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1. Introduction

In this paper, we study the multiple results of positive solutions for the following quasilinear
elliptic equation:

—-Apu = Af )| u+ g(x)|ulf u in Q,

(Eafg)
u=0 on 0Q, /s

where A > 0, Ayu = div(|Vul’ Vu) is the p-Laplacian, 0 € Q is a bounded domain in RN
with smooth boundary 0Q,1 < g <p < N, p* = Np/(N - p) is the so-called critical Sobolev
exponent and the weight functions f, g are satisfying the following conditions:

(f1) f € C(Q) and f* = max{f,0} £0;
(f2) there exist fo, po > 0 and xg € € such that B(xg,2py) C Q and f(x) > fy for all
x € B(xo,2po). Without loss of generality, we assume that xg = 0,

(g1) g€ C(Q) and g =max{g,0}#0;
(82) 1871, = 8(0) = max, 5 g(x);
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(g3) g(x) >0 forall x € B(0,2py);
(g4) there exists f > N/(p — 1) such that

g(x) = g(0) + o<|x|ﬁ) as x — 0. (1.1)

For the weight functions f = ¢ =1, (E,s4) has been studied extensively. Historically,
the role played by such concave-convex nonlinearities in producing multiple solutions was
investigated first in the work [1]. They studied the following semilinear elliptic equation:

“Au=uT"+u¥ T inQ,
u>0 in Q, (1.2)
u=0 onoQ,

for 1 < g < 2 and showed the existence of Ay > 0 such that (1.2) admits at least two
solutions for all A € (0,1p) and no solution for A > Ay. Subsequently, in the work [2, 3],
the corresponding quasilinear version has been studied

-Apu = Wi+ w1 in Q,
u>0 inQ, (1.3)
u=0 on 0Q,

where 1 <p < N and 1 < g < p. They obtained results similar to the results of [1] above, but
only for some ranges of the exponents p and g. We summarize their results in what follows.

Theorem 1.1 (see [2, 3]). Assume that either 2N/ (N +2) <p <3orp>3,p>q>p*-2/(p-1).
Then there exists Ay > 0 such that (1.3) admits at least two solutions for all A € (0, Xg) and no solution
for A > Ao.

It is possible to get complete multiplicity result for problem (1.3) if Q is taken to be a
ball in RY. Prashanth and Sreenadh [4] have studied (1.3) in the unit ball BN (0;1) in RN and
obtained the following results.

Theorem 1.2 (see [4]). Let Q = BN(0;1),1 < p < N,1 < g < p. Then there exists Xy > 0 such
that (1.3) admits at least two solutions for all A € (0, Xg) and no solution for A > \o. Additionally, if
1 < p <2, then (1.3) admits exactly two solutions for all small A > 0.

For p = 2, Tang [5] has studied the exact multiplicity about the following semilinear
elliptic equation:

~Au=MT+ 4 in BN(O; 1),
u>0 in BN(0;1), (1.4)

u=0 ondBN(0;1),

where1 <g<2<r<2N/(N -2)and N > 3. We also mention his result below.
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Theorem 1.3 (see [5]). There exists Ay > 0 such that (1.4) admits exactly two solutions for A €
(0, Xo), exactly one solution for X = Ao, and no solution for A > Ay.

To proceed, we make some motivations of the present paper. Recently, in [6] the author
has considered (1.2) with subcritical nonlinearity of concave-convex type, g = 1, and f is
a continuous function which changes sign in Q, and showed the existence of Ay > 0 such
that (1.2) admits at least two solutions for all A € (0, \y) via the extraction of Palais-Smale
sequences in the Nehair manifold. In a recent work [7], the author extended the results of [6]
to the quasilinear case with the more general weight functions f, g but also having subcritical
nonlinearity of concave-convex type. In the present paper, we continue the study of [7] by
considering critical nonlinearity of concave-convex type and sign-changing weight functions
f8

In this paper, we use a variational method involving the Nehari manifold to prove the
multiplicity of positive solutions. The Nehari method has been used also in [8] to prove the
existence of multiple for a singular elliptic problem. The existence of at least one solution
can be obtained by using the same arguments as in the subcritical case [7]. The existence of a
second solution needs different arguments due to the lack of compactness of the Palais-Smale
sequences. For what, we need addtional assumptions (f2) and (g2) to prove the compactness
of the extraction of Palais-Smale sequences in the Nehari manifold (see Theorem 4.4). The
multiplicity result is proved only for the parameter A € (0, (q/p)/A1) (see Theorem 1.5) but
foralll < p < N and 1 < g < p. This is not the case in the papers referred [2, 3] where
the multiplicity is global but not with the full range of p, g and with the weight functions
f = g = 1. Finally, we mention a recent contribution on p-Laplacian equation with changing
sign nonlinearity by Figuereido et al. [9] which gives the global multiplicity but not with
the full range of p and q. The method used in the paper by Figuereido et al. is similar to the
method introduced in [1].

In order to represpent our main results, we need to define the following constant A;.
Set

_ (p-9)/ (p"-p) .
Ay = <— P1_ > <_ PP >|Q|<q—p*>/p* SIN/D-(N/P)a+a/p) s o (1.5)
P -a)l8* P -alfl.

where |Q| is the Lebesgue measure of Q and S is the best Sobolev constant (see (2.2)).

Theorem 1.4. Assume (f1) and (g1) hold. If A € (0, A1), then (E\y,¢) admits at least one positive
solution uy € CY*(Q) for some a € (0,1).

Theorem 1.5. Assume that (f1)-(f2) and (g1)—(g4) hold. If A € (0, (q/p)/\1), then (Eyy,¢) admits
at least two positive solutions uy, U, € C*(Q) for some a € (0,1).

This paper is organized as follows. In Section 2, we give some preliminaries and some
properties of Nehari manifold. In Sections 3 and 4, we complete proofs of Theorems 1.4 and
1.5.

2. Preliminaries and Nehari Manifold

Throughout this paper, (f1) and (g1) will be assumed. The dual space of a Banach space
E will be denoted by E~'. Wg’p(Q) denotes the standard Sobolev space with the following
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norm:

llullf = J‘Q |[VulPdx. (2.1)

WS"’(Q) with the norm ||-[| is simply denoted by W. We denote the norm in L (Q) by | - |, and

the norm in LP(RN) by |- |1, g~ - |Q] is the Lebesgue measure of Q. B(x, r) is a ball centered
at x with radius r. O(e") denotes |O(e?)|/&! < C, o(e') denotes |o(e')|/e' — 0ase — 0, and
0,(1) denotes 0,(1) — 0asn — oo. C, C; will denote various positive constants; the exact
values of which are not important. S is the best Sobolev embedding constant defined by

|Vu|f7

m
ueW\(0) |

S= (2.2)

>
-
Definition 2.1. Let ¢ € R, E be a Banach space and I € C'(E, R).

(i) {u,}is a (PS).-sequence in E for I if I(u,) = ¢ + 0,(1) and I'(u,) = 0,(1) strongly in
Elasn — .

(ii) We say that I satisfies the (PS). condition if any (PS).-sequence {u,} in E for I has
a convergent subsequence.

Associated with (E, ), we consider the energy functional ], in W, for eachu € W,
1 A 1 .
Ja(u) = =|ju|f - —J‘ flu|?dx - —*I glulP dx. (2.3)
p q) o P Je

It is well known that J, is of C' in W and the solutions of (E, f,¢) are the critical points of the
energy functional ], (see Rabinowitz [10]).

As the energy functional ], is not bounded below on W, it is useful to consider the
functional on the Nehari manifold

Ny ={ueW\{0}:(J\(u),u) =0}. (2.4)

Thus, u € N, if and only if
(J ), u) = |lullf - )LJ flu|Tdx —f glul’" dx = 0. (2.5)
Q Q

Note that W, contains every nonzero solution of (E)y,¢). Moreover, we have the following
results.

Lemma 2.2. The energy functional ], is coercive and bounded below on N,.
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Proof. If u € M,, then by (f1), (2.5), and the Holder inequality and the Sobolev embedding

theorem we have

p -p p*-q
Ty = P ||u||”—x( - )f juidx
g pp ra )

1 P =g\ ._ )
> lullP = A =—2 \g-a/r|QP"-a)/p al £+ .
> ol A( o )s QAP )] £,

Thus, J, is coercive and bounded below on ;.

Define
ga(u) = (J\ (w),u).
Then for u € _N,,
(g (w), u) = pllull” - Aqu Flulidx - p*fg glul dx
= (p- )l - (" ~a) f gluldx

=\ =) [ fultdz = =)l

Similar to the method used in Tarantello [11], we split /U, into three parts:

N} = {u € My () (w),u) >0},
M = {ue My (g (u),u) =0},
Ny = {ue Ny () (w),u) <0}.

Then, we have the following results.

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)

(2.11)

(2.12)

Lemma 2.3. Assume that uy is a local minimizer for Jy on N, and u, ¢,/Ug. Then ];.(”)t) =0in

w-l

Proof. Our proof is almost the same as that in Brown and Zhang [12, Theorem 2.3] (or see

Binding et al. [13]).

Lemma 2.4. One has the following.
(i) Ifu € A3, then [, flulidx > .
(ii) If u € AN, then [ flul7dx > 0 and [, glulP"dx > 0.
(iii) If u € N}, then [, glulP"dx > 0.

Proof. The proof is immediate from (2.10) and (2.11).

O
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Moreover, we have the following result.
Lemma 2.5. If A € (0, A1), then _/U?l = () where A1 is the same as in (1.5).

Proof. Suppose otherwise that there exists A € (0, A1) such that ,/vg #0. Then by (2.10) and
(2.11), for u € A°, we have

Jull? = ’ﬁfﬂ glul” dx,
2.13)

P -q
=222 [ flupia.
P —Pla f
Moreover, by (f1), (g1), and the Holder inequality and the Sobolev embedding theorem, we

have
p-g 1/(p=p)
[l > <—5”*/”> ,
r -9l

*_ X . 1/(p~q)
llu|| < [Aﬁsq/qm(lﬂ -q)/p |f+|w] )

(2.14)

This implies

p—gq (p-a)/(pP"-p) p*-p
1> _Fr=F |Q|(q—P*)/P*S(N/P)*(N/Pz)qu(q/P) = A, (2.15)
<(P*—q)|g*|w> <(P*—q)|f*|m>

which is a contradiction. Thus, we can conclude that if A € (0, A1), we have ,/Ug = 0. O

By Lemma 2.5, we write /U, = /] U/ and define

w= jnf L), af= inf G0, = inf L. (2.16)

Then we get the following result.

Theorem 2.6. (i) If A € (0, A1) and u € N}, then one has ], (u) <0and ay < aj <0.
(i) If A € (0,(g/p)A1), then a) > do for some positive constant dy depending on
)‘/p/ q/ N/ SI |f+|oo’ |g+|oo/ and |Q|

Proof. (i) Let u € A}. By (2.10), we have

%uuuf' > f ) glul? dx, (2.17)
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and so

Ja(u) = (;—%)n ull + (———)j glul” dx
WD GPEe e

- Pqu”unP <0.

Therefore, from the definition of a,, a*, we can deduce that a) < zx <0.
(i) Let u € A} . By (2.10), we have

%uunp < f ) glul dx. (2.19)

Moreover, by (g1) and the Sobolev embedding theorem, we have

f glul” dx < SPP|ull”" | g7 (2.20)
Q
This implies
p-g 1/(p*-p)
(el > <—> SNV ue . (2.21)
P -algl., !

By(2.7) in the proof of Lemma 2.2, we have

P =P, P T A S -y o e+
]uzuq[_uPQ_)LSqPTQPqP w]
A (1) > lull p*p“” pqll Lf]

p—gq a/(p"=p) ,
>\ ————— SN/p
<(r)*—q)lg*|m>

" (r-a)/(p*-p)
< |P :F’S(pq)N/p2< P—4 > vl —4 |Q|(p | £ ..
p*p P -|g*| ., Pq

(2.22)

Thus, if X € (0, (q/p)A1), then

Ja(u) > do, Yue N, (2.23)

for some positive constant dy = do(A, p,q, N, S, [f*|_,,18"|.,, 1€2]). This completes the proof. [J



8 Abstract and Applied Analysis

For each u € W with fg g|u|p*dx > 0, we write

B p L/ (p"-p)
fmax = (p q) ”u” - > 0. (2.24)
(P - ) fq glul” dx

Then the following lemma holds.

Lemma 2.7. Let A € (0, Ay). For each u € W with .fg g|u|”’*dx > 0, one has the following:
() if [ flulidx <0, then there exists a unique t~ > tmay such that t-u € A, and

Ja(tu) = sup Ja(tu), (2.25)

t>0

(ii) if [ flul?dx > O, then there exists unique 0 < t* < tmax < t~ such that t'u € N7,
ttue N, and

Ja(t'u) = ,Jnf Ji(tu); Ja(t u) = sup Ji(tu). (2.26)
<t<tmax £0

Proof. Fix u € W with [, glul”" dx > 0. Let
k() = 779 |ul|P - tP*-qu glulf"dx for t > 0. (2.27)
It is clear that k(0) =0, k(t) — —oo0ast — oo. From
k()= (p- )t ull” - (p" - q)t"”*‘q‘lfQ glul” dx, (2.28)

we can deduce that k'(t) = 0 at t = tpay, kK'(t) > 0 fort € (0, tmay) and k'(t) < 0 for t € (£pax, 0).
Then k(t) that achieves its maximum at fmay is increasing for ¢ € [0, tmax) and decreasing for
t € (tmax, 20). Moreover,

(p-lup "
k(tmax) = . ul|P
(fn) <(P*—q)fgglul” dX> el

- p (»*-q9)/ (p*-p)
. < ol > [ g
(p* = )] glul” dx o
(2.29)
[k < P-4 >(pq)/(”*”) ( p-q >(p‘q>/(p‘p) < ]l >(p—q)/(p*—p)
P P [ 8lul” dx

* p-9 /" -p)
ZHullq(p _p>< pP—q Sp*/p> .
Pr-a/\ (-9l
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(i) We have [, flu|7dx < 0. There exists a unique ¢~ > tmay such that k(t7) = Af, flul7dx
and k'(t7) < 0. Now,

(=) VIl = 7 =) () [ gl ax
= ()™ [(p ~q) () ull” - (p* - q) (t‘)”*‘“fg g|u|"*dx]
= ()"K' () <0, (2.30)
(i) ) = ()l = (O [ gt ax = () flura

= (F) [k(t‘) - Af9f|u|qu =0.

Then we have thatt"u € ,/U;. For t > t.x, we have

. d?
(-l = " =) gt <0, ZzTact) <o,

ih(tu):tp—1||u||p_tpulf g|u|p*dx_tq71)LJ‘ Fluftdx (2.31)
dt . .

=0 fort=t".

Thus, Ji(tu) = sup,, Ji(tu).
(ii) We have [, flu|?dx > 0. By (2.29) and

k(0) =0 < AI Flulidx
Q

< /\S‘q/P|Q|(P*—‘7)/P ||u||11|f+|oo

* (p-)/(p*-p)
. ”u”q<r7 —P>< p-q sv*/P>
r—-a/\ (r-a)lg*l.

< k(tmax) for L € (0,Aq),

(2.32)

there are unique t* and +~ such that 0 < t* <ty < t7,

k(t) = AIQ flulidx = k(£), .

K'(t)>0>K ().
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We have t'u € N7, tu e N, and Ji(t"u) > Jy(tu) > Ji(t"u) for each t € [t*,¢7] and ], (t'u) <
Ji(tu) for each t € [0, t]. Thus,

Ja(ttu) = inf Jy(tu), Ja(t7u) = sup Jy(tu). (2.34)
<t<tmax 0

This completes the proof. O

3. Proof of Theorem 1.4

First, we will use the idea of Tarantello [11] to get the following results.

Lemma 3.1. If A € (0, A1), then for each u € N,, there exist € > 0 and a differentiable function
¢:B(0;e) CW — R* such that {(0) = 1, the function ¢(v)(u — v) € N, and

_pla |VulP2VuVo dx - Aqfq Flul"uv dx - r*fq glul’ uv dx

$0-0) (p = )llull” - (p* - ) glul” dx G
forallv e W.
Proof. For u € M, define a function F: R x W — R by
Fuld,w) = (38— 0)), §(u— )
~[ P =g flu-coltds 62
- [ gl ax.
Then F,(1,0) = (J!(u),u) = 0 and
P10 = plul? = q e —p [ g dx o

= (p- )l - (" - q) j gl dx 70,

According to the implicit function theorem, there exist ¢ > 0 and a differentiable function
¢:B(0;e) cW — Rsuchthaté(0) =1,

pfo |Vul?VuVo dx - Aq[, flul"uv dx - p*{,, glulP uv dx
(p =) lull’ = (p* = ) [ glul” dx (3.4)
F,(¢(v),v) =0, VveB(0e),

(&(0),v) =
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which is equivalent to
(J1¢(@)(u=-0)),§(v)(u-2)) =0, VoeB(0e), (3.5)

that is, {(v)(u —v) € N,. O

Lemma 3.2. Let A € (0, A1), then for each u € N, there exist € > 0 and a differentiable function
& :B(0;e) W — R* such that §(0) = 1, the function {(v)(u - v) € N, and

_Pla |VulP?VuVodx - Aqf,, flul"*uv dx - p* [, glul’ *uv dx

(@Yore) (- )l - (7" - 4) [ glul” dx

(3.6)

forallveW.

Proof. Similar to the argument in Lemma 3.1, there exist ¢ > 0 and a differentiable function
¢ :B(0;e) cW — Rsuchthat¢ (0) =1and ¢ (v)(u—v) € N, for all v € B(0;€). Since

(i), u) = (p-q)llul” - (p" - q) IQ glul”" dx < 0. (3.7)

Thus, by the continuity of the function ¢~, we have

($1 (¢ () (u=0)),& (@ (w-2)) = (p-q)||§" () (u-20)|
(3.8)
- -0 gl @@-o)ldr<o,
Q
if e sufficiently small, this implies that ™ (v)(u — v) € N/,. O

Proposition 3.3. (i) If A € (0, A1), then there exists a (PS),,-sequence {u,} C Ny in W for J,.
(ii) If L € (0, (g/p) A1), then there exists a (PS)y; -sequence {u,} C Ny in W for ].

Proof. (i) By Lemma 2.2 and the Ekeland variational principle [14], there exists a minimizing
sequence {u,} C N, such that

1
Ja(un) < ay + o

. (3.9)
() < Jy(w) + EHw —uy|| for each w € N,.
By ay < 0 and taking n large, we have
1 1 1 1
Rt = (5 = o Jl? = (3= 03[ flanliax
(3.10)

1 ay
<ay+—<—.
n
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From (2.7), (3.10), ay < 0, and the Holder inequality, we deduce that

|f+|m)ts—q/p|g|(puq)/p*“un“q > )LJ‘Qﬂu"'qu > ﬂa)l > 0. (3.11)

p(p*-q)

Consequently, u, #0 and putting together (3.10), (3.11), and the Holder inequality, we obtain

1/q
llun|l > [Lalsq/ﬂgﬁq—iﬂ*)m*] ,
PP -a)|f*].,

(3.12)
x _ 1/(p-q)
]| < [’Mw-w|@|@*‘q””*|f+|w] :
a(p* - p)
Now, we show that
17 )|y — 0, as n— oo. (3.13)

Apply Lemma 3.1 with u, to obtain the functions ¢, : B(0;e,) — R* for some €, > 0, such
that &, (w) (1, — w) € MN). Choose 0 < p < e,. Let u € W with u#0 and let w, = pu/||ul|. We
set 17, = &n(w,) (un — w)). Since 17, € N, we deduce from (3.9) that

1
Ia(p) = Ja(an) 2 =— |11, = wn], (3.14)
and by the mean value theorem, we have
1
<];,(un)/ Hp — un> + O(”Tlp - un”) > _;”71/7 - un||. (3.15)

Thus,
1
(1), =w0p) + (8n (wp) = )T (n), (tn = wp)) 2 = o = wn| + 0(llp = a})- (316

Since &, (w,) (1, —w,) € N and (3.16) it follows that

u
([l

! ! 1
> + (&n(wp) = 1) (T3 () = T3 (1), (un = w)p) ) 2 ‘E”’lﬂ = || + o (|7, = ua])-
(3.17)

-p{Jim),
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Thus,
) U 10 = unll o(llmp = uall)
<“‘””" ||u||> =T T
) B 1) (3.18)
L G0 D) ), G0,
Since |17, — unll < pén(wp) + én(wp) — 1f||unll and
;gw <&l (319)

ifweletp — 0in (3.18) for a fixed n, then by (3.12) we can find a constant C > 0, independent
of p, such that

<Ji(un>, 1> < g(1 +[1&O])- (3.20)

ull/ ~ n

The proof will be complete once we show that [|¢,(0)|| is uniformly bounded in n. By (3.1),
(3.12), (f1), (g1), and the Holder inequality and the Sobolev embedding theorem, we have

/ b||o||
<§n(0)rv> < - for some b > 0.
| (= )l = (" - ) glaenl” x| (321
We only need to show that
‘ (p =) llunllP - (p* - q)fQ glu| dx| > C (3.22)

for some C > 0 and 7 large enough. We argue by contradiction. Assume that there exists a
subsequence {u,} such that

(=l = (¢ =) [ glunl”"cx = 0,1, (3:23)
By (3.23) and the fact that u,, € WV,, we get

ol = =1 __;’fg glunl” dx + 0,(1),
(3.24)
P -q
|V = A\—— f |tn|Tdx + 0, (1).
|| P s
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Moreover, by (f1), (g1), and the Holder inequality and the Sobolev embedding theorem, we
have

1/(p*-p)
e [#SPVP] +o,(1),

(p* - q) |g+ |oo
(3.25)
* + 1/(p-q)
i < )LMS%I/HQ *-a)/p" +on(1).
pP*-p
This implies A > A; which is a contradiction. We obtain
, u C
<]J\(un)/ m> < P (3.26)

This completes the proof of (i).
(ii) Similarly, by using Lemma 3.2, we can prove (ii). We will omit detailed proof here.
O

Now, we establish the existence of a local minimum for J, on JUI.
Theorem 3.4. If A € (0, A1), then ], has a minimizer uy in N and it satisfies that
Da(ur) = ay = ay;

(ii)uy is a positive solution of (Eyyg) in CY%(Q) for some a € (0,1).

Proof. By Proposition 3.3(i), there exists a minimizing sequence {u,} for J, on A/, such that
Jai(un) = ay +0,(1), ]i(un) =0,(1) in W (3.27)

Since J, is coercive on M, (see Lemma 2.2), we get that {u,} is bounded in W. Going if
necessary to a subsequence, we can assume that there exists u, € W such that

u, — u, weaklyin W,
u, — u, almost every where in €, (3.28)
u, — uy strongly in L°(Q) V1 <s < p*.

First, we claim that u, is a nontrivial solution of (E,y,). By (3.27) and (3.28), it is easy to see
that u) is a solution of (E,f). From u, € /) and (2.6), we deduce that

q(p* - p) r'q
A 2ldx = —— L |u, || - —— ). 3.29
[ fuwrax el = Z (329)

Letn — oo in (3.29), by (3.27), (3.28), and a) < 0, we get

*

f Flualdx > —p’” qqm > 0. (3.30)
Q

-
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Thus, u) € AN, is a nontrivial solution of (E)f,¢). Now we prove that u, — u, strongly in W
and [, (uy) = ay. By (3.29), if u € N, then

P -p P -9
Jo(u) = —|lullf - — /\f ul|7dx. 3.31
A o [|ul] _— Qfl | (3.31)

In order to prove that J) (1)) = ay, it suffices to recall that u, € AN, by (3.31), and applying
Fatou’s lemma to get

P -p P-4
ay < n(uy) = —|lu p——)tf uy|Tdx
2 < Ja(un) o sl — Qf| Al

n—

< lim inf (gnunnp - gAJ f|un|qu> (3.32)
«© p'p Pq Q
<lim inf [y (u,) = ay.

This implies that ] (1)) = ay and lim,, _, oo ||u,||P = ||us||P. Let v, = u, —uy, then Brézis and Lieb
lemma [15] implies that

an”p = ”un”p - ”u)LHp +0n(1). (3.33)

Therefore, u, — u, strongly in W. Moreover, we have u, € /7. On the contrary, if u, €
N, then by Lemma 2.7, there are unique t{ and ¢; such that tju, € JU}r and tyu, € N, In
particular, we have t] < t; = 1. Since

d2

ﬁh(tgu),) > 0, (334)

d
E}A (tau)n) = O/
there exists ] < 1< ty such that J (tfuy) < Ta(tuy). By Lemma 2.7,
it < (b)) < L) = Jaw), (3.35)

which is a contradiction. Since ], (1y) = Ji(|uy|) and |u,| € A}, by Lemma 2.3 we may assume
that u, is a nontrivial nonnegative solution of (E, f,g). Moreover, from f,g € L*(Q), then
using the standard bootstrap argument (see, e.g., [16]) we obtain u, € L*®(Q); hence by
applying regularity results [17, 18] we derive that u, € C'*(Q) for some a € (0,1) and finally,
by the Harnack inequality [19] we deduce that u, > 0. This completes the proof. O

Now, we begin the proof of Theorem 1.4. By Theorem 3.4, we obtain (E,y,) that has a
positive solution u, in C*(Q) for some a € (0,1).

4. Proof of Theorem 1.5

Next, we will establish the existence of the second positive solution of (E,f,¢) by proving that
Ji satisfies the (PS),; condition.
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Lemma 4.1. Assume that (f1) and (g1) hold. If {u,} C W is a (PS).-sequence for ], then {u,} is
bounded in W.

Proof. We argue by contradiction. Assume that ||u,|| — oo. Let i1, = u, /||u,|. We may assume
that 71, — 1 in W. This implies that 71, — 1 strongly in L°(Q) forall 1 < s < p* and

A g = fap
quf|un| dx quf|u| dx + 0,(1). (4.1)

Since {u,} is a (PS).-sequence for J and |ju,| — oo, there hold

q-r p-p N
[ waapax- g e B2 g a0,
PJa q Q 4 Q (4.2)
[ 19 = Mlualire | flads =l [ gl dx = 0,0
Q Q Q
From (4.1)-(4.2), we can deduce that
f |V, |[Pdx = Mﬂunﬂq_plj‘ flu|%dx + 0,(1). (4.3)
o qa(p* - p) o
Since 1 < g <2and ||u,|| — oo, (4.3) implies
f |Vii|fdx — 0, asn— oo, (4.4)
Q
which is contrary to the fact ||7i,|| = 1 for all . O

Lemma 4.2. Assume that (f1) and (g1) hold. If {u,} C W is a (PS).-sequence for J, with
c € (0,(1/N)| g+|;o(N P)/PgN/ P), then there exists a subsequence of {u,} converging weakly to a
nontrivial solution of (E,f,g).

Proof. Let {u,} C W be a (PS).-sequence for J, with c € (0, (l/N)|g+|;3(N_p)/”SN/P). We know

from Lemma 4.1 that {u,} is bounded in W, and then there exists a subsequence of {u,} (still
denoted by {u,} and uy € W such that

U, — ug weakly in W,
u, — 1y almost every where in Q, (4.5)

u, — up strongly in L°(Q) V1 <s <p*.

It is easy to see that J| (up) = 0 and

.)Lf () |un|?dx = AI £ (x)|uol?dx + on(1). (4.6)
Q Q
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Next we verify that 1y #0. Arguing by contradiction, we assume u = 0. Setting

l= lmf glunlP dx. 4.7)
©Ja

i
n—

Since | (1) = 0,(1) and {u,} is bounded, then by (4.6), we can deduce that

0= ( fim J3 ) ) = fim (Ul = [ ghial”) = tim 7 =1, (48)
1n— oo 1n— oo Q n— oo
that is,
Tim [, = (49)

If I = 0, then we get ¢ = lim,_. /i (1,) = 0, which contradicts with ¢ > 0. Thus we
conclude that [ > 0. Furthermore, the Sobolev inequality implies that

AP/ AN AP/

luall? > S( | fual”) > S ) =Sl NN gl
" 8 g
Q olg |oo Q

(4.10)
Then as n — oo we have
- ~(N-p)/N 1. A\ ~(N-p)/Np/p*
1= lim [l > S]] lim (I glunl > _ S|gt NP (411)
n— oo n—oo Q
which implies that
1> |g*| S NPPgNp, (4.12)
Hence, from (4.6) to (4.12) we get
c = lim Jy(un)
1 lim ||u,]|P - A limJ flun|dx - l* limf glun| dx
pn—>oo qn—>oo Q p n— oo Q
(4.13)

(1Y
p p
+|—(N_P)/P5N/P.

>l|
N8

This is a contradiction to ¢ < (1/N)]| g+|;fN “P)/PGN/p_Therefore uy is a nontrivial solution of
(Exfg)- O
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Lemma 4.3. Assume that (f1)-(f2) and (g1)—(g4) hold. Then for any X > 0, there exists vy € W
such that

1 “(N—
supJi(toy) < 51815~ TSNP, (4.14)
t>0

In particular, a; < (1/N)|g+|;fN*P)/’”SN/Pfor all A € (0, A) where A is as in (1.5).

Proof. For convenience, we introduce the following notations:

1 1 "
1) = {1 - gl Jax,
Qlp p 8

1 if x € B(0,2p0),
XBO200) =

0 if x¢B(0,2p), (4.15)

p
[Vul,

Qu) =

o P
| (gx5020m) " ”L,*

From (g3) to (g4), we know that there exists &y € (0, pp) such that for all x € B(0,26),

g(x) =g(0) + o<|x|ﬂ> for some f > (4.16)

p-1

Motivated by some ideas of selecting cut-off functions in [20, Lemma 4.1], we take such cut-
off function 7(x) that satisfies 7(x) € C§°(B(0,260)), n(x) = 1 for |x| < 6o, n(x) = 0 for
|x| > 269, 0< 1 <1,and |Vy| < C. Define, for € > 0,

eN-P/P(x) 1y
(s+|x|p/<p—1>><N”’)/” (#417)

U (x) =

Step 1. Show that sup,, (I (fu) < (1/N)|g*[[NPVPSNIP 1 O(eN-P/P),
On that purpose, we need to establish the following estimates (as ¢ — 0):

Z* = g [N o,y + O(N7), (4.18)

1/p*
| (8xb020m) " ue 1 &N

|Vatel) = VUL, o, + o(g<N*P>/P), (4.19)
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where U(x) = (1+ (x)/" )" "™ ¢ Wir(RN) is a minimizer of {|Vul}/[ul’, )
that is,

ueW? (RN)\{0}”

\vup \Vul’
DD g inf —”(RN), (4.20)
wew @\ (0] [uf?

LP* (RN) LP* (RN)

and wy = 2N/2 /NT(N/2) which is the volume of the unit ball B(0,1) in RN. We only show
that equality (4.18) is valid; proofs of (4.19) are very similar to [20]. In view of (4.17), we get
that

P . NP (x) g (x)
= f () |uel” dx = f A x. (4.21)
p ) B(0.26)) RN <£+ I[P/ (P~ 1)>

| <3XB(0,2p0)>1/p Ue

On the other hand, let x = ¢~/ Py, we can deduce that

JRN md’c ) gN/p_[RN (1 |y|i/(p_1)>wd3/ =e VU vy a22)
Combining with g(0) = g*|., and the equalities above, we have
eNPlgt|,, IUIU, &)~ N/P'(SXB 0200)) "7 e Z:
| SORUACLTC RN S UE G (429
RN\B(0,50) <g+ |x|P/(P—1)> B(0,60) <£+ |x|p/(p—1>>
hence
0<eNPIGH| U ony N/p| (8xB0200) " 1 p
5(0) ofk)

< f  ——dx+ f T N
RN\B(0,50) <g+ |x|p/(p—1)> B(0,6) <g+ |x|p/(p—1))

_sO® J‘ "('x'ﬂ) 4 (4.24)
B(0,60) ||

<
IRN\B(O5) |x| NP/ (P1) Np/tp=1)

N o N 1 (O)d o O(rﬂ)rN—ld
= Nwn . _rpN/(P nart o N/ 4T

(o Dm0y 20O et
0 p-(N/(p-1)) ~ ’
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which leads to

- 1/p' -
0<1- Ig+Io§|(ng<o,zp0>) P @y SCilg’ | e (4.25)
that is,
1-Clet| U NP < o] v, P <a 4.26
1|g | | |LP (RN) - |g |oo (gXB(O/ZPO)) Ue P*| |Lp*(]RN) = - ( . )

Now, let & be small enough such that Cy|g*|_! |U|;f) "eN/P < 1, then from (4.26) we can deduce
that

p/p
1= Clg | U o €7 < <1 Cilg’ |1l (RN) Mp)
(4.27)
-(N-p)/N 1/
< 1" [V (sxp02m) M u IUILp @ <L
which yields that
+|(N-p)/N - /N 1/p* (N- )/N
| | P |U|Lp (RN)_Cllg | P U’ (RN) N/pg|(gXB(0/2PO)) p Ue <|g | p LP (RN)”
(4.28)
equivalently, equality (4.18) is valid.
Combining (4.18) and (4.19), we obtain that
o) - |‘7U|Lp(RN) + o(g(pr)/P)
¢ (N-p)/N
|8 PN Iup ey T O(eN'r)
(4.29)
= +|-<N—p>/N|Vu|LP<RN> +O(NPY)
|U|Lp (]RN) + O(eN/P)
Hence
vu O(eN-P/ry VU
~(N-p)/N g _ | +|-(N-p)/N | |U’(RN) +0(e ) | |L”(RN)
Q) - g [N N5 = | ,, - :
|u|Lp* (RN) + O(E ) |u|Lp* (RN)
[ N-p)/ N/
_ I +|—(N—P)/N |u L (RN)O(S( P) P) |Vu|Lp(RN)O(€ P) (430)
| () # O U

- O<£<N—p>/p>'
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Using the fact that
p p* N/P
max<t_a_t_b> - l(_a ) for any a,b >0, (4.31)
20 \p p* N \ pr/p
we can deduce that
1 N/p
sup I (tu,) = ﬁ(Q(uE)) . (4.32)

>0

From (4.30), we conclude that sup,., I(fu.) < (1 /N)|g+|;fN‘p)/’”SN/P +O(eN-P)/p),

Step 2. We claim that for any A > 0 there exists a constant &) > 0 such that sup,, /i (fue,) <
(1/N)|g+|;o(N—P)/PsN/p_
Using the definitions of ], u. and by (f2), (g3), we get

14
Ta(tug) < ;|vug|§, Vt>0, VA > 0. (4.33)

Combining this with (4.19), let € € (0,1), then there exists t; € (0,1) independent of € such
that

1, . (N
sup Ji(tue) < 5|8"] CINTP/PGNIP -y >0, Ve € (0,1). (4.34)

0<t<tg

Using the definitions of J), u., and by the results in Step 1 and (f2), we have

sup ]y (tue) = su <I(tu€) - giff(x)|u£|qu>

>t £t

\ (4.35)
1 (N t
< _|g+|°CfN P)/PSN/p + O<£(N—p)/p> _ —OﬂOAJ‘ |u£|qu.
N q B(0,60)
LetO<e< 68/(’771), we have
[ T
u|dx = x
BOSY) B(0,60) <€ + |x|p/(p71)>((N7”)/’”)"
q(N-p)/p* 4.36
> J £ Nop7 dx ( )
B(0,6) (265”’7‘1))(( PP

=C(N,p,q, 60)8(‘7(1\1_?’))/172'
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Combining (4.35) and (4.36), for all € € (0, 65/(’7 71)), we get

1 C(N- t!
sup Ju(tue) < 7 |g* |5 T PSNP + O(eNPr) - Eoﬂ()Cz)LSq(N_p)/pz. (4.37)
t>fo

Hence, for any A > 0, we can choose small positive constant €, < min{l, 65 /) } such that

q
O<5A(N—p)/ri> — %’ﬂoczmﬂ(l\f—r])/pz <0. (4.38)

From (4.34), (4.37), (4.38), we can deduce that for any A > 0, there exists €, > 0 such that

1 ~(N-
sup Ji (tu,) < N|g+|o§N PP SNIp, (4.39)
£20

Step 3. Prove that a) < (1/N)SN/P forall A € (0, Ay).
By (f2), (g2), and the definition of u,, we have

f F(x)|ue|7dx > 0, J ()| dx > 0. (4.40)
Q Q

Combining this with Lemma 2.7(ii), from the definition of a| and the results in Step 2, for
any A € (0, A1), we obtain that there exists t,, > 0 such that ¢, u,, € /A and

- 1 ~(N-
ay < Ja(teue,) <sup Ja(tue,) < ﬁ|g+|w(N PP NP, (4.41)
=
This completes the proof. O

Now, we establish the existence of a local minimum of J, on .

Theorem 4.4. If A € (0, (q/p)A1), then ], satifies the (PS),; condition. Moreover, ]y has a minimizer
U, in N, and satisfies that

AUy =ay;

(ii)U, is a positive solution of (E,f,g) in Cl*(Q) for some a € (0,1),
where Ay is as in (1.5).

Proof. If A € (0,(g/p)A1), then by Theorem 2.6(ii), Proposition 3.3(ii), and Lemma 4.3, there
exists a (PS),,-sequence {u,} C A in W for ], with a} € (0, (l/N)|g+|;D(N"”)/”SN/P). From
Lemma 4.2, there exists a subsequence still denoted by {u,} and nontrivial solution U, € W

of (E,fg) such that u, — U, weakly in W. Now we prove that u, — U, strongly in W and
Ju(Uy) = a;. By (3.29), if u € N,, then

P -p P’ -q
Ji(u) = ull? - J\f u|ldx. 4.42
A(u) o [|ul] oa Qf| | (4.42)
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First, we prove that U, € . On the contrary, if U, € A7, then by /] closed in W, we have
(IUL]] < liminf, o [|u,||. By Lemma 2.7, there exists a unique ¢, such that t U, € ;. Since
uy € N, Jx(un) > Ji(tu,) for all t > 0 and by (4.42), we have

ay < i) < lim Ja(tiu) < im ]y (un) = a;, (4.43)

and this is contradiction.
In order to prove that Jy(U,) = a, it suffices to recall that u,, U, € N for all n, by
(4.42), and applying Fatou’s lemma to get

_ p* -p P* .y
o < W) = PPy p - =4 Af U ffdx
VYT T o I
< lim inf(ununup-gq flunl"dx> (4.44)
n=e p'p p*q Q

<lim inf ]y (u,) = a;.

This implies that Jy(U)) = a and lim,, _, |[u,[|P = |U.||P. Let v, = u, — U,, then Brézis and
Lieb lemma [15] implies that

[oull? = lluall? = UL + 0n (1). (4.45)

Therefore, u, — U, strongly in W.

Since Jy(U,) = JLi(|U4]) and [U,| € N, by Lemma 2.3 we may assume that U) is
a nontrivial nonnegative solution of (E,y,). Finally, by using the same arguments as in the
proof of Theorem 3.4, for all A € (0, (q/p)A1), we have that U, is a positive solution of (E, )
in C1*(Q) for some a € (0,1). O

Now, we complete the proof of Theorem 1.5. By Theorems 3.4 and 44, if \ €
(0,(q/p)A1), then we obtain (E,y¢) that has two positive solutions u, and U, such that
u, € _/UX, U, € N, and uy, U, € Cl*(Q) for some a € (0,1). Since ,/UX NN, = @, this
implies that 1) and U, are distinct.
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