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Using the setting of 0-complete partial metric spaces, some common fixed point results of maps
that satisfy the nonlinear contractive conditions are obtained. These results generalize and improve
the existing fixed point results in the literature in the sense that weaker conditions are used. An
example shows how our result can be used when the corresponding result in standard metric
cannot.

1. Introduction and Preliminaries

Matthews [1] generalized the concept of a metric space by introducing partial metric spaces.
Based on the notion of partial metric spaces, Matthews [1, 2], Oltra and Valero [3], Ili¢ et al.
[4, 5] obtained some fixed point theorems for mappings satisfying different contractive condi-
tions. Recently, Abdeljawad et al. [6] proved one fixed point result for generalized contraction
principle with control functions on partial metric spaces. For some new results on partial
metric and cone metric spaces, see [1-27].

The aim of this paper is to continue the study of common fixed points of mappings but
now in 0-complete partial metric spaces, under nonlinear generalized contractive conditions.

Consistent with Matthews [1, 2], O’Neill [21, 22], and Oltra et al. [23], the following
definitions and results will be needed throughout this paper.

Definition 1.1. A partial metric on a nonempty set X is a function p : X x X — R* such that
forallx,y,z€ X :

(P x =y & p(x,x) =p(x,y) =p(y, y),
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(p2) p(x,x) < plx,y),
P3) p(x,y) =p(y, x),
(p4) p(x,z) <p(x,y) +p(y,2) - Py, y).

A partial metric space is a pair (X, p) such that X is a nonempty set and p is a partial
metric on X.
For a partial metric p on X, the function p® : X x X — R* given by

p*(x,y) =2p(x,y) —p(x,x) -p(y,y) (1.1)

is a (usual) metric on X. Each partial metric p on X generates a Ty topology 7, on X with a
base of the family of open p-balls {B,(x, ¢) : x € X, € > 0}, where B,(x,¢) = {y € X : p(x,y) <
p(x,x) + ¢} forallx € X and € > 0.

Definition 1.2 (see [1, 20]). (i) A sequence {x,} in a partial metric space (X, p) converges to
x € X if and only if p(x, x) = lim,_ 1P (X, X).

(ii) a sequence {x,} in a partial metric space (X, p) is called 0-Cauchy if lim,, ;5  +0op (X,
X)) = 0.

(iii) a partial metric space (X, p) is said to be 0-complete if every 0-Cauchy sequence
{x,} in X converges, with respect to 7, to a point x € X such that p(x,x) = 0. In
this case, p is a 0-complete partial metric on X.

Remark 1.3. (1) (see [20]) Clearly, a limit of a sequence in a partial metric space does not need
to be unique. Moreover, the function p(-,-) does not need to be continuous in the sense that
x, — x and y, — y implies p(x,, y») — p(x,y). For example, if X = [0, +o0) and p(x,y) =
max{x,y} for x,y € X, then for {x,} = {1}, p(x4, x) = x = p(x, x) for each x > 1 and so, for
example, x, — 2and x, — 3whenn — oo.

(2) (see [6]) However, if p(x,, x) — p(x,x) =0, then p(x,,y) — p(x,y) forall y € X.

Assertions similar to the following lemma were used (and proved) in the course of
proofs of several fixed point results in various papers [8, 9, 20, 28].

Lemma 1.4. Let (X, p) be a partial metric space and let {y,} be a sequence in X such that p(Yn, Yn+1)
is nonincreasing and that

Km p(yn, Yne1) = 0. (12)

n— +oo

If {yon} is not a 0-Cauchy sequence in (X, p), then there exist € > 0 and two sequences {my} and
{ni} of positive integers such that my > ny > k and the following four sequences tend to €* when
k — +o0:

P (Vome, You ) P (Yomer Vone1)r P(Yome—1, Yone ) P (Yome=1, Yomes1 ) - (1.3)

Definition 1.5 (see [29]). Let f and g be self-maps of a set X. If w = fx = gx for some x € X,
then x is called a coincidence point of f and g, and w is called a point of coincidence of f
and g. The pair f, g of self-maps is weakly compatible if they commute at their coincidence
points.
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The following lemma is Proposition 1.4 of [29].

Lemma 1.6. Let f and g be weakly compatible self-maps of a set X. If f and g have a unique point of
coincidence w = fx = gx, then w is the unique common fixed point of f and g.

Definition 1.7 (see [30]). The following two classes of mappings are defined as ¥ = {¢]¢g :
[0,00) — [0,00) is a nondecreasing right continuous function such that lim, _, ,o.¢™ () = 0
forall t > 0, and ® = {g|¢g : [0,00) — [0,00) is a nondecreasing function such that
lim, o™ (t) =0 forall £ > 0.

It is clear for the function

(1
3 <
1
pt)=45, t=1 (1.4)
2
k51&, t>1,

that g € Dbut ¢ ¢ .
Lemma 1.8 (see [19]). If ¢ € ®, then ¢(t) <t for all t > 0 and ¢s(0) = 0.

2. Common Fixed Point Results

In this section, we obtain some common fixed point results defined on 0-complete partial
metric spaces.

Theorem 2.1. Let (X, p) be a partial metric space and T, f be mappings on X with TX C fX. Assume
that

p(Tx,Ty) < </f<ma><{P(fx,fy)fp(fx,TX),P(fery)fp(fx’Ty) ;p(fy'Tx) }) (2.1)

forall x,y € X, where ¢ € W. If TX or fX is a 0-complete subspace of X, then T and f have a unique
point of coincidence. Moreover, if T and f are weakly compatible, then T and f have a unique common
fixed point.

Proof. First, we prove that T and f have a unique point of coincidence (if it exists). If y € X
withy =Tu = fuand z € X with z = Ts = fs, we assume z # y. Applying (2.1) we have

p(y,z) = p(Tu,Ts)

< qf<max{p<fu,fs),p(fu,Tu»p(fs, rs), P Te) P Lo T }>

= 4‘<maX{P(y, 2, 9),plz,2), 22 ;"’(Z'y) }) (2.2)

=¢(p(y,2z)) (by (p2))
<p(y,2)

This implies a contradiction, so we conclude that z = y.
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Now, consider the sequence {x,} C X defined by xy € X and Tx,, = fx,+1. Consider
the two possible cases:
(i) p(Txp+1, Tx,) = 0 for some n € N.

In this case Tx,, = fx,(= y a point of coincidence). Because of Lemma 1.6 (unique
point of coincidence and weakly compatible mappings) we have a unique common
fixed point.

(iii) p(Txp+1, Txy) > 0 for every n € N.
Applying (2.1) with x = x,,.1 and y = x,,, we have,

p(Ter—l/ Txn) < (P<max{P(fxn+1/fxn)/p(fxn+1/ Txn+1)rp(fxn1 Txn)/

p(fxns1, Txn) + p(f2xn, Txni1) })
2

=y < maX{ p(Txp, Txy1),p(Txn, Txpi1), p(Txp1,Txn),

p(Tx,, Tx,) + p(Txy-1,Txps1) })
2

Txn, Txn Txy-1,Txy
:(‘U<maX{P(Txn,TXn—l),P(Txn,Tan), p(Txn, Txy) + p(Txp-1, TXps1) }>

2

T n— ,T n T n/T -
S(P<max{P(Txn,Txn_1),p(TxmTxnﬂ)/P( Xn-1,Tx) + p(Txy, Tx 1)})

2

= (P(max{p(Txnr Txp-1), P(Txn, Txpi1) })
2.3)

If p(Txy41, Txy) is @ maximum, then we have
P(Txpi1, Tx) < ¢ (p(Tx, Txni1)) < p(Txn, TXni1), (2.4)

which is a contradiction. So, we conclude that the maximum is p(Tx,, Tx,-1). Now, we have
the following:

P(Tan/ Txn) < (If(p(Txnr Txn—l)) < P(Txn/ Txn—l)- (25)

It follows from (2.5) that the sequence p(Tx,.1, Tx,) is monotone decreasing. According to
the properties of function ¢, it follows

p(Txni1, Txy) < ¢ (p(Txn, Txn-1))
(2.6)
< (PZ (P(Txn—lz Txn—Z)) <--- < an (p(Txll Txo)) - 0/

when n — +oo. Therefore, lim;, —, ;oop(Txy4+1, Txy) = 0.
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Next, we prove that {Tx,} is a 0-Cauchy sequence in the space (X, p). It is sufficient to
show that {Txy,} is a 0-Cauchy sequence. Assume the opposite. Then using Lemma 1.4 we

get that there exist ¢ > 0 and two sequences {m(k)} and {n(k)} of positive integers and
sequences

P (]/ka/ ]/2nk )/ p (]/ka/ ]/an+1 ) 7 p (]/ka—lz ]/an ) 7 P (]/ka—l/ y2nk+1 ) 7 (27)

all tend to " when k — +oo. Applying condition (2.1) to elements x = X2y and v = xX2,(x)+1
and putting v, = Tx, = fx,.1 for each n > 0, we get that

P(Tx2m), TXon()+1)

= P(y2m(k), yZn(k)+1)

< ( max {P(fom(k); Fxany1), P X2miey, TxXom@i) ), P (f X2n(e)+1, TX2n()+1) »

p(fX2m@icy, TXongiy+1) + P(f X2nt)+1, TXomic) ) }> 2.8)
2

=y < max { P (Vam)-1, Von(i) ) P (Vam)-1, Vom(i) ) P(Y2n(y, Yon(icy1) »

P (Yam@o-1, Yan(ky+1) + P (Yontk), Yom(k)) }>
5 .

When k — +oo, we have

max { P(Vamo-1, Van() ) » P (Vamo-1, Yami) ) » P (Y2n(k), Yon(ky+1 ),

P (Yom(o-1 Yon(o+1) + P (Yan(k), Yomik)) } (2.9)
2

1
— max{s*,0,0, §(€+ + 5*)} =gt
Using properties of ¢, we obtain a contradiction ¢ < ¢s(€) < ¢, since € > 0.
This shows that {Tx,} is a 0-Cauchy sequence in the space (X, p) and hence {Tx,} is

a 0-Cauchy sequence in (X, p). If we suppose that TX is a 0-complete subspace of (X, p), then
there exists y € TX C fX such that

p(v,y) = lim p(Tx,y) = Im p(fxny) = lim p(Txy,Toxm) =0. (2.10)

n—+oo n—+oo

If fX is a 0-complete subspace of (X, p) with y € fX, (2.10) also holds.
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Let u € X and y = fu. We show that y is a point of coincidence of T and f. Suppose
that p(Tu, fu) > 0. We have

p(Tx,, Tu) < ‘F(max{r’(fxmfu),r’(fxn,Txn),p(fu, Tu), p(fxn, Tu) ;p(fu, Txy,) }>

(2.11)

Asn — +oo, we have p(fx,, fu) — 0, p(fx,,Tx,) — 0 and by Remark 1.3 (2)
(p(fxn, Tu) + p(fu,Tx,))/2 — p(fu,Tu)/2. Since p(fu,Tu) > 0, there exists ny € N such
that for every n > ny we have p(fx,, fu) < (1/2)p(fu, Tu) and p(fx,, Tx,) < (1/2)p(fu, Tu).
Now, for n > ny, we obtain

p(fu,Tu) <p(fu, fxna) +p(Txn, Tu) < p(fu, fxna) + ¢ (p(fu, Tu)) (2.12)

p(fu,Tu) <p(fu, fxna) +¢(p(fu,Tu)). (2.13)

Asn — +co we have a contradiction:

p(fu, Tu) < ¢(p(fu,Tu)) < p(fu, Tu). (2.14)

This implies p(Tu, fu) = 0, that is, Tu = fu. Hence, T and f have a (unique) point of coin-
cidence. From Lemma 1.6 follows that this is a unique common fixed point of T and f. O

Remark 2.2. Assumption about right continuity of the function is only used in the proof that
{Tx,} is a 0-Cauchy sequence.

In the following theorem we consider a weaker assumption for the function ¢. As a
compensation we assume a bit stronger contractive condition.

Theorem 2.3. Let (X, p) be a partial metric space and T, f be mappings on X with TX C fX. Assume
that

p(Tx,Ty) <y <maX{P(fx, f9).p(fx,Tx),p(fy, Ty), M }> (2.15)

forall x,y € X, where ¢ € @. If TX or fX is a 0-complete subspace of X, then T and f have a unique
point of coincidence. Moreover, if T and f are weakly compatible, then T and f have a unique common
fixed point.

Proof. We can prove that T and f have a unique point of coincidence in a similar way like in
Theorem 2.1. If we consider the sequence {x,} C X defined by x9 € X and Tx,, = fx,.1, we
used Theorem 2.1 to show limy, —, op(Txp+1, Txp) = 0.

Here, we only prove that {Tx,} is a 0-Cauchy sequence in the space (X, p) by using
induction. Let us denote y, = Tx, = fx,.1 for each n > 0, We have p(yn, yn+s1) — 0, as
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n — +oo. For € > 0 there exists n(¢) such that for every n > n(e) we have p(y,, Yn+1) < e—¢p(e).
Assuming that for some n > n(¢) and k € N it holds that p(y,, yu.+x) < € and we need to prove
that p(Yn, Ynike1) <e.

We have
P(Yns Ynsks1) S PYn Ynir) + P(Ynit, Yneke1 )

P(]/n+1/ yn+k+1)
= P(Txn+1/ Txn+k+1)

Xn ,Txn
< ‘P<max{P(fxn+1r fxn+k+1)rp(fxn+l, Txn+1),P(fxn+k+1, Txn+k+1), p(f +1 : +k+1) }>

(
(

qf<max{g,g —p(e), e —pe), ereT—qf(e)}> =(e).

P (Yn, Ynrks1)
¥ maX{ P(Yn, Ynsk) P Yy Y1), P (Ynsks Ykt ) — })

nsYn + n+ks jJn
<y maX{P(ynlyn+k)lp(yn/]/n+1)/P(yn+k/]/n+k+1)/p(y Yusk) FZ’(V ks Yneke) }>

IN

(2.16)

Then (216) becomes p(yn/ yn+k+l) < p(yn/ yn+1) + P(]/n+1/ yn+k+1) <€- (P(E) + (P(E) =
€. This shows that {Tx,} is a 0-Cauchy sequence in (X, p). Further, proof is similar as in
Theorem 2.1, so we omit it. O

Corollary 2.4. Let (X, p) be a partial metric space and let T : X — X be a map such that

(2.17)

rT ,T
P(Tx,Ty)Sw(maX{P(x,y),p(x,Tx),p(y,Ty),P(x y);p(y x)}>

forall x,y € X, where ¢ € W. If TX is a 0-complete subspace of X, then T has a unique fixed point.
Proof. It follows from Theorem 2.1 by taking f = ix (the identity map). O

Corollary 2.5. Let (X, p) be a partial metric space and let T : X — X be a map such that
x, T
p(Tx,Ty) <y <ma><{ p(x,y),p(x,Tx),p(y. Ty), M }) (218)

forall x,y € X, where ¢ € ®. If TX is a 0-complete subspace of X, then T has a unique fixed point.

Proof. It follows from Theorem 2.3 by taking f = ix (the identity map). O
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Corollary 2.6. Let (X,p) be a partial metric space and let T, f be mappings on X with TX C fX.
Assume that

p(Tx,Ty) < lmaX{P(fx, fy).p(fx,Tx),p(fy.Ty), PUxTY) ;p(fy’ ) } (2.19)

forall x,y € X, where A € [0,1). If TX or fX is a 0-complete subspace of X, then T and f have a
unique point of coincidence. Moreover, if T and f are weakly compatible, then T and f have a unique
fixed point.

Proof. It follows from Theorem 2.1 by taking ¢s(t) = At, where A € [0, 1). O

Corollary 2.7. Let(X,p) be a partial metric space and let T, f be mappings on X with TX C fX.
Assume that

p(Tx,Ty) < aip(fx, fy) + aop(fx, Tx) + asp(fy, Ty)

(2.20)
+as(p(fx, Ty) +p(fy, Tx))

forall x,y € X, where a1, az, az,a4 > 0and a1 + ax + az +2a4 € [0,1). If TX or fX is a 0-complete
subspace of X, then T and f have a unique point of coincidence. Moreover, if T and f are weakly
compatible, then T and f have a unique fixed point.

Proof. It follows from Corollary 2.6 by noting that

aip(fx, fy) + ap(fx,Tx) + asp(fy, Ty) + as(p(fx, Ty) + p(fy,Tx))

< (aj+ay +as +2ay) max{P(fX,fy)fP(fX, Tx),p(fy.Ty), pUxTy) erp(fy, T%) }

(2.21)

O
Corollary 2.8. Let (X, p) be a partial metric space and let T, f be mappings on X with TX C fX.
Assume that

p(Tx,Ty) < Ap(fx, fy), (2.22)

forall x,y € X, where A € [0,1). If TX or fX is a O-complete subspace of X, then T and f have a

unique point of coincidence. Moreover, if T and f are weakly compatible, then T and f have a unique
fixed point.

Proof . 1t follows from Corollary 2.7. O
From Corollary 2.8 follows the theorem proved by Jungck [31], where we consider a

0-complete partial metric space instead of a complete metric space, under the assumption
that T and f are commuting mappings.
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Corollary 2.9. Let (X, p) be a O-complete partial metric space and T : X — X be a map such that

p(Tx,Ty) < ¢(p(x,y)) (2.23)

forall x,y € X, where ¢ € ®. If TX is a closed subspace of X, then T has a unique fixed point.
Proof. It follows from Theorem 2.3 and Corollary 2.5. by taking f = ix (the identity map). [
Under a weaker assumption for the function ¢, from Corollary 2.9 follows the theorem

proved by Boyd and Wong [32] where we consider a partial metric instead of a standard
metric.

From Corollary 2.7 we deduce the following corollaries, which are extensions of some
well-known theorems.

Corollary 2.10. Let (X, p) be a 0-complete partial metric space and let T : X — X be a map such
that

p(Tx,Ty) <Ap(x,y) (2.24)

forall x,y € X, where A € [0,1). Then T has a unique fixed point.

This corollary is an extension of Banach contraction theorem on a 0-complete partial
metric space. This corollary is already mentioned in Matthews [2] for a complete partial
metric space, but is true for a 0-complete partial metric spaces.

Corollary 2.11. Let (X, p) be a O-complete partial metric space and let T : X — X be a map such
that

p(Tx,Ty) < A(p(x,Tx) +p(y, Ty)) (2.25)

forall x,y € X, where A € [0,(1/2)). Then T has a unique fixed point.

This corollary is extension of Kannan theorem [33] (4) on a 0-complete partial metric
spaces.

Corollary 2.12. Let (X, p) be a 0-complete partial metric space and let T : X — X be a map such
that

p(Tx,Ty) < a1p(x,y) + ap(x, Tx) + asp(y, Ty) (2.26)

forall x,y € X, wherea 1,a,a3 > and a; + a, + ap € [0,1). Then T has a unique fixed point.

This corollary is extension of Reich theorem [33] (8) on a 0-complete partial metric
spaces.
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Corollary 2.13. Let (X, p) be a 0-complete partial metric space and let T : X — X be a map such
that

p(Tx,Ty) < AM(p(x,Ty) +p(y,Tx)) (2.27)

forall x,y € X, where X € [0,(1/2)). Then T has a unique fixed point.

This corollary is extension of Chatterjea theorem [33] (11) on a 0-complete partial
metric spaces.

Corollary 2.14. Let (X, p) be a 0-complete partial metric space and let T : X — X be a map such
that at least one of the following is true
p(Tx,Ty) < a1p(x,Tx)
p(Tx,Ty) < a(p(x,Tx) +p(y,Ty)) (2.28)
p(Tx,Ty) < as(p(x, Ty) +p(y, Tx))

forall x,y € X, where a; € [0,1), a2, a3 € [0,(1/2)). Then T has a unique fixed point.

This corollary is extension of Zamfirescu theorem [33] (19) on a 0-complete partial
metric spaces.
We demonstrate the use of Theorem 2.1 with the help of the following example.

Example 2.15. Let (X,p) = (QN[0,1),p), where Q denotes the set of rational numbers and p
is given by p(x,y) = max{x,y}. Then (X, p) is a O-complete partial metric space which is not
complete. Suppose that T, f : X — X are such that Tx = x2/(1 + x), fx = x for all x € X and

w(t) = (2.29)

Then ¢ € ¥. Without loss of generality assume that x < y. Then x?/(1+x) <y/(1+y), x>/ (1+
x) < xand (y*/(1+y)) < y. From (2.1) follows

2

2 2
_ x Y _ Y
L_max{1+x'l+y}_1+y' (2.30)

2 2 3 2/ 1 , 2/ 1
R:q,(max{p<x,y>,p<x,1vix>,p<y,1}iy>,p<xy (o) +p(y. 21 +x>>}>

= q;(max{y, X, Y, max(x,y*/(1+y)) ;’ max(y, x>/ (1 +x)) }> <¢(y)

(2.31)
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and so y?/(1 +y) < ¢(y). If y < 1/5, then we have y?/(1 + y) < y/5 (this is true because
y2/(1 +y) < y2 <y/5).lf y > 1/5 then we have y2/(1 +y) < yz, which is true. It follows that
T has a unique fixed point.

On the other hand, consider the same problem in the standard metric d(x, y) = |x - y|
and take x = 0.10, y = 0.30. Then, from (2.1) follows L = 0.009 — 0.069 = 0.06 and

10-0. 30-0.
R= q;<max{0.10 ~0.30,0.10 - 0.009,0.30 - 0.069, %10 = 0069 +0.30  0.009 }>
(2.32)

2
= ¢:(0.231) = 0.053.

Hence L < R does not hold and the existence of a unique fixed point cannot be obtained.

Remark 2.16. Note that Theorem 2.1 improves [12, Theorem 1 and Corollary 1], [25, Theorem
3, Corollaries 1 and 2 and Theorem 4], and [13, Corollary 2.3] since our assumptions are
weaker than the assumptions from [12, 13, 25] in several places.

Finally, it is worth to notice that all new results in recently papers [7, 10, 15, 20, 27] are
true if partial metric space (X, p) is 0-complete instead complete.
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