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Quasi-parabolic analytic transformations of C”.
Parabolic manifolds

Feng Rong

Abstract. In [RoNg, F., Quasi-parabolic analytic transformations of C™, J. Math. Anal.
Appl. 343 (2008), 99-109], we showed the existence of “parabolic curves” for certain quasi-
parabolic analytic transformations of C". Under some extra assumptions, we show the existence
of “parabolic manifolds” for such transformations.

1. Introduction

In this paper, we continue to study the local dynamics of quasi-parabolic an-
alytic transformations of C™. An analytic germ ® of C™ at a fixed point p is said
to be quasi-parabolic if d®,=Diag(I, A), where I is the identity matrix and A is a
diagonal matrix with eigenvalues A;, such that |A;|=1 and X\;#1. Such transfor-
mations have been studied by Bracci and Molino [1] in dimension two, and by the
author ([4] and [5]) in any dimensions.

As in [5], we suppose that ® is of finite order v, that ® has a non-degenerate
characteristic direction [v], and that ® is dynamically-separating in the direction
[v] (see Section 2 for the precise definitions of the terms just mentioned). In [5], we
associated with the direction [v] an (n—1,n—1)-matrix N, whose eigenvalues are
invariants of ® in the direction [v]. We divide the eigenvalues of N into two sets,
counted with multiplicity, {v;}$_; and {prYe_,, with a+b=n—1, in such a way
that for some positive real number «, we have

Revy;>a>0 for j=1,..,,a,

(1.1)
Re pup<a for k=1, ..., b.

A parabolic manifold of dimension d for ® at p is an injective holomorphic map
p: A—C™ satisfying the following properties:
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(i) A is a simply-connected domain in C? with 0€9A;

(ii) ¢ is continuous on A and ¢(0)=p;

(iii) ¢(A) is invariant under ® and ®*(p(¢))—p, as k— o0, for any (€A.
Furthermore, if [p(¢)]—[v]eP™ ™! as (—0 (where [-] denotes the canonical pro-
jection of C™\{p} onto P"~ 1), we say that o is tangent to [v] at p. A parabolic
manifold of dimension one is also called a parabolic curve.

Our main result is the following.

Theorem 1.1. Let ® be an analytic transformation of C™, with a quasi-
parabolic fized point p. Assume that ® is of finite order v, that [v] is a non-
degenerate characteristic direction for ®, and that ® is dynamically-separating in
the direction [v]. Let N be the matriz associated with [v] and assume that we divide
the eigenvalues of N as in (1.1). Then there exist at least v—1 parabolic manifolds
of dimension a+1 tangent to [v] at p.

In Section 2, we recall some definitions and results from [5]. We prove the
main theorem in Section 3, following the approach of Hakim in [3]. In Section 4,
we extend some other results of Hakim in [3] to the quasi-parabolic case.

Acknowledgements. Part of this work was done while the author was visiting
Institut Mittag-Lefller. The author would like to thank the hosts of the institute
for the generous hospitality and support. The author would also like to thank the
referee for his/her comments.

2. Preliminaries

In this section, we briefly recall some definitions and results for quasi-parabolic
analytic transformations of C™. We refer the reader to [5] for details (cf. [1]).

Let ® be an analytic transformation of C”, with an isolated quasi-parabolic
fixed point p. In some local coordinates around p, u=(w, z) €C! x C™, [+m=n, we
can write ® as

wy = w+az(u)+asg(u)+...,
21 = Az+b2(u)+b3(u)+,

where a;(u) and b;(u) are homogeneous polynomials of degree i>2. Let ®;(u)=
(as ), bi(w). |

Let v (resp. p) be the least |j| for the terms w? in the expression for w;
(resp. z1). If v<oo and p>v, then we say that ® is ultra-resonant, and that the
order of ® is v. This is well defined by [5, Lemma 2.3].



uasi-parabolic analytic transformations of C™. Parabolic manifolds 363
P Yy

Assume now that @ is ultra-resonant of order v. A characteristic direction for
® is a vector [v]=[vi:...:v,] EP"L, with v;=0 for [<i<n, such that ®,(v)=\v for
some AeC. If \#0, we say that [v] is non-degenerate, otherwise it is degenerate.

Assume now that ® has a non-degenerate characteristic direction [v]. In some
suitable local coordinates u=(z,y,2)€CxC!"1xC™, we can assume that [v]=
[1:0:0]. We can then write ® as

1 = x+pu($7y70)+P(Iay7z)+0(y+1)7
y1=y+a(z,y,0+Q(z,y,2)+0(r+1),
21 = AZ+R(Iaya Z)+O(V+1)7

where P(z,y, 2), Q(z,y, z) and R(z,y,2) contain terms x'y 2* with 2<i+|j|+|k|<
v and |k|>1.

Write A=Diag(A1,...,A,), where A;=\;)In, with the A;)’s being mutually
different and mq +...+m, =m. Similarly, write z=(z(1), ..., 2(r)) With z()=(2(),1, -,
2(3),m,) and write R(z,y, z)=(R1(z,y, 2), ..., Rr(x,y, 2)). By [5, Lemma 2.7], we can
assume, after a suitable change of coordinates, that there are no terms z'y’z(,) s in
Ry(z,y,z) for any 1<p<r and g#p. We say that ® is dynamically separating in
the characteristic direction [v]=[1:0:0] if Ry (,y,z) contains no terms x'z(,) , with
i<v—1 for any 1<p<r. This is well defined by [5, Lemma 2.10].

In [5], we obtained the following result.

Theorem 2.1. ([5], Theorem 1.5) Let ® be an analytic transformation of C™,
with a quasi-parabolic fixed point p. If ® is of finite order v and is dynamically
separating in a non-degenerate characteristic direction [v], then there exist at least
v—1 parabolic curves tangent to [v] at p.

3. Parabolic manifolds

Let @ be an analytic transformation of C”, with a quasi-parabolic fixed point.
Assume that [v]=[1:0:...:0]€P"~! is a non-degenerate characteristic direction for
® and that ® is dynamically-separating in the direction [v]. For simplicity, we will
assume that the order of ® is v=2. (One can easily pass from v=2 to an arbitrary
v as in [3, Section 6].)

Choose local coordinates (z,y, z) such that the parabolic curve in Theorem 2.1
is given by (=0, where (=(y, z). By [5, Proposition 2.14], after a finite number of
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blow-ups and changes of coordinates, we can write ® as

z1 = 2—2°+0(2?||¢])+01(2?),
(3.1) y1 = (I—zA)y+0(z|¢[*)+O01(=2[[<]),
21 = (A—2B)z+0(x||C|I*)+ 01 (2?|[C]D),

where O1(x)=0(x-(log x)*) for some unspecified integer 11>0. (Note that we always
work in a region where log x is well defined.) Moreover, we can assume, without loss
of generality, that both A and B are in Jordan canonical form. We also know that
the eigenvalues of A and A~'B are invariants associated with the non-degenerate
characteristic direction [v]. Dividing these eigenvalues into subsets according to
their real parts, we can rewrite (3.1) as

21 = z—224+0(2?|[¢]) + 01 (),

ur = (I —zAp)u+O0([|¢]1*) + O (22 ¢])),
(3-2) v = (Ig—xAq)v+0(z[[C]]*)+O01(2?|ICID),
r1 = (A—aB))r+0(x|/¢]*)+01(2?|I<]D),

s1= (Am—2Bp)s+0(@|/C]|*)+O01(2?|IC]])-

Set w=(u,r), t=(v,s), J=Diag(I,,A;), K=Diag(l,,A,,), C=Diag(4,,B;) and
D=Diag(Ay, B,). We can then rewrite (3.2) as

1 = f(z,w, t)=x—2%+F(z,w,t),
(3.3) wy = g(z,w, t)=(J—zCl)w+G(z,w,t),

t1 = h(z,w,t)=(K—xD)t+H(z,w,t),
with

F(z,w,t) = O(2®|[(])+01(2?),

G(z,w,t) = O(x[|¢|*)+O1(2*|[¢])),

H(z,w,t) = O(z|¢|[*) +O1 ([ [C]])-

If {~;}9_, and {u}}_, are the eigenvalues for L=J"'C and M=K"'D, respec-
tively, we require that Revy; >a>0 for 1<j<a and Re i <a for 1<k<b.

Proposition 3.1. Let ® be as in (3.3). Then, for all integers m,k>2, we can
choose local coordinates such that H(x,w,0)=0(z|w|™+z*||wl).

Proof. Set Eg={y€N:|ag,(¢)|#0}, where ag({) are the coefficients of the
terms 27 (logx)? in (3.3). It is a finite set as a consequence of the construction
in [2].
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Write H(x,w,0) as

H(w,w,0)= > o(loga) ag,(w)+0 (" [w]).
1<B<k—1
YE€EEs
We want to show that there exists a change of coordinates such that ag ~(w)=
O(J|lw]|™). This is done by induction on 3, v and the degree d of homogeneous
terms in ag~(w). We start with the smallest 3, the biggest v in Ez and the
smallest d of homogeneous terms in ag . (w).

We only consider the term z”(logx)YQ(w) in the expression of s; in (3.2),
where Q(w) is a C™-valued homogeneous polynomial of degree d. Such a term in
the expression of v in (3.2) can be dealt with similarly.

We need to break down A,, into Jordan blocks and consider each block sepa-
rately. For simplicity, we will assume without loss of generality that A,,=AIl,,.

For a monomial w!, I=(Iy,...,l,) EN®, we define the weight of w! as w(l):=
S, il;. We start with monomials w! in Q(w) with the smallest weight.

Let R(w)=(Ry(w), ..., Rp(w)), with R;(w)=c;w', c;€C, 1<i<m. Since R(w)
is a monomial, we have R(Jw)=AR(w) for some constant A€ C.

If A#£), the following transformation cancels the term z(log )Y R(w):

2P (log z)" R(w).

VaR

+

$=5+=
A=A
If 5\:)\, we consider the transformation of the form

(3.4) s=5+z""1(logx)" P(w),

where P(w)=(Pi(w), ..., Pn(w)), with P;j(w)=e;w', e;€C, 1<i<m. One readily
checks that such a transformation cancels the term 2 (log x)Y R(w) if and only if

(3.5)
P((J=2C)w) =My P(w)+2(Bp — (8—1)AL ) P(w) = 2R(w) +2zR(w)+0(2?|w]),

where E(w) is a sum of monomials with bigger weights.
The linear part of the left-hand side of (3.5) is equal to

m[_)‘<gradpia Lw>+((Bm - (ﬁ_ 1))‘Im)P(w))i]v 1<i<m.

Since B,, is in Jordan canonical form, the above system is reduced to

OP; OP; .
TA|— (Lw)1+...+ (Lw)g | +((irg—B+1)Pi+eiiv1Piv1) |, 1<i<m,
own Owq

where €; ;41 is 0 or 1 if i<m and &y, 41 =0.
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By decreasing induction on 4 from i=m to i=1, we see that (3.5) is satisfied
with

_ 1
Em = [ll'YlJFmJFla'Ya*(Hm+q7/8+1)] ! ()\Cm)

and
1 1 .
ei=[lim+...+lava— (pitq—B+1)] €iit1€it1 =G ), 1<i<m.

Note that Re [l171+-..+laVa — (itqg—B+1)]>(da—Re pitq)+5—1>0, 1<i<m. So
l1'71+~-~+la'7a_(,Ui—&-q_ﬁ"'l)?éoy 1<i<m.

Thus, an induction on the weight w(l) will get rid of all terms in 2”(log x)Yw!

for fixed  and ~y. Note that the transformation (3.4) also introduces new terms in
2P (log )~ 1w!, which are taken care of by our induction on .
Finally we finish with an induction on d and 5. O

For 7,0, p>0 small enough, let
Arsp={(z,w) eCxC*:[Imz|<7Rez, |z|<oc and |w| < p}.

We want to show that there exists a function t=¢(z,w), analytic in some A, , ,,
such that

(3.6) o(f(z,w, p(z,0)), g(z, w, p(z,w))) = h(z, w, p(z,w)),
with limg, 0,0} @ (2, w)=0.

Define
(3.7) Hy(z,w,t):=t—aM K~ ta7 Mt

Then as in [5, Section 3], we have
Hy(z,w,t)=O(z[¢|I*)+O1(?[CID),

and, by Proposition 3.1,

(3.8) Hy(z,w,0)=O(z|w||™, z||wl|), m,k>2.

The functional equation (3.6) is equivalent to

(39) :E_MQD(I',w)—K_ll';M(p((Ehwl) :'T_MHl(wi7 @(wi))
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Define
(3.10) Tz, w) =z Z K~ la 7 M Hy (x5, 0, (24, w;)).
i=0

Let By be the Banach space of holomorphic functions ¢ on the set A;, ,N
{(z,w):]|z|*||w||<1} such that

lo(z, w)]
(3.11) [llo := sup -
e [Jw]|™+|z[F1 w]]

is bounded, endowed with the norm ||¢||o. Since the spectrum of d®, lies in the
unit circle, all the estimates in the proof of [3, Theorem 1.6] carry over to our case.
Therefore, we have that T is well defined on a closed subset By of By, with Tw€ By.
Furthermore, the operator 7' is continuous and contracting on a closed subset Bs
of B;. Hence T has a fixed point, which is a solution to (3.9), and thus to (3.6).
This proves Theorem 1.1.

4. Fatou coordinates

Let ® be as in the previous section. We want to take a closer look at the
dynamics of ® in the parabolic manifolds provided by Theorem 1.1. For this, we
assume that all the eigenvalues associated with the direction [1:0:...:0] have positive
real parts. Thus, we can write ® as

vy =r—2?+F(z,w),
wy = (J—zCl)w+G(z,w).
Let {v; ?:1 be the distinct eigenvalues of L=.J"1C, with aj=Re~v;, 1<5<h,
and a1 >as>...>ap>a>0. Write further J=Diag(.J1, ..., Jy), C=Diag(Cy,...,Ch)
and L=Diag(Ly,...,Ly). Rewrite ® as
7 =2—2*+F(x,w),
wi = (J1—2C)w' +G (z,w),

(4.1)

(4.2)

wh = (J —2Cp)wh +G" (2, w).

For j=1,...,h, let wS=(w',...,w’) and w>/=(w’*!,...,w"). We have the

following proposition (cf. [3, Proposition 4.1]).

Proposition 4.1. Let ® be as in (4.2). Then, for all integers m,k>2, we
can choose local coordinates such that G7 (x, (0,w>7))=0(z||w>? ||™+z*||w>7|) for
1<j<h.
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Proof. We fix j and let u=w’ and v=w>7. We also rewrite (4.2) as

vy =z—2+F(x,w),

wil = (Joj—aC ) w<I +G<I (z,w),
uy = (J;—2Cj)u+ G (z,w),
vy = (Js;—2Cs;)v+G7I (2, w).

(4.3)

Here G<j:(Gl, ey Gj_1)7 G>j:(Gj+1, ey Gh), J<j :Diag(Jh . JJ‘,l)7 J>j:
Diag(Jj+1, ceey Jh), C<j :Diag(C’l, veey Cj—l) and C>j:Diag(C’j+1, ceey Ch) Set A=
ijle and B:J;;C>j. Let p and ¢ be the respective dimensions of v and v. Let
{61, ..., B4} be the eigenvalues of B.

Write G7(z, (0,v)) as

@, (0,0)= Y 2’(logz)as,(v)+01(a"|v]),
1<B<k—1
YEER
where Ejg is as in Proposition 3.1.

We want to show that there exists a change of coordinates such that ag (v)=
O([lv]I™)-

Depending on the eigenvalues of J;, we need to divide A into smaller Jordan
blocks and consider each block separately. For simplicity, we will assume without
loss of generality that J;=\I,.

As in Proposition 3.1, we work with monomials in ag . (v). So consider terms
2P (log x)YR(v), where R(v)=cv! with c€CP, I=(ly,...,l;)ENY and lj+...+1,=
d<m. We prove the proposition by an induction on 3, d, w(l) and v. We start with
the smallest (3,d,w(l)). As for +, there are two different cases which we discuss
below.

Since R(v) is a monomial, we have R(Js;v)=AR(v) for some constant A& C.

If A#£), the following transformation cancels the term 2 (log )7 R(v):

u=1u+ %xﬁ(logaj)vR(v).
If 5\:)\, there are two different cases, depending on [€INY. Let
L={l=(l1,....,lq) eNT: [1 1 +.. 41y —(v;—B+1) =0}
For € L, we consider a transformation of the form
u=1u+z""t(logz)" 1 P(v),

where P(v)=ev! with ecCP.
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One readily checks that if we choose e=—c¢/(y+1) then the above transfor-
mation cancels the term x°(logz)YR(v). Note that the terms in 2 (logx)Y 1!
vanish for /€ L. Thus, an induction on the weight w(l) will get rid of all terms
in 2% (log :ﬂ)”’ul for fixed § and . Note also that we have introduced a new term
29 (log z)"* R(v), but with R(v) as a sum of monomials with bigger weights. So
there can only be finitely many such new terms, which are taken care of by an
induction on +y, starting with the smallest ~.

For 1¢ L, we consider a transformation of the form

u=1+z""(logz)P(v).

We can solve P(v) as in Proposition 3.1. And an induction on the weight w(l)
will get rid of all terms in 2% (logz)?v! for fixed 3 and . Note that the above
transformation also introduces new terms in x”(logx)?~1v!, with [¢L, which are
taken care of by an induction on -, starting with the biggest ~.

Finally we finish with an induction on d and 5. O

With the above proposition, we are now ready to extend Theorems 1.9, 1.10
and 1.11 in [3] to the quasi-parabolic case. First, we have the following result.

Theorem 4.2. Let ® be as in (4.1). Then one can choose local coordinates
(X, W) such that ® is conjugated to (1/X1=1/X+1, W =JW).

Proof. On Aw:=A; , ,N{(z,w):|z|~*T¢||wSI||<1 for all j}, with 0<e<ap,
define

W(z,w):==z erZJ (J! xl+1wl+1 Lwl)*hm J° :L' Lo,

12— 00

As in [3, Lemma 4.5], one sees that the above series converges normally on Ay and
that Wy =JW. We can then proceed as in the proof of [3, Theorem 1.9]. O

We now get back to the general case, with ® as in (3.3). (We are only going
to state our results for v=2. The statements for v>2 are similar.) The following is
an immediate consequence of the above theorem and Theorem 1.1.

Corollary 4.3. Let ® be as in (3.3). One can choose local coordinates
(X, W, T) such that the parabolic manifold M provided by Theorem 1.1 is given
by {(X,W,T):T=0}, and that the restriction of ® to M is conjugated to (1/X;=
1/X+1, Wh=JW).
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When @ is a global isomorphism of C”, which takes the form (3.3) at a fixed
point p, we can consider the global attracting set of ® at p. By Theorem 1.1, we
will assume that H(x,w,0)=0. Define

Q,= {Z e C"\{p}: zliglo Z;=pand lim[Z;]=]1: O]}7

71— 00

if Rey;>a>0, 1<j<a, and Re u;, <0, 1<k<0, or

Q,={ZecC"\{p}: zlgglo Zi=p, llg(r)lo[Zl] =[1:0] and lim z; “¢; =0},

1—00

if Rey;>a>0, 1<j<a, and Reu; <0, 1<k<b. (For v>2, one needs to require
instead that lim;_,o z;(”_l)ati:().) Note that the definition of €, does not depend
on the a chosen.

We have the following theorem, whose proof is essentially the same as that of
[3, Theorem 1.10] and [3, Theorem 1.11].

Theorem 4.4. Let ® be a global isomorphism of C™. Let p be a fixed point
of ®, where ® takes the form (3.3). Then ), is isomorphic to C**1.
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