Hindawi Publishing Corporation
Journal of Applied Mathematics

Volume 2011, Article ID 961038, 26 pages
doi:10.1155/2011/961038

Research Article

A New System of Generalized Mixed
Quasivariational Inclusions with Relaxed
Cocoercive Operators and Applications

Zhongping Wan," Jia-Wei Chen,"? Hai Sun,”? and Liuyang Yuan®

1 School of Mathematics and Statistics, Wuhan University, Wuhan, Hubei 430072, China
2 School of Mathematics and Information, China West Normal University, Nanchong,
Sichuan 637002, China

Correspondence should be addressed to Zhongping Wan, mathwanzhp@whu.edu.cn
Received 21 April 2011; Accepted 12 June 2011
Academic Editor: Yongkun Li

Copyright © 2011 Zhongping Wan et al. This is an open access article distributed under the
Creative Commons Attribution License, which permits unrestricted use, distribution, and
reproduction in any medium, provided the original work is properly cited.

A new system of generalized mixed quasivariational inclusions (for short, SGMQVI) with relaxed
cocoercive operators, which develop some preexisting variational inequalities, is introduced and
investigated in Banach spaces. Next, the existence and uniqueness of solutions to the problem
(SGMQVI) are established in real Banach spaces. From fixed point perspective, we propose some
new iterative algorithms for solving the system of generalized mixed quasivariational inclusion
problem (SGMQVI). Moreover, strong convergence theorems of these iterative sequences gener-
ated by the corresponding algorithms are proved under suitable conditions. As an application,
the strong convergence theorem for a class of bilevel variational inequalities is derived in Hilbert
space. The main results in this paper develop, improve, and unify some well-known results in the
literature.

1. Introduction

Generalized mixed quasivariational inclusion problems, which are extensions of variational
inequalities introduced by Stampacchia [1] in the early sixties, are among the most interesting
and extensively investigated classes of mathematics problems and have many applications in
the fields of optimization and control, abstract economics, electrical networks, game theory,
auction, engineering science, and transportation equilibria (see, e.g., [2-5] and the references
therein). For the past few decades, existence results and iterative algorithms for variational
inequality and variational inclusion problems have been obtained (see, e.g., [6-14] and the
references cited therein). Recently, some new problems, which are called to be the system
of variational inequality and equilibrium problems, received many attentions. Ansari et al.
[2] considered a system of vector variational inequalities and obtained its existence results.
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In [3], Pang stated that the traffic equilibrium problem, the spatial equilibrium problem, the
Nash equilibrium, and the general equilibrium programming problem can be modeled as a
system of variational inequalities. Verma [15] and ]J. K. Kim and D. S. Kim [16] investigated
a system of nonlinear variational inequalities. Cho et al. [17] introduced and studied a new
system of nonlinear variational inequalities in Hilbert spaces and obtained the existence and
uniqueness properties of solutions for the system of nonlinear variational inequalities. In [18],
Peng and Zhu introduced a new system of generalized mixed quasivariational inclusions
involving (H, 17)-monotone operators. Very recently, Qin et al. [19] studied the approximation
of solutions to a system of variational inclusions in Banach spaces and established a strong
convergence theorem in uniformly convex and 2 uniformly smooth Banach spaces. In [20],
Kamraksa and Wangkeeree gave a general iterative method for a general system of varia-
tional inclusions and proved a strong convergence theorem in strictly convex and 2 uniformly
smooth Banach spaces. Further, Wangkeeree and Kamraksa [21] introduced an iterative
algorithm for finding a common element of the set of solutions of a mixed equilibrium
problem, the set of fixed points of an infinite family of nonexpansive mappings and the
set of solutions of a general system of variational inequalities and then obtained the strong
convergence of the iterative in Hilbert spaces. Petrot [22] applied the resolvent operator
technique to find the common solutions for a generalized system of relaxed cocoercive mixed
variational inequality problems and fixed point problems for Lipschitz mappings in Hilbert
spaces. Zhao et al. [23] obtained some existence results for a system of variational inequalities
by Brouwer’s fixed point theory and proved the convergence of an iterative algorithm in
finite Euclidean spaces. Chen and Wan [24] also proved the existence of solutions and
convergence analysis for a system of quasivariational inclusions in Banach spaces, proposed
some iterative methods for finding the common element of the solutions set for the system of
quasivariational inclusions and the fixed point set for Lipschitz mapping, and obtained the
convergent rates of corresponding iterative sequences. On the other hand, various bilevel
programming problems, bilevel decision problems, and mathematical program problems
with equilibrium (variational inequalities) constraints have been wildly investigated (see,
e.g., [25, 26]). To the best of our knowledge, there is few results concerning the algorithms
and convergence analysis of solutions to bilevel variational inequalities in Hilbert spaces.

The aim of this paper is to introduce and study a new system of generalized mixed
quasivariational inclusion problem (SGMQVI) in uniformly smooth Banach spaces which
includes some previous variational inequalities as special cases. Furthermore, the existence
and uniqueness theorems of solutions for the problem (SGMQVI) are established by using
resolvent techniques. Thirdly, we also propose some new iterative algorithms for solving
the problem (SGMQVI). Strong convergence of the iterative sequences generated by the
corresponding iterative algorithms are proved under suitable conditions. As an application,
we study the properties for the lower-level variational inequalities of a class of bilevel
variational inequalities (for short, (BVI)) in Hilbert spaces and then suggest a reasonable
iterative algorithm for (BVI). Finally, the strong convergence theorem for (BVI) are derived
under appropriate assumptions. The results presented in this paper improve, develop, and
extend the results of [8, 23, 24, 27].

2. Preliminaries

Throughout this paper, let E be a real g-uniformly Banach space with its dual E*, g > 1, denote
the duality between E and E* by (-,:) and the norm of Eby || - ||, and let T : E — E be
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a nonlinear mapping. If {x,} is a sequence in E, we denote strong convergence of {x,} to
x € Eby x, — x. A Banach space E is called smooth if lim;_(||x + ty| — ||x||) /t exists for all

x,y € E with ||x|| = ||y|| = 1. It is called uniformly smooth if the limit is attained uniformly
for [|x|| = ||ly|| = 1. The function
x+y||+]x-y
pe(t) = sup{ I I > I I -1: x| =1, ||y| < t} (2.1)

is called the modulus of smoothness of E. E is called g-uniformly smooth if there exists a
constant ¢; > 0 such that pg(t) < c,t.

Example 2.1 (see [4]). All Hilbert spaces, LP(or IP), and the Sobolev spaces wh, (p > 2)
are 2-uniformly smooth, while L?(or IP) and W}, spaces (1 < p < 2) are p-uniformly
smooth.

The generalized duality mapping J, : E — 2 defined as follows:

Iy = (£ € B : () = |

2

Il = Nlxll?, |

2

=[x}, (22)

for all x € E. As we know that | = J, is the usual normalized duality mapping, and
Ja(x) = l|x]|772 ] (x) for x#0, J4(tx) = tq‘qu(x), and J;(-x) = —J;(x) for all x € E and
t € [0,+0), and ], is single-valued if E is smooth (see, e.g., [28]). If E is a Hilbert space, then
J = I, where I is the identity operator. Let g; : E — E, let A; : Ex E — E be single-valued
mappings, and let M; : E — 2F be set-valued mappings for all j € {1,2,...,n}. We consider
the system of generalized mixed quasivariational inclusions problem (for short, (SGMQVI))
as follows: find (x7,x3,...,x;_;,x;) € E" such that

0 € xj - g1(x3) + p1(A1 (x5, x7) + My (x7)),
0 € x5 - g2(x3) + pa(A2(x3, x3) + Ma(x3)),
(2.3)
0€x; = gn1(xy) + pnt (Ana (x5, x5 1) + My (x54)),

0 € x5 = & (x7) + pn(An(x], %) + M(x7)),

where p; (i = 1,2,...,n) are positive constants. Denote the set of solutions to (SGMQVI)
by Z.
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Special cases are as follows:

(D) If gj(x) = xand Aj(x,y) = Tj(x) + Sj(x) forallx,y € Eand j = 1,2,...,n, where
T;,S; : E — E are single-valued mappings, then the problem (SGMQVI) is equivalent to find
(x},x3,...,%,_4,xy,) € E" such that

0€x]—x;+pi(Ta(x3) +S1(x3) + Ma(x))),
0€x; - x5+ pa(Ta(x3) + S2(x3) + Ma(x3)),
(2.4)

0ex; x5+ pn1(Tu1(x)) + Snoa(xy) + M1 (x4)),

0 € x;, = X7+ pu(Tu(x]) + Su(x]) + Mau(x7)),

where p; (i = 1,2,...,n) are positive constants, which is called the system of generalized
nonlinear mixed variational inclusions problem [8].

() If n = 2, Ay = Ay = A, E = H is a Hilbert space, g1(x) = g(x) = x and
M;i(x) = My(x) = 0¢p(x) for all x € E, where ¢ : E — RU {+oo} is a proper, convex,
and lower semicontinuous functional, and 0¢ denotes the subdifferential operator of ¢, then
the problem (SGMQVI) is equivalent to find (x*, y*) € E x E such that

(PrA(Y  x) +x" —y", x—x*) +p(x) - p(x*) >0, Vx€E,

(2.5)
(PAG ) 4y~ %, x- ) + () - p(y) 20, VxcE,

where p; (i = 1,2) are positive constants, which is called the generalized system of relaxed
cocoercive mixed variational inequality problem [29].

(IIl) If n = 2,E = H is a Hilbert space, and K is a closed convex subset of E, and
¢(x) = 6k (x) for all x € K, where 6k is the indicator function of K defined by

0, if x €K,
P(x) = 6k (x) = { (2.6)

+o0, otherwise,

then the problem (SGMQVI) is equivalent to find (x*,y*) € K x K such that

(1A (y" %) +x" - g1(y"), 1(x) -x") 20, VxeK,

2.7)
(p2Ar(x" ") +y" = ©a(x"), &(x)-y*) 20, V¥xeK,

where p; (i = 1,2) are positive constants, which is called the system of general variational
inequalities problem [27].
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(IV)Ifn=2,A1 = A, = A, E = H is a Hilbert space, and K is a closed convex subset of
E, g1(y) = £(y) =y, and ¢(x) = 6k (x) for all x € K,y € E, where 6k is the indicator function
of K defined by

0, if x €K,
$(x) = 6k (x) = { (2.8)

+o00, otherwise,

then the problem (SGMQVI) is equivalent to find (x*, *) € K x K such that

(AW x*)+x" —y", x-x*) >0, VxeKk,
(2.9)
DA(X*, ) +vy* —x*, x—-y*) >0, Vxek,
P y y y

where p; (i = 1,2) are positive constants, which is called the generalized system of relaxed
cocoercive variational inequality problem [30].

(V) If for eachi € {1,2}, z € E, Ai(x,z) = ¥i(x), and gi(x) = x for all x € E, where
Y;: E — E, then the problem (SGMQVI) is equivalent to find (x*, y*) € E x E such that

Oex" -y +p(¥i(y") + Mi(x")),

(2.10)
0€y" —x"+pa(Wa(x") + M2 (y")),

where p; (i = 1,2) are positive constants, which is called the system of quasivariational
inclusion [19, 20].

(VI) If n = 2, for each i € {1,2},z € E, Ai(x,z) = ¥(x), and gi(x) = x for all x € E,
where ¥ : E — E and M;(x) = My(x) = M, then the problem (SGMQVI) is equivalent to
find (x*, y*) € E x E such that

0ex"—y" +p1(¥(y") + M(x")), (2.11)
Oey" —x"+p(¥(x") + M(y")), |

where p; (i = 1,2) are positive constants, which is called the system of quasivariational inclu-
sion [20].
We first recall some definitions and lemmas which are needed in our main results.

Definition 2.2. Let M : dom(M) C E — 2F be a set-valued mapping, where dom(M) is the
effective domain of the mapping M. M is said to be

(i) accretiveif, forany x, y € dom(M),u € M(x) and v € M(y), there exists j,(x-y) €
J4(x — y) such that

(u-v,j;(x~y)) 20, (2.12)

(ii) m-accretive (maximal-accretive) if M is accretive and (I + pM) dom(M) = E holds
for every p > 0, where [ is the identity operator on E.
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Remark 2.3. If E is a Hilbert space, then accretive operator and m-accretive operator are
reduced to monotone operator and maximal monotone operator, respectively.

Definition 2.4 (see [24,31]). LetT : E — E be a single-valued mapping. T is said to be

(i) y-Lipschitz continuous mapping if there exists a constant y > 0 such that

|Tx-Ty| <y|lx-y|, VYxy€eE, (2.13)
(ii) (a, b)-relaxed cocoercive if there exist two constants a > 0 and b > 0 such that

(T(x) = T(F), J,(x - %)) > (-a)|T(x) - T + b|x - %[, Vx,%€E. (2.14)

Remark 2.5 (see [24]). (1) If y = 1, then a y-Lipschitz continuous mapping reduces to a non-
expansive mapping.
(2) If y € (0,1), then a y-Lipschitz continuous mapping reduces to a contractive

mapping.
(3) It is easy to see that the identity operator I : E — E is (0,1) relaxed cocoercive,
where I(x) = x forall x € E.

Definition 2.6 (see [24]). Let A: E x E — E be a mapping. A is said to be

(i) T-Lipschitz continuous in the first variable if there exists a constant 7 > 0 such that,
for x,x € E,

lAGy) -AE D <7lx %l Vy.GeE (215)
(ii) a-strongly accretive if there exists a constant & > 0 such that
(A(x,y) - AXY), Jy(x=%)) > allx - X7, VY(xy) (X ¥)€EXE, (2.16)
or equivalently,

(A(xy) ~AE D), J@-D) 2alx-%, Y(xy),(ZF) €ExE,  (217)

(iii) (p, v) relaxed cocoercive if there exist two constants y > 0 and v > 0 such that

(A y) - AEF), Ja(x - %)) > () |A(x,y) - AGE D"+ vllx - X7,

(2.18)
V(x,y),(%,7) € ExE.

Remark 2.7. (1) Every a-strongly accretive mapping is a (u, a) relaxed cocoercive for any
positive constant y. But the converse is not true in general.
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(2) The conception of the cocoercivity is applied in several directions, especially for
solving variational inequality problems by using the auxiliary problem principle and pro-
jection methods [14]. Several classes of relaxed cocoercive variational inequalities have been
investigated in [5, 22, 28, 30].

Definition 2.8 (see [9, 32]). Let the set-valued mapping M : dom(M) ¢ E — 2F be m-
accretive. For any positive number p > 0, the mapping RZ,VI : E — dom(M) defined by

RM(x) = (I+pM)~'(x), x€E, (2.19)

is called the resolvent operator associated with M and p, where I is the identity operator
onE.

Remark 2.9. Let C C E be a nonempty closed convex set. If E is a Hilbert space and M = 0¢,
the subdifferential of the indicator function ¢, that is,

0, if xeC,
P(x) = 6¢c(x) = { (2.20)

+o00, otherwise,

then R, m) = Pc, the metric projection operator from E onto C.

Lemma 2.10 (see [9, 32]). Let the set-valued mapping M : dom(M) C E — 2F be m-accretive.
Then the resolvent operator RZ,VI is single-valued and nonexpansive for all p > 0.

Lemma 2.11 (see [33]). Let {B,},{C,}, and {D,} be three nonnegative real sequences satisfying
the following conditions:

Bui1 £ (1-14)B, +Cy+ Dy, VYn 2 ny, (2.21)

for some nyg € N,{A,} C (0,1) with > 7y Ay = oo, C, = 0(Ay) and X.72 D, < +oo. Then
lim,,_ B, = 0.

Lemma 2.12 (see [34]). Let E be a real g-uniformly Banach space. Then there exists a constant c; > 0
such that

1, Vx,y€E. (2.22)

[lc+ 11" < l1xl1” + 4(y, Jo(x)) + cqly

3. Existence Theorems

In this section, we will investigate the existence and uniqueness of solutions for the problem
(SGMQVI) in g-uniformly smooth Banach space under some suitable conditions.
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Theorem 3.1. Let (x;,x;,...,x:kl,x;) €eE", M, :E — 2F (i=1,2,...,n) be maximal accretive.
Then (x},x5,...,%,_4,xy,) is a solution of the problem (SGMQV) if and only if
X =Ry (1(x3) — prA (x5, 7)),
% = Ry (82(x3) — p2Aa (33, x3)),
(3.1)

X = RO (gt (06) = put Ao (5, x51),

X, = Ry (gn(x}) — puAn(x}, X3)),

where p; (i=1,2,...,n) are positive constants.
Proof. Let (x},x3,...,x,_,,x;) € E" be a solution of the problem (SGMQVI). Then, for any
given positive constants p; (i =1,2,...,n), the problem (SGMQVI) is equivalent to

81(x3) = prAs (x5, x7) € x] + p1 M (x7),

82(x3) — p2A2(x3, x3) € X5 + p2Ma(x3),

(3.2)
8n-1(xXy) = Pn-1An-1 (x:l’x:lfl) € X1 + pn-1Mna (Xi‘ﬂ)f

gn(x7) = pnAn(x], X;,) € X3 + puMiy(x},).
From Definition 2.8 and Lemma 2.10, it yields that (3.2) is equivalent to (3.1). This completes
the proof. O

Theorem 3.2. Let E be a real g-uniformly smooth Banach space. Let j € {1,2,...,n}, Mj : E — 2F
be m-accretive mapping, Let A;j : E x E — E be (u;j, vj)-relaxed cocoercive and Lipschitz continuous
in the first variable with constant 7j, and Let g; : E — E be (a;, bj)-relaxed cocoercive and Lipschitz

continuous with constant 1;. Then, for each j € {1,2,...,n},x € E, the mapping Rf,\fj (gj(x) -
pjAj(x,-)) : E — E has at most one fixed point. If

min{l + qa]-l;.7 + cql;.7 - qbj, 1+ qp]-y]-rf + cqp? ;7 - quvj} >0, (3.3)
then the implicit function y;(x) determined by
M;
yi(x) = Ry, (8i(x) = pjAj (x,yj(x))) (3.4)

is continuous on E.
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Proof. Let x € E. We show by contradiction that Rf,\//,[j (gj(x) = pjAj(x,-)) : E — E has at most
one fixed point. Suppose to the contrary that y, 7 € E and y # iy such that

y =R, (g(x) - pjAj(x,v)),

(3.5)
~ oM, ~
7 =R, (gj(x) - pjAi(x, 7))
Since A; is Lipschitz continuous in the first variable with constant 7;, then
~ M; M; ~
ly =71l = | Ro)” (8) = p1 A1 (x, ) = Ry, (8(0) = pj A (x, 1) |

< llgiGo) = piAj(x y) = (8i () = 4 (x 7)) |

=pill4; e y) - Aj(x D) (3.6)

< pyrill - x|

= 0,

which is a contradiction. Therefore, the mapping Rf,\//,[j (gj(x) —=pjAj(x,-)) : E — E has at most
one fixed point.

Next, we show that the implicit function y;(x) is continuous on E. For any sequence,
{xn} CE,x0 €E,x, — xpasn — o0.Since A;: E x E — Eis (uj, vj)-relaxed cocoercive and
Lipschitz continuous in the first variable with constant 7; and g; : E — E is (a;, bj)-relaxed
cocoercive and Lipschitz continuous with constant ¢;, one has

La, = [lon = x0 = pi[Aj (xn, y(xa)) = Ay (x0, y(x0))] ||
< lxn = x0ll7 = qpj(Aj (xn, y(xn)) = Aj (%0, y(x0)), Jq(xXn = X0))
+ cap] || Aj (20, y (xn)) = Aj (0, v (x0)) ||
< apj (Ui || Aj (xn, y (xn)) = Aj (x0, y(x0)) | = vjllxn = x0]|7)
+ <1 + qu]quq>||xn — xo|?
< qpj <y]-"r]7 - v]-> [l2c — 20|17 + <1 + qu?T]g> [l2¢ — 20|

= (1+apiuy! + cqple] —apv) I — xoll",
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Lg; = [|xn = x0 = (8)(xn) = g (x0)) ||
< lxn = x0l|" = g(8j (xn) — j(x0), Jg(xn = x0)) + cq || (xn) = &;(x0)]|?
< (14 cqud) v = 2017 + q(aj | g en) = 5 (x0) |7 = bl = x0l1%)
< (14 cqtf ) e = xoll" + (] = by) e = ol
= <1 +qajil + cqt! - qb]-> [l — x0]|1.

(3.7)

Therefore, from Lemma 2.10, we get

i Gen) = i) | = || Ry (g5en) = Ay (en, 3 () = Ry (55(x0) = piAj (x0, y(x0)) |
< ||gj(xn) = pjAj (xn, yj (xn)) = (85 (x0) = pj Aj (X0, yj (x0))) |
= || (8j(xn) = 8j(x0)) = pj (Aj (xn, y(xn)) = Aj (0, yj(x0))) |
< |2en = x0 = (g5 (xn) — g5 (x0)) ||
+ [|xn = x0 = pj (Aj (3, v (xn)) = Aj (0, y(x0))) |

< <\”/1 + qp]-‘ujrf + cqp?rf - gpjvj + \q/l + qajl? + qu]q- - qb,-) |2 = x0]|-
(3.8)

From (3.3), it follows that the implicit function y;(x) is continuous on E. This completes the
proof. O

If j =2 and g(x) = x for all x € E, then Theorem 3.2 is reduced to the following result.

Corollary 3.3 (see [24]). Let E be a real g-uniformly smooth Banach space. Let My : E — 2F be
m-accretive mapping; Let Ay : E x E — E be (pp, v2)-relaxed cocoercive and Lipschitz continuous in
the first variable with constant T,. Then, for each x € E, the mapping Rf,\fz(x -p2Ax(x,)) :E — E
has at most one fixed point. If

1+ gpopaty + copit) — qpav2 2 0, (3.9)
then the implicit function y(x) determined by
y(x) = Rf,\fz (x = p2As(x, y2(x))) (3.10)

is continuous on E.



Journal of Applied Mathematics 11

Theorem 3.4. Let E be a real g-uniformly smooth Banach space. Let M; : E — 2F be m-accretive
mapping, Let A; : E x E — E be (uj, vj)-relaxed cocoercive and Lipschitz continuous in the first
variable with constant Tj, and let g; : E — E be (a;, bj)-relaxed cocoercive and Lipschitz continuous
with constant 1; for j € {1,2,...,n}. Assume that

min{l + qa]-L? + qu? —-gbj, 1+ qu/le]g + cqp?T]g - qp]-v]-} >0, j=1,2,...,n, (3.11)

n
0< 1_1[((/ 1+ qaje] + eyl - qbj + {/1+ apjyr) +coplr! - qpvy) < 1. (3.12)
]:

Then the problem (SGMQVI) has a solution. Moreover, the solutions set = of (SGMQVI) is a singleton.

Proof. By Theorem 3.1, the problem (SGMQVI) has a solution if and only if (3.1) holds. For
the convenience, we define a mapping F : E — E by

F(x) = RY" (21 (12(x)) = p1Ai1 (2 (%), x)),
y2(x) = RYE (22(13(%)) = p2A2 (3 (%), y2(x))),
(3.13)

— RMnfl

Yn-1(x) = Ry, (811 (Yn (%)) = pn-1An-1(Yn(x), Yn-1(x))),

Yn(x) = R)M (8u(x) = puAn(x, yn(x))), x€E.

Since A; : Ex E — E are (yuj,vj)-relaxed cocoercive and Lipschitz continuous in the first
variable with constant 7; and g; : E — E are (aj,bj)-relaxed cocoercive and Lipschitz
continuous with constant 1; for j € {1,2,...,n}, by Theorem 3.2, we know that F(x) and
yi(x)(i=2,3,...,n) are continuous on E. For any x,z € E,

La, = lyjn(®) = yja(2) - pj [A; (¥ (0), (%)) = Aj(yj(2), v ()] ||°
< =qpj(Aj(yjn (%), yi(x)) = Aj(yj+1(2), ¥j(2), Ja(¥jn (%) = yj1(2)))
[y () =y @7 + cap] | A (i1 (), (%)) = Aj (yja(2), 3 (2) ||
<api (il Aj(yi01(0), (%)) = Aj (Y (@), y; @) |7 = villyia () - yin D|7)

+ (14 ! [y () - ya )|°
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< (1+apiwr! + coplt] —apm) 1y () v @, j=2,3,...,n-1,
Lg = [lyjs1(x) = yj1(2) = (i (yj1(x)) = 8 (wj+1(2))) ||
<y ) =y @) - a(8i (¥ (0) = & (Y1(2)), Ja(Wjs1 (%) - yj1(2)))
+ cqll g (W1 (%)) = g (w1 (2)) ||
< (1+ qajid + cqil = qby)lyjor )~y @, =2,3,...,n-1,
La, = [|x =z = pu[An(x, yn (%)) = An(z, yu(2))] ||’
< lx = 2|7 = gpu{An(x, yu(x)) = An(2, yn(2)), Jo(x = 2))
+ gl An (2, ¥ (%)) = An(2, ya(2) ||
< (1+ qpuptat + capld = qpuva ) Ix - 211,
Lg, = [lx =z = (gu(x) = gu(2) ||’
< llx - 2l|7 - g(gn(x) — gn(2), Jq(x = 2)) + 4| gn(x) = gu(2)||"
< (1+ qants + eyt - qbu) 12 = =117,
La, = ly2(x) = y2(2) = pr [A1 (12(%), x) = A1 (v2(2), 2)] ||
< (1+apuut! + cop{r - apiv1) v - 22|,
Lg, = ly2(x) = y2(2) = (&1 (y2(%) = &1 (y2(2))) ||
< <1 +qar] + cqlf - qb1> llv2(x) = 2 (2) ||

(3.14)

From Lemma 2.10, it yields that
IF(x) = F(2)|

= || R} (51 (420) = P14 (12(2), %)) = RY (21 (12(2) = 1A (12(2), 2)) |

< |[(81(v2(%)) = prA1(y2(%), X)) = (81(¥2(2)) — p1A1(v2(2), 2)) ||
= [[(81(v2(x) = 81(v2(2))) - p1(A1(v2(x), x) = A1(y2(2), 2)) |
< (20 = y2(2)) = pr(A1(y2(x), x) = A1 (12(2), 2)) ||

+ || (v2(x) = 12(2)) = (81(v2(x)) = 81 (v2(2))) ||

< (\"/1 +qar] + oyt - gbi + {1+ gpyu] + coplr] - qP1V1> ly2(2) - y2(2)].
(3.15)
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Note that, foreach j € {2,3,...,n -1},

llyi(x) -yl
= | RS (81 (Wi () = 1Ay (91 (), ;(3)) = Ry, (1 (y51(2) = 1A (w1 (2), 3 () |
< |1(8(yjs1(x)) = pjA; (1 (), ¥ (%)) = (8 (¥j1(2)) = pjA; (j1(2), y;(2)) |
= [ (8i (wj1(x)) = 8 (¥j+1(2))) = pi (A (yj1(x), yj(x)) = Aj(yj1(2), ¥ (2)) ||
<[ (i (x) = yj:1(2)) = pi(Aj (i (%), y;(2)) = Aj (¥ (2), y;(2)) ||
+ [ (1 () — ¥ (2) = (8 (Y1 (%)) - i (w1 () ||

< (Y1 +apipyr! + cople) - appvj + 1+ qajel + cqtl - gb;) llyja () =y (2|,
[y () = ya(2)]|

= [| RS (8(x) = puAn(e, yn () = Ry (50(2) = pudda(2, 30 ()|

< [[(gn(x) = 8n(2)) = P (An(x, Yn(x)) = An(z, yn(2))) |

< lx = 2 = pu(An (%, yn () = An(z, yu(2)) | + 12 = 2 = (gu(x) — gu(2)) |

< (\"/l + qpn‘unrff + cquT,Z - qpnVn + \"/1 + qanlz + quz - qbn> |x = z]|.
(3.16)

Therefore, we obtain

n
|IF(x) — F(z)| < H(\”/l + qp]-‘u]-T]q + qu]-qT]-q —gpjvj + \q/l + qajl? + qu]q- - qb]-> [|x = z]|-
j=1

(3.17)

It follows from (3.12) that the mapping F is contractive. By banach’s contraction principle,
there exists a unique x] € E such that F(x]) = x]. Therefore, by Theorem 3.2, there exists an
unique (x7,x5,...,x,) € E" such that (x], x,...,x},) is a solution of the problem (SGMQVI),
where x7 = y;(x]) fori = 2,3,...,n, thatis, = = {(x], x5, ..., x},) }. This completes the proof. [

4. Convergence Analysis

In this section, we introduce several implicit algorithms with errors and explicit algorithms
without errors for solving the system of generalized mixed quasivariational inclusions
problem (SGMQVI) and then explore the convergence analysis of the iterative sequences
generated by the corresponding algorithms.

From Section 3, we know that the system of generalized mixed quasivariational
inclusions problem (SGMQVI) is equivalent to the fixed point problem (3.1). This equivalent
formulation is crucial from the numerical analysis point of view. As we know, this fixed
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point formulation has been used to suggest and analyze some iterative methods for solving
variational inequalities and related optimization problems. By using the relations between the
problem (SGMQVI) and the fixed point problem (3.1), we construct the following iterative
algorithms for solving the system of generalized mixed quasivariational inclusions problem
(2.3).

Algorithm 4.1. Let Pj be positive constants for all j =1,2,...,n. For any given points x19 € E,
define sequences {xjk}j =1,2,...,nin E by the following implicit algorithm:

Xnk = Rﬁf” (gn(x1,6) = PrAn(x1k, Xnk)),
Xn-1k = R;\fﬁfl (gn—l (Xnk) — Pn—lAn—l (Xnk, xn—l,k))z

(4.1)

Xop = Rﬁfz (g2(x3k) — p2A2(x3 %, X2k)),

X1 = (1= ax)xpp + aka,\fl (g1(x2k) — prA1(xok, x14)) +ex, k=0,1,2,...,

where {er} C E and {ax} is a real sequence in [0, 1].
If e, = 0 for all k > 0, then Algorithm 4.1 is reduced to the following result.

Algorithm 4.2. Let Pj be positive constants for all j =1,2,...,n. For any given points x19 € E,
define sequences {x;x}j =1,2,...,nin E by the following implicit algorithm

X = R (g (k) = prAn(X1je, Xnk)),
Xn-1k = R?,,/If{l (gnfl (xn,k) - PnflAnfl (xn,k/ xnfl,k))/

(4.2)

Xok = Rf,\fz (g2(x3) — p2A2(x3 1, X2k)),

X1 k1 = (1 —ak)xr i + aka,\fl (g1(x2k) — prA1(x24, x1%)), k=0,1,2,...,

where {ax} is a real sequence in [0, 1].

Now we construct an explicit algorithms for solving the system of generalized mixed
quasivariational inclusions problem (SGMQVI).
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Algorithm 4.3. Let p; be positive constants for all j = 1,2,...,n. For any given points (x1,0, x2,0,
«ees Xn-10,Xn0) € E", define sequences {xjx}(j = 1,2,...,7n) in E by the following explicit
algorithm

Xnjert = Ro (gn(x1,k) = prAn (XL, Xnk)),

M,
Xn-1k+1 = an,nl ! (gn—l (X k41) — Pn-1 Ana(Xnke1, xn—l,k))/

(4.3)

X2 ksl = Rﬁfz (2(x3141) — p2A2(X3441, X2k) ),

Xje1 = (1 —ag)xp i + aka,\fl (g1(x2k41) — prA1(x2 k1, x1k)), k=0,1,2,...,

where {ay} is a real sequence in [0, 1].

Remark 4.4. If n = 2,E = H is a Hilbert space, and K is a closed convex subset of E, $(x) =
Ok (x) for all x € K, and M;(x) = My(x) = 0¢(x) for all x € E, where 6k is the indicator
function of K, and 0¢ denotes the subdifferential operator of ¢, then, from Remark 2.9,
Algorithms 4.1 and 4.3 are reduced to the Algorithms 4.5 and 4.6 for solving the system of
general variational inequalities problem (2.7).

Algorithm 4.5. Let p; be positive constants for all j = 1, 2. For any given points x1 € E, define

sequences {xjx}j = 1,2 in E by the following implicit algorithm:

x2k = Pr(g2(x16) — p2Az(X1k, X2k)), 1)
X1 a1 = (1= a)xk + i Pr(g1(x2k) — prA1 (X2, x1%)) +ex, k=0,1,2,...,

where {ex} C E and {ay} is a real sequence in [0, 1].
Algorithm 4.6. Let p; be positive constants for all j = 1,2. For any given points (x1,0, x20) € E?,

define sequences {x;x}(j = 1,2) in E by the following explicit algorithm:

X241 = Pr (g2 (x16) — p2 A2 (X1, X2)), (45)
x1ier = (1= ) xyk + ar Pr (g1(x2k41) — prA1 (X251, X14)), k=0,1,2,...,

where {ai} is a real sequence in [0, 1].

Theorem 4.7. Let E be a real g-uniformly smooth Banach space, and let M;, A;, and g; (j =
1,2,...,n) be the same as in Theorem 3.4. Assume that {a,} is a real sequence in (0,1] and satisfy
the following conditions:

(i) 2o aK = oo

(i) XiZo llexll < +oo;
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(iil) min{1 + qa]'l]q. + cqth. —-gb;, 1+ qp]-y]-’r].q + cqp]q’r].q -qpjvj} 20, j=1,2,...,n;

(iv) 0 < ]_[?:1 (\‘7/1 + qa]'l]q. + cqth. - gb;j + \‘7/1 + qp]-y]-’r].q + qu]%-]_q —-qgpjvj) <1
Then the sequences {xjx}(j = 1,2,...,n) generated by Algorithm 4.1 converge strongly to x; (j =
1,2,...,n), respectively, such that (x;, X5, , X)) € E.

Proof. By Theorem 3.4, we know that there exist an unique point (x},x3,...,x;) € E" such
that (x],x3,...,x;) € =. Then, from Theorem 3.1, one has

X = R (81(x3) — prAi(x5,x7)),
x5 = R (82(x3) — prAa(x5,%3)),
(4.6)

X = Ry (g1 (06) = put Ao (5, %51),

X, = ol (8u(x}) = puAn(x}, x3,)).

Therefore, from both (4.1) and (4.6), we have

|11 — x5 ]| = ” (1 - ag)xrp + xRy (g1(xa k) = p1A1(Xok, X1k)) + €k — X

- “ (1 —ax) (x1,6 — x7) + ax (Rf,\fl (g1(x26) — p1AL (X2, X1)) — x’{) + gk”

i (RY" (51 (e2s) = prAs (o 3100)) = Ry (91.(33) = prAa (33, %7)) )

+(1 — ) (e — x7) + ek”

IN

|| R (31 (x200) = o1 Av Gz 31,00) = RY (21.(x3) = pr s (x5, %7)) |

+ (1 = age) ||k = x| + llexll

IN

ak || (81(x2) = prALI(xak, x16)) = (1(x3) = prA1 (x5, x})) ||

+ (1= o) || xen e — x5 || + llexll

ak || (g1(x20) = 81(x3)) = (P1A1 (X2, X1k) = p1A1(2x5, X)) ||
+ (1= ap) || e — x5 || + llexll
< (1 =) ||xr ke — 27| + Nlewll + ax || (x2.6 = x5) — (g1(x26) — g1(x5)) ||

+ai|| (226 = x3) = p1( A1 (2, x16) = A1 (x5, x7)) |-
(4.7)
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Since A; : Ex E — E are (yuj,vj)-relaxed cocoercive and Lipschitz continuous in the first
variable with constant 7; and g; : E — E are (aj,bj)-relaxed cocoercive and Lipschitz
continuous with constant ¢; for j € {1,2,...,n}, we can conclude

LYy =[xk — Xfy — pi[Ai(Xienk xix) = Ai (g, x0)] ||

< —qpi( Ai(xivr i, Xik) — Ai (%70, x7), T (X ke — x51))

+ || Xk = x5 |7+ capl || A (xivn ks xik) = Ai (i, x) ||
< gpi (pill Ai e e, i) = Ai (x50, X)) | = vill i = x5 (%)

+ <1 + quiqTiq> (R

7 i=1,2,...,n-1,

< (1 +apupir + cqplr! —apivi) i = i
Ly, = ||xi k= x5 = (i(xik) = gi(xi) |
< —q(&i(xis1k) = 81 (xFi1), Jq(Xis1k = X51))
+ [lisnie = i |7+ cqll i (i) = gi(atan) ||

1 i=1,2,....n-1,

< (1+ g g~ gb) s -
LY = %1k = X5 = pu[An ek, Xn k) — An(x], x5)] ]|

< ek = 25|17 = gpn{An(xiic, Xnic) = An(x}, x5, Jo(x1e — 7))

+ Capul| An (X1, Xnk) = An (x5, x3) ||

7

< (1+ @papnty + coplird = apuva) [l - x|
Lg, = llxik = x7 = (gn(xri) = gu (1)) ||
< [loeve = 2517 = 9{gn(x16) = 8n(x7), Jq (a1 = x7) ) + 4| 8n 1) = gu (x)) ||
< (1+ qanth + cqth - qbu ) 1 - x5 1.
(4.8)

Noticing that, for eachi € {1,2,...,n -2},

| % — x5 || = ”R,Ia\,-/fifl (gi+1(Xir2 k) = pir1Aist (Xix2 ks Xir1k))

R (g (¥.2) = pist Ai (¥, x50 |
< || (gis1 (xi2,k) = pis1 Aia (Xis2 ks Xis1,k))

—(8in1 (xf12) = pint i1 (0, X1,1)) |
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= || (giv1 (xixz k) = iv1(x15)) = pist (Airt (Xisz ks Xiv1 k) — Aiv1 (XF0, X501)) ||
< || (xivzk = X)) = pivt (Aist (Xisz ks Xiv k) = Aie1 (x5, x50)) ||

+ ” (Xisok = x;‘+2) — (giv1(Xir2 k) — Giv1 (x;z)) ”

q q q
< (\q/l T 4P Hin1 Typg + CqPi Ty — GPi+1Vird

7

+\q/1 + qai+1liq+1 + Cq‘iqu - qbi+1> || xiv2 e = x5,y
e = 5l = | RE (g (x14) = P v 30)) ~ R ((x}) — pudda(xs, 3) |
< || (gn(x16) = prAn(x1k, X)) = (8n(xXT) = pnAn(x, X)) |
= || (gn(x16) = 8n(x1)) = pu(An(x1 e, Xn ) = An(x], x3)) |
< || (e = x7) = (PrAn(x1k, Xnk) = puAn (], x3)) |
[ Geve = x7) = (8n (1) = 8 (D)) |

< (\"/1 + GPnpinTh + cquTZ —qpnVn + \"/1 +qaniy + cqu - qbn>

x ||x1,k - xj

(4.9)

As a consequence, we have

n
v = x5l < e[ T(/1 + apipm) + caple] - apyvy + {1+ qajel + cqr! - gby ) [|xax - x|
j=1

+ (1= ap) || e — x5 || + llexll

n
= [1 —ax <1 - H(\"/l + qp]-y]-’r].q + cqp]q’r].q —qpjvj + \"/1 + qa]-l]q. + qu]q- - qb]->>]

j=1

x| = 27| + llexll-
(4.10)

Putting Ay = ar(1 - H’]?:l(\‘i/l + qp]-‘u]-’r]’.7 + cqp?’r]’.7 - qpjvj + \q/l + qa,-t;.7 + qu? -qbj)), Cx =
0, Bk =|lx1x —xi‘||, and Dy = ||ek||- Then Bgy1 < (1 —Ak)Bg + Ck + Dg. From the conditions (i)—
(iv), it follows that

D=0, Cr=0(M), >Dik<oo, 0<M<1, VkeN. (4.11)
k=0 k=0
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Therefore, by Lemma 2.11 and (4.11), one has

lim By =0, (4.12)

k— oo

that is, limg . o x1k = x]. Again from (iii), this shows that

\q/l + qp]-‘uj’r].q + cqp]q’r].q - qpjvj + \"/1 + qajlj. + qu]q. -gb;j >0, j=23,...,n, (4.13)
and so,
klgr;o||xj,k - X; ” =0, (4.14)

Thatis, xjx — x?ask — coforj=2,3,...,n. Thus, (x1k X2k, ..., Xnk) cOnverges strongly to
(x},x3,...,x}). This completes the proof. O

Theorem 4.8. Let E be a real q-uniformly smooth Banach space, and let M;, Ajand g; (j =1,2,...,
n) be the same as in Theorem 3.4. Assume that {a,} is a real sequence in (0,1] and satisfies the fol-
lowing conditions:

(i) 2o ax = o,

(ii) min{1 + qa]'l]q. + cqth. —-gb;, 1+ qp]-y]-’r].q + cqp7 ].q -qpjvi} 20,j=1,2,...,n;

(iii) 0 < ]_[;’21 (\‘4/1 + qa]'l]q. + cqth. - gb; + \‘7/1 + qp]-y]-T]q + cqp]qrf —-qgpjvj) <1
Then the sequences {xjx} (j = 1,2,...,n) generated by Algorithm 4.2 converge strongly to x;f (j =
1,2,...,n), respectively, such that (x3,x3,...,x;) € Z.

Proof. It directly follows from Theorem 4.7, and so the proof is omitted. This completes the
proof. O

Theorem 4.9. Let E be a real g-uniformly smooth Banach space, and let M, Ajand g;j(j = 1,2,...,
n) be the same as in Theorem 3.4. Assume that {a, } is a real sequence in (0, 1] and satisfy the following
conditions:

(i) 2o aK = oo

(ii) min{1 + qa]-l;.7 + cql;.7 —-gbj, 1+ qp]-;t]-’r]’.7 + cqp?’r]’.7 -qpjvi} 20, j=1,2,...,n

(iii) 0 < H?ﬂ((/l + qa]-l]q. + qu]q- - gb;j + (/1 + qp]-y]-’r].q + ququ]_q —-qgpjvj) <1
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Then the sequences {xjx}(j = 1,2,...,n) generated by Algorithm 4.3 converge strongly to x}? (j =
1,2,...,n), respectively, such that (x3,x3,...,x;) € Z.

Proof. As in the proof of Theorem 4.7, we know that there exists an unique point (x], x3, ..
x,) € E" such that (x},x3,...,x,) € Z,and so

4

X = R (81(x3) — prAi(x5,x7)),
x5 = R (22(x3) - p2Aa (3, X3)),
(4.15)
X5y = R (o1 (x5) = Pt Anct (x5, X51)),

x5, = Ry (8n(x5) — puAn(x5, X3)),
Note that

|21 1 = x5 || = ”(1 —ap)Xx1k + aka,\fl (g1(x2k41) — prAI (X241, X1k)) — X] ”
- ” (1 —ap) (ke — x7) + [Rf,‘fl (81(02k41) = prAI (X2 k41, X1k)) = x’{] ||
= [l [RY (1r21e0) = prAs (i, 21,0) = RY (81 (53) = pra (3, %7)) |
+(1 - ax) (31,6 — x7) ”

< ak”Rﬁfl (81(x2441) = prAI (X2 ps1, %18)) = RO (1(x3) = prA1 (x5, x7)) ”
+ (1= ag) || 21k — 27|

< ak || (g1(x2,k41) = prA1 (X241, X1k)) = (81(x3) = prA1L (x5, x7)) ||
+ (1 = ag) || xnk = x7]|

= ar|| (g1(x2441) = g1(x3)) = p1 (A1 (x24e41, X1k) = A1 (25, %7)) ||
+ (1= o) || — x5 |

< (1= a) ek = 7| + o] (x2pe1 = x3) = (81(x2) = 81(x3)) |

+ o || (X2 k01 — x5) = p1(A1 (X241, x1k) — A1(25,x7)) |-
(4.16)



Journal of Applied Mathematics 21

Since A; : Ex E — E are (yuj,vj)-relaxed cocoercive and Lipschitz continuous in the first
variable with constant 7; and g; : E — E are (aj,bj)-relaxed cocoercive and Lipschitz
continuous with constant ¢; for j € {1,2,...,n}, we can conclude that

Ly, = |xi ke = x5 = pi[Ai(Xict ke, Xig) = A (x50, x7)] ||

< —qpi(Ai(Xivr k1, Xigk) — Ai (%51, %), Jg(Xist ket — X50p) )

+ ||x,-+1,k+1 - x;."ﬂ ”q + CqPiq”Ai (xi+1,k+1/ xi,k) - Ai(x;:rl/ x:) |!1
< qpi (ui| Ai (X k1, Xi k) — Ai (b, X)) || = vi|| % ke = x5 ]|7)

+ <1 + cqp?’riq> [|xiseen = x5 ]|

1 4i=1,2,...,.n-1,

< (1 + qpiiT + Cap]T] ~ qpi"z’) [l 601 = X714
Ly, = [lxi e = x50 = (gl k) = (x5 ) |1
< —q<gi(xi+1,k+1) - gi(xf+1)/ Jq (xi+1/’<+1 - x,ﬁl))

+ ||Xi+1,k+1 - x;,l ||q + Cq”gi (xi+1,k+1) - gi(x:;l) ”q

1 i=1,2,....n-1,

< (1 gau + gl ) s - i
Ly, = e = 7 = puAnCer, xuie) = An (3, 23)] ||

< ek = 5|7 = gpn{An(xik, Xn i) = An(x}, x5, Ja (216 — x5))

+ Cap|| An (L, Xnk) — An(x}, x5) ||
< (1+@pupnty + coplrd = apuva ) llxa - x5,

Ly, = vk = x = (gu(x1i) - gu(a]))]|”
< i = 5517 = agnCe1) = (), Jo Gonk = x0)) + cyll o) = gl |
< (1+ qandh + cyth - aba) [0 -

(4.17)

Noticing that, for eachi € {1,2,...,n -2},

M.
|[xis1 k01 — x50 ]| = ||Rp,v+’f1 (gin1 (Xir2 k1) = Pist Air (Xiv2 k1, Xis1 k) )

R (g1 (%1,2) = pist Aia (x50, 00) |
< || (&ir1 (Xisz k1) = pis1 Aivr (Xis2 k1, Xis1 k)

~(8ir1 (x112) = i1 Ain (X0, x10)) |l
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= || (gis1 (X2 k1) — iv1(X]10)) — pint
X (Air1 (Xir2, k1, Xis1k) — Ait (X510, x52)) ||
< || (xivzs1 = xF) = pivt (Aist (Xisz ka1, Xiva k) — Aiv1 (x50, x50)) ||

+ || (Xisghe1 = x55) = (vt (Xira ke1) = i1 (X710)) ||

< (\"/1 + AP pin Ty + CaplaT]y — gpinvin

7

{1+ qaiily + gl - qb,-+1> [[xis2 k1 = xis
Mn Mn
lxn 1 — x5l = || Rp," (8n(x1,k) = PrAn(X1ic, Xnk)) — Rp," (8n(x7) — prAn(x], X},))
P P

< || (gn(x16) = prAn(x1, X)) = (8 (xXT) = puAn(x], x;,)) ||
= [|(8n(x16) = 8n (7)) = pu(An (X1, Xn i) = An(x], x3)) |
< | (enk = x7) = (PnAn(X1k, Xnk) = puAn (x5, x3,)) ||

[ e = x7) = (gulri) = g (x]) |

< (\"/ 1+ GpupinTa + CaPuTy — GPuVn + (/ 1+ qants, + cqty - qbn)
x [|acs i = x7][-

(4.18)

Consequently, we have

[l21 k1 — X7

n
<ac] [(§/1+apimm] + cap) = apyvy + /1 + qaji] + eyt - qby ) [ x1x - x|
j=1
+ (1 = age) [|xae — x|

n
= [1 - ay <1 - H(\”/l + qp]-‘u]-T]q + cqp? ].q - gpjvj + \q/l + qajl? + qu]q- — qb]->>] |21,k = x5 |-
j=

(4.19)

Taking Ay = ak(l—]_[}q:l(\%l + qp]-‘u]-T]g + cqp? ]’.7 - quvj+</1 + qa]-L? + qu? -qbj)),Cx = Dr =0,
and By = ||lx1x — x|, then Biyq < (1 — Ax) Bk + Ck + Dx. It follows from the conditions (i)—(iii)
that

D=0, Cr=0(M), >Dik<oo, 0<M<1, VkeN. (4.20)
k=0 k=0
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Therefore, by Lemma 2.11 and (4.20), one has limy_Bx = 0. By the same argument of
Theorem 4.7, we get

klijr;o||xj,k - x;” =0, j=12,...,n (4.21)

thatis, xjr — x;'.‘ ask — ooforj=1,2,...,n. Thus, (x1k, X2k, - - ., Xnk) cOnverges strongly to
(x},x3,...,x},). This completes the proof. O

By Remark 4.4, we have the following strong convergence theorems for the system of
general variational inequalities problem (2.7).

Corollary 4.10. Let K be a closed convex subset of a real Hilbert space E, and let Ajand g; (j =1,2)
be the same as in Theorem 3.4. Assume that {a,} is a real sequence in (0,1] and satisfies the following
conditions:

(i) 3o ax = o0;
(i) 320 llexll < +oo;
(iif) min{1 +2a;6} + 17 = 2b;, 1+ 2p;p;77 + p777 = 2pjv} 20, j=1,2;
(iv) 0 < H;’:l(\/l + 261]'[]2. + 1]2. - 2b; + \/1 + ijy]-’r].z + p]z.’r].2 -2pjvj) < 1.
Then the sequences {x;k} (j = 1,2) generated by Algorithm 4.5 converge strongly to x; (j = 1,2),

respectively, such that (x3, x3) is the unique solution of the system of general variational inequalities
problem (2.7).

Corollary 4.11. Let K be a closed convex subset of a real Hilbert space E, and let Ajand g; (j =1,2)
be the same as in Theorem 3.4. Assume that {a,} is a real sequence in (0, 1] and satisfies the following
conditions:

(i) 220 ax = o0;
(i) min{1+2a;5 + 1 = 2b;, 1+ 2pjp7} + pi77 = 2pj} 20, =1,2;
(iii) 0 < H;’:l(\/l + 261]'[]2. + 1]2. - 2b; + \/1 + ijy]-’r].z + p]z.’r].2 -2pjvj) < 1.
Then the sequences {x;k} (j = 1,2) generated by Algorithm 4.6 converge strongly to x; (j = 1,2),

respectively, such that (x3, x3) is the unique solution of the system of general variational inequalities
problem (2.7).

5. An Application

In this section, we applied the obtained results to study a class of bilevel variational inequal-
ities in Hilbert space, which includes some bilevel programming as special cases and widely
used in many practical problems. Moreover, an iterative algorithm and convergence theorem
for solutions to the bilevel variational inequalities are given in Hilbert space.

Let K; and K, be nonempty closed convex subsets of a Hilbert space E, and let g, h :
E — Eand A : Ex E — E be single-valued mappings. We consider the following bilevel
variational inequalities (for short, (BVI)): find (x*, y*) € K1 x K such that

(x*+h(y*), h(x) -x*) >0, VxeK;, y"e¥(x"), (5.1)
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where W(x*) is the solutions set of the following parametric variational inequalities with
respect to the parametric variable x*:

(pPA(X",y*) +y - g(x"),g(y) —y*) 20, VyeKy, (5.2)

where p is a positive constant. Equations (5.1) and (5.2) are called the upper-level variation
inequality (for short, (UVI)) and the lower-level variation inequality (for short, LVI),
respectively. Denote the set of solutions to the (BVI) by ©. An important question for the
(BVI) is how to solve the bilevel variational inequalities.

From Remark 2.9 and Theorem 3.1, one can easily conclude the following result.

Lemma 5.1. Let (x*,y*) € Ky x Ky. Then (x*,y*) is a solution of the problem (BV1) if and only if
x* = Pk, (=h(y*)), where y* = Pk, (g(x*) — pA(x*,y*)) and p is a positive constant.

Lemma 5.2. Let Ky and K, be nonempty closed convex subsets of a Hilbert space E. Let A : ExE —
E be (u, v)-relaxed cocoercive and Lipschitz continuous in the first variable with constant T, and let
g E — E be (ay, by)-relaxed cocoercive and Lipschitz continuous with constant c,. Assume that
{1+ 2a2c§ + c% —-2by, 1+ Zp;n'z + p2T2 —2pv} > 0and

0< \/1 +2ayc5 + ¢35 - 2by + \/1 +2put? + p212 = 2pv < 1. (5.3)

Then, for each x € Ky, the parametric variational inequalities (5.2) have a uniquely solution. Further,
the solution mapping y(x) of the parametric variational inequalities (5.2) is continuous on Kj.

Proof. It directly follows from Theorems 3.2 and 3.4. This completes the proof. O

Theorem 5.3. Let Ky and K> be nonempty closed convex subsets of a Hilbert space E. Let A : EXE —
E be (u, v)-relaxed cocoercive and Lipschitz continuous in the first variable with constant T, h : E —
E a (ay, by)-relaxed cocoercive and Lipschitz continuous with constant ¢y, and let g : E — E be
a (az, by)-relaxed cocoercive and Lipschitz continuous with constant cp. Assume that {ay} is a real
sequence in (0, 1] and satisfies the following conditions:

(i) 2o ax = o,

(ii) min{1 + Zajcjz. + c]2. —2bj, 1+ 2put* + p*12 - 2pv, j=1,2} > 0;

(iii) 0 < H?ﬂ((/l + qa]-l]q. + qu]q- - gb;j + (/1 + qp]-y]-’r].q + cqp]q’r].q —-qgpjvj) <1
The sequences {xi} and {yi} generated by the following algorithm:
xo € K1,

Yk = P, (g(xx) = pA(xk, yx)), (5.4)
Xk+1 = (1—ak)xk+ckaK1 (—h(yk)), k=0,1,2,...,

where p is a positive constant. Then the sequences {xi} and {yx} converge strongly to x* and y*,
respectively, such that (x*, y*) is a solution of the (BVI).



Journal of Applied Mathematics 25

Proof. The proof is similar to Remark 2.9 and Theorem 4.7, and so the proof is omitted. This
completes the proof. O
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