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Time regularity of the solutions to second order
hyperbolic equations

Tamotu Kinoshita and Giovanni Taglialatela

Abstract. We consider the Cauchy problem for a second order weakly hyperbolic equation,
with coefficients depending only on the time variable. We prove that if the coefficients of the equa-
tion belong to the Gevrey class v°0 and the Cauchy data belong to v*1, then the Cauchy problem
has a solution in v ([0, T*]; v°1 (R)) for some T™* >0, provided 1<s1<2—1/sg. If the equation is
strictly hyperbolic, we may replace the previous condition by 1<s; <sg.

1. Introduction

In this paper we are concerned with the Cauchy problem for the second order
equation

(1) 02u—a(t)90*u=b(t)Opu+-c(t)Osu,
with initial data
(2) w(0,2) =up(z) and Owu(0,x)=wuq(x).

We say that the Cauchy problem (1)—(2) is well-posed in a function space X if for
any initial data ug(z),u1(x) in X there exists a unique solution ueC?([0,T]; X)
to (1). Here we deal with the solvability in the Gevrey spaces: X =~*=~*(R) with
s>1. We recall that a function f: R—R is a Gevrey function of order s, if for any
compact set K CR there exists two positive constants C'x and Ry such that

sup |94 f(z)| < C’KRg(j!S for any j € N.
reK

In particular, when s=1, ! is the space of analytic functions. When s>1, we
denote by 7§ the subspace of 4° formed by the functions with compact support.
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By the Cauchy—Kovalevski theorem we know that the Cauchy problem (1)—(2)
with analytic coefficients and data has a unique solution which is analytic in both ¢
and x. This theorem can be applied to any type of equation, even if the coefficients
depend also on z. Here we remark that the coefficients and also the solution are
analytic in ¢. If the equation is of hyperbolic type, one can expect to relax some
conditions. It is well known that the regularity of the coefficients influences the
class in which the Cauchy problem (1)—(2) is well-posed.

Indeed, from [CJS] for the weakly hyperbolic case, that is a(t) >0, if a€C*([0,T])
and b, c€C?([0,T]) then the Cauchy problem (1)—(2) is well-posed in v* for any 1<
s<143/2, provided that »<2. In order to have the well-posedness in * with s>2
a supplementary Levi condition is to be assumed. For instance, assuming

ds<Ce /" for any e € 10, 1],

3) /T [b(s)]

0o va(s)+e
for some C, >0, we get the well-posedness of (1)—(2) in v* for 1<s<1+min(s,n)/2
(see [CJS]). While, from [CDS] for the strictly hyperbolic case, that is a(t)>4 for
some >0, if aeC*([0,T]) and b,c€C?([0,7]) then the Cauchy problem (1)-(2)
is well-posed in v* for 1<s<1/(3»—1), provided that »<1.

Furthermore, it is possible for the coefficient a(t) to consider also Gevrey classes
between the analytic class and C*. [CN] showed that if a(t)>0 and ac~y*(]0,T))
and b=c=0 then the Cauchy problem (1)—(2) is well-posed in an intermediate class
between ~v* and C*°.

For the regularity in ¢ of the solution, the results of the well-posedness are
involved with C2. On the other hand, the Cauchy-Kovalevski theorem gives analytic
regularity in ¢ of the solution. In this paper, our interest is to get the Gevrey
regularity in ¢ of the solution between the analytic class and C2. For this purpose,
by [CJS] the coefficients would belong to Gevrey classes between the analytic class
and C*. Thus, we assume that a,b,c€~v®°, more precisely, that there exist Cy>0
and Ry>0 such that

(4) sup [10]a(t)|+10]b(t)|+18]c(t)[] < CoRyj!*  for any jE€N.
te[0,T]

Then we can obtain the following theorem.
Theorem 1.1. Let so>1. Assume that a,b,c€¥*° as in (4) and that a(t)>0.

If the initial data ug,u; belong to v°*, then the Cauchy problem (1)—(2) has a
solution ue~y® ([0, T*];7°* (R)), for some T*€]0,T][, provided

1
(5) 1<8, <2——.
S0
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If (1) is strictly hyperbolic, we can improve the result of Theorem 1.1 as follows.

Theorem 1.2. Let so>1. Assume that a,b,c€v* as in (4) and that a(t)>0
for some §>0. If the initial data ug,u; belong to v°', then the Cauchy prob-
lem (1)—(2) has a solution ue~* ([0, T*];v5(R)), for some T*€]0,T], provided

(6) lgsl SSO.

In both theorems we allow local solutions for some sufficiently small T*€]0, T7.
Then, we see that our theorems with sp=s;=1 just imply the local solvability
in the analytic class of the Cauchy—Kovalevski theorem. If one expects global so-
lutions for arbitrarily large 7>0, one may replace the assumptions (5) and (6)
by

1
1<s1<2—— and 1<s7<sg,
50
respectively. In particular, if the equation is restricted to be strictly hyperbolic,
Theorem 1.2 states that the Cauchy—Kovalevski theorem can be relaxed to the
version in the Gevrey classes. That is, we also get the following corollary.

Corollary 1.3. Let s>1. Assume that a(t)>d for some 6>0. If the coeffi-
cients a, b, c and the initial data ug,uy belong to v°, then the Cauchy problem (1)—(2)
has a solution ue~*([0,T*]xR), for some T*€]0,T.

[Tah] also proved the same conclusion under the assumption of the existence of
a C*=([0,T];v*(R)) solution instead of the strictly hyperbolic assumption a(t)>4.
The existence of a C*°([0, T]; v*(R)) solution to (1)—(2) could be deduced from [CDS]
and [CJS]. In this paper, our approach is to show energy inequalities. However,
since we have to show more regularity in ¢ of the solution we are forced to modify
standard energy methods. To this end we shall define a new type of infinite-order
energy by which the Gevrey regularity in ¢ can be derived. Usually infinite-order
energies involve all the derivatives with respect to x and are employed to get Gevrey
well-posedness results (see [D], [DS], [Ki], [Tag] etc.). Since we are interested in the
Gevrey regularity in ¢ of the solution, we introduce an infinite-order energy involving
all the derivatives with respect to t.

This paper is organized as follows. In Section 2 we define the infinite-order
energy and we derive an a priori estimate in the weakly hyperbolic case. In Sec-
tion 3 we consider the strictly hyperbolic case: at first we derive an a priori estimate
for the wave operator, then we show that any strictly hyperbolic operator can be
transformed into a wave operator. Due to the dependence on all the time deriv-
atives, we cannot immediately estimate the infinite-order energy at initial time
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using the initial conditions. However, using a majorizing argument of Gevrey type,
we prove such an estimate in Section 4. In fact, all the proofs can be carried out
for any dimensional space. Thus, our theorems and corollary hold also for the
hyperbolic equation

Ofu— > aji(t)0s, 0 u=">_ b;(t)0a,utc(t)pu in [0, T]xR".

jik=1 j=1

Notation. In the computations of the proofs, given two functions h and g,
we often use the notation

which means that
h(t) < Cg(t)

for some constant C' depending only on Cj in (4).

2. Energy inequality of Theorem 1.1

We may only consider the case s;>1 due to the Cauchy—Kovalevski theorem.
We recall that (1) enjoys the finite speed of propagation property (see [CDS], [CJS]):
if the initial data vanish in some interval then the solution vanishes in a triangle,
whose slope is determined by the L*°-norm of a. This allows us to assume, with no
loss of generality, that ug,u; €75' and u€C?([0, T*];75* (R)) with s;>1. Thus, by
Fourier transform with respect to z, (1) is transformed into

(7) 02v+a(t)2v = i€b(t)v+c(t)dy,

where v(t, §):=Fpoe(ult, x)).
In order to derive the Gevrey regularity of the solution with respect to time,
we shall introduce a new sort of energy. Let us put

dg == |0v* +a:|vf?,
d} := 0] 0P +ac (0] v+ PN PETVD 9] T for j 21,

e? = a.2|90v|? for j >0,

(8) a-(t):=a(t)+e, :=(Y"7? and (€):=(1+€)"/2
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From the definitions, we see that |07 |, Jazle| [07v], 520 (€)2~ /51|87 Ty| and
(€)1/51|0]v| are dominated by d;. Next, we define a finite sequence of energies
{E}ZT" by

oo

, —1)(1—s CD11/sy ., T
E, ;:Z(]_H)(l D(=s0) () (I=1)(A=1/ 1)djj!—807 ifl=1,..,N,
J=0
and
= - —s —1/s rj
Engri=Y (j+DNOmoNe-Y 1)63'].!50,
Jj=0

where 7 is a sufficiently small positive constant such that TR0<% and

50

9) N = { }—i—l.

So— 1
Here [a] denotes the largest integer which does not exceed a.

Remark 2.1. If we multiply any of the E; by the weight exp(p(€)*/*'), by
taking the supremum in &, we get a norm in %0 ([0, T*];75* (R)), for any 7T €10, T.
However, in our computations we may omit this weight and the supremum in &.

In this section we prove that we have the a priori estimates

Ej(t) £ (€)Y (Et)+Era (1), 1=1,...N,

Efy1(t) S (€)Y (En41()+EL (D)),

thus, defining the total energy

we get
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2.1. Estimate of F,

We shall devote ourselves to estimate Elzzzy;o djri/j!*o. Differentiating
d%(t), and taking (7) into account, by standard calculations we get

d o 1/s |at| L 2 2
il < 1
G0 < (200 2T Y+l o,
which gives
d Llac| o]
<[ (&)= :
o< (1951 e o042kl 0w

As for j>1, differentiating dZ(t) we have
%d?(t) = 2Re(8 20,8/ w) +al€2|0]v|?
+2a.62 Re(8 v, 3] T v) 42522730 (£)2C2=1/31) Re(0) 1w, §w).

Using (7) and Leibniz’s formula we get

%d? t) = —2¢2 Z( )Re (8Fad!*v, 0 0) +2gz( )Im(@kbaJ o, 00 )

+QZ( )Re AFcdl F 1y 97t ) +al €210 v)?

+2(6)2/5172€2 Re (D v, 8] T v) 42522 750) (£)2C2=1/30) Re (8] 1w, 870)
J

<2§22( )a’“auaﬂ ’“v||8”1v|+2léz< )|akb 199|971

k=1
! .] j—k+1 +1 j
237 (1) 10k 107707 ol + ] 0]
k=0
2602/ 9]0l [0F o] 42720 (€22 9] o) o],
This gives
d Llag] , b (i
d 1/s1 it A I 2 k J
o) < (@5 E Y ao e > () okal ot

k=1

el Z ( )|akb| 0 o+ 3 ( )|afc| 65+

k=0

(10) +20(E) 0] l.
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Hence

1|aL b = SR
B < (@ e P mwre Y sleo ol
€ € .

j=1
> J ik T g iy T
+@ X5 (3)letalio ol s+ oY (] )6fb| ool
=2 k=2 j=1k=1
oo ] . : oo
J ) — rd 25 s
£330 (1)t 101l S e ol
=0 k=0 =0
= I+II+III4+IV+V+VL

Estimation of 1. By Glaeser’s inequality for a., we see that
(11) o | =aZ| S Va.
Hence we have
al, bl 11

===,

(12) <2

since s; <2. This gives

IOV Eq(1).

Estimation of II. Recalling Glaeser’s inequality (11) again we have, letting
j=h+1,

oo ’I'" o h+1
IISJZJJ*SO <§>dj—1m = Z(h‘f'l)lfso <€>dhrh'—80 < (&)Y B (1).
j=1 ’ h=0 ’

Estimation of 1II. Using the Gevrey estimate of a and Fubini’s formula for

series

o X j . -~
m=¢>» Y (k) |0Fal [6] "] i

k=2 j=k

ZZ()RO %o |97 ]7!‘;

k=2 j=k
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o 0 j 1-s0 ’I”j_k
= <§)QZ(TRO)kZ (k) |af_kv|m

since Yo, (rRo)"<1. Now, we have

(i):j(j—l) (gk(lz+3))(ng;+12)(J R S LG k12 it 2<k(<),

l\D

hence, letting j=h+k—1,

(o) j—k
III < sup( e+ 1)27%0 9 Ry
k>2 z:: 7= | ‘(J—k+1)!50
o ) 2 s A 1, & )L ! 1/s
= (&) Y B0} ol < DO i SOV BA(D):
h=1 h=1
Estimation of IV. Using the Gevrey estimate of b and Fubini’s formula for
series
X J k ik T
V@23 (3) Rbkio ol
j=1k=1
e} e} j 1—so - Tj_k
= (£ rRy)* ( ) 0| ——.
< >kz::1( 0) ]z:; k ‘ t |(]—]€)!SO
Now _
@zg‘—k“, if 1< k(< ).
Hence, letting j=h+k—1,
IV5<§>Z(TRo)kZ(J—k+1)1 °|oy kU|W
k=1 j=k (G—k)!
- N 1—so i1y T
:<§>Z(TR0) Zh *0[0; ’U|m~
k=1 h=1

Using the geometric mean inequality:

hl—so — hl—so <§>1/2—31/2<§> 1/2+51/2 %(h2—250 <§>1—1/51 +<§>1/51—1)’
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we get
o 2 2-1/s1|qh—1 & 1/s1)9h—1 il
—So —1l/81 - S1 -
VS DR oo T30l

h—l

_Zdh N +Zdh 1WSE(75)-

Estimation of V. Using the Gevrey estimate of ¢, Fubini’s formula for series
and letting j=h+k we obtain that

<
N

(2 L2 I0e 1M8

J - i
>3 (% Rik10 0]+ o)
0 t j!SO

k=0

oo

. ] 1—sg ikt 7,.jfk
(rRo) Z L |0y U'W

Jj=k

. (h4-k\ 0 rh
(TRO)kZ< k ) ‘8th+1v|h!so

h=0

o0

(T’Ro)k Z |ah+1 |

h=0

A

hlso

™~
Il
=

8

o h
<3 (rRo)" hZ dh 7
=0

k=0
t),

IN

Ey

—~

since (hzk) >1 for any k, heN.

Estimation of VI. We should distinguish three cases according to so<2, sop=2
and sg>2.

Case 1. sy<2. Using Holder’s inequality

P g 1 1
xygx—+y— if pg>1and —+-=1,
p q P q

with p=s0/(2—5¢) and g=s0/(2s0—2)
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G0 =76 T )
2_80j50 <€>7o¢so/(27so)+2(80_1)

aso/(2s0—2)
. =Dy ,

we have

VI<<§>2 1/s1—aso/(2— sO)Z|a]U| +<§>2 1/s14aso/(2s0— 2)Z|6] |

= ( )lso = ISO
j—1
S 52 1/s1—aso/(2—s0) di 4 r + 52 2/s1+aso/(2s0—2)
< > ]Zl J— (] 1)130 < > ]Zl ]Jlso
< (<§>2—1/51—0480/(2—80)+<§>2—2/51+(150/(280—2))E1(t).
Choosing
_ 2(80—1)(2—80)
5182 ’
we get
< 2315875330+2 < 1/s1
VIS(E) ™ 0 E(t) S(6) /" Ea(t),
since s and sg satisfy (5).
Case 2. sp=2. In this case we can easily estimate
VIS (ol T < (€ Y T = (6 < (61
I ‘ lso_ — ‘]]'SD_ b
j= j=

since s1<3 according to (5) with so=2.

Case 3. sp>2. In this case, Holder’s inequality with p=2(so—1)/(so—2) and
q=2(sp—1)/so gives us that

J20 = 20 )P ()P

5072 2250 ,¢\28(s0—1)/(s0-2) 50 ~28(s0—1)/s0
Ty A LTS
and we have
VI < (£)2-1/a1+28(s0-1)/ (s0- 2)2]2 sqwmﬁ

j=1

+<§>2 1/s1—2B(so— 1)/SOZ|8JU|

Jj=1

ISO
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IO pit1 e o S
S<£>25($0 1)/ (so 2)Zdj+1 : - +(£)? 2/s1-203(s0—1)/s0 Zdj —
— (J+1)to — 7 jlso
j=1 j=1
< (<§>2[3(50*1)/(50*2)+<§>2*2/31*2[3(50*1)/50)E1 (t).
Choosing
1 1 (5072)50
=—|1l-—)—
p 2< 31) (so—1)2°
we get
VIS (Mool ComD B (1) < ()Y Ev (1),
since s; and s satisfy (5).
Final estimate. Finally we get
Ey (1) SOV 1 (BL(t)+Ea(1)).
2.2. Estimate of E; for 2<I<N
From (10) we get
1laZ|  [b]
El < sy —[Zel E(t
< (05 T e
< s o g
DGO DO g ool
j=1
co 7 . :
AVE —1)(1-s —1)(1-1/s i~k T
+Zz<k)(3+1)(l D(=s0) () (=1)(A=1/51) | gk | | 5] U|j!SO
j=2 k=2
co 7 . .
AVE “1)(1—s —1)(1-1/s ik T
+Zz<k)(J+1)(l D(=s0) () (=D (A=1/51) | gkp |5 v|j!80
j=1k=1
co 7 . :
.7 . _ s _ _ s . /,1.]
£33 () Gt g0 e o
j=0k=0
00 . rd
+Zj2750 (j+1)(l71)(1780)<£>(l71)(171/81)+271/51|8§,U| j!SO

§=0
=1L, +1L,4+110,+1V,;+V;+ VI,.
The first term is estimated as before, whereas the weight

V(=1 (1—s0) o\ (I=1)(1—1/s1)
(j+1) 9
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in the last four terms does not play an important role. Proceeding as in the estimate
of F, we get
LI +IV + Vi + VL S (Y By ().

We can estimate the second term as in the estimate of F7: using (11), we get for
2<I<N -1, letting j=h+1,
ri

II[ < Zjl—so j+1)(l_1)(1_80)<£>1+(l_1)(1_1/81)dj*1W

rhtl
hlso

Jj=1
Z h+1 1—s0 h+2)(l 1)(1— so)<£>1+(l 1)(1— l/sl)d

o0

rh
<§>1/S1 Z(h+1)l(1—30)<§>l(1 1/sl)d h'SO

h=0

N

<Y1 B,

Replacing d;_; and dj, by e;j_; and ey, respectively, in the above computation,
we have the same inequality also for [=N. Thus, we get for 2<I<N,

E[(t) SOY* (Ei(t)+ Era(t)).

2.3. Estimate of En41

‘We have

d /

Ee?() = a’ €20)v]? +2a.£2 Re(8)v, 8] ') < o e2(t)+2a-€2|0]v| [0

€
Hence |
1la
)< ) ey 1)
This gives
1| l N(1—s0) (e\N(=1/51) (1 T _
By, (t) < EN 1( Jrz Jj+1) (€) €j+1(t)j,80 =Ini1+1INas.
j=0 '

We can estimate Iy 11 by Glaeser’s inequality (11) as before. Thus we estimate ITy 1.
We have

1< 7
II —— 'N(1—30)+50 N(l—l/sl) (t
N+1 = E J 3 ej(t)

o
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Note that by our choice of N the exponent N(1—3s)+so is negative. By Holder’s
inequality, with p=N(1—s0)/(N(1—s0)+s0)>1 and ¢g=N(1—1/s¢) we get

jN(lfsg)Jrso _ jN(l*SU)+S[) <§>6<§>75

< N<1_30)+30jN(1—s0)<§>6N(1—50)/(N(1—s0)+sg)

~ N(l-so)
50 —8N(1—1/s0)
Therefore,
= - —s —1/s Tj
1§ 3 MmN O me; ()1
j=1

0o - e - ) Tj
+Z<£> ON(1—-1/s0)+N(1—1/s )ej(t)j!SO
j=1

SO PEN 4 (t)+(§) TN/l t NA=/s) By (1),
since e; <d;. Taking
L N(1—1/81>
© p+N(1-1/s0)
we have

1 SN0 (By (1) + Ena(t)) S (€)1 D0/ s1le Ve (1),

Note that this estimate is independent of N as far as N(1—sp)+s¢ is negative

(ct. (9)).

Due to the assumption (5) we have

81—1 So < 1

s1 So—17 s1

Consequently
By (8) SOV E().

2.4. Estimate of the total energy

Combining the estimates for Ej, we get
(1) SV E().
Thus Gronwall’s lemma yields

(13) E(t) <exp(C'T*(&)Y*1)€(0).
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3. Energy inequality of Theorem 1.2

We assume first that a(t)=1. In this case it is sufficient to consider only Fj
for the energy. Let us put

d?:=10] o2 +-€20fv]* for j>0

an 1t djr’ /1%, Differentiating and proceeding as before we get
d Eq: 3 /4150 Diff d2 d di bef
d . . . .
Ed?( ) = 2Re (8] %0, 8/ v)+262 Re(8)v, ) 1)
i .
_2§Z< >Im (OFbd!*v, 01 ) +2) (2) Re(0Fco! F 1o, 01 10)
k=0
(] i~k +1 L[ i—k+1 +1
<2y (] )otuliol ol lof o423 (1) kel o™l oy ol
k=0 k=0
This gives
d : ] ak aj—k g .] 6k 8j—k+1
(1) < bl (0)+1€1 D () 1okvl 108 o+ () 10kel [0
k=1 k=0
Hence
2 AYPY: N ; AYPY: R
B0 < BB+ Y3 (1) 0fl107 o)+ 3o 3 (1 )okel ool
j=1k=1 j=0 k=0
= I4+II+111.

Using the Gevrey estimates of b as before we get

00 00 1—so j—k
I k T
O wrt S (1) 1okt 19 X S
k=1 j=k
since (i) >1if 1<k(<j) and [¢] \8gfkv|§dj,k(t). Estimating III as before, we get
E1(t) S Ea ().

Now we consider the non-constant coefficients case. The strict positivity of a(t)
allows us to make the change of variable

= F(t) :/Ot\/@ds.
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We remark that F'~! exists and belongs to v*°. Then putting

w(F~ (1), 2)=a(r,z), a(t)=a(F (7)) =:a(r),
b(F (7)) =:b(7), c(t) =c(F~ (1)) = &),

u(t, x)
b(t)

we get ~
oo () a'(r) &(7) .
21— 02— ——=0, - - 0;u=0.
R Te R (2&3/2(7) airz(r) )
By the strict positivity of a(t) we see that u(¢, ) has the same regularity as (7, ).
Therefore we can reduce to the constant coefficient case and

(14) E(t) $€(0)

holds with the energy £(t):=E1(F(t)).
Here we remark that this energy inequality is valid without the assumption (6).

4. Proofs of Theorems 1.1 and 1.2

We have derived the energy inequalities in the previous sections. To complete
the proofs of Theorems 1.1 and 1.2, we need to estimate £(0).
To simplify the presentation we set

s:=min(s1, so),

so that all the functions involved belong to v®. Next, since we have assumed
that wug, u; €75, we have

|0Fug ()| +]0%u; ()| < CLRYE!®  for any k€N and z € R,
for some constants C; and R;. Our aim is now to prove that we have
(15) 1870k u(0, )| < CoRET*j15k1*  for any k,j €N and z €R,

for some constants Co and Rs depending on Co, Rg, C1 and R; (see (4)).
We fix some notation.

Notation. We write < if
107 9%4(0,0)| < /9%5(0,0) for any j, k € N.
In particular, >0 means that
1 9%0(0,0)>0 for any j,keN.

The following lemma is easily proved by induction over the time derivatives.
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Lemma 4.1. Assume that a<A, b<B, ¢<C, d<D, ug<Uy, uy <Uy, and let u
and U be the solutions of the problems

O2u—ad u=bd,u+cou+du, 02U~ AD*U=BO,U+COU+DU,
u(0, x)=uo(z), and U0, x)=Uy(z),
ou(0, z)=uq (), U0, x)=U (z).

Then u<U.

We say that a sequence {c;};>0 of real numbers is a Gevrey sequence of order s
if there exists >0 such that

cj =corij!®  for j>0.

We have the following Gevrey version of the classical Borel lemma [P, Theo-
rem 2.1].

Lemma 4.2. Let {c;};>0 be a Gevrey sequence of order s. Then there exists
h(t)e~® such that
8{ h(O) = Cj .

Let {A;};>0, {Bj}j>0 and {W,},;>0 be Gevrey sequences of order s such that
0fa(t)| < Aj,  [0]b(t)|+]0fc(t)| < By, [0uo(z)| <Wj,  |0hur (@) < AgWi1.

Without loss of generality, we may suppose that Ag>1. Due to Lemma 4.2, we may
associate three functions A(t), B(t), W(z)€~® with these sequences so that

HA0)=A;>0, dB0)=B;>0 and W(0)=W;>0.
Hence
(16) a<A, b=<B, uy<W and wu;<AW.
Let V be the solution of the problem

{atV—A(t)aIsz(t)u
V(0,z)=W(x),

that is

V(t, ) = exp (/Ot B(s) ds)W(:r—i—/otA(s) ds).
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V(t,z) is a Gevrey function, since it is the composition of Gevrey functions. Thus
we have for some C'>0 and R>0,

0]07(0,0)] < CRITFj1sk1e.
Moreover V0. We also find that V solves the problem
02V —A202V=[AB+ A0, V+Bo,V+B'V,

(17) V(0,z)=W(z),
OV (0, z)=A W (z).

Now we compare problems (17) and
02u—ad u=bd,u+cou,

(18) u(0, z)=up(x),
Ou(0, z)=uq ().
Note that, since Ag=.4(0)>1 we have A<.4%. Indeed
j .
HA(0)=> " ( )8’% 0)d7 % A(0) > 87 A(0).A(0) > 8] A(0).
k=0

Similarly we have B<.AB. We derive that each coefficient in (17) dominates the
corresponding coefficient in (18). Applying Lemma 4.1 we get u <), which gives (15)
for z=0. To obtain (15) for a generic x¢ we compare problem (17) with the problem

02u—ad u=bd,u+cou,
U(O, .CL') =Ug ($+I0),
Opu(0, z)=uq (x+x0).

From (15), due to the Paley—Wiener theorem (see [R]), we derive
07 0(0,€)| < C3RYY" exp(Ca(€)'/*)  for any £ER,
which gives the thought for estimate
(19) £(0) < Cs exp(Cu(€)"/*).
In the weakly hyperbolic case, combining (19) and (13) we have

E(t) <exp(C'T*(€)M*1)E(0) < Cs exp(C'T* (€)M +C(€)'/*) < C5 exp(Cr(€)Y/*1).
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Here we used that s=min(s1, s9)=s1, since by (5), s1<2—1/50(<sp). In the strictly
hyperbolic case, combining (19) and (14) we have

E(1) SE(0) < Cs exp(Co(€)'/*) < Cs exp(Cr (€)' /™),

where we used that s=min(sy, s9)=s1, since by (6), s1<sg. On the other hand,
we see that

ri
j!so

E(t)> By(t) = idj

i1so ”
j=0 J:

o s q T
> |07 T v|— >sup [0 1o
t so . t
=0 J: 7>0

Thus, it follows that
|0/ 10| < C5RYj1™ exp(C7(€)Y*),

which completes the proofs of Theorems 1.1 and 1.2.

Remark 4.3. Using (7), one can find positive constants C' and R such that
1870(0,€)| < CR7j1%(€)?  for any j €N and any ¢ €R.

This inequality can be derived for any type of equation (even if the equation is not
hyperbolic). With this rough estimate, one cannot get the thought for estimate (19),
since

£(0)<Cs Z(Rr<§>)j =oo for sufficiently large &,
=0

and, indeed, only the formal Cauchy problem is solvable (see [Ko]). For this reason,
in the proof of (19) we used the hyperbolicity, comparing with the solution V
to the hyperbolic equation by Lemma 4.1.
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