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Let A and B be nonempty subsets of a metric space X and alsoT: AUB — AUBand T(A) C B,
T(B) C A. We are going to consider element x € A such that d(x, Tx) < d(A, B) + € for some € > 0.
We call pair (A, B) an approximate best proximity pair. In this paper, definitions of approximate
best proximity pair for a map and two maps, their diameters, T-minimizing a sequence are given
in a metric space.

1. Introduction

Let X be a metric space and A and B nonempty subsets of X, and d(A, B) is distance of A and
B. If d(xo, yo) = d(A, B), then the pair (xo, yo) is called a best proximity pair for A and B and
put

prox(A,B) := {(x,y) € AxB:d(x,y) =d(A,B)} (1.1)

as the set of all best proximity pair (A, B). Best proximity pair evolves as a generalization of
the concept of best approximation. That reader can find some important result of it in [1-4].

Now, as in [5] (see also [4, 6-11]), we can find the best proximity points of the sets A
and B, by considering amap T : AUB — AU B such that T(A) C B and T(B) C A. Best
proximity pair also evolves as a generalization of the concept of fixed point of mappings.
Because if AN B#(, every best proximity point is a fixed point of T.

We say that the point x € A U B is an approximate best proximity point of the pair
(A,B),if d(x,Tx) <d(A,B) + ¢, for some ¢ > 0.

In the following, we introduce a concept of approximate proximity pair that is stronger
than proximity pair.
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Definition 1.1. Let A and B be nonempty subsets of a metric space X andT: AUB — AUB
a map such that T(A) € B, T(B) C A. put

P}(A,B) ={x€ AUB :d(x,Tx) < d(A,B) + € for some € > 0}. (1.2)

We say that the pair (A, B) is an approximate best proximity pair if Pf(A, B) #0.
Example 1.2. Suppose that X = R%, A = {(x,y) € X : (x —y)*+y* <1},and B= {(x,y) € X :

(x+y)* +y2 < 1} with T(x,y) = (-x,y) for (x,y) € X. Then d((x,y),T(x,y)) < d(A,B) + e
for some € > 0. Hence Pf (A, B) #0.

2. Approximate Best Proximity

In this section, we will consider the existence of approximate best proximity points for the
mapT:AUB — AUB,suchthatT(A) C B, T(B) C A, and its diameter.

Theorem 2.1. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T:AUB — AUBissatisfying T(A) CB, T(B) C A, and

lim d<T"x, T"+1x> =d(A,B) for some x € AUB. (2.1)

n—oo

Then the pair (A, B) is an approximate best proximity pair.

Proof. Let € > 0 be given and x € A U B such that lim,,_, ,,d(T"x, T""'x) = d(A, B); then there
exists Ny > 0 such that

Vn> Ny : d(T"x, :r"+1x) <d(A,B) +e. (2.2)

If n = No, then d(T™o(x), T(TNe (x))) < d(A, B) + ¢, and TNo(x) € P2(A, B) and P(A, B) #0.
O

Theorem 2.2. Let A and B be nonempty subsets of a metric space X. Suppose that the mapping
T:AUB — AUBissatisfying T(A) C B, T(B) C A and

d(Tx,Ty) < ad(x,y) + p[d(x, Tx) + d(y, Ty)] + yd(A, B) (2.3)
forallx,y € AUB, wherea, B,y > 0 and a + 2 +y < 1. Then the pair (A, B) is an approximate best
proximity pair.

Proof. If x € AU B, then

d<Tx, T2x> < ad(x, Tx) + p[d(x, Tx) + d(Tx, sz)] +yd(A, B). (2.4)



Abstract and Applied Analysis 3

Therefore,

d(:rx, sz) < “f g d(x,Tx) + ﬁd(A, B). (2.5)

—_

Now if k = (a + f)/(1 - B), then

d(Tx, sz) < kd(x, Tx) + (1 - k)d(A, B) (2.6)
also
2. T3 2 )
d(:r x, T x) < K2d(x, Tx) + (1 k >d(A,B). (2.7)
Therefore,
d(T"x, :r"+1x> < k"d(x,Tx) + (1 - k")d(A, B), (2.8)
and so
d(T"x, T"+1x> — d(A,B), asn— oo. (2.9)

Therefore, by Theorem 2.1, P{(A, B) # (; then pair (A, B) is an approximate best proximity
pair. O

Definition 2.3. Let A and B be nonempty subsets of a metric space X. Suppose that the
mapping T : AUB — AU B is satisfying T(A) C B, T(B) C A. We say that the sequence
{zx} € AU B is T-minimizing if

lim d(z,, Tz,) = d(A, B). (2.10)

Theorem 2.4. Let A and B be nonempty subsets of a metric space X, suppose that the mapping T :
AUB — AUB s satisfying T(A) C B, T(B) C A. If {T"x} is a T-minimizing for some x € AU B,
then (A, B) is an approximate best pair proximity.

Proof. Since

lim d<T"x, T"”x) =d(A,B) forsome x € AUB, (2.11)

n—oo

therefore, by Theorem 2.1, Pf (A, B) #0; then pair (A, B) is an approximate best proximity
pair. g
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Theorem 2.5. Let A and B be nonempty subsets of a normed space X such that A U B is compact.

Suppose that the mapping T : AUB — AU B is satisfying T(A) € B, T(B) C A, T is continuous
and

ITx =Tyl < [lx-y

, (2.12)

where (x,y) € A x B. Then P (A, B) is nonempty and compact.

Proof. Since AU B compact, there exists a zo € AU B such that

20~ Tzoll = _inf ||z~ Tz ()

If ||zo — Tzo|| > d(A, B), then || Tzo — T?z|| < ||zo — Tzo|| which contradict to the definition of z,
(Tzo € AUB and by (x) ||[Tzo — T(Tzo)|l > ||zo — Tzo||). Therefore, ||zo — Tzo|| = d(A,B) <
d(A, B) + € for some € > 0 and zy € P{(A, B). Therefore, P} (A, B) is nonempty.

Also, if {z,} C Pj(A,B), then |z, — Tz,|| < d(A,B) + ¢, for some ¢ > 0, and by
compactness of AU B, there exists a subsequence z,, and a zp € AUB such that z,, — zp and
SO

llzo — Tzol| = klim |z, — Tz || < d(A,B) +¢€ (2.13)
for some e > 0, hence P{(A, B) is compact. O

Example 2.6. If A=[-3,-1],B=(1,3],and T : AUB — AU B such that

1-x
T(x)=14 2 (2.14)

then P7 (A, B) is compact, and we have

P} (A,B)={x€ AUB: d(x,Tx) <d(A,B) + € for some € > 0}
={x€ AUB: d(x,Tx) <2+ € for some € >0} (2.15)
={1,-1}.

That is compact.

In the following, by diam(Pf(A,B)) for a set P{(A, B) #0, we will understand the
diameter of the set P/ (A, B).
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Definition 2.7. LetT : AUB — AU B be a continuous map such that T(A) € B, T(B) € A and
€ > 0. We define diameter P; (A, B) by

diam(Pf (A, B)) =sup{d(x,y) : x,y € P}(A,B)}. (2.16)

Theorem 2.8. Let T : AUB — AUB, such that T(A) C B, T(B) C A and e > 0. If there exists an
a € [0,1] such that for all (x,y) € Ax B

d(Tx,Ty) <ad(x,y), (2.17)
then
diam(P2(A, B)) < 12_€a + 2‘11(’:"“ B (2.18)
Proof. 1f x,y € P} (A, B), then
d(x,y) <d(x,Tx) +d(Tx,Ty) +d(Ty,y)
(2.19)

<er+ad(x,y) +2d(A,B) + e.

Put e = Max{ey, €2}, therefore, d(x, y) < 2e/(1-a)+(2d(A, B))/(1-a). Hence diam(P{ (A, B))
<2¢/(1-a)+ (2d(A,B))/(1-a). O

3. Approximate Best Proximity for Two Maps

In this section, we will consider the existence of approximate best proximity points for two
mapsT: AUB — AUBand S: AUB — AU B, and its diameter.

Definition 3.1. Let A and B be nonempty subsets of a metric space (X,d) andletT: AUB —
AUBS : AUB — AU B two maps such that T(A) C B, S(B) C A. A point (x,y) in A x Bis
said to be an approximate-pair fixed point for (T, S) in X if there exists € > 0

d(Tx,Sy) <d(A,B) +e. (3.1)

We say that the pair (T, S) has the approximate-pair fixed property in X if P’ q (A, B) # 0,
where

P15 (A B) = {(x,y) € AxB:d(Tx,Sy) < d(A,B) +e for some € > 0}. (3.2)

Theorem 3.2. Let A and B be nonempty subsets of a metric space (X,d) and letT : AUB — AUB
and S : AUB — AU B be two maps such that T(A) C B, S(B) C A. If, for every (x,y) € Ax B,

d(T"(x),S"(y)) — d(A, B), (3.3)

then (T, S) has the approximate-pair fixed property.
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Proof. For € > 0, Suppose (x,y) € A x B. Since

d(T"(x),S"(y)) — d(A,B),
(3.4)
Ing >0 st.Vn>ng:d(T"(x),S"(y)) <d(A, B) +e,

then d(T(T"!(x),S(S" ' (y)) < d(A,B) + € for every n > ng. Put xp = T (x) and yo =
S™~1(y)). Hence d(T(x0), S(yo)) < d(A, B) + € and P(aT,S)(A' B) #0. O

Theorem 3.3. Let A and B be nonempty subsets of a metric space (X,d) and letT : AUB — AUB
and S : AUB — AU B be two maps such that T(A) C B, S(B) C A and, for every (x,y) € Ax B,

d(Tx,Sy) <ad(x,y) + p[d(x,Tx) +d(y, Sy)] + yd(A, B), (3.5)

where at, B,y > 0 and a+2p+y < 1. Then if x is an approximate fixed point for T, or y is an approximate
fixed point for S, then P 5 (A, B) #0.

Proof. If (x,y) € A x B, then

d(Tx,5(Tx)) < ad(x,Tx) + pld(x, Tx) +d(Tx,S(Tx))] + yd(A, B). (3.6)
Therefore,
d(Tx, S(Tx)) < %d(x,Tx) L 5A(AB). 3.7)

Now if k = (a + B)/(1 - B), then

d(Tx,S(Tx)) < kd(x,Tx) + (1 - k)d(A,B) (%)
also
d(Sy,T(Sy)) < kd(y,Sy) + (1 —k)d(A, B). (%%)
If x is an approximate fixed point for T, then there exists a € > 0 and by (*)

d(Tx,S(Tx)) < kd(x,Tx) + (1 -k)d(A, B)
<k(d(A,B)+¢)+ (1-k)d(A,B)
(3.8)
=d(A,B) + ke

<d(A,B) +e.
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And (x,Tx) € P (A, B); also if y is an approximate fixed point for S, then there exists
a e > 0and by (*x)

d(Sy,T(Sy)) <kd(y,Sy) + (1 -k)d(A, B)

< k(d(A,B) +¢) + (1 - k)d(A,B)

(3.9)
=d(A,B) + ke
<d(A,B) +e.
And (y,Sy) € PfT,S)(A, B). Therefore, PfT,s) (A, B) #0. O

Theorem 3.4. Let A and B be nonempty subsets of a metric space (X,d) and letT : AUB — AUB
and S : AUB — AU B be two continuous maps such that T(A) C B, S(B) C A. If, for every
(x,y) € AxB,

d(Tx,Sy) < ad(x,y) + yd(A, B), (3.10)
where a,y > 0and a +y =1, also let {x,} and {y,} be as follows:
Xn+1 = SYn,  Yne1 =Txn  for some (x1,y1) € AxB, ne N. (3.11)
If {x,} has a convergent subsequence in A, then there exists a xo € A such that d(xo, Txy) = d(A, B).
Proof. We have

d(xn+1/ ]/n+1) = d(Txn/ S]/n)

< ad(xn, yn) +y(d(A, B)

(3.12)
<a™d(xo,y0) + (1+a+---+a")yd(A,B).
If {xp, } 15, converges to x; € A, thatis, x,, — x1, then
A(Xng, s Ynye) < @™ 1d(x0,y0) + (1 +a+---+a})yd(A, B). (3.13)
Since T is continuous, then
A, T, ) — %d(A, B) = d(A, B). (3.14)

Therefore, d(x1,Tx;) = d(A, B). O
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Definition 3.5. Let T : AUB — AUBand S : AUB — AU B be continues maps such that
T(A) € Band S(B) C A. We define diameter P(“TIS) (A,B) by

diam(P(“T/S)(A, B)> =sup{d(x,y) : d(Tx,Ty) < e+ d(A, B) for some € > 0}. (3.15)

Example 3.6. Suppose A = {(x,0) : 0 <x <1},B={(x,1):0<x <1}, T(x,0) =T(x,1) =
(1/2,1),and S(x,1) = S(x,0) = (1/2,0). Then d(T(x,0), S(y,1)) = 1 and diam(P(“T/S)(A, B)) =

diam(A x B) = /2.

Theorem 3.7. Let T : AUB — AUBand S : AUB — AU B be continuous maps such that
T(A) C B, S(B) C A. If there exists a k € [0,1],

d(x,Tx) +d(Sy,y) < kd(x,vy), (3.16)
then
diam(P(“Tls)(A, B)) < 7 f < + diAf'kB) for some € > 0. (3.17)

Proof. If (x,y) € P(“T/S)(A, B), then
d(x,y) <d(x,Tx) +d(Tx,Sy) +d(Sy,y)
(3.18)
<e+kd(x,y)+d(A, B).

Therefore, d(x,y) < €/(1 - k) + (d(A, B))/(1 - k). Then diam (P3¢ (A, B)) < €/(1 - k) +

’

(d(A,B))/(1 - k). O
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