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Demiclosedness principle for total asymptotically pseudocontractive mappings in Hilbert spaces
is established. The strong convergence to a fixed point of total asymptotically pseudocontraction
in Hilbert spaces is obtained based on demiclosedness principle, metric projective operator,
and hybrid iterative method. The main results presented in this paper extend and improve the
corresponding results of Zhou (2009), Qin, Cho, and Kang (2011) and of many other authors.

1. Introduction

Throughout this article we assume that H is a real Hilbert space, whose inner product and
norm are denoted by (-,-) and ||-||, respectively; C is a nonempty closed convex subset of H; N
and R* denote the natural number set and the set of nonnegative real numbers, respectively.
Let T : C — C be a nonlinear mapping; F(T) denotes the set of fixed points of mapping T.
We use “ — " to stand for strong convergence and “—” for weak convergence.

Recently, the iterative approximation of fixed points for asymptotically pseudocon-
tractive mappings, total asymptotically pseudocontractive mappings in Hilbert, or Banach
spaces has been studied extensively by many authors, see for example [1-5].

The asymptotically pseudocontractions and total asymptotically pseudo-contractions
are defined as follows.

Definition 1.1 (see [3]). T : C — C is said to be asymptotically pseudocontraction if there
exists a sequence {k,} of positive real numbers with k, > 1, lim,,_, ..k, = 1, such that

(T"x -T"y,x - y) < kn||x—y||2 (1.1)
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holds; in [4], T : C — C is said to be total asymptotically pseudo-contraction if there exists
sequences {py}, {v,} with p,, v, — 0asn — oo and strictly increasing continuous functions
¢ : R* — R* with ¢¢(0) = 0, such that

(T"x =T"y,x - y) < |x =yl + g (Ix = y||) + vu, neN (1.2)
holds; Zhou [3, page 3144] have proved the following Theorem.

Theorem Zhou

Let C be a bounded and closed convex subset of a real Hilbert space H. Let T : C — Cbea
uniformly L-Lipschitzian asymptotically pseudo-contraction with a fixed point. Suppose the
control sequence a, is chosen so that a, € [a,b], for some a,b € (0,1/(1 + L)). Let x,, be a
sequence generated in the following manner:

xo € C, chosenarbitrarily; n > 0,
Yn = (1= an)xy + a,T"xy,
Cy = {z € C:anl - (1+L)an]|l2n — T"x|?

(1.3)
< (%0 = 2, Yn = T"y) + (kn — 1)(diam C)* }

Qn=1{zeC:(x,~-z,x0-x,)} 20,
Xn+1 = Pc,ng, Xo-
Then the iterative sequence {x,} converges strongly to Pr(r)xXp.

Qin et al. [5] introduced the class of total asymptotically pseudocontractive mappings
in Hilbert spaces and established the following weak convergence theorem of fixed points.

Theorem Qin

Let C be a bounded and closed convex subset of a real Hilbert space H. Let T : C — C be
a uniformly L-Lipschitzian total asymptotically pseudo-contractive mapping. Assume that
F(T) is nonempty and there exist positive constants M and M* such that ¢s(\) < M*\? for all
A > M. Let x,, be a sequence generated in the following manner:

x1 € C,
Yn = (1= fu)Xn + PuT"xn, (1.4)

Xn+l = (1 - y)Xp + anTnyn/ Vn>1,

where a, and f, are sequences in (0, 1). Assume that the following restrictions are satisfied:
(@) = pn < 0 and 2% v, < co.

(b) a<a, < P, <bforsome a > 0and someb € (0,L2[v1+L2-1]).

Then the iterative sequence {x,} converges weakly to fixed point of T.
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The purpose of this article is to prove the strong convergence for total asymptotically
pseudo-contraction in Hilbert spaces. The results presented in the article improve and extend
the corresponding results of Zhou [3], Qin et al. [5], and many other authors.

2. Preliminaries

A mapping T : C — C is said to be uniformly L-Lipschitzian if there exists some L > 0 such
that

77 - Ty < Ll -y 1)

holds for all x,y € C and for all n € N. Let C be a nonempty closed convex subset of a real
Hilbert space H. For every point x € H there exists a unique nearest point in C, denoted by
Pcx, such that ||x — Pcx|| < ||x -yl holds for all y € C, where P¢ is called the metric projection
of H onto C.

In order to prove the results of this article, we will need the following lemmas.

Lemma 2.1 (see [6]). Let C be a nonempty closed convex subset of a real Hilbert space H. Given
x € Hand z € C, then z = Pcx if and only if there holds the relation

(x-z,y-2z)<0, VyeC. (2.2)

Lemma 2.2 (see [6]). Let C be a nonempty closed convex subset of a real Hilbert space H and Pc :
H — C the metric projection from H onto C. Then the following inequality holds:

ly = Pex||* + lx = Pex|” < ||x - y||>, VxeHyeC (2.3)

3. Main Results

Theorem 3.1 (demiclosedness principle). Let C be a nonempty bounded and closed convex subset
of a real Hilbert space H. Let T : C — C be a uniformly L-Lipschitzian and total asymptotically
pseudo-contraction. Suppose there exists M* > 0, such that ¢(&,) < M*¢&,, then I — T is demiclosed
at zero, where I is the identical mapping.

Proof. Assume that {x,} C C, with x, = xand x,, - Tx, — 0asn — oo. We want to prove
x € Cand x = Tx. Since C is a closed convex subset of H, so x € C. In the following we prove
x =Tx.

Now we choose a € (0,1/(1 + L)) and let y,m = (1 — a)x + aT™x for arbitrary fixed
m > 1. Because T is uniformly L-Lipschitzian, we have

= T, < 1 = Tacyl + | T = T2(0)x,

-1
+e ”T"’ Xy —T"xp

<mL||x, — Txy|| (3.1)

— 0, asn— oo.
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Since T is total asymptotically pseudo-contraction, we have

<x — Yam, (I - Tm)ya,m>
= <X — Xn, (I - Tm)ya,m> + <xn — Ya,m, (I - Tm)ytx,m>
= (x — Xn, (I - Tm)ya,m> + <xn — Yam, (I - Tm)xn>

(3.2)
+(xn = Yam, (T =T™)Yam — (I = T™)xy)
<A =20, (L =T™)Yam) + {Xn = Yaym, (T =T")xp)
+ o ([| X0 = Yam||) + vin-
By assumption x,, — x, x, - Tx, — Oand ||x, - T"x,|| — 0asn — oo, we have
<X — Yam, (I - Tm)ya,m>
< tm (|10 = Yam|[) + v
(3.3)
< M (|20 = Yam || + Vi
< pmM* (diam C) + vy,.
By the L-Lipschitz of T and the definition of y4,,, we have
(X = Yam, T =T™)x = (I =T™)Yam)
<1+ D)]Jx = Yaml® (3.4)
< (1+L)a?||x - T"x|*
Thus we have
2 1 m
llx = T"x||” = {(x = T"x,x —T"x) = E(x — Yam, x = T"x)
1 m m 1 m
= E<x ~Yam, X — T"x - (ya,m -T yu,m)> + E<x —Yam, (y:x,m -T ylx,m)>
) (3.5)
<a(l+ D)llx =T"x|* + —(x = Yam, Yam = T"Yam)
1
<a(l+L)|x-T"x|*+ E(‘umM*(diam C) +vm),
which implies that
a[l-a(l+L)]|lx = T"x|]* < pM*(diam C) +v,,, Vm €N, (3.6)

Whenm — oo, iy, vin — 0,s0 wehave ||x-T"x| — 0, m — oo, thatis, T"x — x, m — oo,
so T"™x — Tx, m — oo. By the continuity of T, we have Tx = x. O
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Theorem 3.2. Let C be a nonempty bounded and closed convex subset of a real Hilbert space H. Let
T : C — C bea uniformly L-Lipschitzian and total asymptotically pseudo-contraction. Suppose there
exists M* > 0, such that ¢ (&,) < M*¢&,, then F(T) is a closed convex subset of C.

Proof. Since T is uniformly L-Lipschitzian continuous, F(T) is closed. We need to show that

F(T) is convex. We let p1,p, € F(T), and p = tp;1 + (1 —t)p, for t € (0,1). We take a €
(0,1/(1+ L)) and let yo, = (1 —a)p + aT™p, n € N. Then for any z € F(T), we have

n n n 1 n
lp=T"pl = (p = T"p,p = T"P) = —(p = Yaup = T"P)

1 n n 1 n
= P~ Yan P =T"P = Yan =T"Yan)) + — P = Y Yan = T"Yun)

1+L 1 } 1 :

< a ”P - ]/a,n||2 + E<p ~Z; Yan — T ]/a,n> + Z(Z ~—Yan,Yan — T yu,n> (3-7)
1+L 1 1 .1

< P IIP - ytx,n||2 + E(p —Z,Yan — Tnya,n> + E(,unM (dlam C) + Vn)

1 1 .
<a(l+L)|p- T"p”2 + E(p =2, Yau — T"Yan) + E(ymM*(dlam C) +v).

This implies that
all-a(1+L)]|p- T”p”2 <{p=2zYan —T"Yan) + pmM* (diam C) + vy,. (3.8)

Now we take z = p1, po, multiplying t and 1 -t on both sides of above inequality, respectively,
and adding up, and we can get

a[1-a(l+L)]||p-T"p||* < pmM*(diam C) + v,y (3.9)
By n — oo, we get T"p — p. Since T is continuous, we have T""!p — Tpasn — oo, so that
p=Tp. O

Theorem 3.3. Let C be a bounded and closed convex subset of a real Hilbert space H. Let T : C — C
be a uniformly L-Lipschitzian and total asymptotically pseudo-contraction. Suppose there exists M* >
0, such that ¢(¢,) < M*¢,, F(T)#0, ay, is a sequence in [a,b], where a,b € (0,1/(1 + L)). Let x,
be a sequence generated by

x1=x€C, VneN,
Yn = (1= an)xn + a,T"xp,
H, = {z €C [l - (1+L)ay] [l = T"xl|> < (Xn = 2, Y = Ty} + gn}, (3.10)
W,={zeC:{(x,-z,x—x,)} >0,

Xn+1 = Pr,aw, x,

where ¢, = pp M*(diam C) + vy, then the iterative sequence {x,} converges strongly to Priryx in C.
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Proof. We divide the proof into seven steps.

(I) Pr(ry is well defined for every x € C.

By Theorem 3.2, we know F(T) is closed and convex subset of C. Moreover, by our
assumption that F(T) is nonempty, therefore, Pr(r)x is well defined for every x € C.

(II) H,, and W,, are closed and convex for all n € N.

From the definitions of W,, and H,,, it is obvious that H,, and W, are closed and convex
for each n € N. We omit the details.

(III) We prove F(T) ¢ H, (W, for each n € N.

We first show F(T) ¢ H,. Let z € F(T), by (3.10), and the uniform L-Lipschitz
continuity of T and the total asymptotical pseudo-contractiveness of T, we have

2
llocn = T"xu|” = (20 = T"xn, xn — T"xp)

1
_<xn —Yn, Xn — Tnxn>
an

1 n n 1 n
a_<xn_yn1xn_T Xn — (yn_T ]/n)) + a_<xn_ynz (]/n_T yn)>

n

1+L

an

|| xcn — yn”2 + %(xn =z, Yn—T"yn) + aln(ynM*(diamC) + V)

1
1+ L)ay||x, - T"xn||2 + = (Xn—2,Yn —T"yn)
n

+ (xi (unM*(diam C) + vy,).
’ 3.11)

This implies that
1= a0y (1+ L)% = T"x4|1* < (X0 = 2, Y = T"y0) + (n M*(diam C) +v,,). (3.12)

This shows that z € H, for all n € N. So F(T) ¢ H,, for all n € N. Next we prove F(T) c W,
for all n € N. By induction, for n = 1, we have F(T) C C = W;. Assume that F(T) C W,,. Since
Xn+1 is the projection of x onto H,, (| W,, by Lemma 2.1, we have

(Xp41 — 2, X —Xp41) 20, (3.13)

for any z € H, (| W,, by the definition of W,,,1, this shows that z € W,,.1. So F(T) C H, Wy,
foralln € N.

(IV) We prove that lim,, _, - ||x, — x|| exists.

From (3.10) and Lemma 2.1, we have x,, = P, x, this with x,,,1 € W41 show ||x;,, —x|| <
|[xp41 — x||, for alln € N. As z € F(T) ¢ W,,, we also have ||x, — x|| < ||z — x||, for all n € N.
Consequently, lim,, _, »||x,, — x|| exists and {x,} is bounded.

(V) We prove that ||x,1 — x4]| = Oasn — oo.
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By Lemma 2.2, we have
%ne1 = Xull® < ll2xne1 = X7 = flxn — x]|> — 0, (3.14)

asmn — oo.
(VI) Now we prove ||x, — Tx,|| - Oasn — oo.
It follows from ||xp41 — xu|| — Oasn — oo, X1 C Hy, {yn} is bounded, {T"y,} is
bounded, and a,, € (a,b) that
1=ty (1 + L)] [l = T,
<{xn = 2,Yn — T"Yn) + (UpnM*(diam C) + v,,) (3.15)

< lxn = zll||yn = T"yul| + (unM*(diam C) +v,) — 0, n — co.
So ||xy, = T"x,|| — 0asn — oo. Additional

n+1
T Xn+l = Xn+l

6w = Tl < s =l + |

+ | T?H—lxn _ Tn+1xn+]

+ ”Txn - T””xn“ (3.16)

< (L + 1) et = 2all + || T o001 = 201

+ L||xy, — T x|

So ||x, —Tx,|| — Oasn — oo.

(VII) Finally, we prove x, — Prryxasn — co.

Let x,,, be a subsequence of x,, such that x,, — x € C, then by Theorem 3.1, we have
x € F(T). We let w € Pprryx. For any n € N, x,.1 = Py, qw,x and w € Prryx C H, W, so
we get [[xy,1 — || < lw - ]|

On the other hand, from the weak lower semicontinuity of the norm, we have

~ 2 =12 = 2

1% - xIP = 1P - 202, %) + ||
< liminf 2-2 ? ?
< limin (125, || (l2n |17, 2) + [l x]|

= lim inf||x;,, - x|)? (3.17)

< limsupl||xy,, — x|)?

n— oo

2
< lw = x|I*

From the definition of Pr(r)x, we obtain X = w and hence limsup,, ,_ ||xn, —x||* = [lw-x||*. So
we have limsup, _, _[|x,, || = [lw||. Thus we obtain that x,, converges strongly to Pr(r)x. Since
Xy, is an arbitrary weakly convergent sequence of x,, we can conclude that x, converges
strongly to Pr(ryx. This completes the proof of Theorem 3.3. O
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Remark 3.4. Theorem 3.3 extends the main results of Zhou [3] and improves the main results
of Qin et al. [5] and of many other authors.
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