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The object of this paper is to introduce some new sequence spaces related with the concept of
lacunary strong almost convergence for double sequences and also to characterize these spaces
through sublinear functionals that both dominate and generate Banach limits and to establish some
inclusion relations.

1. Introduction and Preliminaries

Let w, be the set of all real or complex double sequences. We mean the convergence in the
Pringsheim sense, that is, a double sequence x = (xi,]-)fj.zo has a Pringsheim limit A (denoted
by P —limx = \) provided that given € > 0 and there exists N € N such that |x;; - A| < ¢
whenever i,j > N [1]. We denote by c;, the space of P-convergent sequences. A double
sequence x = (x;;) is bounded if |lx|| = sup; j20|xi,j| < oo. Let I and c5° be the set of all
real or complex bounded double sequences and the set of bounded and convergent double
sequences, respectively. Moricz and Rhoades [2] defined the almost convergence of double
sequences that x = (x; ;) is said to be almost convergent to a number \ if

m+p n+q

lim su ZZ ij—A =0, (1.1)

q_mem”>0 (p+1)(q+1)1 m j=n

that is, the average value of (x; ) taken over any rectangle

D={(i,j):m<i<m+p, n<j<n+q}, (1.2)
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tends to A as both p and g tend to oo and this convergence is uniform in m and n. We denote
the space of almost convergent double sequences by f,, as

fa= {x = (xi) : klliinw|tk1pq(x) - A| =0, uniformly in p,q}, (1.3)
where
1 p+k g+l
tiipg (x) = k+)(I+1) ; éxi,]'- (1.4)

The notion of almost convergence for single sequences was introduced by Lorentz [3]
and for double sequences by Moricz and Rhoades [2] and some further studies are in [4-14].
A double sequence x is called strongly almost convergent to a number .\ if

1 p+k g+l
klliin mz |xi; —Ae| =0, uniformly in p,q. (1.5)
e i=p j=q

By [f2], we denote the space of all strongly almost convergent double sequences. It
is easy to see that the inclusions ¢$® C [f2] C fo C I strictly hold. As in the case of single
sequences, every almost convergent double sequence is bounded. But a convergent double
sequence need not be bounded. Thus, a convergent double sequence need not be almost
convergent. However every bounded convergent double sequence is almost convergent.

The notion of strong almost convergence for single sequences has been introduced by
Maddox [15, 16] and for double sequences by Basarir [17].

A linear functional L on I$° is said to be Banach limit if it has the following proper-
ties [7],

(1) L(x) > 0if x > 0 (i.e., x;; > 0 for all i, j),
(2) L(e) =1, where e = (e;;) with e;j = 1 for all i, j and

(3) L(x) = L(S10x) = L(So1x) = L(S11x) where the shift operators Sipx, Sp1x, S11x are
defined by S19x = (xi41,7), So1x = (i j+1), S11X = (Xis1,j41)-

Let B, be the set of all Banach limits on I°. A double sequence x = (x;;) is said to be
almost convergent to a number A if L(x) = A for all L € B,. If ¢ is any sublinear functional on
I, then we write {I5°, ¢} to denote the set of all linear functionals F on [, such that F < ¢,
that is, F(x) < ¢(x), Vx € I$°. A sublinear functional ¢ is said to generate Banach limits if
F € {I¥, ¢} implies that F is a Banach limit; ¢ is said to dominate Banach limits if F is a
Banach limit implies that F € {I5°, ¢}. Then if ¢ both generates and dominates Banach limits,
then {I5°, ¢} is the set of all Banach limits.

Using the notations for single sequences, we present the notations for double-lacunary
sequences that can be seen in [10]. The double sequence 0, = {(k:,[s)} is called a double-
lacunary if there exist two increasing sequences of nonnegative integers such that kg = 0, h, =
ky —kj.y - wasr - wandly =0, hy =l;-1l;.1 — wass — oo. Let ks = k/ls, hys =
h.hs, 6, is determined by I, = {(i,]) : k,-1 <i < ky and ;.1 < j < I}. Also ﬁr,s = k.l -
k,1ls1and @ = 6, . is determined by T, = {(i,f) : k,1 <i < k,Ulsy < j <I;}/(I'UI?), where
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I'={(G,j) ki <i<krandls <j<oo.}and I? = {(i,j) : ;-1 < j < lsand k, < i < o0.} with
qr = k. /ky1, qs = Is/1s-1 and dr;s = qrgs-

Das and Mishra [18] introduced the space of lacunary almost convergent sequences by
combining the space of lacunary convergent sequences and the space of almost convergent
sequences. Savag and Patterson [10] extended the notions of lacunary almost convergence
and lacunary strongly almost convergence to double-lacunary P-convergence and double-
lacunary strongly almost P-convergence. They also established multidimensional analogues
of Das and Patel’s results.

We will use the following definition which may be called convergence in Pringsheim’s
sense with a bound:

(xij—L)=0Q1), (i,j — ), (1.6)

and also we will use the following definition which may be called convergence in Pring-
sheim’s sense as follows:

(x,-,]- - L) = 0(1), (l,] —> OO) (17)

The following sequence spaces were introduced and examined by Basarir [19]:

1
wp = {x: limsup—Ztki(x— s) =0, for some s ¢,
T hy kel,

[w], = {x : lipsqphlzuki(x —s)| =0, for some s}, (1.8)

1 T kel,

. 1
[wn]g = {x : 11£nsgph—2tki(|x— s|) =0, for some s},

L T kel,

with respect to sublinear functionals on I, (the set of all real or complex bounded single
sequences) by

de(x) = lim suphl > ti(x),

i "Tkel,

1
go(x) =limsup— > |tei(x)], (1.9)

L T kel,

o) =Timsup- (),

T kel,

where tii(x) = (1/k) i x; and [x] = (jx;) %2,
It can be easily seen that each of the above functionals are finite, well defined,
and sublinear on I,. There is a very close connection among these sequence spaces

with the sublinear functionals which were given by Basarir [19]. Recently Mursaleen and
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Mohiuddine [7] generalized the sequence spaces which were studied by Das and Sahoo [20]
for single sequences, to the double sequences as follows:

e { = (1) (m+1)(n+1)zztklpq(x_)w)—>0'

k=0 1=0

as m,n — oo, uniformly in p,q, for some},

[w2] = { (Xz]) (m+1)(n+1)ZZ|tklpq(x—)L8)| —>0,

k=0 1=0
(1.10)

as m,n — oo, uniformly in p,q, for some .)L},

ol {x =) G 1)(n+ 1)Zzt"l”q(|x_)‘e|) -0

k=0 1=0

as m,n — oo, uniformly in p,q, for some )L}

by using (1.4).

The object of the present paper is to determine some new sublinear functionals
involving double-lacunary sequence that both dominates and generates Banach limits. We
also extend the sequence spaces which were introduced for single sequences by Basarir [19]
to the double sequences with respect to these sublinear functionals. Furthermore, we present
some inclusion relations with these new sequence spaces between the sequence spaces which
were introduced by Mursaleen and Mohiuddine [7], earlier.

2. Sublinear Functionals and Double-Lacunary Sequence Spaces

In this section, we introduce the following sequence spaces:

7,5 — 0
p4q Ny (k, I)EIr,s

wp = {x— (xij) : P— lim sup— > tripg(x = e) =0, for some )L}

7,8 — 0 -
P4 Mys (k,)el,

[wg] = {x = (x;;) : P lim supL Z |txipq(x = Ae)| = 0, for some .)L},

7,8 — 0
pA 7,5 (k1) e[rs

[w]j = {x = (x3j) : P— lim sup— > tripg(lx = Ae|) =0, for some .)L}

W(9,2)={x—(xl]) P- lim — Z trioo(x — Ae) = 0, for some )L}

erhrsacl)eI,s
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[oe]

1
[W(0,2)] = {x = (xij) : P - lim sup— > ltkioo(x — Ae)| = 0, for some A},
' PA TS (el

WI[0,2] = {x = (x;j) : P— lim ! Z trioo(Jx — Xe|) = 0, for some )L}.

s (ke

(2.1)

It may be noted that almost convergent double sequences are necessarily bounded but
the sequence spaces w} and [w}j] may contain unbounded sequences. Now we define the

following functionals on [$° for a double-lacunary sequence 6 = (6,5) by,

(])g(x): lim sup_L Z tripg (X),

r,s — o0 il
PA s (k1)el, o

1
o) = T eur- 5 o)
r,s— o0 b
r4q r,s (k,l)EIr,s

7

S 1
@3 (x) = lim sup— > trapg(1xD), 22)

P s (k1)el, s

Go(x) = klliglo sup tripg(x),
. P4

M2(x) = lim sup trp,(|x]).
k,l— oo p.q

It is easy to see that each of the above functionals are finite, well defined, and sublinear on I5°.

Throughout the paper we will write lim, ; for P-lim, s_, ., and by this notation we shall
mean the convergence in the Pringsheim sense. In the following theorem, we demonstrate
that {I5°, gbg} is the set of all Banach limits on [5° and characterize the space wé NI in terms
of the sublinear functional ¢j.

Theorem 2.1. One has the following.

(1) The sublinear functional ¢} both dominates and generates Banach limits, that is, ¢ (x) =
Ga(x), forall x = (x;;) € I5.

(2)

fo={x=(x) €17 : 3(x) = ~93(-=) }

1 . .
{x = (xij) €I — tkipg(x) — A, as 1,5 — oo, uniformly in p, q.} (2.3)
hys (ke
w

2
2nig.
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Proof. (1) From the definition of {,, for given € > 0 there exist ko, [y such that

tripg (x) < G2(x) + €, (2.4)
for k > ko, 1> Iy and for all p, . This implies that

$5(x) < La(x) +¢, (2.5)

forall x = (x;;) € I5°. Since ¢ is arbitrary, so that 4)5 (x) < & (x), forall x = (x;;) € I and hence
{lé"’/d%} c {15, &) =By, (2.6)

that is, 3 generates Banach limits.
Conversely, suppose that L € B,. As L is the shift invariant, that is, L(S11x) = L(x) =
L(S10x) = L(Sp1x) and using the properties of L € B,, we obtain

1 p+k g+l
L(x)=L mz in,j = L(tklpq(x))

=p j=q
(2.7)
1 1
= —L( D tipg(x) ) Ssup=— D tupg(x).
hy s (kD)el,s PA s (k,1)el,
It follows from the definition of ¢}, that for given & > 0 there exist ry, sy such that
1

= Z tipq () < P(x) +¢, (2.8)

75 (k1)el, s

forr > ry, s > sp and for all p, q. Hence by (2.8) and properties (1) and (2) of Banach limits,
we have

L<—L 2 tkzpq<x)> <L(($3x) +e)e) = gax) +e, (2.9)

758 (k )€l s

forr > ry, s > sp and for all p, g; where e = (e; ;) with e;; = 1 for all i, j. Since ¢ is arbitrary, it
follows from (2.7) and (2.9) that

L(x) < dg(x), Vx=(x;;) €15 (2.10)
Hence

B, {1, ¢3}. (2.11)
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That is, d)é dominates Banach limits. Combining (2.6) and (2.11), we get
(1,02} = {17,953, (212)

this implies that (,bé dominates and generates Banach limits and (;bé(x) ={o(x) forall x € I°.

(2) As a consequence of Hahn-Banach theorem, {I5°,$3} is non empty and a linear
functional F € {I¥,$3} is not necessarily uniquely defined at any particular value of x.
This is evident in the manner the linear functionals are constructed. But in order that all
the functionals {I3°, d)g} coincide at x = (x; ;), it is necessary and sufficient that

P2(x) = B3 (-x), (2.13)
we have
. 1 PR |
limsupsup=— >, txpg(x) = lim infinf— D tiipg (). (2.14)
ns o PA Rrs kel , ’ A hys (ke
But (2.14) holds if and only if
1 . .
_— Z tkipg(x) — A, as r,s — oo, uniformly in p, q. (2.15)

8 (kD)els
Hence, x = (x;;) € wg NI. But (2.13) is equivalent to {>(x) = —¢2(—x), this holds if and only
if x = (x; ;) € f2. This completes the proof of the theorem. O

If F(x - Xe) = 0forall F € {I, (pg}, then we say that x = (x;;) is qu—convergent to \.
Similarly we define the p3-convergent sequences. In the following theorem we characterize
the spaces [wé] NI and [w]g N [ in terms of the sublinear functionals.

Theorem 2.2. One has the following:

(D) [wg]l NI = {x = (xij) : ga(x — e) = 0, for some A} = {x = (x;) : F(x — Ae) =
0, forall F € (I, ¢}, for some A}

(2) [w](z9 NIE = {x = (x)) : (pé(x— Ae) = 0, for some A} = {x = (x;;) : F(x - \e) =
0, forall F € (I, ¢3)}, for some A}.

Proof. (1) It can be easily verified that x = (x;;) € [w3] N[5 if and only if
wa(x — Ae) = —gj(Le — x). (2.16)
Since g5 (x) = —g5(—x) then (2.16) reduces to

yg(x —Ae) = 0. (2.17)
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Now if F € {I%, (pg} then from (2.17) and linearity of F, we have
F(x-J\e) =0. (2.18)

Conversely, suppose that F(x — le) = 0 for all F € {I,¢;} and hence by Hahn-Banach
theorem, there exists Fy € {I3°, g3} such that Fy(x) = ¢3(x). Hence

0= Fo(x—JLe) = qrg(x - le). (2.19)

(2) The proof is similar to the proof of (1), above. O

3. Inclusion Relations
We establish here some inclusion relations between the sequence spaces defined in Section 2.
Theorem 3.1. We have the following proper inclusions and the limit is preserved in each case.

(1) [fa] € [w]§ € [w5] € wg C W(6,2).

(2) [wls € [wg] € [W(6,2)] cW(0,2).

(3) [w]; c W[B,2] C [W(6,2)] c W(8,2).

Proof. (1) Let x € [f>] with [f,] —limx = A. Then

tkipg(|x — Xe]) — 0, as k,I — oo, uniformly in p, g. (3.1)

This implies that

1
_— tipg(|x — Xe]) — 0, as k,I — oo, uniformly inp, g. (3.2)

hr,s (kD)El s

This proves that x € [w]g and [fo] - limx = [’w]é —lim x = . Since

1
< = Z |tklpq(x—)ue)|

78 (k1)el,s

1
<= Z tklpq(|x_)‘e|)/

hrs (kDEl s

Z tklpq(x - le)

(k)T s

1
hr,s

(3.3)

this implies that [w]j C [w?] C w? and [w]j - lim x = [w?2] - limx = w? - lim x = \. Since

1
= Z tiipq (x — Ae) (3.4)
7.5 (k1) el,
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converges uniformly inp,gasr,s — oo, implies the convergence for p = 0 = g. It follows that
wg CcW(6,2) and wg —limx = W(6,2) — limx = . This completes the proof of (1).
It is easy to see the proof of (2) and (3). So we omit them. O

Theorem 3.2. One has the following proper inclusions;
1] € (wlgnig) ¢ ([wd] nig) < fo. (3.5)

Proof. The proof of the theorem is similar as in [7, Theorem 4.2]. So we omit it. O

Prior to giving Lemmas 3.3 and 3.5, we need the following notations used in [10]:

Ié={(i,j):q§j§q+n,p+m<i<oo}, Ié={(i,j):q+n<j<oo,p§i§p+m},

mn _ [(i,j):;p<i<p+mor 1.0
C”"’_{ gsjsq+n \(1ev i)

Ih=1{(Gj):q+(y+1hs-1<j<oo, p+xh <i<p+(x+1)h, -1},
P={(Gi,j):q+yhs<j<q+(y+Dhs—1, p+(x+1h, -1<i<x},

DY _ {(z,j):p+xh,§i§p+(x+1)h,—1 or} \ (IEUIIZD)

P4 g+yhs<j<q+(y+1)hs-1
(3.6)
Lemma 3.3. Suppose € > 0 there exist mg, no, po, and qo such that
1 1
mmn p+k,q+l Z |xi'j - ')tel <§, (37)
|Co,0 ' (kDeCrg' 'CM (i,j)ech
form >mgy, n>ngand p > po, g > qo. Then x € [w],.
Proof. Let € > 0 be given. Choose m}, nj, po and qo such that
1 1 £
Z ptk,q+l Z |xi'f - Ae' < 6 (3.8)

mn o a
'Co,o | (kDeCog |Cru7 (i,j)eChy

for m > mj, n > ny, p > po, 4 > go. We need only to show that given ¢ > 0 there exist m} and
nj such that

1 _ Z |xij—e| | <eg, (3.9)

mn o p+k,g+l
|C0,0 '(k,l)GCO,é 'Cpq (i,j)eCh
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form > mi, n>niand 0 < p < po, 0 < g < go. If we take my = max{m}, m?} and ny =

max{n(l),né}, then (3.9) holds for m > my, n > ny and for all p and g, which gives the result.
Once py and g have been chosen, they are fixed, so

1
Z p+k,q+l Z |xij - de| ) =M, (3.10)
(kD)eCl | Coa ™| (i)eciy®

is finite. Now taking 0 < p < po, 0 < g < go and m > pg, n > go we have from (3.8) and (3.10)

1 1
Z —_— Z |xi,]- - )Le|

m,n p+k,q+l
'Co,o (kDeCyy" |Cm (i.j)ech!

1 1
- m,n Z p+k,q+l Z |xi’j - )tel
| Co/o (k,l)EC’S%’qO | Cp,q (i, i ) ecyy™

1 1
Z —_— Z |xi,]- - /\e|

+—_
mn p+k,q+l
|Co,o |<k,l>ec5f3;‘*0 |CM (i4)€Chyitnga (3.11)
1 1
" cmn Zm:n < Cp+k,q+l : -Zpg 0 |xi,j ) J\e|>
0,0 (k'l)ecpolﬂrqo*l pA (1'] )ECP’4
1 1
" cmnl oo Zmn prk,q+l Zk +1 |xi,j B )Le|
00 | (ii)eChtign \ |CPa | (ii)ectit |
M € M e
S +3. g = — 4 E
m,n m,n
|C0/0 |C0,0

Therefore taking m and n sufficiently large, we can make M/|Cy"| + £/2 < & which gives
(3.9) and hence the result. O

Theorem 3.4. We have [w]é = [w], for every ér,s.

Proof. Let x € [w]é ; then given € > 0 there exist ry, sp and A such that

1
= D tapgllx - del) <e, (3.12)
7,8 (k,l)ECgI]'l'hs']
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forr >ry,s>so,p=kii+1+aand g =11 +1+p wherea, p > 0. Let m > h, such that
m = 61h, + 01 — 1 where 6, is an integer. Also let n > h such that n = 6,h + 0, — 1 where 6, is
anintegerand 1 <0y < h,, 1 <0, < h. Since m > h, for 61 > 1 and n > h, for 6, > 1 we have,

1
Z tiipq (|x — Ael)

m,n
|Co,o | (keCys

1
< i Z tklpq(lx_)‘eD
|C0,6 (k,l)eC(()i)lH)hr_]’(ﬁzﬂ)hs_]
R (3.13)
= o Z Z tklpq(|x_)‘e|)
| Coo |*v=00 (kneDyy

< LS (Re) < ODEED Gy o,

mn mn
| CO,O x,y=0,0 ' CO,O

which gives the result. Therefore by Lemma 3.3, [w]?) C [w],. Itis clear that [w], C [w]é for
every 0,. This completes the proof. O

Lemma 3.5. Suppose, for a given € > 0, there exist mg, no, po, and qo such that

! ! > (xij-de)|<e, (3.14)

p+k,q+l
Craq (i,j)ech

m,n
|C0,0 | (k1eCyy

orallm>my, n > ngan >1Po, g > qgo. Then x € |w,].
1 dp2po, g2 qo- Th [w,]

Proof. Let ¢ > 0 be given and choose my, ny, po and go such that

1 1 €
mn p+k,q+l Z (xirj - J\@) < 1 (3.15)
|C0/0 (kDeCoy" |CM (i,j)ech !

for all m > my, n > ny, p 2 po, and q > qo. As in Lemma 3.3, it is enough to show that there
exist m{ and n}, such that for m > mj, n > n implies

! ! > (xij-de)|<e, (3.16)

p+k,q+l
Cp q @i,j) eC;;k’q”

m,n
|Co,0 | (kDeCyy
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for all p and g with 0 < p < pg and 0 < g < go. Since py and g are fixed,

1
p+k,q+l Z |xi,j - )‘el =M. (3.17)
(kHeCyy™ |CM (i.))eChg™

Now, let 0 < p < po, 0< g < go, and m > py, n > qo and consider the following;

1 Z ; Z (.X'i,]' - )LE)

mn o p+k,q+l
|C0,0 |(k,l)€C0,(a Craq (i,j)echm

1 1
s m,n Z p+k,q+l Z |xi'j _)Lel
|Co,o (kDeChy™ |CM (i,)eCy™

1 1
f—— 3 e 3 (mj-e)
cmr 040 Cp+k,q+l g+l !

0,0 | (kDeCyy P4 (i,j)eC§0+iq,qo+l

(3.18)

1 1
Z W Z (xi,]' - )LE)

+ _—
m,n
|C0,0 |(k,l)ecz;'(‘)'jm+1 pa | G )ech ™

s M T ) v ST (wij-de)

+
+k,q+1
ol |cor] wectm | | o™ [ o jecrar
' 0,0 0,0 | (kDeCqy pAa (if)ECh e

1
— Z |[teipq (x — Ae)|.

+
m,n
|C0,0 | (kDeCpt,

Let k—po > m{, then k +p —py > m for 0 < p < py. Also if we let [ - go > nj, then[+q—go > n}
for 0 < g < go. Therefore from (3.15)

1 5 1 S (- de)

mmn p+k,q+l
|C0,0 |(k,l>eC§,%q° Cra (iechii
1 1 (3.19)
< 3 S Gt
crod Lo Cp0+(p+k—po),qo+(q+l—qo) o (o a0
00 | (kDeCyg pot+1,qo+1 (NECH gt " 0

W] ™
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From (3.18) and (3.19)

1 1 M
e X (wle)| < 22 <, (3.20)
|Co 0 | (khecyy |C (ij)eche! |Co,é
for sufficiently large values of m and n. Hence the result. O

Theorem 3.6. For every 0.5, One has [wf)] NIP = [wa] NI,

Proof. Let x € [wé] NI. For € > 0, there exist 1o, so, po and go such that

1 €
z— Z |tk1pq(x - .)L€)| < E (321)
7S (kleCyy e

forr>ry, s>sg, p>poand g > gy withp=k,.1+1+awherea>0,g=1l,_1+1+pand > 0.
Letm > h, and n > hy where m > 1 and n > 1. Then

1 Z 1 S (- de)

p+k,q+l
| CO 0 0 0 | C (i,j)ECZ,;k'qH
1 1
= _Cmn 62 |tipg(x — Xe) | + —cm" > tipg(x — de)|
00 | (kDeCy, 1 1o2hs (kDECS, 5phs
3.22
61-1,6,-1 ( )
<+ i Z Z |tklpq X = )Le)l
Coo xy=0,0 (kl)eDyy
1
|xij = el

|Cp+k g+l

m,n
|C0,o | (k,l)eC"‘ n

+k +1
51 hr Byhs (ij)echy

Since (x;;) € I for all iand j, there exists M such that |x;; — le| < M. From (3.21) and (3.22),
we have the following;:

1 1 0616, (- € ME/S
p+k g+l Z (xi,j - )‘e) < 1 ~mn| <hr,s§> + [p—— (3.23)
|C00 |(kl)ec Gy (i,j)eCh kAt |C0’0 |C0,O

Thus for m and 7 sufficiently large, we have the following:

. 1
S Z T oikatll Z (xij—Le)| <e, (3.24)
|Cg:l(,)n | (k,l)ecg/l(/)n Cp+k’q+l .

(i,j)eCh
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forr >ry, s > spand p > po, g > go. Thus by Lemma 3.5, we have [wé] NI C [wp] NIF. Itis
clear that [w,] NI$° C [wj] NI5°. This completes the proof of the theorem. O

Corollary 3.7. [f,] C [w]é C ([wg] niy) c (wé nIg) = fo.

Proof. 1t is easy to see by combining Theorem 3.4, Theorem 3.6 with [7, Theorems 4.1 and
3.1(ii)]. So we omit it. O

A paranormed space (X, g) is a topological linear space with the topology given by the
paranorm g. It may be recalled that a paranorm g is a real subadditive function on X such
that g(0) =0, g(x) = g(—x) and scalar multiplication is continuous, thatis, y, — p, x, — x
imply that (u,x,) — (px) where p,,, p are scalars and x,, x € X.

Let u = (ux,) be a bounded double sequence of positive real numbers, that is, ux; > 0
for all k, I with sup, juy; = H < co. Let

[wg (u)] = {x = (i) : hrrsn sup_L Z |teipq (x — Le)| ™" = 0 for some A}. (3.25)

p4q Mys (k)el,

If u = (uy) is constant we write [wé]u in place of [wg (u)]. If we take u = (ux;) with uy; =1
for all k and [, then [wé(u)] is reduced to [wg] which is defined in Section 2.

Theorem 3.8. Let u = (ux,1) be a bounded sequence of positive real numbers with sup jux; = H <
oo. Then [w(u)] is a complete linear topological space paranormed by

/M
g(x) = sup <_L Z |tk1pq(x)|”k,z> , (3.26)

5P\ s (k1)el,s

where M = max(1, H). In the case u is constant, [wg]u is a Banach space if u > 1 and is a p-normed

spaceif 0 <u < 1.

Proof. 1t is easy to see that [w3(u)] is a linear space with coordinatewise addition and scalar
multiplication. Clearly g(8) = 0, g(x) = g(—x) and g is subadditive. To prove the continuity
of multiplication, assume that x € [wé(u)]. Since u = (ux,) is bounded and positive there
exists a constant & > 0 such that uy; > 6 for all k,I. Now for |u| < 1, |u"* < |‘u|‘S and hence
g(ux) < |ul’Mg(x). This proves the fact that g is a paranorm on [wi(u)].

To prove that [’wé(u)] is complete, assume that (x™) is a Cauchy sequence in [wé(u)],
thatis, g(x™ —x") — Oasm,n — oo. Since

1

h S g (™ = x| < [ga™ - 2] ™M, (3.27)

78 (kL)€ s

it follows that |txz,q (x™ — x™)[**' = 0(1) as m,n — oo for each k, I, p, and q. In particular

m ny __ m n
toopg (x™ — x") = |xp,q ~Xpyg

— 0 as m,n — oo, for each fixed p and gq. (3.28)
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Hence, (x™) is a Cauchy sequence in R (or C). Since R (or C) is complete, there exists x € R (or
C) such that x™ — x coordinate wise as m — oo. It follows from (3.27) that given € > 0, there
exists my € N such that

1/M
<—L 2 Itkzpq<x’”—x")|“k'l> <e, (3.29)

78 (k€L

for m, n > my. Now making n — oo and then taking supremum with respect to p and g in
(3.29) we obtain g(x™ — x) < € for m > my. This proves that x™ — x and x € [wg (u)]. Hence
[wé(u)] is complete. When u is constant, it is easy to derive the rest of the theorem. O

Theorem 3.9. Let 0 < py; < 0k, < oo for each k and 1. Then [w(p)] C [w}(0)].

Proof. Let x € [wg (p)]. By the definition of [wé(p)], that for given € > 0 there exist ry, sg such
that

1
= |tkipg(x — Ae) | <&, (3.30)

for r > ry, s > sp and for all p, g. Since 1/Er,s — Qas7,s — oo, then

2. Ntapg(x - 1e)|™ < oo, (3.31)
(ke

for r > ry, s > sp and for all p, g. This implies that

|tk1pq(x - .)LE)' <1, (3.32)

for sufficiently large values of k, I and for all p, . Then we get,

1 1
_— Z |tkipq (x — Ae)| ™ < =— Z |tiipg (x = Xe) | = 0(1), (3.33)
hrs (et hrs e,

asr, s — oo and for all p, q. Hence,

, 1
limsup=— " |tpg(x —Ae)|” =0, (3.34)
"5 pa hr,s (k,l)ef,,s

is obtained and consequently we have x € [wj(p)]. This completes the proof. O



16 Abstract and Applied Analysis
Theorem 3.10. One has the following.

(1) Let 0 < infyug; < ugy < 1 for each k and 1. Then [w}(u)] C [wg].

(2) Let 1 < ug; < supy uk, < oo for each k and 1. Then [wg] C [wj(u)].

Proof. (1) It is clear from the above theorem. If we take pi; = ux; and ox; = 1 for each k and [,
then we have [wé(u)] C [wg].

(2) From the above theorem, if we take pi; = 1 and ok = uy, for each k and [, then we
have [w3] C [wj(u)].

This completes the proof. O
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