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Understanding and quantifying more of the workings of the human bladder motivates the present
industry-supported study. The bladder performance in terms of the urinary velocities produced
tends to be dominated by the internal fluid dynamics involved, in the sense that the bladder
wall moves in a body-prescribed way. The enclosed urine flow responds to this wall movement,
and there is relatively little feedback on the wall movement. Combined computational work and
special-configuration analysis are applied over a range of configurations including computational
and analytical results for the circle and sphere as basic cases; models of more realistic bladder
shapes; the end stage of the micturition process where the bladder is relatively squashed down
near the urethral sphincter and localised peak speeds arise. The combination of approaches above
can be extended to allow for interaction between wall shape and flow properties such as internal
pressure if necessary.

1. Introduction

The investigation here involves industrial motivation and support with a biomedical setting
which is strongly affected by fluid dynamics and is treated by computations along with
analysis including matched asymptotic expansions. Industry with a view to incontinence
devices in particular wishes to know of the induced velocities and pressures in a bladder,
wishes for more mathematical approaches, and wishes eventually to understand more of
realistic three-dimensional dynamics.

The workings of the human lower urinary tract—of which a diagram is shown in
Figure 1—are clearly of much interest. Relevant background material and some studies are
in [1–6]. Yet scant attention has been paid to increased understanding and quantitative
prediction for the bladder particularly. The bladder wall tends to move in a body-prescribed
way, the enclosed urine flow responds to this wall movement, and there is comparatively
little feedback from the flow behaviour on the wall movement. Computational results are
obtained below by use of a relatively simple approach [7] which has the benefits of wide
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Figure 1: Diagram taken from [8] of sections through the urinary tract and more specifically the ureters,
parts of the bladder and the urethra.

application allied with accuracy. Special-configuration analysis also proves a valuable and
insightful approach applying over a wide range of configurations.

Around 15% ofwomen and 7% ofmen suffer from incontinence, while benign prostatic
hyperplasia occurs in more than 80% of men aged 75 [1]. A recent statistic published by
Astellas Pharma shows that, in the UK alone 5 million people have bladder problems. At the
same time, 1 in 5 people over the age of 40 have a urinary problem. Therefore, diagnosing and
curing problems of the lower urinary tract are vital. This is the aim of urodynamics. Indeed
in urodynamics examination measurements such as the pressure level in various regions of
the lower urinary tract, volume of urine and flow rate are taken and then used to indicate
underlying pathologies. It is important to understand the physical properties of the tract and
its contained flow of urine as several pathologies can exhibit similar symptoms. Developing
a mathematical tool is potentially important in this regard as it could be used to check or
validate current tests and measurements. It can also indicate further predictive tests that may
prove useful in diagnosis by providing more understanding of the mechanics of the lower
urinary tract. The complexity of a system such as the bladder means that a lot of important
properties could be taken into account and hence investigated.

An excellent description of urodynamics is given by [5] and others. Urodynamics is a
group of diagnostic procedures (as hinted at the beginning of this section) that are performed
to evaluate disorders related to the bladder and the urethra. The parameters which are meas-
ured during a urodynamic procedure mainly include pressure and flow rate. Thus far, proce-
dures have been relatively insufficient in suggesting treatments for the problems involved.
Developments in treatments depend to a large extent on understanding the behaviour of
the system. The present research aims at addressing part of that behaviour by tackling
the mechanical aspects of the bladder and its contained fluid. The high distensibility and
complex anatomy of the system in parallel with the large disturbances in shapemake this task
challenging and tend to put it outside the range of previous modeling. The study is directed
at tackling shapes like the ones shown in the cystourethrograms in Figure 2.

The methodology is described in Section 2, this being based on numerical work
combined with special-case and end-stage analysis. The results then follow in Section 3, after
which Section 4 presents final comments.
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Figure 2: Shapes of different bladders later on during micturition, taken by a Voiding Cystourethrogram
(a) [2], (b) [3], (c) [2], (d) [9]. The light patch in the middle is the bladder. Also visible are the bones, and,
in some instances such as (c) and (d), we can see the right ureter.

2. Methods

Part of the theoretical background hinges on the detailed relationship between the full Navi-
er-Stokes equations

∂u
∂t

+ u · ∇u = −∇p

ρ
+ ν∇2u,

∇ · u = 0,

(2.1)

and the interactive boundary-layer system with unknown pressure,

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
= −1

ρ

∂p

∂x
+ ν

∂2u

∂y2
, (2.2)

∂u

∂x
+
∂v

∂y
= 0, (2.3)

explored by papers [7, 10–14]. These in many cases show the important role of jump condi-
tions based on the inviscid Euler system

∂u
∂t

+ u · ∇u = −∇p

ρ
, (2.4)

∇ · u = 0, (2.5)
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to smooth out discontinuities in (1) in industrial and biomedical problems. In the present
study, the governing equation of concern is Laplace

′
s equation for the stream function Ψ,

∇2Ψ = 0, (2.6)

many extra features arise from the complicated boundary shapes involved. The Reynolds
numbers for the collapsing bladder flow have quite large values in general and as a conse-
quence the flow is effectively unsteady, incompressible, and inviscid. It is also irrotational
because it starts from rest. Hence, there is an unknown velocity potential and corresponding
stream function to be found, satisfying (2.6). Urine flow velocity components u = ∂Ψ/∂y,
v = −∂Ψ/∂x are used in terms of Cartesian coordinates x, y in the two-dimen-sional setting,
and time is denoted by t; in axisymmetric configurations, a similar stream-function equation
holds. There are three main aspects 1–3 to the methods employed.

2.1. Numerical Method

The numerical scheme used is an iterative finite difference method with boundary
interpolation. This well-established method is efficient around the boundaries of the model
shapes of interest (which are highly distorted in general), and it also deals readily with
topological changes [7, 15], suggesting application allied with accuracy and flexibility. A
standard five-point form is used at almost all internal points supplemented by an in-out
criterion based on extending the idea of [7] to refine boundary interpolation. The boundary
interpolation with the iterative finite differencing handles the present complex situations in
terms of the boundary condition on the tangential derivative of the stream function, ∂Ψ/∂s,
where ∂s =

√
(∂x2+∂y2) is the distance element along the boundary. The condition now only

depends on the shape function F(x, y, t), which can in particular describe complex shapes.
The form of the input boundary condition for shapes F = y − f(x, t) = 0 is, from the

kinematic condition,

∂Ψ
∂s

= − Ft
(
F2
y + F2

x

)1/2 . (2.7)

The modelled shapes that the vessel takes during micturition in the case of human bladder
evacuation are specified as follows and presented in Figure 3. The vessel collapses in time
using the three-dimensional steady flow equation from [7] but in two spatial dimensions and
time: time here replaces the third spatial dimension of [7]. With the necessary alterations, the
function for the present collapse becomes

Fu

(
x, y, t

)
=y −

(
1 − x2

)1/2
+

n∑

m=1

hmt
2e−8(x−km)

2
, (2.8)
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Figure 3: Shapes that the vessel takes at different times as it collapses with a cardioidal-like shape, in the
model.

where hm is the collapsing factor at the x = km position of the vessel, of the m out of n
movements. This represents the upper half of the function, and we similarly have a lower
one given as

Fl

(
x, y, t

)
= y +

(
1 − x2

)1/2 −
q∑

p=1

hpt
2e−8(x−kp)

2
, (2.9)

where hp is the collapsing factor at the x = kp position for the bladder, of the p out of q
movements. These shape structures start off as circles at t = 0 and then evolve accordingly
to emulate the human bladder collapse. The evolving shape descriptions (2.8), (2.9) are
substituted in (2.7) to define the complete boundary condition.

Grids employed were in the range 50 by 50 to 200 by 200, and checks on their effects
combined with the analytical comparisons below verified the high accuracy of the numerical
solutions.

2.2. Special-Case Analysis and Comparison

Special-configuration analysis also provides some insight here. The computational work is
checked through comparing with analytical results for a circle and a sphere, to find out if
they agree with the numerical results. For a circle, sources and sinks of unknown strength m
are deployed appropriately at the complex positions

z = 0, z = i, (2.10)

together with a uniform downward velocity

w(z) = imz, (2.11)
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in order to keep the urethral point fixed. The complex potential including images is thus
found to be

w(z) = m(2 ln(z + i) + iz). (2.12)

In consequence, the stream function takes the form

Ψ(r, θ) = 2m tan−1[r sin θ, 1 − r cos θ] +mr sin θ, (2.13)

where we define −π/2 < tan−1(x) < π/2. The value of m is determined by matching to
the normal squeeze velocity on the boundary. Similarly from use of Butler

′
s theorem

accompanied by sources and sinks, the analytical result for a sphere is

Ψ(R, z) = aV
(√

R2 + z2 + z
)
+ a2V

(

1 +
z + 1

(R2 + z2 + 2z + 1)1/2

)

− aV

(
√
R2 + z2 +

z + R2 + z2

(R2 + z2 + 2z + 1)1/2

)

− V

2
R2,

(2.14)

where V is the squeeze velocity and (R, z) are the axisymmetric coordinates of a sphere. The
analytical results here are employed in comparisons later on.

2.3. End-Stage Analysis

Near the end of micturition the vessel usually becomes very thin. This is important in view
of the velocities and pressures generated then. A model example is in Figure 4 for the case
of a collapsing elliptical shape shown in horizontal or vertical formation, with semimajor
and semiminor axis lengths a(t), b(t) in turn, while an analogous end-stage can be seen in
Figure 3.

For a thin horizontal vessel, considering (2.6) and taking x ∼ 1 but y = hy with y of
O(1) and the thickness parameter h small,

Ψ = Ψ0
(
x, y

)
+ · · ·, (2.15)

we have to leading order simply

Ψ0y y = 0, (2.16)

in the majority of the vessel. This is for any thin vessel, including the thin horizontal ellipse
say; we refer here to Figure 4 and refer forward to the small urethral-sphincter region which
is also present. The asymptotic expansion treatment is given in detail in [15]. It follows from
(2.16) thatΨ0 is at most linear in ywhile the velocity component u is independent of y and so
the kinematic boundary condition holding at the upper and lower vessel walls f1, f2 yields

−uxF = Ft + uFx, (2.17)
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Figure 4: (a) Thin horizontal (left) and thin vertical (right) elliptical vessels. The sphincter region in black
is shown. Incoming flows induced outside that region are also shown. (b, c) Plot of the velocity u (vertical
axis) against x (horizontal axis) at time t = 0 (b) for initial conditions a = 12, b = 4 (implies a′ = −3, b′ =
−1), and at time t = 3 (c). They look similar but on different scales.

where F = f1 − f2 is the scaled width of the vessel, u = U(x, t) is unknown, whereas F
is prescribed by the bladder movement. It is assumed in the results below that the vessel
contracts inwards with its sides collapsing at the same rate as the top but the bottom
remaining fixed. The slender-flow result (2.17) acts here to determine the induced velocity
u and hence on integration the stream function and the internal pressure. As Figures 4(b)
and 4(c) indicate, the squeezing process induces velocity components u which are nonzero,
of opposite sign and directed towards each other at the mid-way station on the present scale.
This leftover effect actually has other application in terms of fluid guns, but, in the present
setting, it brings into play the smoothing-out phenomenon associated with a small part of the
vessel close to the sphincter.

The smaller part of the vessel that is shown in Figure 4(a) on the left and is shaded
in black is the sphincter region of size O(h) by O(h) in which the full Euler equations still
hold at leading order when h is small, leading to the entire equation (2.6) in our setting of
zero vorticity. This localised region occurs in the middle of the thin horizontal ellipse on the
left and at the bottom end of the thin vertical ellipse on the right in Figure 4(a), for example,
thereby surrounding the urethral sphincter position at the origin. Here,

Ψ = Ψ
(
x, y

)
+ · · ·, (

x, y
)
= h

(
x, y

)
, (2.18)

so that x, y are of O(1). Substitution into (2.6) shows of course that Ψ also satisfies (2.6) in
full in terms of x, y. As far as the boundary conditions are concerned, matching requires

Ψ
(
x, y

) −→ Ψ0
(
0±, y) as x −→ ±∞, (2.19)

in view of the scalings, while Ψ must remain constant along the walls y = a ∼ 1 for all
x, y = 0 for x < 0 and y = 0 for x > 0, taking different values there because of the
sink embedded at the origin. The stream-function profiles on the right-hand side of (2.19)
correspond to the left-over uniform velocity profiles produced via (2.17).The simplification
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involved here is that the walls are effectively parallel to leading order. The matching in (2.19)
thus accommodates exactly the incoming uniform streams that are induced by the longer-
scale behaviour as indicated in Figures 4 and 5. (An analogous matching condition applies
in the thin vertical case.) The localised solution can be written down explicitly as in the next
paragraph. Moreover, there is general application here as anticipated at the start of Section 2
in the sense that this local flow structure surrounding the sphincter applies to viscous or
inviscid flows with or without vorticity and to any vessel shape provided the vessel is thin.

Near the sphincter, the classical complex-variable result from [16] applies concerning
in effect the flow into a channel through a narrow slit in the wall. However, in our case the
flow is reversed as depicted in Figure 5(a). The channel has an O(1) breadth of b. The fluid
moves from the vessel out of it through the slit (sink) atO, which is placed at the origin in the
z-plane where z = x + iy. The far-upstream or far-downstream points A,B,C,D are mapped
conformally onto the real axis of a ζ-plane as indicated in Figure 5(a). The relation

ζ = eπz/α (2.20)

gives the mapping, with α the width of the channel.
Here B, C are taken to be coincident. The map opens out the walls into the real axis

of the ζ-plane so that B, C become the origin ζ = 0. We now have a sink at ζ = 1 at the point
marked O and a source at ζ = 0 corresponding to B,C. Thus, we obtain a complex potential

ω = m log sinh
πz

2b
. (2.21)

Separating this into its real and imaginary parts, we find the scaled velocity potential
Φ and the stream function Ψ,

Φ =
1
2
m log

(

cosh
(
πx

2b

)2

sin
(
πy

2b

)2

+ cos
(
πy

2b

)2

sinh
(
πx

2b

)2
)

,

Ψ = m arctan
(
sin

(
πy

2b

)
cosh

(
πx

2b

)
, sinh

(
πx

2b

)
cos

(
πy

2b

))
.

(2.22)

The result is shown below in Figures 6(a)–6(c). Analogous working holds for the axisymmet-
ric configurations of concern.

3. Computational and Analytical Results

The main computational results are presented in Figures 7–9 which show, respectively, a
contour plot and velocity profiles near the finish of micturition, corresponding plots and
profiles earlier in the collapse, and results for the analogous axisymmetric configurations
(where radius replaces x in effect). The flow velocities and lengths are given here relative to
reference values of collapse or squeeze velocity and bladder dimensions in turn for a typical
micturition time of 17 seconds. The different scales required for the velocity plots as time
varies are intriguing.
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Figure 5: (a) Plot of the local flow problem in both the z-plane and the ζ-plane. (b) Contours of the
streamfunction (b) Ψ ≈ Ψ0 at time t = 0 with initial conditions a = 1, b = 1/100. The streamlines are all
directed towards the centre x = 0. Concerning the shaded area in the middle, see Figure 6 for the solution
closer to x = 0.
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Figure 6: (a)Analytical streamlines of the two-dimensional flow for the horizontal Euler/Laplace local case
shown in Figure 4(a). The streamlines are directed towards the origin. Also plotted are the (b) horizontal
and (c) vertical velocities along the horizontal centreline for both the computational (small circles) and
analytical (line) results.
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Figure 7: (a) Contour plot of the fluid motion within the modeled collapsing vessel (of Figure 3) near
the end of micturition. Also plotted are the (b) horizontal and (c) vertical velocities along the horizontal
centreline.

Before that, analytical checks such as in (2.13), (2.14), and Figures 4–6 all prove
supportive: see also [15]. The agreement between the special-case analysis and the numerical
work is found to be within half a percent error. On end-stage analysis, plotting (2.17)
produces Figure 4 where it is noticeable that the induced horizontal velocity is directed
towards the vessel centre, which is not surprising in view of the overall squeeze effect taking
place. Moreover, the fluid speed increases towards the centre leaving a discontinuity there
on the present length scales and this is then smoothed out locally as in Figure 6. A similar
analysis holds for any vertical thin shape [15].

Comparing further the results of Figures 6 and 7 shows that the stream function and
velocity are very similar indeed near the end ofmicturition. This is especially so in the vicinity
of the sphincter in Figure 7(a), compared with the analytical result of Figure 6(a). The most
visibly noticeable properties though from Figure 7 are the high velocities seen in (b) and
(c). Large internal velocities and pressures are produced within the contained fluid near the
end of micturition in a localised fashion as predicted by end-stage analysis. The same even
applies during earlier stages in the collapse as in Figure 8. The velocities then are relatively
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Figure 8: (a, d) Contour plots of the fluid motion within the modeled two-dimensional collapsing vessel
(of Figure 3) during micturition, at mid-to-late times. Also plotted are the horizontal (b, e) and vertical (c,
f) velocities along the horizontal centreline.

moderate but, as time passes and the vessel collapses further, velocities increase in line with
the analysis.

The example of the collapse for an axisymmetric configuration shown in Figure 9
yields analogous findings. The results once again show, throughout, a significant increase in
the induced flow velocities as the vessel collapses.
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Figure 9: (a, d) Contour plot of the fluid motion within the modeled axisymmetric collapsing vessel
during micturition. Also plotted are the horizontal (b, e) and vertical (c, f) velocities along the horizontal
centreline.

4. Final Comments

Two substantial findings of industrial and biomedical interest should perhaps be highlighted
here. The first is the typical peak in the internal velocity profiles along with its large relative
size and its continued growth and localisation throughout the micturition process. The
second is the occurrence of areas of comparatively slow motion identified inside the
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bladder vessel especially towards the vessel sides and, temporally, towards the end stage
almost everywhere. These are sites where stagnation may occur and, bearing in mind the
approximate 1-2 percent of bladder urine which remains not flushed out at each micturition,
such sites are potentially unhealthy as regards overall flushing of the lower urinary tract.

Measurements of total flux from the urethra indicate that the collapse rate may vary
with time in practice to mitigate both the growth of the peak and the slow-motion areas, but
the peak appears inevitable anyway. Momentum in the downward direction (in addition
to any inward) is converted into increasing horizontal urinary flow prior to almost vertical
entry through the sphincter into the urethra. The peak would be there even in nonsymmetric
configurations and in three dimensions. It is focused around the sphincter in every case,
whether two-dimensional, axisymmetric, or fully three-dimensional. The maximal pressure
produced internally is near the sphincter anyway because of the sink effect there; this be-
comes more so during the end stage as the instantaneous quadratic contributions from
velocity to pressure dominate over the temporal-acceleration linear ones. The supplementary
hydrostatic force which is normally around a 10–20 percent level in micturition is also
overwhelmed during the end stage.

Notwithstanding the relative simplicity of the model, the combined analyses and
computations here suggest we may usefully predict certain representative effects in quantita-
tive terms. Thus, the relative horizontal velocities in Figures 7–9 correspond to maximal
urinary speeds of 0.3–3m/sec directed toward each other and pressure variations of the
order of 1000 kg/m3. It is also worth mentioning that, although the present results are
in two-dimensional and axisymmetric configurations, they should lead the way for three-
dimensional thinking of industrial interest and should give guidance for further research,
including shape-flow interactions where necessary, even if such interactions are only second-
ary influences in the current context.
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