(Q) N Hy(Q)) x Hy (L) with respect to the norm of (H*(Q) N H}(Q)) x H; (Q). Furthermore,
this attractor coincides with the global attractor in the weak energy space H(} (Q) x L*(Q).

1. Introduction

Let Q C R® be a bounded domain with smooth boundary 0Q. We consider the following
weakly damped wave equation:

ug+oau— Au+pu)=f inQxR" (1.1)
with the boundary condition
Uy =0, (1.2)
and initial conditions:
u(-,0) = uy, u(-,0) =uy, inQ, (1.3)

where a > 0, ¢ is the nonlinear term, and f is a given external forcing term.
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Nonlinear wave equation of the type (1.1) arises as an evolutionary mathematical
model in many branched of physics, for example, (i) modeling a continuous Josephson
junction with ¢(u) = fsinu; (ii) modeling a relativistic quantum mechanics with ¢(u) =
|u]"u. A relevant problem is to investigate the asymptotic dynamical behavior of these
mathematical models. The understanding of the asymptotic behavior of dynamical systems
is one of the most important problems of modern mathematical physics. One way to treat this
problem is to analyse the existence of its global attractor.

The existence of global attractors for the classical wave equations in Hé (Q)xL?(Q) and
the regularities of the global attractors has been studied extensively in many monographs and
lectures, for example, see [1-7] and references therein.

However, to our knowledge, the research about the stronger attraction of global
attractors for the damped wave equations with respect to the norm of (H?(Q) N Hé(Q)) X
H& (Q) is fewer, only has been found in [8-10]. In the above three papers, the global attractors
in strong topological space (H(Q) N Hé(Q)) X H& (Q) were established, the attraction with
respect to the norm of (H?(Q) N HO1 (Q)) x H& (Q) was proved by the asymptotic compactness
of the operator semigroup.

Recently, we consider (1.1) in n dimensional space where the nonlinear term ¢ without
polynomial growth is in [11].

In this paper, our aim is to prove the existence of a global attractor for (1.1) in
strong topological space (H?*(Q) N H}(Q)) x H} () where the nonlinear term ¢ with some
polynomial growth. For simplicity, we consider the space dimension is 3, as we know,
when the space dimension is lagerer than 3, the case is similar as in 3D, when the space
dimension is 1 or 2, the case is more easier. The attraction with respect to the norm of
(H*(Q) n Hé(Q)) x Hé(Q) will be proved by a method different from [8-10]. Furthermore,
this attractor coincides with the global attractor in the weak energy space Hj(Q) x L*(Q).

The basic assumptions about the external forcing term f and the nonlinear term ¢ are
as follows. Let f € L?(Q2) be independent of time, and let the nonlinear term ¢ € C!(R, R)
satisfy the following assumptions:

S
lim inf (I’(f )50, here d(s) = f o(1)dT; (1.4)
s|— o0 S 0
lim sup @ =0; (1.5)
|s|]— oo

moreover, there exists a constant Cy > 0 such that

Is| — oo 52

(1.6)

Throughout this paper, we use the following notations. Let Q be a bounded subset of
R" with sufficiently smooth boundary, A = -A. V = H;(Q), H = L*(Q), and D(A) = H*(Q)N
H}(Q) with the corresponding norms |[ull = (J, |Vu(x)[dx)"?, [u| = (|, |u(x)[?dx)"/* and
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|Au| = (fQ |Au(x)|2dx)1/2, respectively. The norms in LF(Q),1 < p < oo are denoted by [u, =
(fQ |u|de)1/ P, the scalar products of V, H are denoted by

(u,v)) = Lz Vu(x)Vo(x)dx, (u,v) = fQ u(x)v(x)dx, (1.7)

respectively. We have D(A) c V ¢ H = H* C V*, H* and V* are the dual spaces of H and V,
respectively, and each space is dense in the following one and the injections are continuous.
Then, we introduce the product Hilbert spaces #o = VxH = H} (Q)xL*(Q), #1 = D(A)xV =
(H*(Q) N H}(Q)) x H}(Q), endowed with the standard product norms:

2 2 2 2 2 2
{11, 12} 1%, = lally + lluzlln, {11, w2} 1%, = lluallpeay + [luelly- (1.8)

Denote by C any positive constant which may be different from line to line and even in
the same line, we also denote the different positive constants by C;,i € N, for special
differentiation.

The rest of the paper is organized as follows. In the next section, for the convenience
of the reader, we recall some basic concepts about the global attractors and recapitulate some
abstract results. In Section 3, we present our main results.

2. Preliminaries

In this section, we first recall some basic concepts and theorems, which are important for
getting our main results. We refer to [2, 5, 6,12, 13] and the references therein for more details.
Then, we outline some known results about (1.1)—(1.3).

Definition 2.1. The mappings S(t), where S : X x [0,+00) — X, is said to be a C* semigroup
on X, if {S5(t)} 5, satisfies

1) SOu=uforallueX;
(2) S(t1)(S(t2)u) = S(ty + Sz)(u) for allu € X and t4, t, € R;
(3) the mapping S : X x (0,0) — X is continuous.

Definition 2.2. Let {S(t)};5o be a semigroup on a metric space (E, d). A subset «f of E is called
a global attractor for the semigroup, if < is compact and enjoys the following properties:

(1) &4 is invariant, that is, S(t)e# = &4, for all t > 0;
(2) o attracts all bounded sets of E. That is, for any bounded subset B of E,

d(S(t)B,#) — 0, ast—0, (2.1)
where d(B, A) is the semidistance of two sets B and A:

d(B, A) = sup infd(x,v). (2.2)
xeB V€A
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Definition 2.3. A C° semigroup {S(t)}s, in a Banach space X is said to satisfy the condition
(C) if for any ¢ > 0 and for any bounded set B of X, there exist {(B) > 0 and a finite
dimensional subspace X; of X such that {||PS(f)x||x, x € B,t > t(B)} is bounded and

I(I-P)S()x|lx <, t>t(B), x€B, (2.3)

where P : X — Xj is a bounded projector.

Definition 2.4. Let {S(t) } 5, be a semigroup on a metric space (E, d). A set By C E is called an
absorbing set for the semigroup {S(t)}s, if and only if for every bounded set B C E, there
exists a Ty = To(B) > 0 such that S(t)B C By for all t > Ty.

Theorem 2.5. Let X be a Banach space and let {S(t)} 5o be a C° semigroup in X. Then, there is a
global attractor for {S(t)} o in X if the following conditions hold true:

(1) {S(t)} s satisfies the condition (C), and
(2) there is a bounded absorbing set B C X.

In [12], the authors have discussed the relations between Condition (C) and w-limit
compact and proved that, in uniformly convex Banach space, Condition (C) is equivalent to
w-limit compact, if the semigroup has a bounded absorbing set.

Next, we recall the result about the global attractor in #, whose proofs are omitted
here, the reader is referred to [6] and the reference therein.

Theorem 2.6. Under the conditions (1.4), (1.5), (1.6), the solution semigroup {S(t)};so of the
problem (1.1)—(1.3) has a global attractor HAq in K. Ay is included and bounded in H;.

3. Main Results

According to the standard Fatou-Galerkin method, it is easy to obtain the existence and
uniqueness of solutions and the continuous dependence to the initial value of (1.1)—(1.3). We
address the reader to [6] and the reference therein. Here, we only state the result as follows.

Lemma 3.1. Let conditions (1.4), (1.5), (1.6) hold, then for any T > 0 and (uo, u1) € Hy, there
exists a unique solution of (1.1)—(1.3) such that

{u,us} € C([0,T]; Ho). (3.1)

If, furthermore,

(1o, u1) € H1, (3.2)

then u satisfies

{u,us} € C([0,T]; H1). (3.3)
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We define the mappings:
S() : {uo,mn} — fu(t), w(t)} VieR. (3.4)

By Lemma 3.1, it is easy to see that {S(t) },, is Cy semigroup in the energy phase spaces
and #.

In order to verify the existence of the bounded absorbing set in <1, we need the result
about the existence of the bounded absorbing set in <#y. First, we establish the bounded
absorbing set in H. Its proof is essentially established in [6] and the reference therein, and
we only need to make a few minor changes for our problem. Here, we only give the following
lemma.

Lemma 3.2. Under the conditions (1.4), (1.5), (1.6), {S(t) };59 has a bounded absorbing set By =
B, (0, po) in Hy, that is, for any € > 0 and any bounded subset By C Hy, there is a positive constant
to = t(By, po) such that

S(t)BC By forany t>ty, ug, u; € By. (3.5)

Next, let us establish the existence of the bounded absorbing set in ;.

Lemma 3.3. Under the conditions (1.4), (1.5), (1.6), {S(t)};5q has a bounded absorbing set B £
B, (0, p1) in H1, that is, for any € > 0 and any bounded subset B C H1, there is a positive constant
T =T(B, p1) such that

S(t)Bc B forany t>T, ug,u; € B. (3.6)

Proof. Take the scalar product in H of (1.1) with Av = Au; + 0 Au, we have

|

(|Au|2 + ||v||2> + ol Auf? + (a - 0)||v|? - o(a - 0) (Au, v) + (p(u), Av) = (f, Av). (3.7)

N~
QU

t

For 0 < 0 < 0y, 0p = {a/4,11/2a}, by Holder inequality, Poincaré inequality, and Cauchy
inequality we have

olAuf* + (a - 0)||v||* - o(a - 0) (Au,v)
o(a—o0)
Vi

|Aul||o|

> o|Auf® + (@~ 0)llo|* ~ |Aull|o]|

oa

Vi

3 o oa?
> o|Aul* + Zoc||v||2 - <§|Au|2 + 2—M||v||2>

3
> o|Aul? + Za||v||2 - (38)

> %|Au|2 + %||v||2.
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It follows from (1.5) that, for any € > 0, there exists a constant C; > 0, such that
|9/ (s)| <elsP+Ci, VseR. (3.9)

Hence,

|((p(w),0))]

j ¢'(u) - Vu-Voldx
Q

<[l -1vul-veiax

< sf [ul> - |Vu| - |[Voldx + le |Vul - |Vo|dx
Q Q (3.10)

1/2
< s(fg uf* - |Vu|2dx) ol + Cillul - o]

1/3 1/6
< s(fg |u|6dx) - (fg |\7u|6dx) ol + Callull - ol

4C?
2 2 a 2 1 2
<ellull - C3 - 1Aul - oll + ol + —|ul?,

where C; is the positive constant satisfying

1/3
Callull® > (j |u|6dx> ,
Q

1/6
c2|Au|z<f |Vu|6dx> ,
Q

(f, Av) = %(f,Au) +0(f, Au) < %(f, Au) + %|Au|z +20|f]". (3.12)

(3.11)

If (ug,vp) belongs to a bounded set B of #, then B is also bounded in , and for t > ¢y, by
Lemma 3.2, we have

[l + e < p%; (3.13)

to, po are given in Lemma 3.2 Choose

) ac

0<e?< 22
16p5C;

(3.14)
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it follows from (3.10) that

a 42 4C?
(90, 0))] < Sol? + 25 pupicyaut + 2
(3.15)

2
[24 2 (0} 2 4:(:1
< glloll” + g lAu] +Tp§, > to.

Combining with (3.8), (3.12), and (3.15), by the Holder inequality and the Young inequality,
we deduce from that (3.7):

d o c:
—(1Auf + |o|* - 2(f, Au) ) + —|Auf* + - |v| <4o|f|*+ 1pg (3.16)
dt 4
Let y = |Au— f|* + ||9||*, from the above inequality, we can obtain
dy dy o)
2y < =+ 2(1aul + ol + | £7) + TlAulf|
— dy 2 2 (o) o 2
= =2+ 2(1aup + ol?) - 5 (1AuP + ol?) + lAullf| + S| f]
8C? o o)
<40l fP+ tpd - (1auP + folP) + S (1wl + [£) + S|P
) SC% L ol o (3.17)
<do|f["+ —=po+ ZIfI" = gloll
2
0.2 2
< 77 +4olf["+
8C?2
< 0|f| — -
Let C3 = (9/2)0]|f|* + (8C/a)p;. By the Gronwall lemma, we have
o
y® <yt exp(-g -1 ) + 2. (3.18)
Defining p] by
! 8C
p2= 73 (3.19)
we see that
limsup y(t) < p7, (3.20)
t— oo

and we conclude that
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The ball of #1, B = By, (0, p1), centered at (A1 f,0) of radius p; > p; + po, is absorbing
in H#; for the semigroup S(t),t > 0. O

We now give the property of compactness about the nonlinear operator ¢ which will
be needed in the proof of the condition (C).

Lemma 3.4. Assume that ¢ € C'(R,R) and ¢ : D(A) — V are defined by
((p(u),v)) = f ¢ (u)VuVudx, (3.21)
Q

forallu e D(A),v € H& (Q). Then, ¢ is continuous compact.

Proof. Let {u,,} be a bounded sequence in D(A). Without loss of generality, we assume that
{1} weakly converges to 1y in D(A), since D(A) is reflexive. By the Sobolev embedding
theorem, we know that H*(Q) — L®(H!(Q) and the embedding H*(Q) — H(Q) is
compact in R®. Hence, we have that

Uy — Uy in H. (3.22)
Furthermore, there exists a constant C such that

letoll oo (Vo < el (Vs ) < C- (323)

It is sufficient to prove that {¢(u,,)} converges to {¢(up)} in V:

1/2
”‘P(um)_([)(uo) || = (IQ |(P'(um)v(um)—(p'(uo)Vuo|2dx>
1/2 12
<(J 1) P19 ) =Ttz ) ([ 19l )= o))
(3.24)

On the one hand, for the first term in (3.24), combining with (3.23) and the continuity of ¢'(-),
we have

fg |¢' () ||V () = Vit dx < Clynioy IV (ttm) = Vit (3.25)
On the other hand, for the second term in (3.24), using the continuity of ¢'(-),
J‘ Vo *|¢' (tm) — ' (1) |2dx —0, asm—0, (3.26)
Q

follows immediately by dominated convergence theorem.
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Also, considering (3.22), passing to the limit in (3.24), we can obtain
im {[g (1) = (o) || = 0. (327)

This completes the proof. O

Lemma 3.5. Suppose the conditions (1.4), (1.5), (1.6) hold, the solution semigroup {S(t)}q of the
problem (1.1)—(1.3) satisfies the condition (C) in H.

Proof. Let {w;} be an orthonormal basis of L?(Q) which consists of eigenvalues of A. The
corresponding eigenvalues are denoted by {A;}72;:

with
Aw; = \jw;, VieN. (329)

Let V,, = span{wy,...,wy,} in V and let P, : V — V,, be an orthogonal projector. We write

u=Puu+(I-Py)u2u +u. (3.30)

Taking the scalar product of (1.1) in H with Av, = Auy + 0 Aup, we find

1d
ST <|Au2|2 + ||v2||2) +0lAua* + (a - o) 02> - o(a - 0) (A, v2) + (p(u), Avy) = (f, Avy).
(3.31)
Choose 0 < 0 < 0y, similar to (3.8), we have
(o) a
olAwl* + (a = 0)l|va|* - o(a - 0) (Auz, v2) > | Awal” + = [[valf” (3.32)

Since f € L*(Q), ¢ : D(A) — V is compact by Lemma 3.4, for any € > 0, there exists some m
such that

|(I=Pu)f|y <e (3.33)

|(I-Puw)p)|, <&, YueBi(0,p1), (3.34)

where p; is given by Lemma 3.2.



Abstract and Applied Analysis

10
By exploiting the Holder inequality and Cauchy inequality, we have

a €
(p(w), Avz) < ||(I = Pu)gp|| 02l < ellv2]| < levzll2 t (3.35)
d
(f, Av) = 2 (f, Au) + o (f, Au)
d o (3.36)
<= Z1Aup 2,
— dt(f’Au) + 4|Au| +0|f|
By (3.33) and (3.36), we have
d
(, Avs) = & (£, Aw) + o (f, Awa)
d
< (for Aua) + %|Au2|2 +olfo] (3.37)
d o)
< ﬁ(fZI Auz) + Z|Au2|2 + 0'62,
where f, £ (I - P,)f.
Hence, combining with (3.32), (3.35), and (3.37), we obtain from (3.31) that
(3.38)

d 2 2 o 2 2
5<|Auz| + o2l —Z(fz,Auz)> + 5<|Au2| + o2 ) <(20+= 2.
Let y = |Auy — fo|* + ||v2||%, from the above inequality, similar to (3.17), we can obtain

dy o o
< —y+z<|Auzlz+||02||2+ |f2|2> +§|Au2||f2| (3.39)
3.39

Let C4 = 50/2 +2/a. By the Gronwall lemma, we have

2
y(t) <y(t)exp(-Ft-t)) + 4(:745. (3.40)

Choosing t, = t; + (4/0) ln(p% /€?), it follows that

y(t) < (1 + %)gz, t>t. (3.41)
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That is,

|Auy = fo* + ool < Ce?, (3.42)

for all t > t,, where C = (1+4Cy4/0).
Thus we complete the proof. O

We are now in a position to state our main results as follows.

Theorem 3.6. Under the conditions (1.4), (1.5), (1.6), problem (1.1)—(1.3) has a global attractor <4,
in Hq; it attracts all bounded subsets of H1 with respect to the norm of H.

Proof. By Lemmas 3.1, 3.3, and 3.5, the conditions of Theorem 2.5 are satisfied. The proof is
complete. O

Corollary 3.7. The global attractor Ay in Hy is coincides with A1 in H1, that is, Ay = H41.

Proof. By Theorem 2.6, 4 is a bounded set of &1, combining with Theorem 3.6, we can easily
get Ay = A. ]
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