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By using the perturbation theories on sums of ranges of nonlinear accretive mappings of Calvert
and Gupta (1978), the abstract result on the existence and uniqueness of the solution in L?(Q) of
the generalized Capillarity equation with nonlinear Neumann boundary value conditions, where
2N/(N+1) < p < +o0 and N (> 1) denotes the dimension of RV, is studied. The equation discussed
in this paper and the methods here are a continuation of and a complement to the previous
corresponding results. To obtain the results, some new techniques are used in this paper.

1. Introduction and Preliminary

Since the p-Laplacian operator —A, with p #2 arises from a variety of physical phenomena,
such as nonNewtonian fluids, reaction-diffusion problems, and petroleum extraction, it
becomes a very popular topic in mathematical fields.

We began our study on this topic in 1995. We used a perturbation result of ranges for
m-accretive mappings in Calvert and Gupta [1] to obtain a sufficient condition in Wei and He
[2] so that the following zero boundary value problem,

-Apu+g(x,u(x)) = f(x), ae. on Q,

_ou _
on

(1.1)
0, ae. onT,

has solutions in L?(£2), where 2 < p < +oo. Later on, a series work of ours has been done from
different angles on this kind of equations, cf. [3-7], and so forth.
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Especially, in 2008, as a summary of the work done in [2-6], we use some new
techniques to work for the following problem with so-called generalized p-Laplacian
operator:

) (p-2)/2

—div [(qx) +|Vul? Vu| +elulu+g(x,u(x)) = f(x), ae. inQ,

(1.2)
_<13, <C(x) + |Vu|2>(p72)/2Vu> € fx(u(x)), ae. on T,

where 0 < C(x) € LP(Q), € is a nonnegative constant and & denotes the exterior normal
derivative of I'. We showed in Wei and Agarwal [7] that (1.2) has solutions in L°(Q) under
some conditions, where 2N/(N +1) < p < s < +m0,1 < g< +wifp > N,and 1 < g <
Np/(N -p)ifp<N,for N > 1.

Capillarity equation is another important equation appeared in the capillarity
phenomenon and we notice that in Chen and Luo [8], the authors studied the eigenvalue
problem for the following generalized Capillarity equations:

[VuP

A1+ |Vul?

u=0, a.e. on 0Q.

—div|| 1+ |VulP2vVu| = A(|u|q_2u + |u|r_2u>, in Q,

(1.3)

Their work inspired us and one idea came to our mind. Can we borrow the main
ideas dealing with the nonlinear elliptic boundary value problems with the generalized
p-Laplacian operator to study the nonlinear generalized Capillarity equation with Neumann
boundary conditions?

We will answer the question in this paper. By using the perturbation results of ranges
for m-accretive mappings in Calvert and Gupta [1] again, we will study the following one:

|Vul”

= f(x), ae. inQ, (1.4)

—div|| 1+ [VulP2Vu| + )L(|u|‘7’2u + |u|”2u> +g(x, u(x))

14
_ <19, 14 vul” |Vu|P—2vu> € pe(u(x)), ae. on T.

1+ |Vul?

More details on (1.4) will be given in Section 2. Our methods and techniques are
different from those in Chen and Luo [8].

Now, we list some basic knowledge we need in sequel.

Let X be a real Banach space with a strictly convex dual space X*. We use “—" and
“w - lim" to denote strong and weak convergence, respectively. For any subset G of X,
we denote by intG its interior and G its closure, respectively. Let “X << Y” denote that
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space X is embedded compactly in space Y and “X — Y” denote that space X is embedded
continuously in space Y. A mapping T : D(T) = X — X* is said to be hemicontinuous on X
if w —lim;oT (x + ty) = Tx, for any x,y € X. Let J denote the duality mapping from X into
2X" defined by

J) = {f X (. f) = Ixll- I fIL AN = xll}, xeX, (1.5)

where (-, -) denotes the generalized duality pairing between X and X*. It is wellknown that J
is a single-valued mapping since X* is strictly convex.

Let A : X — 2% be a given multivalued mapping. We say that A is boundedly-
inversely compact if for any pair of bounded subsets G and G’ of X, the subset G A" (G')
is relatively compact in X. The mapping A : X — 2% is said to be accretive if (v — vy, J (11 —
u)) > 0, for any u; € D(A) and v; € Au;, i = 1,2. The accretive mapping A is said to be
m-accretive if R(I + pA) = X, for some p > 0.

Let B: X — 2% be a given multi-valued mapping. The graph of B, G(B), is defined
by G(B) = {[u,w] | u € D(B), w € Bu}. Then B : X — 2%’ is said to be monotone if G(B) is
a monotone subset of X x X* in the sense that

(1 —up, w1 —wy) 20, (1.6)

for any [u;, w;] € G(B), i = 1,2. The monotone operator B is said to be maximal monotone
if G(B) is maximal among all monotone subsets of X x X* in the sense of inclusion. The
mapping B is said to be strictly monotone if the equality in (1.6) implies that u; = u,. The
mapping B is said to be coercive if lim, _, 1o ((x, X};) /|| x4 ||) = oo for all [x,, x},] € G(B) such
that lim,, ;o ||, || = +o0.

Definition 1.1. The duality mapping J : X — 2% is said to be satisfying Condition (I if there
exists a function 77 : X — [0, +00) such that

Ju-Jo|<n(u-v), forVu, veX (I)

Definition 1.2. Let A : X — 2% be an accretive mapping and | : X — X* be a duality
mapping. We say that A satisfies Condition (x) if, for any f € R(A) and a € D(A), there
exists a constant C(a, f) such that

(v-f,Ju-a))>C(a,f), foranyuecD(A), ve Au. (%)

Lemma 1.3 (Li and Guo [9]). Let Q be a bounded conical domain in RYN. Then we have the following
results.

(@) If mp > N, then W"™P(Q) — Cgp(Q); if mp < N and g = Np/(N — mp), then
WmP(Q) — Li(Q); if mp = N and p > 1, then for 1 < q < +00, WP (Q) — L1(Q).

(b) If mp > N, then W™P(Q) —— Cp(Q); if 0 < mp < N and qo = Np/(N — mp), then
WmP(Q) —— L1(Q), 1 < g < qo.
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Lemma 1.4 (Pascali and Sburlan [10]). If B : X — 2% is an everywhere defined, monotone and
hemicontinuous operator, then B is maximal monotone. If B : X — 2% is maximal monotone and
coercive, then R(B) = X*.

Lemma 1.5 (Pascali and Sburlan [10]). If ® : X — (—oo,+o0] is a proper convex and lower-
semicontinuous function, then 0® is maximal monotone from X to X*.

Lemma 1.6 (Pascali and Sburlan [10]). If A and B are two maximal monotone operators in X such
that (int D(A))  D(B) # 0, then A + B is maximal monotone.

Proposition 1.7 (Calvert and Gupta [1]). Let X = LP(Q) and Q be a bounded domain in RN.
For 2 < p < +oo, the duality mapping J, : LP(Q) — LP(Q) defined by J,u = lul’~! sgn u||u||f,_p,
for u € LP(Q), satisfies Condition (I); for 2N/(N +1) < p < 2and N > 1, the duality mapping
Jp : LP(Q) — LP(Q) defined by J,u = |u|p_1sgnu,for u € LP(Q), satisfies Condition (I), where
(1/p)+1/p") =1

Lemma 1.8 (see Calvert and Gupta [1]). Let Q be a bounded domain in RN and g : Q x R — R
be a function satisfying Caratheodory’s conditions such that

(i) g(x,-) is monotonically increasing on R;

(ii) the mapping u € LP(Q) — g(x,u(x)) € LP(Q) is well defined, where 2N /(N +1) < p <
+ooand N > 1.

Let J, : LP(Q — LP(Q), (1/p) + (1/p') =1 be the duality mapping defined b
p: LP( 4 p y mapping Yy

N
p-1 / <
Jpu = {'”' Sgh i, a1 <Ps?% (1.7)

jul ™ sgnulull,”, if2<p < +oo,
for u € LP(Q). Then the mapping B : LP(Q) — LP(Q) defined by (Bu)(x) = g(x,u(x)), for any
x € Q satisfies Condition ().
Theorem 1.9 (Calvert and Gupta [1]). Let X be a real Banach space with a strictly convex dual

X*. Let ] : X — X* be a duality mapping on X satisfying Condition (I). Let A,By : X — 2% be
accretive mappings such that

(i) either both A, B satisfy Condition (x) or D(A) C D(B1) and B satisfies Condition (x),
(ii) A + By is m-accretive and boundedly inversely compact.

If B, : X — X be a bounded continuous mapping such that, for any y € X, there is a constant
C(y) satisfying (Bo(u + y), Ju) > —C(y) for any u € X. Then.

(a) [R(A) + R(B1)] C R(A+ By + By).

(b) int[R(A) + R(B1)] C int R(A + By + By).
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2. The Main Results
2.1. Notations and Assumptions of (1.4)

Next in this paper, we assume 2N/(N +1) <p <+, 1< g, r<+ooifp>N,and 1< g, r <
Np/(N -p)ifp < N, where N > 1. We use |- |l,,, || - [l Il - [l-, and || - [l1po to denote the
norms in LP(Q), L1(Q), L"(Q) and W?(Q). Let (1/p) + (1/p') =1, (1/9) + (1/4') = 1, and
A/r)y+(1/7) =1.

In (1.4), Qis a bounded conical domain of a Euclidean space RN with its boundary T €
C!, (c.f. [4]). We suppose that the Green’s Formula is available. Let | - | denote the Euclidean
norm in RV, (-,-) the Euclidean inner-product and & the exterior normal derivative of T. \ is
a nonnegative constant.

Let ¢ : T x R — Rbe a given function such that, for each x €T,

(i) px = ¢(x,-) : R — R is a proper, convex, lower-semicontinuous function with

px(0) = 0.

(ii) Px = Oy (: subdifferential of ) is maximal monotone mapping on Rwith 0 € . (0)
and for each t € R, the functionx € I' — (I + ‘uﬂx)f1 (t) € R is measurable for p > 0.

Let g : QxR — R be a given function satisfying Caratheodory’s conditions such
that for 2N/(N +1) < p < +o0 and N > 1, the mapping u € LV (Q) — g(x,u(x)) € LP(Q)
is defined. Further, suppose that there is a function T'(x) € L?(Q) such that g(x, )t > 0, for
[t > T(x), x € Q.

2.2, Existence and Uniqueness of the Solution of (1.4)

Definition 2.1 (Calvert and Gupta [1]). Define g,(x) = liminf;_ ., g(x,t) and g (x) =

limsup, ,__ g(x,t).
Further, define a function g; : Q x R — Rby

<isr>1tfg(x, s)> A(t=T(x)), Vi > T(x),

gl(x,t) = 0, Vte [-T(x), T(x)], (2.1)

s<t

<supg(x, s)> V(t+T(x)), Vt<-T(x).

Then for all x € Q, g1(x,t) is increasing in t and lim; ..., g1(x,t) = gu(x). Moreover, g :
QxR — Rsatisfies Caratheodory’s conditions and the functions g (x) are measurable on Q.
And, if g (x,t) = g(x,t) — g1(x, t) then g (x, )t >0, for |t| > T(x), x € Q.

Proposition 2.2 (see Calvert and Gupta [1]). For 2N/(N +1) < p < +oo and N > 1, define the
mapping By : LP(Q) — LP(Q) by (Biu)(x) = g1(x, u(x)), for all u € LP(Q) and x € Q, then By is

a bounded, continuous, and m-accretive mapping.

Moreover, Lemma 1.8 implies that B; satisfies Condition (*).
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Define B, : LP(2) — LP(Q) by (Bau)(x) = g2(x, u(x)), where g2(x, t) = g(x,t)-g1(x, 1),
then B, satisfies the inequality:

(B2(u+y), Jpu) 2 -C(y), (2.2)

for any u,y € LP(Q), where C(y) is a constant depending on y and J, : LP(Q) — LV(Q)
denotes the duality mapping, where (1/p) + (1/p') = 1.

Lemma 2.3 (Wei and Agarwal [7]). The mapping @, : W'#(Q) — R defined by
0,0 = | pululr (o)) 23)

for any u € WP(Q), is a proper, convex, and lower-semicontinuous mapping on W (Q).

Moreover, Lemma 1.5 implies that 0®,, the subdifferential of ®,, is maximal
monotone.

Lemma 2.4 (Wei and He [2]). Let X, denote the closed subspace of all constant functions in
WP(Q). Let X be the quotient space W (Q)/Xo. For u € W (Q), define the mapping P :
WP (Q) — X by Pu = (1/ meas(Q)) [, udx. Then, there is a constant C > 0, such that for
allu e W»(Q),

flu = Pu”p < ClIVullgpgyn- (2.4)

Lemma 2.5. Define the mapping By, : W' (Q) — (W'?(Q))" by

(U’ BPrWu) = J‘

vul’
< 1+L |Vu|’”2Vu,Vv>dx
Q

\/1 + |Vu|2” (2‘5)

+ /\J [ (x)|72u(x)v(x)dx + A f [u ()| u(x)v(x)dx,
Q Q

for any u,v € WP(Q). Then By, is everywhere defined, strictly monotone, hemicontinuous, and
coercive.

Proof. Step 1. By 4, is everywhere defined.

From Lemma 1.3, we know that W'?(Q) < Cp(Q), when p > N. And, W'#(Q) —
LI(Q), W'P(Q) — L"(Q), when p < N. Thus, for all v € W'P(Q), |[v]l, < kil[vlly 0, 0]l <
ka||v[1,5,0, where ki, k are positive constants.
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For u,v € W'?(Q), we have

| (v, Bpgru)| <2 I |Vu|p_1|Vv|dx+AJ |u|"oldx + A f |u|" " o|dx
Q
Vi /q )
<2[|Vulllpy P IVolll, + Mol lully ™ + Aol ;™ (2.6)

/p /q /
< 2lfull} o101l .0 + KMol allull] o + koMol allulll g,

where k; and k; are positive constants. Thus B, 4, is everywhere defined.

Step 2. By, 4, is strictly monotone.
For u,v € W'7(Q), we have

|(u =0, Bygrtt = Bygr0)|

Vul? Vol?
= J < 1+ _ |vul? IVulP?Vu-| 1+ __IVoll |VolP Vo, Vu - Vv>dx
Q

A1+ |Vul? \/1+|Vo*

+ AJ (|u|ff*2u - |v|ff*2z;) (u—v)dx + /\J (|u|f*2u - |v|’*2v) (u-v)dx
Q Q

|Vul |Vul’ -2
- 1+ ———— ||[Vuff - | 1+ —— ||Vu|"VuVo
Q 1+|Vu? 1+|Vu?
Vol Vol”
T L Vol 2VuVo + | 1+ Vol Vol ¢dx

1+|Vol? 1+|Vo?

+AI |u|‘7 2y |o]d2 )(u v)dx+/\J (|u|f-2u—|v|f—2v)(u—v)dx

Vul Vol
J '”' V= [ 1+ — Y ivopt L gvul - (vopdx
Q

1+ |Vu|2P \/1+|Vo|?

e [l = o) = e+ [ (™ = o) = o

2.7)
If, we let h(t) = (1 + (t/V/1 + £2))tP~D/P for t > 0. Then we know that
tp-1/p t p-1
H(t =—+t_(1/P)<1+—>—ZO, 2.8
2 (1+12)%? Vite2/) p (28)
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since t > 0. And, K'(t) = 0 if and only if t = 0. Then h(t) is strictly monotone. Thus we can
easily know that B, , - is strictly monotone.

Step 3. By 4, is hemicontinuous.

In fact, it suffices to show that, for any u,v,w € WP (Q) and t € [0,1], (w, Bpgr(u+
tv) = By4ru) — 0,ast — 0.

By Lebesque’s dominated convergence theorem, it follows that

0< }E%l (w/ Bp,q,r (u + t’U) - Bp,q,ru) |

Vi + Vol
gf fim|[ 1+ V% HEVO IV + tVolP2(Vu + tV0)
Qf=0 \/1+|Vu +tVol?
\v4 P
1+ vl VP2V |Veoldx (29)

\/1+|Vul*

+ )LJ‘ }irréi |+ to| 72 (u + tv) — |u|‘7*2u( |wldx
Q d

+ .)LJ‘ }in}“u + o] (u + tv) - |u|r_2u||w|dx =0,
Q d

and hence B, 4, is hemicontinuous.

Step 4. By, 4, is coercive.
Now, for u € W'(Q), Lemma 2.4 implies that ||u||1,p,g — oo is equivalent to
[[ = (1/ meas(L)) fg udx|, po P and hence we have the following result:

P/a/ 2p P
(U,B ru) ,[Q<1 + <|Vu| /\/1+ |Vu| >>|Vu| dx J‘ |u|qu J‘ |u|rdx

[l .0 el 2 lluell .0 llull1 .0
jQ<|Vu|p +1/1+ |Vu|2p>dx— fa <1/\/1 + |Vu|2”>dx
- ”u”l,p,Q
ul|?dx ul|"dx
VAL
llull; .0 llell1 .0
Py — 2p
2 [, |VulPdx fg<1/\/1 +|Vu| )dx [ lul'dx [, lul"dx
> +A +A — 400,
llll1 .0 lleell1 .0 [l .0
(2.10)

as [|ully,, o — +oo, which implies that B, 4, is coercive.
This completes the proof. O
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Remark 2.6. Lemma 2.5 is a key result for later use.

Definition 2.7. Define a mapping A, : LP(Q) — 21" as follows:

D(Ap) = {u € LP(Q) | there exists an f € LP(Q), such that f € B, g,u+0®,(u)}. (2.11)

Foru € D(Ap), let Apu = {f € LP(Q) | f € By g,u + 0Dy (u)}.
Proposition 2.8. The mapping A, : LP(Q) — 2 is m-accretive.

Proof. Step 1. A, is accretive.
Case 1. If p > 2, the duality mapping J,: LF(£2) — L7 (Q) is defined by J,u = [ufP~! sgn u||u||f,_P
for u € LP (). It then suffices to prove that for any u; € D(Ap) and v; € Apu;, i=1,2,

(v1 =02, Jp(u1 —uz)) > 0. (212)
To this, we are left to prove that both

<|u1 - u2|P*1 Sgn(”l - u2)||u1 - u2“f7_pr Bp,q,rul - Bp,q,r”Z) >0, (2 13)
(lr = w2 sgn(aus - wa) s = ol 00y (111) = OBy (u2) ) 2 0

are available.

Now take for a constant k > 0, yx : R — Ris defined by yx(t) = |(tAK)V (=K) P! sgnt.
Then yj is monotone, Lipschitz with xx(0) = 0 and x; is continuous except at finitely many
points on R. This gives that

(I = 12 sgn (i = )1 = wally”, 9Dy (1) - 0D (112) )
) (2.14)
- kETOOHul - u2||; p(Xk(ul —up), 0Dy (u1) - 6(Dp(u2)) 0.

Also,

-1 2—
<|u1 —wp|P™ sgn(uy — uz)|lug - |, ?, By,q11 = Bp,q,ruz>

_ ) Vuy P _
=||u1—u2||§”xkhm f < S L1 |V P2V
TreJe 1+ |V |
|Vu2|’”

1+ |Vu2|’”’2Vu2, Vu1 - Vu2>

A1+ |V |
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X X (1 — up)dx + Mg — u2||5_pf <|u1|q_2u1 - |u2|q_2u2>|u1 — " sgn (w1 — up)dx
Q
+ lug - u2||,2;p f (|u1|r_2u1 - |u2|r_2u2>|u1 —upP ' sgn(uy — up)dx >0,
Q

(2.15)

the last inequality is available since yx is monotone and y(0) = 0.

Case 2. If 2N/(N + 1) < p < 2, the duality mapping ], : LP(Q) — L7 (Q) is defined by
Jpu = |u|’“_1 sgnu, for u € LP(Q). It then suffices to prove that for any u; € D(Ap) and v; €
Apu;, i=1,2,

(’01 — 0y, ]p(ul - uz)) > 0. (2.16)

To this, we define the function y, : R — Rby

[t sgnt, if |t >

p-2
<1> t,if |t <
n

Then y,, is monotone, Lipschitz with y,(0) = 0 and y;, is continuous except at finitely many
points on R. So (xn(u1 — uz), 00y, (u1) — 0D, (u2)) > 0.
Then, for u; € D(Ap), vi € Apu;, i=1,2, we have

4

Xn(t) = (2.17)

QM= =

(v1 =02, Jp(u1 — uz))
= <|u1 — )P sgn(uy — uz), By g ru1 — Bp,q,ru2>
+ (Jur = 1] sgn(ur = 1), 00, (1) - OBy (12) ) (2.18)
= <|u1 —upP ! sgn(uy — ), By g i1 — B,,,q,,u2>

+ lim (i (11 - 12), 00, (111) = 9D, (12)) 2 0.

Step 2. R(I + pAp) = LP(Q), for every pu > 0.

First, define the mapping I, : WY¥(Q) — (WY(Q))" by Lu = u and
(v, IP”)(WW(Q))*XWW(Q) = (v, u)q) for u,v € WP (Q), where (-, )12y denotes the inner
product of L*(€2). Then I,, is maximal monotone [7].

Secondly, for any p > 0, define the mapping T, : WP(Q) — 20W7©@) by T,y =
Iyu+puBy 4 u+pod,(u), foru € WP (Q). Then similar to that in [7], by using Lemmas 1.4, 1.6,
2.3, and 2.5, we know that T}, is maximal monotone and coercive, so that R(T,) = (WP (Q)),
for any p > 0.
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Therefore, for any f € LP(Q), there exists u € W7 (Q), such that
f=Tu=u+uB,,  u+puod,(u). (2.19)
From the definition of Ay, it follows that R(I + uA,) = LF(Q), for all u > 0.
This completes the proof. O

Lemma 2.9. The mapping A, : LP(Q) — 27 has a compact resolvent for 2N/ (N +1) < p <2
and N > 1.

Proof. Since A, is m-accretive by Proposition 2.8, it suffices to prove thatif u+puA,u = f(u > 0)
and { f} is bounded in LP(Q2), then {u} is relatively compact in L?(€2). Now define functions
Xns én :R— R by

1
[t sgnt, if |t > -
Xn(t) = 1\P2 ) 1
=) ot ifjy <=,
n n
(2.20)
1
|t|2_(2/’”) sgnt, if [t > —
sn(t) =9 ,1\1-@/p 1
(-) t, if |t < —.
n n

Noticing that y,,(t) = (p = 1) x (p'/2)F x (&, (1)), for |t| > 1/n, where (1/p)+ (1/p') =1
and y},(t) = (&,(1))7, for || < 1/n. We know that (x, (1), 0@, (1)) > 0 for u € W'#(Q) since
Xn is monotone, Lipschitz with x,(0) = 0, and y, is continuous except at finitely many points
on R. Then

(|u|p_1 sgnu, A,,u)

= lim (xn(u), Apu) > lim (xn (1), Bpgrit)

P
= lim 1+ [Vl [VulP y), (u)dx
o 1+ |Vu?
+ A lim j [u|9uy, (u)dx + A lim ’[ |u|" 2wy, (u)dx (2.21)
n— oo Q n—oo Q

v

hmf VP, (u)dx

n—oo Q

> const - lim f |grad (&, (u))|Pdx
n—oo Q

- P
> Constf ‘grad<|u|2 @/p) sgnu>| dx.
Q
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We now have from f = u + uA,u that

*/2(p-1)p'
2-(2/p) P
u sgnu
||f||p||| | g pz/Z(p—l)
> <|u|”_1 sgnu,f> = <|u|"’"1 sgnu,u) +‘u<|u|p_1 sgnu, Apu> (2.22)
- P*/2(p-1) _ p
> ”Iul2 @/P) senu + p - const - ”grad |u|*~/P) sgnu” ,
pz/Z(p—l) p
which gives that
/2(p-1) p/2(p-1)
2-(2/p) ”” < ” 2-(2/p) <
u senu u S const, 2.23
[P~ sgnu| " < | N 7 A (2.23)

in view of the fact that p < p?>/2(p — 1) when 2N/(N +1) < p < 2 for N > 1. Again from
(2.22), we have ||grad(|u|2_(2/”) sgn u)||P < const. Hence { f} bounded in L?(€2) implies that
{|ul* P sgn u} is bounded in W7 (Q).
We notice that WP (Q) << LP"/2(-D(Q) when N > 2 and W'#(Q) << Cp(Q) when
N =1 by Lemma 1.3, hence{|u|*®/") sgn u} is relatively compact in LP*/2¢?-1)(Q). This gives
that {u} is relatively compact in L () since the Nemytskii mapping u € LF"/2P-)(Q) —
p/2(p-1) sgnu € LP(Q) is continuous.
This completes the proof. O

|u
Remark 2.10. Since @, (u + a) = ®,(u), for any u € WP (Q) and a € Cy(Q), we have f € Apu
implies that f = B, ; ,u in the sense of distributions.

Proposition 2.11. For f € LP(Q), if there exists u € LP(Q) such that f € Apu, then u is the unique
solution of (1.4).

Proof. First, we show that

|Vul”

\/1+|Vul*

—div|| 1+ \VulP2Vu | + Mu"2u + Mu u = f(x), ae. xeQ (2.24)

is available.
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Now f € A,uimplies that f = B, 4 ,u +0®,(u). For all ¢ € C°(Q2), by Remark 2.10, we
have

(¢, f) = (¢, Bpgrut + 0Dy(u))

Vul?
= (¢, Byqr1) :I < 1+ _ Ve |Vu|”_2Vu,Vgo>dx
Q 1+ |Vu?

+A f |92 uep dx + )LJ‘ || *up dx
Q Q

(2.25)
. [Vul” -2
= | —-div|| 1+ ———— |IVul "Vu|epdx
Q \/1+|Vul*
+A I [u|9uep dx + .)LJ‘ lu|*up dx,

Q Q

which implies that (2.24) is true.
Secondly, we show that
P
—<19, 1+ __vul |Vu|p_2Vu> € fx(u(x)), ae xel. (2.26)
A1+ |Vul?

We will prove (2.26) under the additional condition |By(u)| < alul’ /P 4+ b(x), where b(x) €
LP'(T) and a € R. Refer to the result of Brezis [11] for the general case.

Now, from (2.24), f € A,u implies that f(x)= —div[(1+|Vu|"/4/1 + |VulP)|Vulf 2 Vu]+
Mu()|72u(x) + Mu"u € LP(Q). By using Green’s Formula, we have that for any v €
WP (Q),

P
I <1s, P AL |Vu|P-2Vu>v|rdr(x)
T

A1+ |Vul?
|Vul?

- f div| [ 1+ 4
Q A1+ |Vul?

P
+ J‘ < 1+ __Vul |VulP2Vu, Vv>dx.
Q 1+ |Vul?

Then —(8, (1 + |[VulP /\/1 + |Vu|?)|VulP>Vu) € W-U/nP () = (WYPP(T))", where
W1/PP(T) is the space of traces of WP (Q).

|VulP2Vu | vdx (2.27)
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Now let the mapping B : LP(I) — LV (T) be defined by Bu = g(x), for any u €
LP(T), where g(x) = px(u(x)) a.e. on I. Clearly, B = 0¥ where ¥(u) = [, ¢x(u(x))dI'(x) is a
proper, convex, and lower-semicontinuous function on L?(I'). Now define the mapping K :
W7 (Q) — LP(T) by K(v) = v|r for any v € W'?(Q). Then K*BK : W7(Q) — (W' (Q))"
is maximal monotone since both K, B are continuous. Finally, for any u,v € W'?(Q), we have

¥(Kv) - ¥(Ku) = L [¢px(@lr () = px (1l (x)) ] AT ()

2.28
> [ prluls () @l () - sl ()T ) (2.28)
= (BKu, Kv - Ku) = (K*BKu,v — u).
Hence we get K*BK C 0®, and so K*BK = 0®,,. Therefore, we have
Vul?
—<19, A |Vu|”’2Vu> € Br(u(x)), ae. onT. (2.29)
\/1+|Vul*
Finally, we will show that u is unique.
If fe Apuand f € A,v, where u,v € D(Ap). Then
0< (u-v,Byg.u—Bpg,v) = (u—0,00,(v) - 0D, (1)) <0, (2.30)

since By, is strictly monotone and 0®, is maximal monotone, which implies that u(x) =
v(x).

This completes the proof. O
Remark 2.12. If p, =0 for any x € T, then 0@, (u) =0, for all u € WP (Q).
Proposition 2.13. If B, =0 for any x € I, then { f € LP(Q) | fg fdx =0} CR(Ap).

Proof. We can easily know that R (B, 4,) = (W'(Q))" in view of Lemmas 1.4 and 2.5. Note
that for any f € LF(Q) with [, f dx = 0, the linear function u € W'?(Q) — [, fudx is an
element of (W'?(Q))". So there exists a u € W' (Q) such that

|Vul’ -2
fodx = f < 1+ —— ||Vul™"Vu, Vo Ydx
© © Y1+ Vul? (2.31)

+ /\J [u|T*uv dx + A f [u|"?uw dx,
Q Q

for any v € W'?(Q). So f = A,u in view of Remark 2.12.
This completes the proof. O
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Definition 2.14 (see [1,7]). Fort € R, x € T, let p2(t) € f«(t) be the element with least absolute
value if B (t) #0 and B2(t) = oo, where t > 0 or < 0, respectively, in case f,(t) = @. Finally, let
B (x) = lim;_, 1, f2(t) (in the extended sense) for x € I. B, (x) define measurable functions on
I', in view of our assumptions on f.

Proposition 2.15. Let f € LP(Q) such that
f P-(x)dI'(x) < J fdx < j P (x)dI (x). (2.32)
r Q r

Then f € Int R(Ap).

Proof. Let f € LP(Q) and satisfy (2.32), by Proposition 2.8, there exists u,, € LP(Q) such that,
foreachn > 1, f = (1/n)u, + Apu,. In the same reason as that in [1], we only need to prove
that ||un||p < const, foralln > 1.

Indeed, suppose to the contrary that 1 < [|u,||, — co,asn — oo. Let vy = uy/||utnl|,,-
Let¢ : R — Rbe defined by ¢(t) = [t|, d¢ : R — Rbe its subdifferential and for y > 0, dgs,, :
R — R denote the Yosida-approximation of dg. Let 6, : R — R denote the indefinite

integral of [(aqr#)/]l/p with 6,,(0) = 0 so that (8),)” = (3¢s,)". In view of Calvert and Gupta [1],
we have

(0@ (vn), 0Dy (14y)) > L ﬂx<(l + ‘uaqf)fl(unh(x))) x 0y, (v |r(x))dI (x) > 0. (2.33)
Now multiplying the equation f = (1/n)u, + Apu, by 0¢,(v,), we get that

1
(0@ (vn), f) = (6(;;#(0,1), Eun> + (09, (Vn), By g rttn) + (0@ (vn), 0Dy (14)). (2.34)

Since 0gs,(0) = 0, it follows that (3¢, (v,), u,) > 0. Also, we can know that

P
(0@ (vn), By g ttn) = j < 1+ _ vl |Vun|p_2Vun,an>(atpﬂ)'(vn)dx
Q 1+ |V, |[?
+ f |t "1 Op (0) dx + A f || 1O, (0,) dx (2.:35)
Q Q
VulP ) .
> j [Vl (0gy) (vp)dx = ||un||§ 1f |grad(9ﬂ(vn))|pdx.
Q ”un”p Q
Then we get from (2.33) that
ol [ Igrad(@uom) P+ [ (14 u0)” e () x B o ()T (o) e
r .

< (9 (n), f)-
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Since [0g,(t)| < |0g(t)| for any t € R and p > 0, we see from ||Un||p =1 for n > 1, that
[logs,, (vn)llp, < C, for p > 0, where C is a constant which does not depend on n or p and
1/p)+1/p) =1

From (2.36), we have

J; |grad (6,,(vn)) | dx < forp>0, n>1. (2.37)

_1/
[l

Now we easily know that (6),)" = (3y,.)" — (d¢) asp — 0 a.e.on R.
Letting 4 — 0, we see from Fatou’s lemma and (2.37) that

J‘Q |grad<|vn|27(2/p) sgn Un> |de < < (2.38)

—_ p*l'
24l

From (2.38), we know that [0,[>~?/?) sgnv, — k (aconstant) in LF(Q2),asn — +oo.
Next we will show that k#0 is in LP(Q) from two aspects.

(i) If p > 2, since ll|oul> /P sgnvn||p = ||vn||§;f22/p) > ||vn||f,7(2/p) =1, it follows that k #0
in LP(Q),

Dy - 2-(2 2-(2

(if) if 2N/(N +1) < p < 2, [lloal " sgno,l, = l[oally, 5" > l[oally; " = 1, then

{|oa*?P sgnwv,} is bounded in W'#(Q). By Lemma 1.3, W'P(Q) —— Cp(Q)
when N = 1 and W'?(Q) << LF*/20-1(Q), when N > 2. So {|v,|* ¥ sgnv,}
is relatively compact in LP*/2P-D(Q). Then there exists a subsequence of
{|oa**P) sgnw,}, for simplicity, we denote it by {|v,[**? sgnv,}, satisfying
[0, @ sgnv, — g in LF/20-D(Q). Noticing that p < p?/2(p — 1) when
2N/(N +1) <p < 2,it follows that k = g a.e. on Q. Now,

p?/2(p-1)
| dx

1=loul} = | [loa P sgno,

. (2.39)

>dx + const||g||zz/2(p_1)

< const |v @/ gon v, — | ,
< const | [jou 7 sgno, —g 2o

it follows that g #0 in LP(Q) and then k #0 in L?(Q). Assume, now, k > 0, we see from (2.36)
that

f Pe(((1+ p0y) ™ ke (3))) x Qg (oule ()T () < B, f). (2.40)

Choosing a subsequence so that u,|r(x) — +oo a.e. on I', we see letting n — +oo that
[ B+(x)dT'(x) < [, f(x)dx, which is a contradiction with (2.32). Similarly, if k < 0, it also
leads to a contradiction. Thus f € int R(A,).

This completes the proof. O

Proposition 2.16. A, + By : LP(2) — LP(Q) is m-accretive and has a compact resolvent.
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Proof. Using a theorem in Corduneanu [12], we know that A, + By : LF(Q) — LF(Q) is
m-accretive.

To show that A, + By : LP(Q) — LFP(LQ) has a compact resolvent, we only need to
prove that if w € Apu + Bju with {w} and {u} being bounded in LF(Q), then {u} is relatively
compact in L?(Q2). Now we discuss it from two aspects.

(i) If p > 2, since

f |VulPdx < (u, By g,u) = (u, Apur) — (u, 00, (1))
Q (2.41)

< (u, Apu) + (u, Biu) = (u,w) < [lull,|lull,, < const,

it follows that {u} is bounded in W'#(Q), where (1/p) + (1/p') = 1. Then {u} is
relatively compact in LP(Q) since W7 (Q) << LF(Q);

(i) if 2N/(N +1) < p < 2, since w € Apu + Bju with {w} and {u} being bounded
in LP(Q2), we have w — Biju € A,u with {w — Bju} and {u} being bounded in
LP(Q) which gives that {u} is relatively compact in LP(Q) since A, is m-accretive
by Proposition 2.8 and has a compact resolvent by Lemma 2.9.

This completes the proof. O

Theorem 2.17. Let f € LP(Q) be such that
f p-(x)drI'(x) +J g-(x)dx < f fx)dx < J P (x)dl’(x) + f g+(x)dx, (2.42)
r Q Q T Q

then (1.4) has a unique solution in LP(Q), where 2N/(N +1) <p < +coand N > 1.

Proof . We want to use Theorem 1.9 to finish our proof. From Propositions 1.7, 2.2, 2.8, and
2.16, we can see that all of the conditions in Theorem 1.9 are satisfied. It then suffices to show
that f € int[R(A,) + R(B1)] which ensures that f € R(A, + By + B). Thus Proposition 2.11
tells us (1.4) has a unique solution in L” (£2).

Using the similar methods as those in [2, 4, 7], by dividing it into two cases and using
Propositions 2.13 and 2.15, respectively, we know that f € int[R(A;) + R(By)].

This completes the proof. O

Remark 2.18. Compared to the work done in [1-7], not only the existence of the solution of
(1.4) is obtained but also the uniqueness of the solution is obtained.

Acknowledgments

This work is supported by the National Natural Science Foundation of China (Grant no.
11071053), the Natural Science Foundation of Hebei Province (Grant no. A2010001482), the
Key Project of Science and Research of Hebei Education Department (Grant no. ZH2012080),
and the Youth Project of Science and Research of Hebei Education Department (Grant no.
Q2012054 ).



18 Abstract and Applied Analysis

References

[1] B.D. Calvert and C. P. Gupta, “Nonlinear elliptic boundary value problems in L”-spaces and sums of
ranges of accretive operators,” Nonlinear Analysis, vol. 2, no. 1, pp. 1-26, 1978.

[2] L. Wei and Z. He, “The applications of sums of ranges of accretive operators to nonlinear equations
involving the p-Laplacian operator,” Nonlinear Analysis: Theory, Methods & Applications, vol. 24, no. 2,
pp. 185-193, 1995.

[3] L. Wei, “Existence of solutions of nonlinear elliptic boundary value problems,” Mathematics in Practice
and Theory, vol. 31, no. 3, pp. 360-364, 2001, (Chinese).

[4] L. Wei and Z. Hen, “The applications of theories of accretive operators to nonlinear elliptic boundary
value problems in LP-spaces,” Nonlinear Analysis: Theory, Methods & Applications, vol. 46, no. 2, pp.
199-211, 2001.

[5] L. Wei and H. Y. Zhou, “Existence of solutions of a family of nonlinear boundary value problems in
L2-spaces,” Applied Mathematics: a Journal of Chinese Universities, vol. 20, no. 2, pp. 175-182, 2005.

[6] L. Wei and H. Y. Zhou, “The existence of solutions of nonlinear boundary value problems involving
the p-Laplacian operator in L°-spaces,” Journal of Systems Science and Complexity, vol. 18, no. 4, pp.
511-521, 2005.

[7] L. Wei and R. P. Agarwal, “Existence of solutions to nonlinear Neumann boundary value problems
with generalized p-Laplacian operator,” Computers & Mathematics with Applications, vol. 56, no. 2, pp.
530-541, 2008.

[8] Z. C. Chen and T. Luo, “The eigenvalue problem for p-Laplacian-like equations,” Acta Mathematica
Sinica, vol. 46, no. 4, pp. 631-638, 2003 (Chinese).

[9] L.K. Li and Y. T. Guo, The Theory of Sobolev Space, Shanghai Science and Technology Press, Shanghai,
China, 1981.

[10] D. Pascali and S. Sburlan, Nonlinear Mappings of Monotone Type, Martinus Nijhoff, The Hague, The
Netherlands, 1978.

[11] H. Brezis, “Integrales convexes dans les espaces de Sobolev,” Israel Journal of Mathematics, vol. 13, no.
1-2, pp. 9-23, 1972.

[12] A. Corduneanu, “Some remarks on the sum of two m-dissipative mappings,” Revue Roumaine de
Mathématiques Pures et Appliquées, vol. 20, no. 4, pp. 411-414, 1975.



