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We consider a reaction-diffusion system modeling the spread of an epidemic disease
within a population divided into the susceptible and infective classes. We first consider
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as the time goes to infinity.
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1. Introduction

In this paper, we consider the following reaction-diffusion system of equations:

% —diAS= A=A f(S,I)—uS inR*xQ,
o (1.1)
% AL =M1 f(S,])—0a] inR*xQ,
with homogeneous Neuman boundary conditions
§=g=0 on R* X 0Q), (1.2)
dv  Jv

and the nonnegative and bounded initial data

S(0,x) = Sp(x), I(0,x)=1Iy(x) inQ, (1.3)
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where Q) is an open bounded domain in R” with smooth boundary 0Q) and outer normal
v(x). The constants d;, d», A, p are such that

d; >0, d, >0, u>0, 0>0, A=0. (1.4)

We assume that ¢ — A(t) is a nonnegative and bounded function in C(R™) with 0 < A(t) <
A and the nonlinearity f(&,7) is a nonnegative differentiable function in R* x R* such
that there exist two increasing nonnegative functions ¢ and y in C!'(R") with

§20, n=20=0< f(&n) <v(eln), (1.5)

lim In (1+¢(7))
n—+too 7’

v(0) =0, 9(0) =0, =0. (1.6)

The reaction-diffusion system (1.1)—(1.3) may be viewed as a diffusive epidemic model
where S and I represent the nondimensional population densities of susceptibles and in-
fectives, respectively. In other words, system (1.1)—(1.3) is a model describing the spread
of an infection disease (such as AIDS, e.g.) within a population assumed to be divided
into the susceptible and infective classes as precised (for further motivation, see, e.g., [1-
3], and the references therein).

A basic question arising in this context is the existence of global solutions in C(Q)
as well as their uniform boundedness to system (1.1)—(1.3). When A = 0 (which corre-
sponds to the situation where there is no new supply in the susceptible class), a quite
similar question was studied by many authors (see [4—6]) and a positive answer was first
given by Haraux and Youkana [7] using the Lyapunov function techniques (see also [8])
and later on by Kanel (see, e.g., [9]) using useful properties inherent to the underlying
Green function.

However when A > 0, these studies, while directly leading to conclude a global ex-
istence of the solutions, do not seem of a direct application concerning the uniform
boundedness. To establish the uniform boundedness of the solutions in this case (i.e.,
when A > 0), it is worthwhile to mention the method developed by Morgan [10] which
can be successfully applied to our case provided that [¢(#)| < cnf, B > 0. Clearly the class
considered in this work of ¢ satisfying the limit

lim In (1+¢(7))

=0 1.7
Jim = (17)

as it handles nonlinearities of a weakly exponential growth is larger than that required in
[10] of nonlinearities of a polynomial growth. Indeed, it is easily observed for instance
that ¢(17) = e" — 1, 0 < a < 1, satisfies this limit. Unfortunately for the nonlinearities ¢
not of a polynomial growth and satisfying this limit, the method in [10] cannot be ap-
plied.

In this paper, we first consider this problem of uniform boundedness of the solutions
to system (1.1)—(1.3) by proving that the Lyapunov function argument proposed in [7]
(orin [8]) can be adapted to our situation. Interestingly, we show that the same Lyapunov
function is not necessarily nonincreasing as established in [7, 8] but rather it satisfies a
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differential inequality from which the uniform boundedness of the solutions is readily
deduced.

Then we deal with the long-time behavior of the solutions as the time goes to +co
where in particular we are concerned with reasonable conditions allowing to assure that
(S,1) goes to the infection-free state (A/y,0) of system (1.1)—(1.3) as t — +o0 in the sense

lim [[I(t, )], = lim HS(t,.)f A
t—+o0 f—too #

=0, (1.8)

(<]

which of course can fail for arbitrary A in L*(R*) n C(R"). More precisely, we will show
that this property is valid if A(¢) satisfies either assumption (H.1) or assumption (H.2)
formulated in what follows.

(H.1) There exists a real number p > 1 such that

fm (A(s))? ds < +oo. (1.9)

0

(H.2) The function # — ¢(#)/n is increasing on ]0,+oco[ and A(t) = 1>0isa positive
constant independent of ¢ such that

9“53”1#(2) <1, (1.10)

Q>

where N > 0 is a positive constant independent of ¢ of which the expression will be ex-
plicitly given in Lemma 2.3 in the next section.

2. Boundedness of the solutions

The basic existence theory for abstract semilinear differential equations directly leads to
conclude a local existence result to system (1.1)—(1.3) (see, e.g., Henry [11] or Pazy [12]).
Thus for nonnegative S, Iy in the class L®(Q)), there exists a unique local nonnegative
solution (S,1) of class C(Q) of system (1.1)—(1.3) on ]0,T*[, where T* is the eventual
blowing-up time in L®(Q).

On the other hand, using the comparison principle, one may also show that

0<S(tx) < max(||SO||oo,%> =K V(tx)€]0,T*[xQ, (2.1)

from which it follows that the solutions S and I of system (1.1)—(1.3) are global and
uniformly bounded as soon as we can show that I is uniformly bounded in ]0, T*][.
Following Haraux and Youkana [7], let us consider the function

L(t) = JQ (1+6(S+82))edx (2.2)
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defined on ]0, T*[, where § and ¢ are positive constants satisfying

o 8d1d2 >
2M(142K) (14 2K)2(dy +dy)’
0
1+6(K+K2)'

0<8§mm<
(2.3)
O<e<

The main result of the paper can be stated as follows.

TaEOREM 2.1. For the solution (S,I) of system (1.1)—(1.3) in ]0, T*[, let L(t) be the function
defined by (2.2) with § and e satisfying (2.3). Then there exists a nonnegative constant a such
that

th( t) < —%L(t) ta (2.4)

Proof. Let (S,I) be the solution of system (1.1)—(1.3) in ]0, T*[. Differentiating L(¢) de-
fined by (2.2) with respect to t and using Green’s formula, one obtains

d
S = G+H, (2.5)
where
G- —zdlsj e (VS)2dx
Q
(4, +d2)58J (1+28)e VIVSdx
Q

—dzezj (1+0(S+82)) el (VI)2dx,

0(1+28) 6(1+28)) S e
= J( 1+6(S+82) ”51+5(5+sz) (1+8(S+8%))edx

(2.6)

5(1+25) )
+L)/1(t)<s— m)f(s,z)u+5(s+sz))efdx

—J eol(1+0(S+82))el dx.
Q
We observe that G involves a quadratic form with respect to VS and VI,
Q =2d,8e(VS)* + (d) +dy)e8(1+28)efl VIVS + dre? (1 +8(S+8?)) el (VI)?,  (2.7)

which is nonnegative since the constants ¢ and ¢ satisfying (2.3) are chosen in such a way
that the discriminant

[(di+ds)ed(1+28)e!] — 4[2d, 8¢ | [dae® (1+8(S+52) ) e! ] (2.8)

is < 0 so that one concludes that G < 0 a.e. on ]0,T*[ (see [7]). On the other hand, H
may be written as follows:

H=H,+H,+Hs;, (29)
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such that

B d(1+28) 6(1+2S)
HI_JQ(A1+8(S+SZ) 15 o(s+82)

H2 = JQA(t) (8_ %)f(s)])(l +8S+882)eeldx)

H; = J o(1—el)ef (1+6S+8S%)dx.
Q

Again from (2.3) where now

o 1)
0<9=3 vk "<t Trs+K)’
one checks that
3(1+28) 3(1+28) o
T+0(5+5) MTxa(srsy 0= —o=<—7,

. 6(1+2S) e 0 <0
1+8(S+82) ~ 1+86(K+K2) ™~ 7

from which it is obviously deduced that H, < 0 and
o
H, < —EL(t)
Concerning H3, one observes that the function
iy — (1 —en)e

is bounded on R*. Indeed, one has

d
d—Z(r]) = —&’ne <0,
so that 77 is nonincreasing in [0, +o[ and

max(1 —en)e™ = 1.
n=0

Let now
a:=0(1+8(K+K?))|Q]
be chosen on purpose in such a way that H3 < a. To sum up, one has
d o
EL(t) =G+H=G+H+H,+H; < *EL(t)'f'a

exactly as the theorem claimed.

—a)(1+a(s+sz))eddx,

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

(2.18)
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We are now ready to establish the global existence and uniform boundedness of the
solutions of (1.1)—(1.3).

TueoreM 2.2. If f satisfies conditions (1.5) and (1.6), the solutions S and I of system (1.1)—
(1.3) with nonnegative and bounded initial data So, Iy are global and uniformly bounded on
[0,+00].

Proof. Let (S,I) be the solution of system (1.1)—(1.3) in ]0, T*[. Multiplying inequality
(2.4) by e{/?* and then integrating over [0,¢], we deduce that there exists a positive con-
stant C > 0 independent of ¢ such that

L(t) <2(1+8(K+K?))|Q] +Ce @2 on |0, T*[. (2.19)

In this proof, we will make use of the result established in [13] from which the uniform
boundedness of I is derived once,

A f(S,D) ~oll|, < Ci(p), (2.20)

(where C,(p) is a positive constant independent of t) for some p > #/2. In this direction,
we observe that

IO F(S,1) = oI||, < [AO) £(S, DI, +ollll, < Xy (K)l[@(DI|, + oIl (2.21)

and both ¢(#) and # satisfy

lim DOy, InEn) (2.22)
n—+oo 11 n—+oo ;/]
so that it is quite sufficient to establish that
lp(Dll, < C2(p (223)

(where Cy(p) is a positive constant independent of t) for some p > n/2.
To that purpose, let § > 0 and € > 0 be two positive numbers satistying (2.3). It is readily
seen from (1.6) that there exists #y > 0 such that

n = no = max (n,¢(n)) <", (2.24)

from which one gets the following estimates:

lollz= [ (om)ds+ [ (o) ax

=fo I=no
< (o))" 101+ | edx < (o))" 101+ 1) (2.25)

< (¢(10))"1Q1 +2(1+ 8 (K +K?))|Q| + Ce~ /)",
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Hence, one merely lets

Co(m) = J(p(m))"1Q1 +2(1+8(K +K2)) Q]+ C (2.26)

in order to obtain (2.23) and thereby (2.20). As precised, the result established in [13]
permits to deduce the uniform boundedness of the solutions of (1.1)—(1.3) and the the-
orem is completely proved. O

In order to make assumption (H.2) stated in the introduction meaningful, we expose
the following result where we establish the expression defining the positive constant N
introduced in (H.2) as well as the property it enjoys. It will be soon observed that N de-
pends on positive constants M(r,n) and C(r,n) issued from known embedding theorems.
To be more precise, we refer the reader to the appendix where the existence of M(r,n) is
shown in (P.2) of Lemma A.1 and that of C(r,n) is claimed in Lemma A.2.

We merely say here that these constants M(r,n) and C(r,n) are supposed to be avail-
able in the following lemma.

LEMMA 2.3. Let
N = (3o )m(2n) 146y + o) (o) "+ 21+ 8(K + K2 ) 01},
(2.27)

where K, 8, and no are the constants defined by (2.1), (2.3), and (2.24), respectively. Then
forall (t,x) € R* X Q,

I(t,x) < N+C-e (721, (2.28)

where C is a positive constant.

To keep the flow of the main objectives of this work, we postpone to the appendix the
proof of this lemma which is rather technical and somewhat long.

3. Asymptotic behavior of the solutions

In this section, we deal with the large-time behavior of the solutions S and I of system
(1.1)—(1.3) as t — +o0. Before stating the results, let us expose some notations and simple
facts concluded from the results of the previous section. First, thanks to Theorem 2.2, let
R >0 be a positive constant independent of ¢ such that

I(t,x) <R onR*xQ, (3.1)
and set

6= sup (¢'(Q)'y1") (3.2)
=1



8 Journal of Applied Mathematics

for g =1 so that using the mean value theorem, one checks that for all (t,x) € R* x Q
andg =1,

(1)1 < 6,1, (3.3)

On the other hand, let us observe that the application of the maximum principle di-
rectly implies that

0=8(tx) < %U — et +|[So | e (3.4)
so that if we set
A —ut —ut
]=;(1—e Y +1So ] e 7H =S, (3.5)
one obtains
d] L
T - diIA =AM f(SI)—y] InR"xQ,
J(0,x) = Jo(x) = [[So|| s — So(x) inQ, (3.6)
g =0 onR*'x0Q,
oy

and 0 < J(t,x) < (A/u)(1 — e #) + ||Sollw e #. We observe that both I and J satisfy a par-
abolic equation of the same kind, namely

aa—‘; —dAV =A(t)f(S,I)-pV inR"xQ,
V(O,X) = V()(X) in Q) (37)
v =0 onR*'x0Q,
v

with

[ ifd=d, p=0, Vy=1Io,
V=<[ ! »pP=0 Yo= (3.8)

J ifd=d, p=u, Vo=

The results of this section are based on the preliminary lemma below.

LemMa 3.1. Suppose that [ [ 1dxds < +oo, where (S,1) is the global and bounded solu-
tion to system (1.1)—(1.3). Then as t — +oo,

—0, (3.9)

[}

-2

11(t, )llow — 0. (3.10)
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Proof. Let us multiply by V the parabolic equation (3.7)-(3.8) satisfied by V, integrate
over ), and use Green’s formula so that

%%J Vzdx+dJ (VV)2dx
@ @ (3.11)
=/\tj V£(S,I)dx — J V2d _X(J V£(S,I)d )— J V2dx.
()Qf()xpQ x < Qf()x pQ X
As a consequence, letting R* = max(K,R),
t t
E(V):lj V(t,x)zdx+dj J (VV)dedeJJ Videds,  (3.12)
2J)a 0Ja 0Ja
using (2.1), (3.1), (3.3), (3.6), and integrating over (0,t),
~ t
E(V)SAJJ Vf(S,I)dxds+lJ V(0,x)2dx
0Ja 2 Ja
. . | (3.13)
sAR*w(K)elj J Idxds+—J V(0,%)2dx,
0Ja 2 Ja
from which one obviously deduces that
+00 +00
V(L) € IX(Q), J J (VV)2dxdt < +oo, J J Vidxdt <+,  (3.14)
0o Ja 0o Ja
so that Barbalate’s lemma (see [14, Lemma 1.2.2]) permits to conclude that
lim ||V (t,-)]|, = 0. (3.15)

t—+o0

On the other hand, since the orbit {V (¢,-)/t = 0} of the equation verified by V is (on
account of the uniform boundedness of S and I) relatively compact (see, e.g., [13]), it
readily follows that

Jim [V (£, )|, =0. (3.16)

Hence limit (3.9) is verified. Since

str-2] = | Fa-em+lsller - sem (5 - sl
Hlle T A “ ~ (3.17)
< |7t Dl +e7 | = =[S0l |
u
limit (3.10) is also valid and the lemma is proved. O

Our first result of this section regarding the asymptotic behavior can be stated as
follows.
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THEOREM 3.2. Let assumption (H.1) hold and let (S,I) be the solution of (1.1)—(1.3) in
[0,+00[. Then as t — +oo,

Hs(t’ - % N (3.18)

115l — 0.

Proof. According to assumption (H.1), there exists p > 1 such that
+o0o
J (M) dt = a < +oo. (3.19)
0

Let g > 1 be the dual number of p, that is
1 1
+

—+-=1 3.20
v a (3.20)

We assume for simplicity that p > 1 and g < +oo since the cases p = 1 and g = 4o can
be treated similarly. Integrating the parabolic equation satisfied by I over Q and using
Holder’s inequality and (3.3), we get

% L)Idx Y JQf(S,I)dx - oLlIdx
<M OY(K) JQ o(I)dx - aJﬂIdx

Vg (3.21)
<Mool ([ (pn)'ax) o] rax

< M6 Ty (K)| Q| ( JQ Idx) A JJQIdx.

Therefore integrating over [0,¢] and using again Holder’s inequality, we obtain

t t 1/q
J 1dx+af J Idxdsseé/‘fw(mmij A(s)(f Idx) ds+J Todx
Q 0JQ 0 Q Q

< eg/qw(K)mp/p(Lt (A(s))pds) Up(Jot JQIdxds) il
(3.22)

Let B(t) = (Jy [o I dxds)"4 so that
oB()7 - 04 Ty (K) (1) P B(1) - ||| . 12 < 0, (3.23)

and consequently

( Lt L) Idxds) v < w, (3.24)
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where w is the unique positive root of
oX — Ay (K)(a1Q])PX — ||Io||.. 1Ol (3.25)

in R*. We directly deduce that

+0o
J J Idxds < +oo. (3.26)
0o Ja

By virtue of Lemma 3.1, limits (3.9) and (3.10) are satisfied and Theorem 3.2 is com-
pletely proved. O

The second result of this section concerns also the large-time behavior of the solutions
and can be stated as follows.

THEOREM 3.3. Let assumption (H.2) hold with N defined by expression (2.27) introduced
in Lemma 2.3. Then ast — +oo,

— 0,
00 (3.27)

11t )l — 0.

2

Proof. Let us consider the parabolic equation below satisfied by I:

% A =MD f(ST) —ol inR*xQ,
10,) = Ip(x) inQ, (3.28)
ol =0 onR*'x0Q.
v

Therefore, thanks to Lemma 2.3, we obtain

% — dyAT < Rp(D)y(S) - of < (X

@ (N + Cef(a/z)t)

N + Ce,(g/z)t 1//(] + S) - G)I (329)

since, owing to assumption (H.2), ¢(I) < (¢(N + Ce™(72")/(N + Ce~@/?)I). On the
other hand, one has

im ¢(N +Ce™@2t)  o(N)
t=+00 N+ Ce~(o/2)t N’

Jim y((60)+5(60) =y (%)

(3.30)

As a consequence by applying assumption (H.2) once more where ¢(N)/N < o/
Ay (A/p), it follows that there exist T = 1 and « > 0 such that

~ —(0/2)t
t>T :A(p(Nﬁ—Ce )

N1 Co—tomr YU+S) —o=-k<0. (3.31)
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The application of the maximum principle directly yields
t=T, x€Q=0<I(t,x)<e = D||I(T,)|., (3.32)
from which it follows that
lI(t,)||, — 0 ast— +co. (3.33)

More importantly, the integral over R* x Q,

+00 T +oo
J J Idxds:J J Idxds+J J Idxds
0o Ja 0 Ja T Jo

’ (3.34)
sj J Tdxds+ LM|Q| < +oo,
0 JQ K

is finite so that by virtue of Lemma 3.1, limits (3.9) and (3.10) are valid and Theorem 3.3
is completely proved. O

Remark 3.4. In the light of the proof of Theorem 3.3, it is clear that the constant N de-
fined by (2.27) and required in assumption (H.2) might be replaced by any other positive
constant, say N', such that for all (t,x) € R* x Q,

I(t,x) < N' +&(t), (3.35)

where &(t) is a nonnegative function with lim,_o&(t) = 0.

Appendix
A. Proof of Lemma 2.3

The positive constant N, defined by (2.27) and satisfying the estimate I(t,x) < N+ C -
e~ (@2t with C a positive constant, is constructed by applying variation of constants and
by introducing fractional powers. In this respect, this appendix is logically divided into
two subsections A.1 and A.2. While in the second subsection we proceed to the effective
proof of Lemma 2.3, the first one is devoted to brief statements of some known aspects
on the semigroup formulation and the fractional powers.

Preliminary estimates. Let us recall some classical facts about the semigroup formulation
and the fractional powers by following [6]. For p > 1, let us define the operator A on
LP(Q) by

Apu=dr)Au forue€ D(A),

D(4,) = {u € WZ’Pm)/g—j =0 on ag}, (A1)

where W2£(Q)) is the usual Sobolev space. It is well known that A generates a compact
analytic semigroup

Fp={et/t = 0} (A.2)
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of bounded linear operators on L?(Q)) and that
llerull, < llull, fort=0,ue LP(Q), (A.3)

where

lull, = (fﬂ | u(x) |"dx) v (A4)

It is also a well-known fact that for r > 0, the fractional powers (I — A,)™" exist and are
injective bounded linear operators on L?(Q) (see, e.g., [12]).

For r > 0, let B = ((I-A,)™")" and recall that D(B;,) is a Banach space with the
graph norm |[|lulll,, = 1B, ullp and that if r >s > 0 (where conventionally LF(Q) =
D(Bg)), then D(B;) is a dense space of D(B;,) with the inclusion D(B;) C D(B;,) com-
pact (see, e.g., [12]). Here we will make use of the following two lemmas.

Lemma A.1. For the semigroup &, and the fractional powers B}, just considered, one has

t>0, u€lLP(Q)= eueD(B)), (P.1)
t>0, uell(Q)=|[Byerull, <M(r,p)t "llull,, (P2)
t>0, uel’(Q) = B;em!’u = e’APB;u, (P.3)

where M(r, p) > 0 is a positive constant independent of t.

Proof. For the proof of this lemma, we refer the reader to Pazy [12, page 74, Theorem
6.13]. O

Lemma A.2. Suppose that a fractional power By, (defined above) is such that r > n/2p. Then
D(B;) C L®(Q) and
lullew < C(T,P)HBZHHP, (A.5)

where C(r, p) > 0 is a positive constant.

Proof. The proof of this lemma can be readily deduced by applying Theorem 1.6.1 ex-
posed in [11, page 39]. O

Construction of the constant N. In the sequel, we assume that C > 0 is a generic positive
constant changing values from line to line. In the proof of Theorem 2.2, we have in fact
shown because of (2.24) that

1] lpT®)]], = {[9(10) 1101 +2[1+8(K +K>)]| Q| + Ce~ @1}

n Un (A.6)
< {lo(0)]"1Q1 +2[1+8(K +K2)]1QI} " + Ce~ /",
where I(t)(x) = I(t,x) and ¢(I(t))(x) = ¢(I(t,x)). Accordingly, let

G(t)(x) = A1) f (S(t,x),I(t,x)) — ol (t,x). (A7)
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Applying variation of constants, one can write for f; = 0 and r > 0 that

t
1(1) = 04 I (1) +J DA G(r)dr,

to

. (A.8)
BI(t) = Ble" 4 (t)) + | Bre "4 G(1)dr,
to
and using Lemma A.1,
t
B0 =< [1Bre 1 ()], + | 1Bre I Gr)], de
to
t
< M) (= 10) W), + | (1= lGo e |
o (A.9)
< M(r,n)y[(t — 1)+ (y(K) +0) J (t— T)_rd‘[:|
to
t
+C| (t—1)Te 9D7gdr
to
with the constant M(r,n) >0 given in Lemma A.1 and
y=1{([o(n)]" +2[1+8(K+K*)]) I} (A.10)

Setty = [ t] — 1, where | ]| denotes the floor of  (i.e., the largest integer less than or equal
t). We have for t > 1 that

IBLI®], = M(r,n)y(l + W (t- to)l‘r) + Ce-(/t
5 (A.11)
< M(r,n)y(l + Wﬂﬂ) + Ce o/t

Now, we set r = 3/4 > n/2n so that by virtue of Lemma A.2 with the positive constant
C(3/4,n) > 0 introduced therein, one claims that

I(t,x) < N+Ce 2t Vi>1 xeQ, (A.12)
where
N:c(}n)M(Z,n)<1+6<Xw<z<>+o>>{<[¢<no>]"+z[1+a<z<+1<2>]>|m}“”.
(A.13)

Hence Lemma 2.3 is proved.

Acknowledgment

The authors would like to thank the anonymous referee(s) for valuable suggestions and
comments which helped to improve the content and presentation of the paper.



Lamine Melkemietal. 15

References

(1]

S. Busenberg and K. Cooke, Vertically Transmitted Diseases, vol. 23 of Biomathematics, Springer,
Berlin, Germany, 1993.

R. S. Cantrell and C. Cosner, Spatial Ecology via Reaction-Diffusion Equations, Wiley Series in
Mathematical and Computational Biology, John Wiley & Sons, Chichester, UK, 2003.

G. F. Webb, “A reaction-diffusion model for a deterministic diffusive epidemic,” Journal of Math-
ematical Analysis and Applications, vol. 84, no. 1, pp. 150-161, 1981.

N. D. Alikakos, “L? bounds of solutions of reaction-diffusion equations,” Communications in
Partial Differential Equations, vol. 4, no. 8, pp. 827-868, 1979.

K. Masuda, “On the global existence and asymptotic behavior of solutions of reaction-diffusion
equations,” Hokkaido Mathematical Journal, vol. 12, no. 3, pp. 360-370, 1983.

S. L. Hollis, R. H. Martin Jr., and M. Pierre, “Global existence and boundedness in reaction-
diffusion systems,” SIAM Journal on Mathematical Analysis, vol. 18, no. 3, pp. 744-761, 1987.
A. Haraux and A. Youkana, “On a result of K. Masuda concerning reaction-diffusion equations,”
The Tohoku Mathematical Journal. Second Series, vol. 40, no. 1, pp. 159-163, 1988.

A. Barabanova, “On the global existence of solutions of a reaction-diffusion equation with ex-
ponential nonlinearity,” Proceedings of the American Mathematical Society, vol. 122, no. 3, pp.
827-831, 1994.

J. I. Kanel, “On global initial-boundary-value problems for reaction-diffusion systems with bal-
ance conditions,” Nonlinear Analysis, vol. 37, no. 8, pp. 971-995, 1999.

J. Morgan, “Boundedness and decay results for reaction-diffusion systems,” SIAM Journal on
Mathematical Analysis, vol. 21, no. 5, pp. 1172-1189, 1990.

D. Henry, Geometric Theory of Semilinear Parabolic Equations, vol. 840 of Lecture Notes in Math-
ematics, Springer, Berlin, Germany, 1981.

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, vol. 44
of Applied Mathematical Sciences, Springer, New York, NY, USA, 1983.

A. Haraux and M. Kirane, “Estimations C' pour des probléemes paraboliques semi-linéaires,”
Annales de la Faculté des Sciences de Toulouse. Série V. Mathématiques, vol. 5, no. 3-4, pp. 265—
280, 1983.

K. Gopalsamy, Stability and Oscillations in Delay Differential Equations of Population Dynam-
ics, vol. 74 of Mathematics and Its Applications, Kluwer Academic Publishers, Dordrecht, The
Netherlands, 1992.

Lamine Melkemi: Department of Mathematics, Faculty of Science, University of Batna,
Batna 05000, Algeria
Email address: Imelkmi@yahoo.fr

Ahmed Zerrouk Mokrane: Department of Mathematics, Faculty of Science, University of Batna,
Batna 05000, Algeria
Email address: ahmed_mokr@hotmail.com

Amar Youkana: Department of Mathematics, Faculty of Science, University of Batna,
Batna 05000, Algeria
Email address: youkana_amar@yahoo.fr


mailto:lmelkmi@yahoo.fr
mailto:ahmed_mokr@hotmail.com
mailto:youkana_amar@yahoo.fr

	1. Introduction
	2. Boundedness of the solutions
	3. Asymptotic behavior of the solutions
	Appendix
	A. Proof of [lem:1]Lemma 2.3
	Acknowledgment
	References

