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A mathematical model is proposed to study the role of distributed delay on plankton ecosystem
in the presence of a toxic producing phytoplankton. The model includes three state variables,
namely, nutrient concentration, phytoplankton biomass, and zooplankton biomass. The release
of toxic substance by phytoplankton species reduces the growth of zooplankton and this plays an
important role in plankton dynamics. In this paper, we introduce a delay (time-lag) in the digestion
of nutrient by phytoplankton. The stability analysis of all the feasible equilibria are studied and the
existence of Hopf-bifurcation for the interior equilibrium of the system is explored. From the above
analysis, we observe that the supply rate of nutrient and delay parameter play important role in
changing the dynamical behaviour of the underlying system. Further, we have derived the explicit
algorithm which determines the direction and the stability of Hopf-bifurcation solution. Finally,
numerical simulation is carried out to support the theoretical result.

1. Introduction

The study of plankton system is an important area of research in marine ecology.
Phytoplankton perform great service for earth. They provide food for marine life, oxygen
for human being and also absorb half of the carbon dioxide which may be contributing to
the global warming [1]. The dynamics of rapid (massive) increase or almost equal decrease
of phytoplankton population is a common feature in marine plankton ecology and known
as bloom. Blooms of red tide produce chemical toxin, a type of paralytic poison which can
be harmful to zooplankton, fin fish, shellfish, fish, birds, marine mammals, and humans
also. Some species, such as the dinoflagellate Alexandrium tamarense and the diatom Pseudo-
nitzschia australis [2] produce potent toxins which are liberated into the water before
they are eaten, and they may well affect zooplankton when they are in water. It is now
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well established that a significant number of phytoplankton species produce toxin, such as
Pseudo-nitzschia, Gambierdiscus toxicus, Prorocentrum, Ostrepsis, Coolia monotis, Thecadinium,
Amphidinium carterae, Dinophysis, Gymnodinium breve, Alexandrium, Gymodinium catenatum,
Pyrodinium bahamense, Pfiesteria piscicida, Chrysochromulina polylepis, Prymnesium patelliferum,
and P. paroum [3, 4]. Reduction of grazing pressure due to toxin is an important phenomena
in plankton ecology [5, 6]. In aquatic system, toxin-producing phytoplankton may act as
controlling factor in the phytoplankton-zooplankton interaction dynamics. Efforts have been
made to study the role of toxin producing phytoplankton on the phytoplankton-zooplankton
dynamics [7-9]. Toxicity may be the strong mediator of zooplankton feeding rate as shown
by field studies [4, 10] and laboratory study [11].

Many researchers have been showing keen interest to investigate the direction and
stability of Hopf-bifurcation of the system as refer their in [12, 13].

Our current study is motivated by [7, 8, 14], who have considered nutrient interaction
with phytoplankton, phytoplankton interaction with zooplankton. The study of interacting
species system with nutrient cycling which contributes to the growth of nutrient is carried out
in [9, 14, 15]. A model can be more realistic if a delay effect (or time-lag) is being considered in
the conversion from one species to another species [15-17]. The prey-predator systems with
time delay are deeply considered by [18, 19] and many researchers have used distributed
delay in their models [15, 16].

2. Mathematical Model Formulation

Let N(t) denote the concentration of nutrient at time ¢, x(t) denotes the biomass of toxic
producing phytoplankton in the habitat that are partially harmful to zooplankton biomass,
y(t). We assume a constant supply rate of nutrient (i.e., Ny) in the system. The loss of nutrient
due to leaching is assumed to be given by the term aN. We take a; as the growth rate
of phytoplankton biomass, w as the rate of predation of phytoplankton by zooplankton,
and w; denotes the corresponding conversion rate of zooplankton. The phytoplankton and
zooplankton interaction is assumed to follow the Holling type-II functional response [20, 21]
with D as half saturation constant. Again, the specific rate of nutrient uptake by per unit
biomass of phytoplankton in unit time is considered to be bN and depletion of zooplankton
biomass due to toxin-producing phytoplankton is given by the term c; xy. We further assume
that phytoplankton and zooplankton biomass deplete due to natural mortality at the rate
of by and ay, respectively, and k is the fraction of dead phytoplankton biomass that is
being recycled back to the nutrient pool. With these assumption and notations, the resultant
dynamics of the system under consideration is given by the following set of differential
equations [14]:

dN

W:NO—CIN—bNX'f‘kblx,
%—aNx—bx— wxy (2.1)
a ! D+x’ '
dy wixy
AU " Drx YO

with nonnegative initial conditions N (0), x(0), y(0) > 0. The above system of equations can
be nondimensionalised using the relations x; = N/D, x, = x/D, x3 = y/D, T = at, and
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introducing the new parameters a = No/aD, p = bD/a,y = bi/a, pp = aiD/a, y = w/a,
1 = wi/a, ¢ = ax/a, and & = c1D/a. The non-dimensionalised equations of the above

system (2.1) are as follows in which we have replaced 7 by t and get

dx

il x1 — Pxixz + kyxo,
dt

dx; HX2X3
PR
dxz  p1X2X3

— = —&x3 — 120 X3,
at 1+ 1 §x3 — §1%2X3

(2.2)

with initial conditions: x1(0) > 0, x2(0) > 0, x3(0) > 0, where, a, B, v, f1, i, p1, & é1, and

0 < k < 1 are positive constants.

In this paper, our mathematical model is an extension of the system (2.2) which is
studied earlier [14]. Now, we have introduced distributed delay in the digestion of nutrient

by phytoplankton. The system (2.2) can be written as

dx

d_tl =a-—XxX1 —ﬂx1x2 + k}’JCz,
92 _ g f a1 exp(-a (t = 5)) f(s)ds — yx; — o
dt—ﬂ12_w1ep 1(t=9))f(s)ds —yx2 1+x

where f(s) = f(x1) = x1(s), a1 is delay parameter,

dxz _ p1x2X3
dt B 1+XQ

—§x3 — {1x2X3,
putting
t
RO = [ mewpm(t-9)fs)ds

The above system of delay differential equation can be written as

% =a—x1 — fxi1x2 + kyxy,

% = p1x2R - yxz - /113;22,

% - ‘Lilfzjj —¢x3 — &1X0X3,
6;—15 =ai1(x; — R),

with the additional initial condition: R(0) > 0.

(2.3)

(2.4)

(2.5)

(2.6)



4 International Journal of Differential Equations

3. Boundedness and Equilibria of the System

In this section, we will establish that the system (2.6) is bounded. We begin with the following
lemma.

Lemma 3.1. The system (2.6) is uniformly bounded in €1, where

Q) - {(xl,xz, x5 R) 1 0 < x1(8) + xa(t) + xa(8) + R(t) < ni} (3.1)
1

m =min{(1-a),y(1-kp1/p),¢ a1}

Proof. Let us consider a time dependent function:

Wi () = x1(£) + ﬁﬁlxz(t) + %m(t) +R(Y). (32)

Clearly,

AW, dx;  Pdx, pp dxs dR
ar T A a Thmodr ar (33)

Using (2.6) in the above expression we obtain

dw, p UX2X3
—r = [ — x1 = Poxrxs + kyxo] + ﬂ_l p1x2R — yx2 T+ %
XoX
+ ,u#l_fﬁ qlfx; —&x3 — §1x2x3] + [a1(x1 = R)],

=a-(1-ay)x - y(l - k%) [%xz - lfl—zlxg - §1l%x2x3 —a1R+ (R—x1)px;

<a—-mWi(t) + (R-x1)pxz,

(3.4)
where 7; is chosen as the minimum of {(1 —ay),y(1 —kp1/p),¢, a1}. Thus,
% + 1’11W1 <a+ (R — xl)ﬂxz. (35)

Now applying the theorem of differential inequalities [22], we obtain

0 < Wi(t) < Wi (0)e ™! + ni + f (R - x1)frre dt, (3.6)
1
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ast — oo, R — x1, which gives

0<W <=, (3.7)
N1
Hence the solution of the system (2.6) is bounded in €. O

We now consider the existence of possible equilibria of the system (2.6). The system of
(2.6) has three feasible equilibria, namely,

(i) boundary equilibrium: E; = («,0,0, a),

(ii) boundary equilibrium: E, = (y/p1, (ap1 — v)/ (B — kP1)y,0,y/p1). The boundary
equilibrium E, exists if either y/a < 1 < p/k or B/k < p1 < y/a is satisfied, that
is, growth rate of phytoplankton biomass lies between the fraction of natural death
rate of phytoplankton biomass to constant supply rate of nutrient and the fraction
of nutrient uptake by phytoplankton biomass to fraction of dead phytoplankton
biomass,

(iii) positive interior equilibrium: E3 = (x7, x3, x5, R*), where

*_a+kyx; L1 . . *_a+kyx’2‘
xj = Topc X3 = ﬁ[(plxl -y)(1+x3)], R= Tepc
(3.8)
—sp +1/s5 — 45183
x5 = , Ss1=2¢1, Sz=—(#1—(§+§1)), 53 =¢.

251

The positive interior equilibrium Ej exists if 1 > ¢ + ¢, that is, the growth rate of
zooplankton biomass is greater than the sum of natural death rate and death due to
harmful phytoplankton, and also if x] > y/f1 means that concentration of nutrient
at equilibrium is greater than the fraction of natural death rate of phytoplankton
biomass to the depletion rate of nutrient uptake by phytoplankton biomass.

4. Dynamic Behaviour and Hopf-Bifurcation

In the previous section we observed that the system of (2.6) have three equilibria, namely,
E1(a,0,0,a), Ex(y/p, (apr—y)/(B-kpP1)y,0,y/pB), and E3(x], x5, x5, R*). We will now examine
the dynamical behaviour of the system about all the feasible equilibria.

The variational matrix for the system of (2.6) evaluated at E; is

1 —(ap-ky) 0 0
0 (apr—-y) 0 0

Vi= . 4.1
1 0 0 o (4.1)
a 0 0 —m
The eigenvalues of the characteristic equation of Vi are A,y = -1, A, = (af1 — 1),

A3 = =¢, and Ay = —ay. It is seen from these eigenvalues that the equilibrium E; is locally



6 International Journal of Differential Equations

asymptotically stable if f; < y/a, which means that the growth rate of phytoplankton due
to the availability of nutrient is less than the fraction of natural death rate of phytoplankton
biomass to the constant input rate of nutrient.

The variational matrix for the system of (2.6) evaluated about E; is

(—Pr(ap—ky) —(B-Kp)y

y(B-kp) 2 ( ;) | y ; |
_ —pulapr —y (ap -y
= ) Y(B-=kp1) + (apr—v) y(B-kp) |’ (4.2)
0 Ja3 0
L 241 0 0 o

where

- [(\/EY(ﬂ —kpr) = Vi (apr - Y))2 + <<\[+ \/?1)2 —#1>Y(“ﬁ1 -7)(B-kp)
(r(B=Kp1) + (apr = 7)) (y (B = Kp1))

j3 =

(4.3)

The eigenvalues \;, Ay, and A3 of the above matrix are the roots of the following cubic
equation:

a1 fp1 (apf - ky)

yp-kpy T 0

13+ [ﬂl(“ﬂ_ kY) (4.4)

Y(B - kpr)

and the fourth eigenvalue is given by A4 = js3.

Clearly, A1, Ay, and A3 have negative real parts if (af — ky)(f — kp1) > 0, p1 > y/a,
that is, growth rate of phytoplankton biomass is greater then the fraction of natural death
rate of phytoplankton biomass to constant supply rate of nutrient and f (af — ky)(f1(af —
ky) + ary(B - kp1)) > (B—kp1)*(ap1 — y)y? are satisfied, the eigenvalue \4 is negative when
&+ & +24/8\/& > 1. Thus, we can state the following theorem.

Theorem 4.1. The second boundary equilibrium E, is linearly asymptotically stable if
@ (ap~ky)(F~kp1) >0,
.. Y
(@ pi>1

(i) &+&+21/8/8 >,

(iv) pr(ap—ky)(Pu(ap ~ky) + ary(B-Kp1)) > (B = kpr)* (apr = )7,

(4.5)

are satisfied.
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For the sake of convenience, the equilibrium points (x},x3, x5, R*) of the system is
shifted to new points (n1,n,n3,n4) through transformations n; = x; — xj, no = x — x3,
n3 = X3 — X3, 14 = R— R".

In terms of the new variables, the dynamical equations (2.6) can be written as in matrix

form as

X =AX+B,

(4.6)

where dot(-) cover X denotes the derivative with respect to time. Here AX is the linear part
of the system and B represents the nonlinear part. Moreover,

ny
My
ns

My

(

\

/(1 )

241

2.3 2 2.2 3.3
(Bimana + papapin; — papsts + papatianiy — papynans + pap,nyns

—(Bx} = ky) 0
s —pa
(1+x3)° 1+x3

H1
— - §1> x50
2
< (1+x35)
0 0
—ﬂnlnz

+P3Papn; — HpSP3N, — Ppatiatis + Hpinan3)

2 3 2 2
(P3psX31; — P3papsXsn; — PsXyNans + papsXynyns — pypsXstsns

2 3
—psX31; + pspan; — &iMans)

0

"\

p1x;

- /
A

(4.7)

3

/

The eigenvalues of the matrix A help to understand the stability of the system. The
characteristic equation for the variational matrix A is given by

where

Az = a1 S1pe X + p1papsxs — p2 (pré1xs + gapsar),

M+ AN+ A\ + Az + Ay =0,

Ay =p1—paps,

=1+px;+a = X3 = %
pP1 2 1, P2 1 +x;/ P3 1 +x;r P4
— p6=“[5—kY
(1+x3)° L+ px;

1

= *
1+x3

g =1+ px;,

(4.8)

Az = gan + papsx — pa(prps + &1X3),
Ay =pa(ps — &) a1 g3,

(4.9)
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Using the Routh-Hurwitz criteria [21, 23], we derive that the equilibrium Ej is locally
asymptotically stable, if A; > 0, A3 > 0, AjAy > A3, and A1 A A3 — A2 — A2A; > 0. Here the
conditions A; > 0, A3 > 0, A1A; > Az, and A1 A Az — A3 — A2A, > 0 requires

2
Hip1 > &iUxyX;, T+ 13> T+ 1y, pipaar + Ly > pipapsx; + Lo,
(4.10)
T1L1 + T2L3 + T3L4 + 1'4L2 > 1"1L3 + T2L1 + T3L3 + T4L4,

where 1 = pipapsxs, 12 = pipaéixs, 13 = a1fapeXy, 14 = papagear, L1 = pipaps + papséixs,
L, = pipaps + a1p1pexs, Ls = Ly + papspsxsy, Ls = Ly + p1goay.
Thus, we can state the following theorem.

Theorem 4.2. The interior equilibrium Ej if it exists is linearly asymptotically stable when

(1) papr > Gipxyx;,

(i) r+r3>ra+ry,
(4.11)
(iti) pigoms + L1 > p3pspsxs + Lo,

(IV) 1‘1L1 + T2L3 + T3L4 + T4L2 > 1"1L3 + T‘le + 1"3L3 + 1"4L4,

are satisfied.

Now, we will study the Hopf-bifurcation [24, 25] of the system given by (2.6), taking a
(i.e., constant input rate of nutrient) as the bifurcation parameter. The necessary and sufficient
conditions for the existence of the Hopf-bifurcation for a = a*, if it exists, are (i) A;(a*) > 0,
i=1,2,3,4 (i) Ai(a*)Az(a*) > Az(a®) (iii) Ar(a*)Az(a*)As(a*) — A3(a*) — AT(a*) As(a”) =0,
and (iv) the eigenvalues of the characteristic equation (4.8) should be of the form \; = u; +iv;,
where du;/da#0,i=1,2,3,4. The condition A;A,As — A} — ATA4 = 0 becomes

—G1a® + G +G3a+ Gy =0, (4.12)

where G1 = hi + fi, Gy = ho — g2 — fo, Gs = h3 = 2q5q6 — f3, Gs = ha — G2 — fu, f1 = G347,
> = 4398 - 2919297, f5 = 4q7 — 219298, f1 = 42qs, 1 = lgs, ho = ligs — lge, hs = l1qe + 1345,
hy = 136, 1 = p1 — k2%6, G2 = kogs, g3 = (P2ke — p1k2)gs, g2 = (p2ke — p1k2) g6 + a1, g5 =
(p2ksp1—2a1k2) g5 +PPr1a1§3x5, g6 = (p2kep1—2a1k2) g6+ (Pgu—ky) Prar1 x5, g7 = p2g21ks g5, gs =
p2keQoa18e, 81 = kyx3, 83 =1/, 84 = g1/ 82, 85 = (L + x3)g3P1/ 1, 86 = (L + x3)(uP1 = ¥) /1,
ky = pux3/(1 +x;)2, ke =p1/(1 +x§)2—§1. Therefore, one pair of eigenvalues of the characteristic
equation (4.8) at & = a* are of the form \;, = +iv, where v is positive real number.

Now, we will verify the Hopf-bifurcation condition (iv), putting A = u +iv in (4.8), we
get

(u+iv)* + Ay (u+iv)® + As(u +i0)? + As(u +iv) + Ag = 0. (4.13)
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On separating the real and imaginary parts and eliminating v between real and imaginary
parts, we have

ut + vt — 61V + Aju® - 3Auv? + A, <u2 - vz> + Asu+ A4 =0, (4.14)

—4uv® + 4uPv — A0 + 3A1uP0 + 2Auv + Az = 0. (4.15)
Substituting the value of v* from (4.15) in (4.14), we get

2
ut(du+ A)? + <4u3 +3A112 + 2Au + A3> + (4u3 +3A112 + 2Au + A3>

(4.16)
x <—6u2 ~3Awu- A2> (du+ A;) + <A1u3 + Agt® + Asu + A4> (du+ A2 =0,
differentiating with respect to a and putting a = a*, we have
@ _ (—d/drx) (A1A2A3 - Aé - A%A4) (4 17)
da] . 4A3(A2 - As) —2A1(A2 - A1 A;3) +8A1 A, '
Hence we can state the following theorem.
Theorem 4.3. The system (2.6) has a Hopf-bifurcation at a* > 0 such that
* * * * * * du
Ap(a") Ay(a*) Az (a”) — Al(a*)? — A2(a*) Ag(a®) =0, — £0. (4.18)

At the Hopf-bifurcation point, the equilibrium state loses its stability and bifurcates
to a periodic orbit. We obtain the value of « at the Hopf-bifurcation point denoted as a* and
solve the equation

A1A Az - A5 - AZA4 = 0. (4.19)

At the Hopf-bifurcation point, where the real parts of complex conjugate eigenvalues are zero,
the roots of (4.8) are

A1 = +vi, A3 =-my, Ay =—my, (4.20)

where v = \/As/\/A;, my = (~A3 — \JA]\[A] - 4A1 Ay +4A3) /241, and my = (A +
VA \/Af “4A Ay +4A3)/2A,.
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Next, we seek a transformation matrix P which reduces the matrix A to the form

0-v 0 0
v 0 0 0
PlAP = 00 o | (4.21)
_ml
00 0 -m

where the nonsingular matrix P is given as

air diz a3 a4

0 ax ax ax
p= , (4.22)
azr 0 az asn

aq1 A4 443 A44

where, a;; = v’c - eday - mv, a;; = moc + U + edw, a3 = (a1 — my)(cmy + m; - ed),
2
ayy = (a1 —mp)(cmy + mj — ed), ap = Mvpi1xy, axn = aymifix;, ay = aymaf1x;, az =
2 2
aleﬂlx;/ ap = (W2 +ed)ai, ap = veay, ag = (ed — cmy — ml)ﬁfl, ay = (ed —cmy - mz)“l/
2 2
c=puxix;/(1+x3)°,d=—pux;/(1+x3),e=(u1/(1+x3)" —&)x3.
To achieve the normal form of (4.6), we make another change of variable, that is, X =
w1
PY,whereY = ( 1}
Ya
Through some algebraic manipulations, (4.6) takes the form

Y=QY +F, (4.23)
where Q = P"1AP and
FY'(y1,y2, Y3, Y1) Y1, v2,v3,y4)
FZ 7 7 7 2 7 7 7
Fopife 3(% Y2, Y3, Y1) | f is givenby f = f3(y1 Y2, Y3, Y1) e
F>(y1,Y2,Y3,Ya) Py, 2,93, va)
F*(y1,92, Y3, Y1) Ay, v2,v3,y4)
where, fl(y1,¥2,y3,va) = —Planys + anys + aisys + auys)(any> + anys + auys),

f2(]/1/y2, ya,y4) = —#P4(a22y2 + daxys + az4y4)(a31y1 + az;ys + a31y4) + #Pﬁ(llzzyz + axys +
az4y4)2(a31y1 +as1y3 + as1ys) —paps (anys + asys + a2y1) (@311 + A31Y3 + az1ya) + pap;(any:+
axys + axys)’ (azyy + asys + asya) + (anys + anys + auys) (an yi + anys + asys + auys)fi +
Papa(@nys + asys + Aruys) X5 + up2 (anys + anys + auys) x; — pap>(anys + axnys + anuys) x5 -
Up3(anys + arnys + axys) X5+ papi(anys + anys + ays) x5, f2(y1, v2, Y3, ya) = —papa(anys +
azys + az4y4)(a31y1 + azys + a31y4) + PzPi(azzyz + axys + a24y4)2(a31y1 + azys + a31y4) -
(anys + anys + anys) (any + anys + asiya)és — papi(anys + anys + auys) > (any: + asiys +
az31y4)x; — p2pa(anyr + anys + az4y4)2x§ +papi(anys + anys + a24y4)2x§ +papi(anys + axys +
a24y1) X5 — papa (anys + anys + ays)’x%, f4(y1, v2, Y3, ya) = 0.
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Equation (4.23) is the normal form of (4.6) from which the stability coefficient can
be computed. In (4.6), on the right hand side the first term is linear and the second one is
nonlinear in y’s. For evaluating the direction of bifurcating solution, we can evaluate the
following quantities at &« = a* and origin

621:1 621:1 aZFZ 621:2
g1 = < < 5 >>, (4.25)
ayl a]/2 ayl ayz
1/ 0*F! 621-”1 aZFZ 0?F? 62F2 0?F!
802 =+ >~ +2 P (426)
i\ "o v '\ o o

1/ 0*F! 82F1 asz 0*F? 62F2 o*F!
g20=1< > - < -2 >>, (4.27)

oy’ 6y2 5]/1 oy oy:  dy;  Ovi0y

o ! < d°F! a3F2 d3F? d3F! O3F? a3F1 d3F! d°F? > >
21— &
8 a]/l a]/z ayl Y2 ay1 ayz ayl ayz ayl oYz 6y1 ay%

PP PP PPt PF
h%1:Z< > hi = ( _2>’
oy; ayz dy; Oy
213 213 213 24 2 4 24
h%0:%<ai_aF _,; OF > h%():l(aF_af;_ZiaF >

dy; O3 ayl 0y2 dyi Oy 26_1/ 1012

wl = h11 11 wl = _ hy,
1= S/ 20 = 20

+ Zzw
aZFl aZFZ

aZFZ aZFl
0y, 0y3 6y26y3 0y10y3 ayzay3

o (&P PP PP PF
1o 2\ 010y 6y26y4 0y10ys  0y201s

110

O%F! O%F? 02 F2 O%F!
dy10Y;3 6y26y3 0Yy10Y3 ayz oy3
) < *F!  9’F2 0%F2  O°F! >

1
G101

101 = 010y 6y28y4 010y ay26y4

)
)
> (4.28)

&1 =G + <2G%10w}1 + G wyg + 2GHgwi; + G%m”’%o)- (4.29)

Thus, we can determine g11, £20, 02, g1 from (4.25), (4.26), (4.27), and (4.29), respectively.
Thus, we can compute the following values:

C1(0) = gzogu - |g11| - —|go | g§1,
(Im C (0) + oo Im \' (")) (430
_ —ReC41(0) _ (ImCy(0) + pp Im "(a* ~
2= Re N(a*)’ 27 va* ! p2=2ReC1(0),
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Figure 1: Phase-space diagram for nutrient, phytoplankton, and zooplankton at a = 1.1.
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Figure 2: Phase-space diagram for nutrient, phytoplankton, and zooplankton at a = 1.1775.

which determine the qualities of bifurcation periodic solution in the center manifold at the
critical value a*.

Theorem 4.4. The parameter p, determines the direction of the Hopf-bifurcation if pr > 0 (pup < 0),
then the Hopf-bifurcation is supercritical (subcritical) and the bifurcation periodic solutions exist for
a > a*(a > a*); Pp determines the stability of bifurcating periodic solution; the bifurcation periodic
solutions are orbitally asymptotically stable (unstable) if p» < 0 (fo > 0); T determines the periodic
of the bifurcating periodic solution; the period increases (decreases) if » > 0 (1, < 0).

5. Numerical Example

In this section, we have performed numerical simulation for both systems (2.2) as well as (2.6)
using MATLAB. We are taking parametric values p = 0.3, y = 0.2, k = 0.3, 1 = 0.25, p =
0.2, 1 =0.19, ¢ = 0.05, & = 0.01 for both systems. The behavior of the system (2.2) with
different values of a. From Figures 1, 2, 3, 4, it is observed that as a increases, the stable
system starts oscillating. Again, with these set of values and a; = 0.12, we get a positive root



International Journal of Differential Equations 13

Phase space graph

1.5 §

0.5

Zooplankton biomass

13

1.1

“op, 0 09 Nutrien®

Figure 3: Stable phase-space diagram for the system with nutrient, phytoplankton, and zooplankton at
a=1.25.
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Figure 6: Phase-space diagram for nutrient, phytoplankton, and zooplankton at a = 1.1, a; = 0.07.
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Figure 7: Stable phase-space diagram for the system with nutrient, phytoplankton, and zooplankton at
a=11,a; =0.12.
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Figure 8: Phase-space diagram for nutrient, phytoplankton, and zooplankton at a = 1.1775, a; = 0.12.
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of (4.12) is @ = a* = 1.1680. Therefore, one pair of eigenvalues of the characteristic equation
(4.8) at @ = a* = 1.1680 are of the form \,, = +iv, where v is positive real number. Here
the positive interior equilibrium is E3(1.06505,0.3967,0.462745). It follows from Section 4,
Theorem 4.3, that a* = 1.1680, the positive equilibrium Ej is stable when a < a* (see Figure 7)
and the system (2.6) undergoes a Hopf-bifurcation at a > a* (see Figure 8). Now keeping
a = 1.1, further reduction of a; at 0.01 and 0.07 are shown on Figures 5-6. Moreover, we can
determine the stability and direction of periodic bifurcation from the positive equilibrium at
the critical point a*. For instance, when a = a* = 1.1680, g11 = —0.0000105695 — 0.00002005964,
g0 = 0.0000362402 - 5.611071076i, go» = —0.0000151012 + 0.0000457302i, g»1 = —6.9021078 —
4.020481078i, C1(0) = —4.082691078 + 1.629281079i, u'(a*) = 0.00115975. It follows from (4.30)
that g, > 0 and f, < 0. Therefore, the bifurcation takes place when a crosses a* to the right
(a > a*), and the corresponding periodic orbits are orbitally asymptotically stable, as depicted
in Figure 8.

6. Conclusion

In this paper, we have studied the role of delay on plankton ecosystem in the presence
of a toxic producing phytoplankton. In this system, it has been assumed that the toxic
phytoplankton reduces the growth of zooplankton and studied the effect of delay in
the digestion of nutrient by phytoplankton biomass. The local stability conditions of all
the feasible equilibria of the system are established. The interior equilibrium are locally
asymptotically stable under certain conditions. We have shown numerically with the set
of parameters that at a; = 0.01, the system exhibits the chaotic behavior (see Figure 5).
Figure 6 exhibits the oscillatory behavior of the system and further it is observed that the
increase in a; makes the system stable (see Figure 7). For the comparison of the system (2.6),
without delay in the system, a numerical simulation of the system (2.2) is shown in Figures
1, 2, 3, 4. By applying the normal form theory and the center manifold theorem, we define
the explicit formulae that determine the stability and direction of the bifurcating periodic
solutions. For numerical experiment, it is observed that when the input rate of nutrient, a,
exceeds the critical value a*(1.1680), the system (2.6) leads to oscillatory behaviour shown in
Figure 8. Thus, the quantitative level of abundance of system populations depends crucially
on the input rate of nutrient. Further from Theorem 4.4, we can determine the direction and
stability of Hopf-bifurcation. For these chosen set of parametric values, the Hopf-bifurcation
is supercritical and stable. Hence, we conclude that the supply rate («) of nutrient and delay
parameter (a;) play an important role in changing the dynamical behaviour of the system.
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