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1. Introduction

Let E be a Banach space and let C be a nonempty, closed, and convex subsetof E. Let A : C —
E* be an operator. The classical variational inequality problem [1] for A is to find x* € C such
that

Ax",y-x')>0, VyeC (1.1)
Yy y

where E* denotes the dual space of E and (:,-) the generalized duality pairing between E
and E*. The set of all solutions of (1.1) is denoted by VI(A, C). Such a problem is connected
with the convex minimization problem, the complementarity, the problem of finding a point
x* € E satisfying 0 = Ax*, and so on. First, we recall that a mapping A : C — E* is said to be
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(i) monotone if (Ax — Ay, x—y) >0, for all x,y € C,

(ii) a-inverse-strongly monotone if there exists a positive real number «a such that

(Ax - Ay, x - y) > a||Ax - Ay 2 Vx,y € C. (1.2)

In this paper, we assume that the operator A satisfies the following conditions:

(C1) Ais a-inverse-strongly monotone,
(C2) ||Ay|| £ ||Ay — Au| forally € Cand u € VI(A,C).

Let J be the normalized duality mapping from E into 25" given by
Jr={x" € E": (x,x7) = [[x[lllx"[l, [lx|l = lx"[I},  Vx € E. (1.3)

It is well known that if E* is uniformly convex, then J is uniformly continuous on bounded
subsets of E. Some properties of the duality mapping are given in [2—4].
Recall that a mapping T : C — C is said to be nonexpansive if

|ITx-Ty|| <|lx-y|, ¥YxyeC (1.4)

If C is a nonempty closed convex subset of a Hilbert space H and Pc : H — C is the metric
projection of H onto C, then Pc is a nonexpansive mapping. This fact actually characterizes
Hilbert spaces and, consequently, it is not available in more general Banach spaces. In this
connection, Alber [5] recently introduced a generalized projection operator C in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Consider the functional ¢ : E x E — R defined by

¢y, x) = [lyll* - 2(y, Jx) + || (1.5)

for all x,y € E, where ] is the normalized duality mapping from E to E*. Observe that,
in a Hilbert space H, (1.5) reduces to ¢(y,x) = ||x - y||2 for all x,y € H. The generalized
projection I'lc : E — C is a mapping that assigns to an arbitrary point x € E the minimum
point of the functional ¢(y, x), thatis, Ilcx = x*, where x* is the solution to the minimization
problem:

P(x*,x) = ;ggq‘b(y,X)- (1.6)

The existence and uniqueness of the operator I'lc follows from the properties of the functional
¢(y, x) and strict monotonicity of the mapping | (see, e.g., [2, 5-7]). In Hilbert spaces, Ilc =
Pc, where Pc is the metric projection. It is obvious from the definition of the function ¢ that

() Uyl = lxl)?* < $(y, %) < (lyll + [Ix[))? for all x, y € E,

(2) p(x,y) =¢(x,2) +P(z,y) +2(x—z,Jz—- Jy) forall x,y,z € E,

() ¢(x,y) = {x, Jx = Jy) +{y = x, Jy) < |xll[lJx = Jyll + lly - x[[[lyl| for all x, y € E,
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(4) if E is a reflexive, strictly convex, and smooth Banach space, then for all x,y € E,

d(x,y)=0 iff x=1y. (1.7)

For more details see [2, 3]. Let C be a closed convex subset of E, and let T be a mapping from
C into itself. We denote by F(T) the set of fixed point of T. A point p in C is said to be an
asymptotic fixed point of T [8] if C contains a sequence {x, } which converges weakly to p such
that lim,, —, - ||x,, — Tx,|| = 0. The set of asymptotic fixed points of T will be denoted by F(T).
A mapping T from C into itself is called nonexpansive if ||[Tx - Ty|| < |[[x — y| forall x,y € C
and relatively nonexpansive [9-11] if F(T) = F(T) and ¢(p,Tx) < ¢(p,x) forall x € C
and p € F(T). The asymptotic behavior of relatively nonexpansive mappings which was
studied in [9-11] is of special interest in the convergence analysis of feasibility, optimization,
and equilibrium methods for solving the problems of image processing, rational resource
allocation, and optimal control. The most typical examples in this regard are the Bregman
projections and the Yosida type operators which are the cornerstones of the common fixed
point and optimization algorithms discussed in [12] (see also the references therein).

The mapping T is said to be ¢-nonexpansive if ¢(Tx,Ty) < ¢(x,y) forall x,y € C. T is
said to be quasi-¢-nonexpansive if F(T) #0 and ¢(p, Tx) < ¢(p, x) forall x € C and p € F(T).

Remark 1.1. The class of quasi-¢g-nonexpansive is more general than the class of relatively
nonexpansive mappings [9, 10, 13-15] which requires the strong restriction F(T) = F(T).

Next, we give some examples which are closed quasi-¢-nonexpansive [16].

Example 1.2. (1) Let E be a uniformly smooth and strictly convex Banach space and let A
be a maximal monotone mapping from E to E such that its zero set A™!0 is nonempty. The
resolvent J, = (J +rA)™"J is a closed quasi-¢-nonexpansive mapping from E onto D(A) and
F(J,) = A7'0.

(2) Let I'lc be the generalized projection from a smooth, strictly convex, and reflexive
Banach space E onto a nonempty closed convex subset C of E. Then I'l¢ is a closed and quasi-
¢-nonexpansive mapping from E onto C with F(Il¢) = C.

liduka and Takahashi [17] introduced the following algorithm for finding a solution
of the variational inequality for an operator A that satisfies conditions (C1)-(C2) in a 2
uniformly convex and uniformly smooth Banach space E. For an initial point xo = x € C,
define a sequence {x,} by

Xn+1 = HC]_l (Jxn = Anxy), VYn2>0. (1.8)

where ] is the duality mapping on E, and Il¢ is the generalized projection of E onto C.
Assume that A, € [a,b] for some a,b with 0 < a < b < c?a/2 where 1/c is the 2
uniformly convexity constant of E. They proved that if J is weakly sequentially continuous,
then the sequence {x,} converges weakly to some element z in VI(A,C) where z =
limy, . Iy (a,c) (xn).
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The problem of finding a common element of the set of the variational inequalities
for monotone mappings in the framework of Hilbert spaces and Banach spaces has been
intensively studied by many authors; see, for instance, [18-20] and the references cited
therein.

On the other hand, one classical way to study nonexpansive mappings is to use
contractions to approximate a nonexpansive mapping (see [21]). More precisely, let t € (0, 1)
and define a contraction G; : C — C by Gix = txp + (1 — t)Tx for all x € C, where xy € C is
a fixed point in C. Applying Banach’s Contraction Principle, there exists a unique fixed point
x; of G; in C. It is unclear, in general, what is the behavior of x; ast — 0 even if T has a fixed
point. However, in the case of T having a fixed point, Browder [21] proved that the net {x;}
defined by x; = txg+ (1-t)Tx; forall t € (0,1) converges strongly to an element of F(T) which
is nearest to x¢ in a real Hilbert space. Motivated by Browder [21], Halpern [22] proposed the
following iteration process:

xo € C, Xpi1 =apxo+ (1—a,)Tx,, n>0 (1.9)

and proved the following theorem.

Theorem H. Let C be a bounded closed convex subset of a Hilbert space H and let T be a
nonexpansive mapping on C. Define a real sequence {a,} in [0,1] by a, = n7%,0 < 0 < 1. Define a
sequence {x,} by (1.9). Then {x,} converges strongly to the element of F(T) which is the nearest to
u.

Recently, Martinez-Yanes and Xu [23] have adapted Nakajo and Takahashi’s [24] idea
to modify the process (1.9) for a single nonexpansive mapping T in a Hilbert space H:

xo = x € C chosen arbitrary,

Yn = ApXp + (1 - an)Txn/
Cu={veCtllyn | <l -0 +an(lwol’ +2(x - x0,0)) |, (110)
Qu=1{veC: (0,10 -x) >0,

Xns1 = Pc,no, X0,

where Pc denotes the metric projection of H onto a closed convex subset C of H. They proved
that if {a,} C (0,1) and lim,,_, ., = 0, then the sequence {x,} generated by (1.10) converges
strongly to Pr(r)x.

In [15] (see also [13]), Qin and Su improved the result of Martinez-Yanes and Xu [23]
from Hilbert spaces to Banach spaces. To be more precise, they proved the following theorem.

Theorem QS. Let E be a uniformly convex and uniformly smooth Banach space, let C be a nonempty
closed convex subset of E, and let T : C — C be a relatively nonexpansive mapping. Assume that
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{an} is a sequence in (0,1) such that lim,, _, ,a, = 0. Define a sequence {x,} in C by the following
algorithm:

xo = x € C chosen arbitrary,
Yn =] (@) X0 + (1= ) JTX),
Co={v€C:¢(v,yn) <and(v,yn) + (1 - an)p(v, xn)}, (1.11)
Qn={veC:(xy—v,Jxo - Jxn) 20},

Xn41 = Ic,ng, %o,

where | is the single-valued duality mapping on E. If F(T) is nonempty, then {x,} converges to
HF(T).X().

In [14], Plubtieng and Ungchittrakool introduced the following hybrid projection
algorithm for a pair of relatively nonexpansive mappings:

xo = x € C chosen arbitrary,

zn = J (B Tn + BT T + B TS,

Yn = ]71(“71]350 +(1=ayn)]zy),
(1.12)

H, = {z €C:¢(z,yn) < P(z,x,) + tx,,<||xo||2 +2{z, Jx, - ]x)) },
Wy={zeC:{(x,—z Jx—Jx,) >0},

Xn+l = PHnﬂan/ n= 0/ 1/2/- ey

where {a,}, { ,(11)}, { ,(,2)}, and { ,(13)} are sequences in [0, 1] satisfying ﬂﬁll) + ﬂf) + ﬂf) =1
foralln € NU {0} and T, S are relatively nonexpansive mappings and ] is the single-valued
duality mapping on E. They proved, under appropriate conditions on the parameters, that
the sequence {x,} generated by (1.12) converges strongly to a common fixed point of T and
S.

Very recently, Qin et al. [25] introduced a new hybrid projection algorithm for
two families of quasi-¢-nonexpansive mappings which are more general than relatively
nonexpansive mappings to have strong convergence theorems in the framework of Banach
spaces. To be more precise, they proved the following theorem.

Theorem QCKZ. Let E be a uniformly convex and uniformly smooth Banach space, and let C be
a nonempty closed convex subset of E. Let {S;};c; and {T;};c; be two families of closed quasi-¢-
nonexpansive mappings of C into itself with F := (\;e;F(T;) N Nie; F(Si) being nonempty, where
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I is an index set. Let the sequence {x,} be generated by the following manner:

xo = x € C chosen arbitrary,
Zni = ]71 <ﬁ£llrl)]xn + ﬁ,(fl)]Tlxn + ﬁfi)]San>/
Yni= ]_1 (an,i]xO + (1 - “n,i)]zn,i)r

Cn,i = {u eC: (i)(uryn,i) < (i)(urxn) + “n,i<||x0”2 + 2<ur]xn - ]xn>> }/
(1.13)

Cn =ﬂcn,i1
iel
Q0=C/
Qn={u€Qui1:(xn—1uJxo-Jx,) >0},

Xn+l = HCnﬁanOI n= 0/ 1/ 2/ RS

@
n,i

where | is the duality mapping on E, and {a,;} and {p
satisfying

(1) ﬂ<1) + ﬁ(z) + ﬂ;(j’l) = 1f07’ Illll € I/

n,i n,i

} (i =1,2,3,...) are sequences in (0,1)

(ii) limy, ot = 0 foralli € I,

(iii) liminf,— .1 Bor > 0 and lim, —opl) = 0 forall i € I.

n,i

Then the sequence {x,} converges strongly to ITpxy.

On the other hand, recently, Takahashi et al. [26] introduced the following hybrid
method (1.14) which is different from Nakajo and Takahashi’s [24] hybrid method. It is called
the shrinking projection method. They obtained the following result.

Theorem NT. Let C be a nonempty closed convex subset of a Hilbert space H. Let T be a
nonexpansive mapping of C into H such that F(T) # 0 and let xo € H. For C; = C and x1 = Pc,xo,
define a sequence {x,} of C as follows:

Yn = ApXy + (1 - an)Txnr
Con={z€Cun:|lyn—2z| < llxn—zll}, (1.14)

Xn+l1 = PC X0, Vn > O/

n+l

where 0 < ap, < a <1 forall n € N. Then {x,} converges strongly to zo = Pr(r)(xo).

Motivated and inspired by liduka and Takahashi [17], Martinez-Yanes and Xu [23],
Matsushita and Takahashi [13], Plubtieng and Ungchittrakool [14], Qin and Su [15], Qin et al.
[25], and Takahashi et al. [26], we introduce a new hybrid projection algorithm basing on the
shrinking projection method for two families of quasi-¢$-nonexpansive mappings which are
more general than relatively nonexpansive mappings to have strong convergence theorems
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for approximating the common element of the set of common fixed points of two families of
quasi-¢-nonexpansive mappings and the set of solutions of the variational inequality for an
inverse-strongly monotone operator in the framework of Banach spaces. As applications, the
problem of finding a zero point of an inverse-strongly monotone operator and the problem
of finding a solution of the complementarity problem are studied. Our results improve and
extend the corresponding results announced by recent results.

2. Preliminaries

Let E be a real Banach space with duality mapping J. We denote strong convergence of {x,}
to x by x, — x and weak convergence by x, — x. A multivalued operator T : E — 2F
with domain D(T) and range R(T) is said to be monotone if (x; — x, y1 — y2) > 0 for each
x; € D(T) and y; € Tx;,i = 1,2. A monotone operator T is said to be maximal if its graph
G(T) = {(x,y) : y € Tx} is not properly contained in the graph of any other monotone

operators.
A Banach space E is said to be strictly convex if ||(x + y)/2|| < 1 for all x,y € E with
llx]l = llyll =1 and x#y. It is said to be uniformly convex if lim, _, »-||x,, — yx|| = 0 for any

two sequences {x,}, {y,} in E such that ||x,|| = ||y.|| = 1 and lim, o ||(xs + y») /2| = 1. Let
U = {x € E : ||x|| = 1} be the unit sphere of E. Then the Banach space E is said to be smooth
provided that

g 1t = Dl 1)
t—0 t

exists for each x, y € U. Itis also said to be uniformly smooth if the limit is attained uniformly
for x,y € U. It is well know that if E is smooth, then the duality mapping ] is single valued.
It is also known that if E is uniformly smooth, then J is uniformly norm-to-norm continuous
on bounded subset of E. Some properties of the duality mapping are given in [2, 3, 27-29].
We define the function 6 : [0,2] — [0, 1] which is called the modulus of convexity of E as
follows:

. X+
6(e) = mf{l - “—2 y” cx,y €C x|l =yl =1 |lx-v| > g}. (2.2)

Then E is said to be 2 uniformly convex if there exists a constant ¢ > 0 such that constant
6(g) > ce? for all € € (0,2]. Constant 1/c is called the 2 uniformly convexity constant of E. A
2 uniformly convex Banach space is uniformly convex; see [30, 31] for more details. We know
the following lemma of 2 uniformly convex Banach spaces.

Lemma 2.1 (see [32, 33]). Let E be a 2 uniformly convex Banach, then for all x, y from any bounded
setof Eand jx € Jx,jy € Jy,

2
. . C
(x-y,jx=jy) > > |lx- y|%, (2.3)

where 1/ c is the 2 uniformly convexity constant of E.
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Now we present some definitions and lemmas which will be applied in the proof of
the main result in the next section.

Lemma 2.2 (Kamimura and Takahashi [7]). Let E be a uniformly convex and smooth Banach
space and let {y,}, {zn} be two sequences of E such that either {y,} or {z,} is bounded. If
limy, - oo (Y, 2n) = 0, then limy, —, o ||yn — za|| = 0.

Lemma 2.3 (Alber [5]). Let C be a nonempty closed convex subset of a smooth Banach space E and
x € E. Then, xo = Ilcx if and only if (xo — y, Jx — Jxo) > 0 for any y € C.

Lemma 2.4 (Alber [5]). Let E be a reflexive, strictly convex, and smooth Banach space, let C be a
nonempty closed convex subset of E, and let x € E. Then

¢(y,Icx) + ¢(Ilcx, x) < ¢p(y, x) (2.4)

forally € C.

Lemma 2.5 (Qinetal. [25]). Let E be a uniformly convex and smooth Banach space, let C be a closed
convex subset of E, and let T be a closed quasi-¢-nonexpansive mapping of C into itself. Then F(T) is
a closed convex subset of C.

Let E be a reflexive strictly convex, smooth, and uniformly Banach space and the
duality mapping from E to E*. Then ]! is also single valued, one to one, and surjective, and
it is the duality mapping from E* to E. We need the following mapping V which is studied in
Alber [5]:

V(x,x") = [lxl* = 2(x, x*) + [|x]? (2.5)

for all x € E and x* € E*. Obviously, V(x, x*) = ¢(x, J 7} (x*)). We know the following lemma.

Lemma 2.6 (Kamimura and Takahashi [7]). Let E be a reflexive, strictly convex, and smooth
Banach space, and let V be as in (2.5). Then

V(x,x*)+2<]_1(x*)—x,y*> <V(x,x*+y*) (2.6)
forall x € E and x*, y* € E*.
Lemma 2.7 (see [34, Lemma 1.4]). Let E be a uniformly convex Banach space and B,(0) = {x €

E : ||x|| < r} be a closed ball of E. Then there exists a continuous strictly increasing convex function
g :[0,00) — [0, 00) with g(0) = 0 such that

e+ sy + v2 < AP + lly I+ yl21? = g e - 1) @7)

forall x,y,z€ B,(0)and A, y,y € [0, 1] with A+ p+y =1.
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An operator A of C into E* is said to be hemicontinuous if, for all x, y € C, the mapping
F of [0,1) into E* defined by F(t) = A(tx + (1 — t)y) is continuous with respect to the weak*
topology of E*. We denote by N¢(v) the normal cone for C at a point v € C, that is,

Nc(@) ={x*€E*: (v-y,x*) >0, Vy € C}. (2.8)

Lemma 2.8 (see [35]). Let C be a nonempty closed convex subset of a Banach space E and A a
monotone, hemicontinuous operator of C into E*. Let T C E x E* be an operator defined as follows:

(2.9)

To < Av+ Nc(v), veC,
0, v¢C.

Then T is maximal monotone and T~'0 = VI(A, C).

3. Main Results

In this section, we prove strong convergence theorem which is our main result.

Theorem 3.1. Let E be a 2 uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let A be an operator of C into E* satisfying (C1) and (C2), and
let {Si}icr and {Ti}ic; be two families of closed quasi-¢-nonexpansive mappings of C into itself with
F := Nt F(T3) N Nier F(Si) N VI(A,C) being nonempty, where I is an index set. Let {x,} be a
sequence generated by the following manner:

xo € C chosen arbitrary,

[ee)
C,i=C, C = ﬂ Cii, x1 =I¢, (xo) Viel,
i=1

Wi = ] (Jx, = AniAx,),
Zai = 7 (B Txn + BT Tt + B Sit0n, ),

3.1)
Yni = ]_1 (lxn,i]xo + (1 - an,i)jzn,i)r

Cvni = {1 € Coi: (u,ymi) < Plat,x0) + ani (I1x0ll> +2(w, Jxu = Jx0) ) },

Cui1 =) Custis

i€l

Xps1 =Ic x9, Vn>0,

n+l

where | is the duality mapping on E, and {\A,;}, {a,;}, and { [5,(1]3 } (j =1,2,3) are sequences in (0,1)
satisfying the following conditions:
(i) lim, ., an; =0 foralli € I;
(ii) for all i € I, {A,;} C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2
uniformly convexity constant of E;
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(iii) [3(11.) + ﬁ(z.) + ﬂffl) =1forall i € I and if one of the following conditions is satisfied:

n, n,i

(a) lim infnawﬂai)ﬂ(l). >0foralll=2,3and foralli€l,

niln,i
(b) liminf,—, 1 ) > 0 and lim, B = 0 forall i € I.

Then the sequence {x,} converges strongly to I1pxo, where Il is the generalized projection from C

onto F.

Proof. We divide the proof into six steps.

Step 1. Show that ITrxg and I'lc,,, xo are well defined.

To this end, we prove first that F is closed and convex. It is obvious that VI(A,C) is a
closed convex subset of C. By Lemma 2.5, we know that (;c;F(T;) N ;e F(Si) is closed and
convex. Hence F := ;. F(Ti) NN F(Si)NVI(A, C) is a nonempty, closed, and convex subset
of C. Consequently, ITrx is well defined.

We next show that C,,,; is convex for each nn > 0. From the definition of C,,, it is obvious
that C,, is closed for each n > 0. Notice that

Curi = {1 € ot (1, yni) < p(tt, %) + i (IxolP + 2w, Jxa = Jx0)) ) (32)
is equivalent to

C;ﬁ.l,i = {u €Cy: 2<u/ Jxn — ]]/n,i> = 2a,i{u, Jxn — Jx0) < ||xn||2 - ”]/n,i||2 + “n,i“xOHZ}‘
(3.3)

It is easy to see that C _,

NierCnr1i = NierC,,q; is closed and convex for every n > 0. This shows that Ic
defined.

is closed and convex for all n > 0 and i € I. Therefore, C,,1 =
xp is well

n+l

Step 2. Show that F := (;c;F(T:) NN F(Si) N VI(A,C) C Cy, foralln > 0.
Put v,; = J 1 (Jxn — Ay iAx,). We have to show that F ¢ C, foralln > 0. Forallu € F,
we know from Lemmas 2.4 and 2.6 that

47(”/ wn,i) = 4’(“/ 1_[Cvn,i)

S ¢(u/ vn,i)
= (] Jxn — LniAxy))
= V(u/ Jxn - )Ln,iAxn) (34)

<V (u, (Jotn = dniAxn) + Ay iAxp) — 2< T T2t = AniAxn) — 1, )Ln,iAxn>

= V(u/ ]xn) - 2)ln,i<vn,i -u, Axn>
= P(u, xpn) — 205 (X — U, AXy) + 2{Up; — Xy, =Ly i AXp).
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Since u € VI(A,C) and from condition (C1), we have

2 (xn —u, Axy) = =200 (X — U, Axy — Au) — 20, (x, — u, Au)

(3.5)
< —2ady||Ax, — Aul)?
From Lemma 2.1, and condition (C2), we also have
2(Vn,i = Xn, —An,iAXy) = 2<]_1 (Jxn = ApiAxy) — ]_1 (Jxn), —AniAxy, >
< 2|77 U = A Ax) = T (o) [ I A
4 -1 -1
< S |77 U = diA) = 177 ) | lmi Al
4 (3.6)
= 0% = AniAxn) = (Jxu) [ An Axa
405 2
< S0 lAx|
< 202 A%, - AulP
< S 1A%, - AulP.
Subtituting (3.6) and (3.5) into (3.4) and using the assumption (ii), we obtain
4
P, wn;) < Pu, xn) = 2ahyil| Axy — Aul* + A2 || Axy — Aulf.
20
2
< Pu, xn) + 240 <§AM - a> | Ax, — Aul* (3.7)

< (i)(ur Xp).
It follows from the convexity of || - |? and (3.7) that

P, 20i) = (e, T (B 0n + Bl T + B) JSiton,) )
= [l = 2w, BL0) T + B T Tie + B) I Si0n, )

2 2
+ | 511,1)]xn + ﬁ-flli)]Tixn + ﬁSi)]Siwni

< Nl = 28w, Joen) = 288 (u, JTixw) = 28 (u, ] Siwon,i)

1 2 2 2 3 2
+ BTl + BN Tieal* + BT St
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= B p(u, xa) + B P (1, Tixy) + Bl p (1, Sitw )
< B P, xa) + BB, x) + B (1, 20,1)
< (;b(u/ Xn),

(3.8)

and hence

d(u, yni) = 4’(”, J N an,iJxo+ (1 - an,i)]zn,i)>
= [[ull® = 2(u, an;Jx0 + (1 = @) TZni) + lletniTx0 + (1 = i) Tzl
< [ull? = 2at,i ¢, Jx0) = 2(1 = @) (14, Jzi) + nillxoll® + (1 = ) |2l
< i p (14, X0) + (1 = 1) (1, Zn1) (3.9)
< ip(, x0) + (1 = 1) (1, x)
= P, xn) + i [, X0) — P (14, )]

< P(u, x,) + th,,,i<||x0||2 +2{u, Jx, - ]x0)>.
This show that u € C,41,; for each i € I. Thatis, u € C,, = (;¢;Cp,i for all n > 0. This show that

F:=(\F(T)n(\F(S:)NVI(A,C)CcCy V¥n>0. (3.10)

iel iel

Step 3. Show that lim,, _, ., (x,, x0) exists.
We note that C,,.1; C C,; foralln > 0and for all i € I. Hence

Cn+1 = ﬂ Cn+1,i C Cn = ﬂCn,i- (3.11)

i€l iel

From x,,,1 =Il¢,,, x0 € Cps1 C Cp and x,, = I, x9 € C,,, we have

n+l

P (xn, x0) < P(xps1,%0), Yn2>1. (3.12)
This shows that {¢(x,, x0)} is nondecreasing. On the other hand, from Lemma 2.4, we have
()b(xn/ xO) = (nb(HCnxO/ xO) < ()b(w/ xO) - ¢(w/ xn) < d)(w/ xO) (313)

for each w € F C C,,. This show that {¢(x,, xp)} is bounded. Consequently, lim,, _, - (xy, x0)
exists.

Step 4. Show that {x,} is a convergent sequence in C.
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Since x,, = Ilc,,xo € C,, for any m > n. It follows that

¢(xm/ Xn) = ‘i)(xmr Ic,x0)
< ¢ (xm, x0) — ¢(Ic, xo, X0) (3.14)
= (,b(xm, xo) - (;b(xn, XO).

Letting m,n — oo in (3.14), we have ¢(x,,, x,,) — 0. It follows from Lemma 2.2 that

lim_{|x — xx[| = 0. (3.15)
m,n— oo

Hence {x,} is a Cauchy sequence in C. By the completeness of E and the closedness of C, we
can assume that

x, —p€C asn— oo. (3.16)

Step 5. We show that p € F := ;. F(Ti) NN F(Si) N VI(A, C).
(I) We first show that p € N;c; F(T;) NNier F(Si). Taking m = n + 1 in (3.14), one arrives

that

Tim p(xni1, %) = 0. (3.17)
From Lemma 2.2, we obtain

Jim [|x11 = x| = 0. (3.18)

Noticing that x,41 = Ilc,,, xo, from the definition of C,,; for every i € I, we obtain

D (X1, Yni) < P(Xpa1, Xn) + ocn,i<||xo||2 +2(u, Jx, - ]xo)>. (3.19)

It follows from (3.17) and lim,,_, @, ; = 0 and the fact that { Jx,} is bounded that

nlgr;)c]) (Xn+1,Yni) =0, Viel (3.20)
From Lemma 2.2, we obtain
,}Eﬂc”x"” - Ynil| =0, Viel (3.21)
It follows from (3.18) that
lim ||x, = ynil| =0, Viel (3.22)

n—oo
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Since J is uniformly norm-to-norm continuity on bounded sets, for every i € I, one has
Jim (|72 = Jynill = Hm [[Jxna = Jxull =0, Vi€l (3.23)
For every i € I, we obtain from the properties of ¢ that

¢(Zn,ir xn) = ¢(Zn,i/ yn,i> + (i)(yn,i/ xn) + 2<Zn,i — Yn,ir ]yn,i - ]xn>

(3.24)
< ¢(Zn,ir yn,i) + ¢(yn,i/ xn) + 2||Zn,i - yn,i” ”]yn,i = Jxn ”

On the other hand, for all i € I, we have

2
¢(Zn,i/ ]/n,i)= ”Zn,i”2 - 2<Zn,i/ “n,i]xo + (1 - “n,i)]zn,i> + ”“n,i]xO + (1 - fxn,i)]zn,iH
2 2 2
< ||Zn,i|| - 2an,i<zn,i/ ]x0> - 2(1 - an,i)<zn,i/ ]Zn,i> + an,inO” + (1 - an,i)”Zn,i”

2 2
= s (11zndll” = 2(2ni, Jx0) + [1%0lI”) = (2, X0).

(3.25)
It follows form (ii) that
r}iixgo¢(zn,i,yn,i) =0, Viel (3.26)
Notice that
(,b(]/n,i/ xn) = ”yn,i”2 - 2<yn,i/ ]xn> + ”xn”2
= [|Ynill® = 2Yni, Jon) + [1xall® + 1wt I = ||
- 2<xn+11 ]yn,i> + 2<xn+11 ]yn,i>
= ¢(xn+1/ yn,i) - 2<yn,i/ ]xn> + ||xn||2 - ||xn+1||2 + 2<xn+1/ ]yn,i>
= ¢(xn+1/yn,i) + (e = xnell) (l2enll + 2241 ]) (3.27)

= 2(Yn,is J%n = TYni) = 2AYn,is TYni) + 2(Xns1, JYn,i)
= @ (%ns1, Yni) + (20 = Xt D) ([[0n]| + [[ns21])

+ 2(Ynis JYni = Jxn) + 2(Xni1 = Yni, JYni)
< P(xns1, Yni) + (120 = Xnsa ) (120l + 01 )

2l ynill1Tymi = T2l + 20 %1 = ymill Tyl
Applying (3.18), (3.20), (3.21), and (3.23) to the last inequality, we obtain

im ¢ (yni, xn) =0, Viel (3.28)
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Combining (3.26) with (3.28) in (3.24), we have

lim ¢(z,i,x,) =0, Viel (3.29)
From Lemma 2.2, we have
lim ||z,; — x4 =0, Viel. (3.30)

Since J is uniformly norm-to-norm continuity on bounded sets, for every i € I, one has

nhjr;o”]Zn,i —Jxull =0, Viel (3.31)

Let r = sup, ., {[xall, [ITixxll, [|Sixn||} for every i € I. Therefore Lemma 2.7 implies that there
exists a continuous strictly increasing convex function g : [0,00) — [0, o0) satisfying g(0) =0
and (2.7).

Case I. Assume that (a) holds. Applying (2.7), we can calculate
Pt 20) = ()7 (B} o0n + Bl T + B JSitons) )
=l = 2w, B30 Tt + B T Tie + B I Siton, )

3 2
1(11,1')]x11 + .B,(qzﬂ)]Tlxn + ﬂfq,i)]Siwn,i

.
< NulP = 280w, Joeu) = 2B8) (u, JTixw) = 2B (u, ] Siwn,i)
4 BV a2 + BENTall? + B 1Sic0nill? - BLBL g1 n - TTicall) (3:32)
= B, xa) + PP, Tixa) + PP (11, Siwoni) — BB g (1% — TTixall)
< BUP(u, x0) + B, %) + B (1, wn5) B g1 % — TTixall)
< Bt X0) + Bl P (1, %) + I p(us, %) = Bl Bt 1 % = T Tieall)
= pu,x) = BB g (1T2n = JTioeal))-
This implies that
B2 g (1 x — JTixall) < b, x0) =l 207), Vi€ L (3.33)
On the other hand, for every i € I, one has
b, xn) = P(1t, Zni) = 1Xnll” = 1 Znill> = 20, J X0 = J Znsi)
(3.34)

< xn = zwill (lxall + Nznill) + 201 x50 = Jzn,ll-



16 Abstract and Applied Analysis

It follows from (3.30) and (3.31) that
¢(u,x,) —Pp(u,z,;)) —0 asn— oo, Viel. (3.35)
Applying lim 1nfnaooﬁ(1) [3(2) > 0and (3.35) in (3.33) we get
g(lJxy = JTixp||) — 0 asn— oo, Vi€l (3.36)
It follows from the property of g that
[Jxn — JTixy|| — 0 asn— oo, Vie L (3.37)
Since 7! is also uniformly norm-to-norm continuity on bounded sets, for every i € I, one has

lim ||x, — T;xu]| =0, Viel (3.38)

In a similar way, one has

r}iir;o||xn = Siwy;il|=0, Viel (3.39)
On the other hand, we observe from (3.7) that

P, zns) = ¢ (w, T (B} Jxn + Bt T Tt + i) T Sicons) )
= [l = 2w, B0 Joeu + B T Tit + B T Sit0 )

2
1 2 3
+ 1B )30 + BC) Tixn + BC) T Sitwn,

< Nlull® = 2B5) (u, Txn) = 2By (1, TTioc) = 25) (0, JSiwn,)
BTl + BN Tixal? + BONTSitonill ~ B BE g (1 % — TTixall)

= B P, xn) + BB, Tixy) + B P (1, Sitoni) = B Bl g (11 = T Tl

< PP, x0) + Bt x0) + BN (1 wn5) — BB g (1 n = T Ticall)

<P b, x0) + PO, x) + B [qb u, x) + 2Am< 2 Z i - a> | Ax, — Au||2]

= P, 2,) +2B0) A, ( 2y i — oc> | Ax, — Aul>.
(3.40)
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Hence
2
20((a- 50) 1A%, - Aul® < $lu,x,) - $lu, 200 (3.41)

Using (3.35), we can conclude that

lim | Ax, — Aul| =0, Viel. (3.42)

From (3.6), we can calculate

¢ (xn, wn,i) = G(xn, Icvy,;)
< ¢(xnr Un,i)
= (0, 7 U = AniAX,) )
= V(xn/ Jxn - )Ln,iAxn)

< V(xy, (Jxn — ApiAxy) + Ly iAxy,)

3.43
- 2<]_1 (]xn - )ln,iAxn) —u, )Ln,iAxn> ( )

= V(xn/ ]xn) + 2<vn,i — Xn, _Jln,iAxn>
= ¢(xnr xn) + 2<Un,i — Xn, _)Ln,iAxn)

= 2<Un,i — Xn, _)‘n,iAxn>

4
< =42l Ax, - Aul.
2o
It follows from (3.42) and the fact that {\,;} is bounded that
lim ¢(x,, wni) =0, Viel (3.44)

From Lemma 2.2, we have

nli_r)r;)”xn —wyl| =0, Viel. (3.45)

Hence w,; — pasn — oo for eachi € I. From (3.39) and (3.45), we have

The closedness of T; and S; implies that p € (;e; F(Ti) N Nier F(Si).-
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Case II. Assume that (b) holds. We observe that
(U, zni) = ¢ <ur J! <ﬁ,(i,~)fxn + ﬂ,(ji)]Tixn + ﬁ,(fi)fsiwn,i>>
= l[ull® = 24w, B2} Tn + B T Ticn + By T Siton,i)

2
1 2 3
+ |8 + BE I T + B TSt

< Nl = 288w, Joeu) = 288 (u, JTixw) = 28 (u, ] Siwn,)

+ BN xal® + BENT Tixall? + BENT Sitonll® ~ BEBE) g (1T Sit0n,i — JTixall)
= B p(u, %) + PO P, Tixy) + B, Siwn) — B E) g (1] Siton,i — T Tixeul)
< B, xa) + PP, %) + B b (1, wi) — PO g (TS — TTixull)
< UG, xa) + PP, %) + PP, ) — PP g (1S it0mi ~ JTical)

= p(u, xn) — Br B g (1T Siton, — JTiaca)-

(3.47)
This implies that
@B (1] Siwon; — TTixall) < put, xn) - P, 207), Vi€ L (3.48)
On the other hand, for every i € I, one has
P, Xn) = 1ty 2n) = [%ull® = |20l = 20, Jotn = J 20,3)
(3.49)
< xn = zwill(lxall + Nznill) + 20130 = Jzn,ll-
It follows from (3.30) and (3.31) that
o(u,x,) —Pp(u,z,;)) —0 asn-—oo, Viel (3.50)
Applying lim infnﬁooﬂfji) 5131) > 0 and (3.50) we get
g(lJSiwn,i — JTixu||) — 0 asn— oo, Vie L (3.51)

It follows from the property of g that

lJSiwn; — JTixy|| — 0 asn— oo, Vi€l (3.52)
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Since ]! is also uniformly norm-to-norm continuity on bounded sets, for every i € I, one has
Jim [|Tix = Siw,ill =0, Viel. (3.53)
On the other hand, we can calculate
¢(Tixn, zni) = P <Tixn/ J! (ﬂill,i)]xn + ﬂ,(fl) JTixy, + ﬂfj?]siwn,i>>
= 1 Txall* = 2 Tixn, B} Jotn + o) JTiot + B J Siton )

2
1 2 3
|| B + BE T + B T Si20n) |

< Tiacall = 28 (Tioc, Jn) = 2Bt (T, JTioc) = 2Bor (Tikn, J Siton)

3
120,11

1 2 2 2
+ B Ncall® + BN Tieal* +

< B P(Tixn, x0) + P S(Tix, Siton,)-

(3.54)
Observe that
¢(Tixn, Sitwn,) = | Ticull” = 2(Tixn, JSiwn,i) + |Siwonill”
= | Titull® = 2(Tixtn, JTixn) + 2(Tixtw, JTixtn = J Sitn,) + || Siwonl?
(3.55)
< ISiwnill® = ITixull® + 20 Ticull | J Tixn = J Sizwn,|
<|ISiwn,i = Tixall([|Siwonill + 1 Tixull) + 20 TixullllJ Tixn — J Siwon,ill-
It follows from (3.52) and (3.53) that
lim §(Tixn, Siwoni) =0, Viel. (3.56)

Applying limnﬁmﬂillﬂ.) = 0 and (3.56) and the fact that {¢(Tix,, x,)} is bounded to (3.54), we
obtain

nh_{rgod)(Tix"’ZTl/i) =0, Viel. (3.57)

From Lemma 2.2, one obtains

lim ||Tixy — znil =0, Vi€l (3.58)
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We observe that
ITixn = xull < | Tixn = Znill + |Zni = Xull- (3.59)
It follows from (3.30) and (3.58) that

lim || Tix, — x,]| =0, VieL (3.60)

By the same proof as in Case I, we obtain that

nli_r)r;onn —wnil| =0, Viel. (3.61)

Hence w,; — pasn — oo foreachi € I and

Hm [[Joxy = Jwnl| =0, Viel (3.62)

Combining (3.53), (3.60), and (3.61), we also have

lim ||Sl-wn,i — wn,l-|| =0, Viel. (363)

It follows from the closedness of T; and S; that p € (;; F (T:) N Nicr F (Si).

(II) Now, we show that p € VI(A, C).
Let T C E x E* be an operator defined by

Tv =

{Av +Nc(v), veC,
(3.64)

@, v¢C.

By Lemma 2.8, we have that T is maximal monotone and T~10 = VI(A, C). Let (v, w) € G(T).
Since w € Tv = Av + N¢(v), we obtain that w — Av € N¢(v). From x,, = I'lc,xo C C, C C, we
have

(v—x,,w—- Av) > 0. (3.65)

Since A is a-inverse strongly monotone, we can calculate

(v=xp,w) > (v—x,,Av)
=(v—x,, Av — Axy) + (v — x,, Axy) (3.66)

> (v —x,, Axy).
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From wy,; = [c ] (Jx, — AyiAx,) and by Lemma 2.3, we have
(U — Whn,i, ]wn,i - ]xn - )‘n,iAxn> > 0. (367)

This implies that

<v — W, ]x";ﬂ - Axn> <0. (3.68)

Since A is a-inverse strongly monotone, we have also that A is 1/a-Lipschitzian. Hence

(V= xn,w) 2 (v~ xp, Axy) + <U — Whn,iy M - Axn>
n,i

= (U — Wyi, AXy) + (Wni — Xn, AXp)

T~ Juon,
-(v— Wh,iy Axp) + <U = Wn,i, n)m,l, = (3.69)
= (Wi — Xn, AXp) + <U = Wh,i, M>
n,i
Xp— JWyi
> s = xalll Al = o = | 2202

for all n > 0. By Taking the limit as n — oo and by (3.61) and (3.62), we obtain (v -p,w) > 0.
By the maximality of T we obtain p € T~'0 and hence p € VI(A,C). Hence p € F.

Step 6. Finally, we show that p = I'lrxo.
From x, = I'lc, xo, we have

(Jxo = Jxn,xn—2) 20, VzeC,. (3.70)

Since F C C,,, we also have

(Jxo—Jxn,xp—u) >0, VueF (3.71)

By taking limit in (3.71), we obtain that

(Jxo—Jp,p—u)>0, VYueF. (3.72)

By Lemma 2.3, we can conclude that p = ITrxg. This completes the proof.
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Remark 3.2. Theorem 3.1 improves and extends main results of liduka and Takahashi [17],
Martinez-Yanes and Xu [23], Matsushita and Takahashi [13], Plubtieng and Ungchittrakool
[14], Qin and Su [15], and Qin et al. [25] because it can be applied to solving the problem of
finding the common element of the set of common fixed points of two families of quasi-¢-
nonexpansive mappings and the set of solutions of the variational inequality for an inverse-
strongly monotone operator.

4. Applications

From Theorem 3.1 we can obtain some new and interesting strong convergence theorems.
Now we give some examples as follows.

If ﬂflll) =0foralln>0,T; = S; foralli € I and A = 0 in Theorem 3.1, then we have the
following result.

Corollary 4.1. Let E be a uniformly convex and uniformly smooth Banach space, and let C be a
nonempty closed convex subset of E. Let {T;};c; be a family of closed quasi-$-nonexpansive mappings
of C into itself with F := (\;;F(T;) being nonempty, where I is an index set. Let {x,} be a sequence
generated by the following manner:

xo € C chosen arbitrary,
Cl,i = C, C1 = ﬂ Cl,i/ X1 = I_IC1 (XO) Vie I,
i=1

Yni =] (aniJxo + (1 - ani) JTixy),

4.1)
Cus1,i = {u €Chi: (1, yni) < P(u, x,) + “n,i<||xo||2 +2(u, Jx, — ]xo>> },

Cui1 =) Cuoris

i€l

xXp1 = 1Ilc,, x0, YVn 20,

n+l

where ] is the duality mapping on E, and {a,;} is a sequence in (0,1) such that limsup, | a,; =
0, for all i € I. Then the sequence {x,} converges strongly to Ilpxg, where I1f is the generalized
projection from C onto F.

Now we consider the problem of finding a zero point of an inverse-strongly monotone
operator of E into E*. Assume that A satisfies the following conditions:

(C1) Ais a-inverse-strongly monotone,

(C2) A1 0={u€E: Au=0}#0.

Corollary 4.2. Let E be a 2 uniformly convex and uniformly smooth Banach space. Let A be an
operator of E into E* satisfying (C1) and (C2), and let {S;};c; and {T;};c; be two families of closed
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quasi-p-nonexpansive mappings of E into itself with F = (N, F(T;) N N F(Si) N A710 being
nonempty, where I is an index set. Let {x,} be a sequence generated by the following manner:

xo € E chosen arbitrary,

Cl,i = EI Cl = ﬂ Cl,i/ X1 = Hcl (xo) Vie I/
i=1

Wy, = ]71 (]xn - )Ln,iAxn)/

Zni = T (BT + BT T + BT Siwwn ),
(4.2)

Yni =] (aniJxo + (1= ani)Jzni),

Croti = {# € Cuit §(1,yni) < dlat,x0) + i (Ilxoll” +2(u, Jxu = Jx0) ) |,

Cni1 =) Cusris

i€l

Xns1 =1lc,,, x0, Yn2>0,

n+l

where | is the duality mapping on E, and {\,;}, {a,;}, and {ﬂf{:} (j =1,2,3) are sequences in (0, 1)
such that
(i) limy, o0 = 0 foralli € I;
(ii) for all i € I, {A,;} C [a,b] for some a,b with 0 < a < b < c®a/2, where 1/c is the 2
uniformly convexity constant of E;

(iii) [3,(111) + [5(2. + .37(31') =1 forall i € I and if one of the following conditions is satisfied:

n,a

1) 50 _ .
wiPyi > 0foralll=2,3and foralli €1,

(b) liminf, .1 ) > 0 and lim,, . ,B.) = 0 for all i € I.

ni

(a) liminf, /3

Then the sequence {x,} converges strongly to I1pxo, where Il is the generalized projection from C
onto F.

Proof. Setting C = E in Theorem 3.1, we get that I'lg is the identity mapping, that is, [Tgx = x
for all x € E. We also have VI(A,E) = A™'0. From Theorem 3.1, we can obtain the desired

conclusion easily. O

Let X be a nonempty closed convex cone in E, and let A be an operator from X into
E*. We define its polar in E* to be the set

X ={y*€E" : (x,y") >0 Vx e X}. (4.3)
Then an element x in X is called a solution of the complementarity problem if

Ax e X*, (x,Ax)=0. (4.4)
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The set of all solutions of the complementarity problem is denoted by CP(A, X). Several
problems arising in different fields, such as mathematical programming, game theory,
mechanics, and geometry, are to find solutions of the complementarity problems.

Corollary 4.3. Let E be a 2 uniformly convex and uniformly smooth Banach space, and let X be a
nonempty closed convex subset of E. Let A be an operator of X into E* satisfying (C1) and (C2), and
let {Si}iep and {Ti};; be two families of closed quasi-¢-nonexpansive mappings of X into itself with
F = NietF(Ti) N NierF(Si) N CP(A, X) being nonempty, where I is an index set. Let {x,} be a
sequence generated by the following manner:

xo € X chosen arbitrary,

[©e]
CLi=X, C = ﬂcl,i/ x1 =Ilc, (x0) Viel,
i=1

Wn,i = HX]71 (]xn - )‘n,iAxn)l

Zni = T (B T + BT T + BT Siwwn ),
(4.5)

Yni = J NaniJxo + (1= ani)Jzns),

Chs1i = {u € Cri - p(u, yni) < P, x,) + an,i<||x0||2 +2(u, Jx, - ]xO>> }

Cn+1 = ﬂ Cn+1,ir

i€l

Xn1 = I, x0, V¥n2>0,

n+l

where | is the duality mapping on E, and {A,.;}, {a;}, and {ﬁgz} (j =1,2,3) are sequences in (0, 1)
such that

(i) limy,  oan; = 0 foralli € I;

(ii) for all i € I, {A,;} C [a,b] for some a,b with 0 < a < b < c*a/2, where 1/c is the 2
uniformly convexity constant of E;

(iii) [3(11.) + [5(2.) + ﬁff? =1forall i € I and if one of the following conditions is satisfied:

n, n,i

(a) lim infnﬁwﬁ(li)ﬂ(l)‘ >0 foralll=2,3 and foralli €,

nikFn,i

(b) liminf,—, 1 ) > 0 and lim, . ,B.) = 0 for all i € I.

nirfn,i
Then the sequence {x,} converges strongly to I1rxo, where Il is the generalized projection from C
onto F.

Proof. From [29, Lemma 7.1.1], we have VI(A,X) = CP(A, X). From Theorem 3.1, we can
obtain the desired conclusion easily. O
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