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Power weighted L’-inequalities
for Laguerre—Riesz transforms

Eleonor Harboure, Carlos Segovia!, José L. Torrea and Beatriz Viviani

Abstract. In this paper we give a complete description of the power weighted inequalities, of
strong, weak and restricted weak type for the pair of Riesz transforms associated with the Laguerre
function system {L£{}, for any given a>—1. We achieve these results by a careful estimate of the
kernels: near the diagonal we show that they are local Calderén—Zygmund operators while in the
complement they are majorized by Hardy type operators and the maximal heat-diffusion operator.
We also show that in all the cases our results are sharp.

1. Introduction

The purpose of this article is to study boundedness properties in
LP((0,00), 2% dz) for the Riesz transforms associated with the orthogonal systems
of Laguerre functions Lf, a>—1, started in [4], see also [17]. There, following the
ideas developed in [12], the appropriate Riesz transforms are introduced and, using
a transference method from Hermite systems along with Kanjin’s transplantation
theorem for Laguerre expansions, continuity results in LP((0, 00), % dz) were ob-
tained for § ranging in a certain interval depending on p and a. Recently (see [6]
and [3]), sharper results of this kind have been given for the maximal heat operator
related to such expansions. There, the authors not only obtain strong type inequal-
ities but they analyse the behaviour at the extreme points, proving weak type or
restricted weak type inequalities that, as they show, are sharp.
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Our aim in this paper is to perform an analogous analysis for the case of
the Riesz operators. Our approach this time is through a careful study of their
kernels. We make use of a technique, that nowadays might be called classical, of
splitting the kernel into its “global” and “local” parts (see (3.1) and (3.2) for their
precise definitions). The local parts of the Riesz transforms are shown to be local
Calderén—Zygmund operators in the sense defined in [10] (see Theorem 3), which
gives no restriction on the exponent 6. On the other hand, the global parts are
estimated by a sum of positive operators, namely a variation of the maximal heat
operator and some Hardy type operators. We combine both estimates to give our
main result stated as Theorem 1.

We remark at this point that our boundedness results for the Riesz transforms
are a little worse than those for the maximal heat operator. Not only do we not get
boundedness on L™, as expected, but we also get a weaker result at one of the end
points, when the range of p is a finite interval. Nevertheless it turns to be sharp.

As we just mentioned, the main key to achieve our results is a careful analysis
of the kernels. Since they involve modified Bessel functions and their derivatives,
part of the proof becomes highly technical. However, such precise knowledge of
the behaviour of the kernels allows us to get really sharp inequalities. In fact, in
Section 6, we show that our boundedness results on L”((O,oo),xé dx) cannot be
improved any further (see Theorem 2).

Let us remark that this technique of splitting the kernel according to the local
and global regions, goes back to Muckenhoupt and Stein (see [7] and [9]) in con-
nection with problems concerning Poisson summation and conjugacy for different
systems of orthogonal polynomials, like those of Jacobi, Hermite or Laguerre.

Later, even though it is not pointed out explicitly, K. Stempak in [13] did also
make use of such technique in order to bound the heat and Poisson maximal oper-
ators for various systems of Laguerre expansions. Finally, very recently, A. Nowak
and K. Stempak in [11], have obtained boundedness results for Riesz transforms
associated to other Laguerre orthonormal functions, using again this type of par-
tition of the kernel. We include, as a final section, a brief discussion on how their
results are related to ours.

Given a real number a>—1, we consider the Laguerre second order differential
operator L, defined by

d? d a?
Lo=—y~s—+i+0

. y>0.
dy? dy 4 4y Y

It is well known that L, is non-negative and selfadjoint with respect to the Lebesgue
measure on (0,00), furthermore its eigenfunctions are the Laguerre functions L



Power weighted LP-inequalities for Laguerre—Riesz transforms 287

defined by

« _ F(k+1) /2 —y/2, a/2 T
ﬁk(y)—<m) € Yy Li(y),

where L{ are the Laguerre polynomials of type a see [15, p. 100] and [16, p. 7]. The
orthogonality of Laguerre polynomials with respect to the measure e Yy leads to
the orthonormality of the family {££}2° ) in L?((0, 00), dy).

Given the second order non negative and selfadjoint differential operator L,,
and its heat semigroup Ty =e~ "=, following [12], we shall consider the Riesz poten-
tials

L“’f(x):ﬁ/ooot"_lﬁf(x)dt, >0,

which can be derived from the identity s~ =T'(o)~" [t te ™" dt.
In order to define the corresponding Riesz transforms, the following first order
derivatives can be introduced, see [4],

50 = y%—l—%(\/_—%) and 852—\/?3c%+%(\/_—%>:(55—1)*.

The action for a>—1 and >0 on the Laguerre functions is given by
8oLy =—VELet and 92(L))=—VE+1L) ).
Moreover

a+l )k sa a+1sa
La—(T>:(6y) 8o =9o+1ge.

Hence the Riesz transforms for the Laguerre function expansions are defined by
RS =09(La) "% a>~-1, and R’=00(Ls)~"/? B>0,

that is

k vVEk+1
Re(E) =~ ot and RO = —LEL g

k+(a+1)/2 k+(B+1)/2 F

One of the main interests in studying Riesz transforms lies in their intimate con-
nection with potential and Sobolev spaces. In our case it is easy to check that
R‘fHoRi‘:Tm, the multiplier operator associated with the sequence
k
my = .
V(k+(a+1)/2)(k+a/2)
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The boundedness of T}, and T},-1 in L?((0,00),dz) is obvious, but moreover [16,
Theorem 6.3.4] gives the continuity in LP((0,00),dz). From this observation and
the boundedness of the above Riesz transforms in LP((0, 00), dz) given in Theorem 1
below, we may write

1o = 1T -1 o RO o RE £l < CIREf|lp = NGy (La) ™2 fllp < Cllf s

for f satisfying fooo fW) LG (y) dy=0. Therefore for good enough functions, we get

165 £llp ~ (L) 2 f -

This equivalence is the key to define the Sobolev space associated to this Laplacian
in terms of the o derivative.
The above observation leads us to give the following definition.

Definition 1. In what follows we denote by R the Riesz transform wvector
associated to L, that is

R = (RY, RT).

Since we are interested in LP-boundedness of both Riesz transforms simultaneously
we shall state our results in terms of the operator

IR(I(F) = (RS 1P+ REFLF2)T2,
Our main result is the following.

Theorem 1. Let a>—1 and § be a real number. Then the operator |R*||
satisfies.

(a) |R2|| is of strong type (p,p) with respect to x° dx as long as —ap/2<5+1<
(a+2)p/2 and 1<p<oo.

(b) |R®|| is of weak type (1,1) with respect to x° dx as long as —a/2<5+1<
(a+2)/2 if a0 and 0<d+1<1 when a=0.

(¢) If a0 and —ap/2=5+1 for some 1<p<oo, then |R¥| is of restricted
weak type (p,p) with respect to the measure 20 dz.

(d) If (a+2)p/2=06+1 for some 1<p<oo, then |R®|| is of restricted weak type
(p, p) with respect to x° du.

We notice that our results include negative values of §4+1 when a>0. In fact
if we fix @ and J the range of p may be described as follows.

For a>0:

If 6<—1—a/21it is of strong type for —2(d+1)/a<p<oo, and if p=—2(5+1)/c
it is of restricted weak type if p>1 and weak type when p=1.
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If —1—a/2<6<a/2it is of strong type for 1<p<oo and weak type (1,1).

If 6>« /2 it is of strong type if 2(6+1)/(2+a) <p<oo and restricted weak type
when p=2(0+1)/(2+a).

For a<0:

If 6<—a/2—1 there are no boundedness results except for 6=—c«/2—1 when
we have weak type (1,1).

If —a/2—1<6<a/2 it is of strong type if 1<p<—2(+1)/c, weak type (1,1)
and restricted weak type for p=—2(0+1)/a.

If 6>a/2 it is of strong type for 2(6+1)/(2+a)<p<—2(d+1)/a and of re-
stricted weak type at both end points p=2(§+1)/(2+«a) and p=—2(5+1)/c.

For a=0:

If 6<—1 there are no results.

If —1<0<0it is of strong type 1<p<oo and of weak type for p=1.

If 6>0 it is of strong type for d+1<p<oo and of restricted weak type for
p=0+1.

At this point we would like to remark that if we compare our results for the
Riesz transforms with those obtained for the maximal operator of the heat semi-
group ([6], [3]) we notice that besides the expected difference at p=oo we also
obtain a weaker result at the end point p=—2(5+1)/a. However we will show that
it cannot be improved.

In fact the next theorem states that our results are sharp.

Theorem 2. Let a>—1 and §€R. Then

(a) |R®|| is not strong type (1,1) with respect to 2° dx for any J.

(b) If a#0 and —ap/2=0+1 for some p>1, then ||R¥|| is not of weak type
(p, p) with respect to x° dx.

(¢) If (a+2)p/2=0+1 for some 1<p<oo, then |R¥| is not of weak type (p,p)
with respect to x° dx.

2. Preliminaries

The heat diffusion semigroup e+

« ig given by
W to) = [ Ualsn2)f (@) de
0
where s=(1—e"*/2)/(1+e7%?), and Uy, (s, z, 2) is

1 1—82 1 1/2_ _1/2y2 1/2 1—82
S22 —1/4(s+1/s) (@t =27 2)2 —1/2(s+1/s)(z=) -2 1/2
(2.1) 5 95 ¢ e Ia< 55 (x2) >
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I, is the modified Bessel function of order « (see [13] and [6]). We introduce the
following notation which we will use frequently

11— 1 1
M(s,z,2)= 5 258 e~ V/A(s+1/9)(2/2=21/2)2  —1/2(s41/5)(22)! /2

and, if we also set w=((1—s2)/2s)(zz)"/?, the kernel for the semigroup can be
written as

Ua(s,x,2) = M(s,x, 2) 1 (w).

To get the kernel of the Riesz—Laguerre transform R/, we write

R, =820 2w =gy [ @2

1 —1/2
a 1+s ds
—C5Q —2log((1+s)/(1—s))L 1 )
¢ /0 ‘ (z,2){ log 1—s 1—s2

Now, using the equality I/, (r)=als(r)/r+Io+1(r), the kernel of the Riesz transform
can be written as

R 2) =0V 45 (vVi- 2 ) )@ e e)

_ )2
C/ (2 28 21/2Ua+1(8,{E,Z)—%M{EI/QUQ(S,{E,Z))

S 2s

| 1+s —1/2 ds
i) 1—s 1—s2

1 —1/2
1+s ds
:C/O K(s,x,2) (log—1 s) T

From Theorems 3 and 4, in the next section, and following the ideas of the proof
of Proposition 3.2 in [14], it can be shown that for f, geC2°((0,00)) with disjoint
compact supports, we have

(2.2) (R3S, 9) // RS (x,2)f(x)g(2) dz dz.

We leave it to the reader to check the details yielding that the kernel for the other
Riesz transform is given by

1+s\\/? ds
B B
R (x,z) C/ KZ(s,z z)<log<1 s>) =
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3. Proof of the main result

We split the kernels of the Riesz transforms into their “local” and “global”
parts. By the local part we mean the restriction of the kernel to the set

{(z,2):z/4< z< 4z}

and by the global part its restriction to the complementary set. In what follows we
state some results for each of these parts and we show our main result, assuming
they are true. The proofs of these theorems will be given in Sections 4 and 5,
respectively.

Theorem 3. Let a>—1. We denote by K(z,z) either the kernel RS (x, z) or
R (x,2). Then for x and z satisfying x/4<z<4x we have

(a) |K(z,2)|<C/|z—=];

(b)

0 C
- <—
‘ mK(x,z) o]

0
e

Theorem 4. Let a>—1. We denote by K(x,z) either the kernel R} (x, z) or
Rz, 2). If we denote by Tyiob the operator given by

(3.1) Tyonf (@) = /( KN ee otz £ d
0,00

then, we have

(i) Taiob is of strong type (p,p) with respect to x° dz as long as —ap/2<5+1<
(a4+2)p/2 and 1<p<oo;

(i) Tuiob is of weak type (1,1) with respect to x°dx as long as —a/2<5+1<
(a+2)/2 if a#0 and 0<d+1<1 when a=0;

(ili) if a#0 and —ap/2=56+1 for some 1<p<oo, then Tyon is of restricted
weak type (p,p) with respect to the measure 20 dx;

(iv) if (a+2)p/2=0+1 for some 1<p<oo, then Tgion is of restricted weak type
(p, p) with respect to x° dx.



292 Eleonor Harboure, Carlos Segovia, José L. Torrea and Beatriz Viviani

Proof of Theorem 1. It is enough to prove the statements for each of the
components of R*. We consider the operator

(32) i,locf = Rif_Rﬁ,globf’

where
+globf / (z,2 X{z<x/4}u{z>4x}f( z)dz.

By Plancherel’s theorem, R¢ is bounded on L2((0,00),dz). From Theorem 4 the
operator R, is also bounded on L?((0,00), dy). Therefore R? . is bounded on
L?((0, 00),dz), for any a>—1. Moreover by (2.2) we have that for f, g€ C°((0, ))

with disjoint compact supports

oo pdx
R% ot g) = / / @ @g(e) dede

Therefore by using Theorem 3 we have that R$ ¥ 1oc 18 a “local Calderén—Zygmund
operator” as defined in [10]. Hence we can apply Theorem 4.3 (a) in [10] to conclude
that R? .. is bounded on LP((0,00), 2% dz) for any §€R and 1<p<oo. Applying
again Theorem 4 we get the boundedness of R¢ as stated in (a), (c¢) and (d).
Moreover as RY | . is a “local Calderén—Zygmund operator” we can apply The-
orem 4.3 (b) in [10] getting that RY, . is bounded from L'((0,00), 2% dx) into
LY°((0,00), 2% dr) for any €R. Therefore by using Theorem 4 (ii) we get (b).

All the arguments are also valid for R*T!. O

4. Local region. Proof of Theorem 3

As we have seen in (2.1) the kernel U, (s, z, z) can be expressed by
1_82 1/2
(4.1) Ua(s,x,2)=M(s,x,2)1, T(mz) ,

where M(S, z, Z):%((l_82)/25)6_1/4(S+1/s)‘xl/z_21/2|2e_1/4(s+1/s)(xz)1/2.

As in the local region z~z, the last exponential is equivalent to e~ ¢(st1/$)z
Now we state some basic inequalities about the behaviour of I, that we shall use
often, (see for example [5]).

(a) If 0<w<1, then I, (w)~w®.

(b) If w>1 then I, (w)~eYw™ /2.

(c) If a>—1 then I, (w)<Che¥w ™1/ for any w>0.

(d) If —1<f<q, then I, (w)<CIg(w).
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From (b) it is easy to see that for w=((1—52)/2s)(z2)*/?>1 and z~z,

1-5° 2 —1/4(s+1/s)|x/2 =222 —csw,,—1/2
e ° ’ e xw .

(4.2) Ua(s,z, 2) SC( o

Before proceeding to prove Theorem 3 we state two lemmas which give some esti-
mates useful to obtain the conditions on the size of the kernels and their derivatives.

Lemma 1. Let ’y>% and €>0. Assume that

A2 g2 D)

1/2_ _1/2)2
L(s,x,2)= e~ (1/4s)[a™/ "=z /717
(’ ’ ) x1/2+58'y

Then there exists a constant C' such that for x and z in the local region

1/2 1 —-1/2 c
/ L(s,z,z) <10g 1—4_8) ds < ——
0

-5 T r—z|

Proof. Using that log(1+4s)/(1—s)~s for 0<s<1/2 and that x~z we have

1/2 —1/2
/ L(s,z,z) <log<£>> ds
0 1-s

_ |Z1/2_x1/2|2[('y71)+€] 1/2 = (1/4s)|a'/2=21 22 4o
= rl/2+e 0 $7—1/2 s

|Z1/2_x1/2|2[(7—1)+s] oo e y—1/2-1
SC|x1/2_z1/2|271x1/2+5/ e u du
|zl/2—x1/2|25
SC|x1/2_z1/2|x1/2+5
B |zl/2—x1/2|2€|zl/2+x1/2| C
N |z — z|z1/2te “z—2z|

as we wanted. This completes the proof of the lemma. [

Lemma 2. Let 0>0 and vy such that ’y—a>%. Assume that

|Z1/2_x1/2|2(’y—3/2)

L'(s,z,2)= e~ (1/as)|at/2=212)2

s'yfalera

Then, in the local region x~z we have

1/2 1+s C
/
- P
/0 L(s,x,z)(log(l s>> ds |x z|2
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Proof. By the estimate log((1+s)/(1—s))~s and the fact that in the local
region r~z, we get

1/2 —1/2
/ L'(s,z,2) <log<£>> ds
0 1-s

|Z1/2_x1/2|2(7—3/2) /1/2 e—(1/4s)|2' 2 =212 12 4o
0

<C

x1+o' 87—0—1/2 s

1/2 1/212(y—=3/2 o0

|Z / —JT/ | (v=3/2) e—uu'y—a—l/Qd_u
— lerU|zl/2_x1/2|2(7*0'*1/2) o u
- |zl/2—x1/2|2”
= gl |g1/2—21/2]2

C

which completes the proof of the lemma. [

Proof of Theorem 3. As we have seen in (2.3), given a>—1, the kernels of
both Riesz transforms before integration in s are:

11—s2 1-—s
a_ 2275 172 g —— 1/2 L)
K¢ 7 9% <z Uat1 1+Sx U,

and

o 1152 1+s a+1
Kotl— SCROP (21/2Ua+2_ 1_8351/2Ua+1) vy Ugtr1-
Therefore, if we call by=3(1—5%)/2s and as either (1—s)/(14s) or (1+s)/(1—s),
we get that we should analyse

1
Hy =by(2"*Us1 —asz'/?Up) and Hy= _%Ua+1v
x

since choosing in Hi, as=(1—s)/(1+s) and f=«, we get K¢, while Kt is ob-
tained taking as=(14s)/(1—s), f=a+1 in H; and then performing —H;+ H,.
Therefore it would be enough to get the desired estimates for those kernels. Setting
Y(s)=(log((1—s)/(14s)))"*/?/(1—5%) we must show that in the local region z~z,

(a) fo |Hi(s,2,2)|0(s) ds<C/|x—2], i=1,2,

(b) fol |(0/0x+0/02)H;(s,z, 2)|[th(s) ds<C/|x—z|* i=1,2.

We split the first integral in OSSS% and %Ssg 1. In the latter case we observe
that all the terms in H; and Hy are bounded in absolute value by Cz'/2U, with
o that may be assumed to be negative. In fact for H; we just use that U, <CU,
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when 7' <+ and that z~z, while for Hy we use that I,11(w)<Cwl,(w), and so

1 B =52 1
;3750h+4(8,$,z)—-;;7§A4(87$72)Ia+1 5% (z2)

C 1—s2 1
/2 1/2
<m Ua(s,z,2) 75 (x2) /= <Cax' ' Uy(s, , 2).

Now, for w=((1-5%)/2s)(22)"/?<1 and 1 <s<1 we have
2 a
:Cl/QUa < 0(1—82)1'1/2 (1;8 ({E,Z)l/2> e—c\xl/z_zl/zlze_cx
s

(1 —82)1+a _C|x1/2_21/2‘2
2172 ° ’

(4.3)
< C(l_82)1,1/2-{-0(6—0\361/2—21/2|26—c;c <C

where we used that z~z and e~ <Oy~ (1+a),

Similarly for w>1, using (4.2), we get for some C'>0,
2Y1/2
(4.4) 220, < C(l—52)1/2€_C‘x1/2_21/2|2€_Cx < %e_c‘xl/z_zl/zlz.
x

Therefore, letting 'y:min{a—f—l, %}, we have

1 1 —1/2

C 1 d
[ s s ds < e [ e g 52) L
1/2 z 1/2

c Clz'/2421/2] C
< < :
=2 20g 2212 T g 2|p—z] T |z—2]

Now we consider Ogsgé. This time we observe that all terms in H; and Hs are
bounded by (C/s)z'/2U,,. For this kernel, in the region w=((1—s2)/2s)(zz)"/?<1,
using that I, (w)~w®, we have

gxl/QUa(s, x,z) < ¢ (x)Hae—cx/se—(l/&s)\xl/z—zl/zﬁ.

s sxl/2 \s

Therefore, applying Lemma 1 with e=0 and y=1 we are done.
The most delicate part concerns Hj in the region w>1. Here we will use the
cancellation by means of the asymptotic formula ([5], p. 123)

o o)

First we write H; as

Hi(s,2,2) =bs(zY/2 =2V ) Up 1 + b2t/ ? (U1 —asUp) = Hi + H.
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The first term follows easily since using the behavior of I5 at infinity, H{ is bounded
by

1/2

1/2 1/2 1/2
|Z / —X / | S / 6_(1/4S)|x1/2_21/2|2 < |Z —X 1/2 | —(1/4€)|x1/2 1/2|2
52 (:L’Z)l/4 - x1/283/2

and we may apply Lemma 1 with 'y:% and €=0. For the second we use the
asymptotic formula to get

()= aTp(w)] < s (=) + ).

2mw)

But, for both possible values of as it holds that 1—as<C's for 0<s % Therefore

since in our situation w~x/s, we get

Czl/? 22 /s s
117 < S U 1 —a,lp| < S (il o pmena T (2 (4 0
s \z T

1/2‘2

—csz 1 ) 67(1/45)\11/272

< (1/45)|x"/2 =212 )2
(4.5) Ce 1/2 +51/2x srl/2 ’

where we used that e~ <C(sz)~'/? and that in the region w>1, since w~x/s,
we have 1/x'/2<C/s*/2. An application of Lemma 1 with e=0 and y=1 leads to
the desired bound for H?.

Finally we take care of Hs in OSSS% and w>1. But, using that for w>1,
Tni1(w)<Ce™, we get just as above

C a2z

H2(8)xﬂz)§5xl/2 ’

and we are done.

Now we turn to the boundedness of the derivatives of H; and Hs.

First we analyze the derivatives with respect to z. Straightforward calculations
show that we have to deal with the following type of terms:

Case 1.
B+31-5% 1
T4 25 L/20Ph
Case 2.
1;832 <—1;58 127 i<8+—>21/2U6+1>
Case 3.
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Case 4.
1—s2 z!/?
— —a,—Uj.
4s 2a8 z A
Case 5.
(a+1)s2+1 1 1-s2 1 9
- 4 s x1/2Ua+1+(a+1)2—smUa+2+(a+1) WUDrFL

With such notation, (9/0z)K¢ is the sum of the first four terms with
as=(1—s)/(14s) and f=a, while (8/0z)K**" is the sum of Case 5 with all the
others with as;=(1+s)/(1—s) and #=a+1. As before, for 1<s<1, all the terms
above are bounded by one of the type

C

mUa(s,x,z)e”,

for £>0 small enough and we may assume that a<0. This is clear for terms having
x= 12 2712 or £1/2271, For those with z/2, 2'/2 or zz~/2 we use that z~z and
that 2!/2<Ce* / 2'/2. Finally, the last term of Case 5 follows from the inequality
Iot1(w) <Cwly (w) valid for any w>0.

Now, for the above kernel we have that for w=((1—s2)/2s)(z2)"/?<1, z~z
and % <s<1,

1 ex 1-5° ex —cx —clzt/2—z1/2? 2\ .«

WUQC Scxl/Q e (1—8 ) T
<C(1_82)1+ax1/2675'x 1

= rl-a 2172 — ;1/2]2(1+a)

(1_82)1+a |x1/2_21/2|72a

1/2 | _1/2(2
<C o P |z =427
2\ 14a
Sc&,
|z — 2|2

as long as 0<e<cand —1<a<0.
On the other hand if w>1 we get

1 1—52 1/2
WUaesac < C¢676|x1/27z1/2‘266z67w
T T
(1—s2)1/2 1 (1—s2)1/2
< - |z1/2— 21722 = z— 2|2

In both cases we arrive at the desired estimate since the integrals against ¥ (s) are
finite. Now we proceed with the case OSSS%. Here again we notice that all the
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terms in the Cases 1, 4 and 5 may be bounded by one of the following kernels

A1:x1/2Ua, and A;= U,,

sxl/2
and we may assume that —1<a<0. To bound A; for w=((1-s2)/2s)(zz)"/2<1
we observe that in our situation z<Cs<C, and hence

a/2 .
220, < gxuz (xz)a o (1/48)|at/2 =212 )2
S
O a+s/2g1/2-a,~(1/as)a'/2=222 - _ O _(1/as)al/2-21/2p2
~ xs3/2 = 53/2 :

On the other hand, for w>1,

1/2

1/2 9 1/2 st/ —(1/4s)|z /=222 _csz c —(1/4s)|zt/2—21/22

/U, < e e < e ,
s (xz)1/4 x83/2

since e~ ¢*<Cs 1z~1 and z~z.
Applying now Lemma 2 we get the desired boundedness for A;. As for Ao, in
w<l,

L g C (E)“e—<c/s>xe—<1/4s>\xw—zw|2< C (/s =22
sxl/2 7%= g241/2\ g = gat+3/2p1-a ’

where we have used that e_C”/SSC(a:/s)_l/Q. Now for w>1 we get

1/2
1 U < C S / 67(1/45)@1/2721/2‘2 _ C 67(1/4s)|a:1/27z1/2\2.
spl/2 7% = g241/2 41/2 s$3/2¢

With these estimates the result follows for Ay by applying Lemma 2 with c=—a>0
and 'y:% in the first case, and with =0 and 'y:% in the second one.
It remains to take care of Cases 2 and 3 for OSSS%. We rewrite their sum as

1— 2
Case 2+ Case 3= 1—;((04555271/2—21/2)Uﬁ+1+(a5—1)%1/2U5)

—s? 1 x
2 /277, L), 1/2 _

+ 162 ((as—l—l)x Us (1+asz)z UQH) =N+0L.
Regarding N, each term can be bounded again by A; as before. As for L the
worst term is the first one with S=a. Furthermore, if we are in the region w=

((1—s2)/2s)(x2)'/2<1, we have 1/s<C/x and therefore
C C

22y < 2
27 a= 7

Ua,

which turns out to be As.
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Therefore to finish the boundedness of the derivatives with respect to z, it
only remains to get the right bounds for L in OSSS% and w>1. Here we have to
take care of the cancellation, so we will use again the asymptotic formula as we did
before. First let us write L as

2
—s x
= 1o ((a + 1)z 20— 2% (as+1)Upy 1 + 2172 (1—;)U5+1).
Now we use that U,=Me“w~/2(14+C, /w), where w=((1—s5%)/2s)(zz)"/?>1 and
plug this formula into the above expression leading to

1—-s2 e® 1 x (1+ay)
_ 1S /2 _1/2 1/2( __) Uras) 172 1/2
L 62 M— i [(as—i—l)( 2 /%) +asz /4| 1 . +C " (x/*+asz )]

=Li+Ls+Ls.
First we observe that
Czl/2 o= (1/4s)|xt/2—21/2)2 C

< 67(1/45)@1/2721/2‘2
52 sw3/2 = 33/2x ’

|Ls| <

and hence an application of Lemma 2 with y=3 3 and 0=0 gives the result. Now we
write the remaining sum as

1-s2 ev z1/2
L1+L2:16?Mw1/2 ((l‘l/Q 1/2)+ag 1/ (21/2_x1/2)>

1—g2 w 1/2
5yt (xl/Q—Zl/Q)(l—asx—>

1652 w1/2 21/2

1-s2 v
B 16—582Mwel/2 (/2 =212 ((1 )2 (512 _x1/2))

=G1+Gs.
Using again that in any case 1—as>~s, we get for Gy,

|G1| < 267(1/45)‘I1/27z1/2‘26765z (%)1/2|x1/2 _Zl/2|

_ 1/2_ _1/2)2
< 2 |$1/2—Zl/2|6 (1/4s)|x z \7
S

—1/2_ Therefore we may

where for the last inequality we used that e °**<C(xs)
apply Lemma 2 this time with y=2 and o=0.

Finally for Ga,
|G | < _(1/4g)|x1/2_21/2‘2( )1/2 |x1/2 1/2|2
2l = z 21/2

_ C | 172 _1/212 —(1/4s)|z/2—21/2)?
lysyel |“e ,
S xz

and again the desired estimate follows by Lemma 2 with ’y:g and 0=0.
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To finish the proof of the theorem we should deal with the derivatives with
respect to x of both kernels. They are quite similar, so we only outline the calcula-
tions.

This time the kind of terms involved are:

Case 1.
11-5%28+1 a,
-————=Us.
2 2s 2 gl/2
Case 2.
11-s? 145" 1/9 1-s% 2
5o (T st T iU
Case 3'.
11=5*( 145 ) 1-5> 1)
5 95 (as4—sx Uﬁ—as z Uﬁ+1
Case 4.
a+1
2072
Case 5'.
a+1 9

aT> v .
/2 9x T

This time (0/0x)R$ is the sum of the first three terms with a;=(1—s)/(1+s) and
B=a and (9/0x)R" is the sum of the five cases with as=(1+s)/(1—s) and f=a+1.
Case 1’ is equivalent to Case 4 since xz~z. Case 5’ is similar to Case 5 since this
came out from ((a+1)/2'/2)(0/02)Usi1. As Uy is a symmetric function in z
and z, and we did not use any cancellation in this case, all the terms will be the
same after using that z~z.

Regarding Cases 2’ and 3’ we observe that each term individually is equivalent
to a similar term in Cases 2 and 3. So the only difference might be in the argument
involving cancellation. However, putting together the terms with 1/s% from Cases 2’
and 3’, we would arrive at the following expression instead of L

, 1-57 2\ 1/2 1/2
= 62 [(as—i-;)x Ug—(as+1)z Ug_H]
1—s2

_ 15 /277 1/2 (1_Z\.1/2
T6:2 [(as—l—l)x Usg—(as+1)z"/“Ugt1 (1 x)x Ug].
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The asymptotic formula for U, gives rise again to three terms. The last one has
the same behaviour as Lz. The other two, say L] and L}, turn into

L 1-g2 v 12 1/2 12 _*
Lyt Ly = oy Mg (ot D@2 =212 = (1= 75 )|

2 1/2
1-s M eV (x1/2—21/2)<as 21/ )

T 1652 wi/? 12
_ 1—s2 eV
T 1682 wl/2

1/2_1/2
(x1/2_z1/2){(as_1)+x z ]

21/2

Each of these terms are now quite similar to G; and G5 above.

So it remains to deal with Case 4’ which is actually of a new kind. Anyhow,
for w>1 we use that I,y1(w)<Cwl,(w)<Cw'/?e® to get

1 C 1-s%2 )1 /2_51/22 1—s2 1/2
aaUan1 < g ——e /) | ( % ) (w2)"/*

(1—82)3/2 _(1/48)|xt/2_,1/2)2
<O —e (1/43)] 2

Then for the integral between 0 and % we may use Lemma 2 with 'yz% and o=0.
As for the other range of s we get

b C _apiizriep 1
/ 5 Uas1(s,, 2)i(s) ds < —e el == / (1-5%)%/24(s) ds
1/2 % z 1/2

C C

< .
= x|@l2—2122 T g —2?

On the other hand the argument for w<1 relies strongly on the fact that a+1>0.
More precisely, assuming the worst case —1<a <0, we have

_— <
23270 = g8/2 9 2s
2\2
C  (1-s9 +a 67(1/48”1,1/2721/2'2
= 12—a g2ta

2\3/2+
C(l—s ) / ae—(1/4s)|x1/2—z1/2\2
x17a83/2+a ’

2 . . 2 a+1
1 U C 1-s 6(1/45)I1/221/z2<1 S ({E,Z)l/2>

where we have used that for w<1, (1—s2)/s<C/z. Therefore, for Ogsgé we may
apply Lemma 2 with ’y:% and o=—a>0, since ’y—az%+a>%.



302 Eleonor Harboure, Carlos Segovia, José L. Torrea and Beatriz Viviani

Finally, for the integral on the interval [%, 1}, since 14+a>0 we have

1 L ¢ ' 2\3
=73 _g2)3/2+
‘/1 9 1'3/2 Ua+1(87x72)¢(8) dSS 1’170‘|{E1/2—Zl/2|2(1+0‘) A (]. S ) a¢(8) ds

/ /2
C|x1/2_zl/2|72a x7a|x1/2+zl/2|2 C
- xl—a|x1/2—zl/2|2 - x17a|x_z|2 - |£L’—Z|2,

since —a>0. This completes the proof of the theorem. [

5. Global region. Proof of Theorem 4

We consider the modified Hardy operators
T
H f(e) =22 [ f)ydy, 20,
0
oo
Hfof(x):wﬁ/ fly)y P dy, @>0.
T

We shall use the following known results, whose proofs can be found in [2] and [8].

Lemma 3. Let 3>—1.

(a) If 1<p<oo and 60<(B+1)p—1, Hoﬁ is of strong type (p,p) with respect to
20 da.

(b) Hoﬁ is of weak type (1,1) with respect to x° dx as long as 6<[.

(¢) If 1<p<oo and 6=(06+1)p—1, Hoﬁ is of restricted weak type (p,p) with
respect to x° dz.

Lemma 4. Let 3>—1.

(a) If 1<p<oc and 6>—PBp—1 then HE is of strong type (p,p) with respect to
20 dx.

(b) HE is of weak type (1,1) with respect to x° dx as long as §>—3—1 when
B8#0 and §>—1 when G=0.

(c) HE is of restricted weak type (p,p) with respect to x° dx when §=—8p—1
and p>1 when B#0.

Proof of Theorem 4. Our aim is to prove that on the global region each of the
terms involved in R or R**! are bounded, up to a constant, by the following sum
of operators

(5.1) Hy 4 B P+ HY 4 UL o,
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where Tj’; is a minor modification of U}, the maximal operator of the semigroup
associated to our system of Laguerre functions. More precisely

@wam/@@%w@@7

0<s<1

where Uy =M1, with M=1((1—s2)/2s)e=1/8(s+1/s)la'/* ==/ 21% =1/2(s+1/5)(2)"/2

Therefore the only difference with U, is the % in the first exponential of M
instead of i. We refer to [3] in order to check that such a change does not affect
the estimates obtained there. In particular all the results of Theorem 1 remain true

for ff; Moreover we point out that, as in the case of U}, the operator

0% o f(2) = sup / Ta(s,, 2)xG (2, 2) f(2) d,

0<s<1

with G={(z,2):(z,2)/x<z/4 or >4z} satisfies the inequality

F<CHS? f+HY?F)

7k
a,glob

for any a>—1 and f>0.

Next we check that the sum of operators given in (5.1) satisfies all the state-
ments of Theorem 4.

First, to get (i), according to Theorem 1 of [3] and Lemmas 3 and 4 , if I <p<oo
and —2p/a—1<d<(a+2)p/2—1, the sum Hoa/Q—i—Hg‘o/Q—i—CNf; is bounded on LP(x°)
as stated. The remaining operator HéJra/ 2 gives no further restriction on § since it
is bounded for 6 < (24+a/2)p—1.

Now, for p=1, using the same results, the last three terms are of weak type for
—a/2—-1<§<a/2 when a0 and with strict inequality on the left-hand side when
a=0. Regarding HéJra/Q, it is of weak type (1, 1) with respect to 2% dx for the wider
range 6 <1+a/2. So (ii) holds.

Finally, for 1<p<oo and d=(a+2)p/2—1, the operators ﬁ;‘j and Hg/z are of
restricted weak type and the two others are of strong type, while, when 1<p<oo
and d=—ap/2—1, a0, H&/Q is of restricted weak type, ﬁ;‘j is of weak type and
the remaining ones are of strong type (p, p) with respect to 20 d.

Therefore, in order to complete the proof we have to bound the terms of R$
and R**! by the stated operators.

Let us remind that the kernels of the Riesz transforms are given by

1 1
/ K% (s,x,2)Y(s)ds and / Kt (s, 2, 2)9(s) ds,
0 0
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with 1(s)=(log(1+s)/(1—s))"/2/(1—s?) and

11—s? 145 a+1
Kotl=_—— Zl/QUa+2——$1/2Ua+1 ——175 Vat1-
1—s x1/2

First we notice that in the global region G={(z, z):2<x/4 or z>4x} we have
|21/2 = 21/2)2 > C max{z, 2} ~ z+2.
Now, for the first term in K% we have for (z,2)€qG,

11—s2 11—s?
5755 7 Vot =557 "Mlaps

2 ~—

1—s2 :
< CTszl/Qe(l/Ss)\xl/z—zl/2\ MIa+1

1-5° —cx/s 1/277
SCTB 4 Ua+17

and then for f>0, interchanging the order of integration we have

e 1152 C -,
A XG(xa Z)f(z)zl/2 /O 2s Ua+1(sa z, 2)1/)(3) dsdz < mUa-&-l,glob(zl/Qf)(x)v

since fol e=®/5q(s)ds/s<Cax~ /2,
As we remarked above, ﬁfzﬂ,globSC(H(()O‘+1)/2+HC(,8‘+1)/2), By looking at the
definition of these operators we get that

e V20 o (22 ) (@) < C(HY T2 f+ HY? f) (),

and the claim is true for this piece of RY. For the second term in K¢, proceeding
as above, its absolute value is bounded in the global region by
(1 (1-s)?

2
_S) xl/QUaSC xl/Qe—cx/sﬁa,
S S

C

and hence for f>0, interchanging the order of integration, we obtain

S

/O T el () / 15 02y, (5,00 2)(s) ds < CT f(2),

and we are done with this term.
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Regarding R*™, the first term in K*T! is bounded in absolute value by the
first term in K¢, since Uyt2 <Uq+1. As for the second term in Kt we have the
bound

21/2 22121 g2

C—Ua+1§0 Ua;
S S S

using that I,11(w)<wl,(w). In the global region we use that Ua§Ce*“’(“’+Z)/SC~7a
to conclude that the above kernel, in the global region, is bounded by

A R _6?)&_gcalsfy
C(l-s )53/2(5) e Ua<C(1-s )53/26 U,.

Then, integration against ¢(s) and f(z) leads to the bound UZf(z), since
fol(l—sz)s_g/Qe_C”/sw(s) ds<C/x.

Finally, for the third term in K™ our aim is to prove that for (z,2)eG,
xa/ZZ(aJrl)/Q
(z+z)ot3/2"

1
(5.2) /0 27V 2Uu 41 (s, 2, 2)1p(s) ds < C

In fact in the global region and for w=((1—s2)/2s)(zz)'/2<1, we have the bound

1—82 24«
$71/2Ua+1(8, z, Z) < C( > xa/QZ(aJrl)/Qefc(erz)/s’
s
while for w>1, wusing the corresponding bound for I,y; and that
(((1—5%)/2s)(x2)*/?)*+3/2> 1 we arrive at the same estimate.

Then for (z,z)€G,

S

1 1/q_g2 2+a
/ x_l/QUaH(s,m,z)d)(s) dsSC’xa/Qz(aH)/Q/ (—) e_c(”+z)/31/)(s) ds.
0 0

Splitting the integral from 0 to % and from % to 1, as usual, it is easily checked that
it behaves like (z+2)~(@+3/2) proving the claim.

Now, we notice that the right-hand side of (5.2) is bounded either by
Cx=/271,2/2 or by Cx®/227%/2=1 since a+1>0.

Therefore the kernel corresponding to the third term of K**! is bounded in
the global region by

C(X{ng}x_am_lzam+X{ZZI}$O‘/2Z_°‘/2_1),

giving rise to the operators Hg /2 and H g‘o/ 2, respectively. This completes the proof
of the theorem. [J
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Remark 1. We point out that the operator Hg‘o/ 2 appeared in our argument

just twice. First when we bound the first term using U} , and later when

N +1,glo
estimating the third term of R**!. In fact Ujt1,glob may be bounded as in [3] by
a smaller operator T,1 which is of weak type (p,p) for p=—2/a(d+1), 1<p<oo.
So the only term in our argument which might not be of such a weak type is the

last term of ROT!.

6. Sharpness of the results. Proof of Theorem 2

(a) It is enough to show the negative result for R$. Suppose it were bounded
on L'(x%). For ¢ small, choosing I. =(1+2¢,2) J.=(1,1+¢) and f-=Yx,. we would

have
Cy /
I

Now if we split the kernel as

14¢

RS (z, 2) dz|2° d < Cll fellpr(asy < Cae.

1

R (z,2)=A(z, 2)+B(z, z),

having in mind that x~1, we would arrive at

a [
I.

In order to get a contradiction we must make a clever partition of the kernel. First
observe that for (x,z)el. X Jq,

Az, z)dz
Je

dx < Cy <5+/ |B(a:,z)|dzda:).
1. J.

I<z<l4e<l+2e<z<2.

In particular (z, z) belong to the local region. Moreover, as

1—s2
2s

w= (zz2)/2 >1
if and only if 0<s<(v/14zz—1)/\/xz=a,, and in our situation 1</zz<2, we have
that a,,>v=(v2-1)/2.

Then, for (z,z)€l. xJ. and 0<s<+, we must have w>1 and in that case we
may use
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With the notation used in the proof of Theorem 3 we set
¥
A(x,z):/ Hi(s,z,2)1(s) ds,
0

and hence

1 1

B(m,z)z/ Hi(s,z,2)(s) ds—l—/ Hi(s,x,2)1(s)ds.
¥ 0

First we bound A(x, z) from below. Recalling that

1—
H(s,2,2) = T

+s (21/2—$1/2)Ua+1(8, z, Z)a

we see that Hi does not change sign on the integration domain and by the above
remark, for 0<y<s we have

c 1/4 /2 1722
Uaﬂ(s,x,z)zme (1/4s)[at/2 =212

as the other exponentials either cancel or are bounded from below when 1<z, 2<2.
Therefore

—A(z,2) > (1= 2"/?) / Lo s
0 S S

Changing variables we get that the integral behaves like |x1/ 2_ 1 2|=2 and hence
for (z,z)€l. x J. we have
C

—-A >
(@,2) > ——.

and then since z—2<z—1

/IE /JEA(x,z)dz

Now we bound B from above. Coming back to the proof of Theorem 3 all the terms
in H=H;+ Hy are bounded for y<s<1 by (1—52)"6*0“31/2%1/2‘2 for some o>0
(see (4.3) and (4.5)).

Since in our case x>1 we obtain for (z,z)€l. x J.,

2 € 1
deC/ —— dr=Ceclog —.
142¢ T—1 2e

<C.

[/1 Hq(s,z,2)Y(s)ds
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To take care of HZ, for 0<s<~y we refer to (4.5) where we got for w>1,
2 —(1/48)|x}/2=21/2)2 e s 1
< —_—t— .
|H1 (s,a:,z)|_C’e sl/2 +81/2£L'
Using that in our situation x>1 we arrive at the bound
liefu/zts)\z”%z”ﬂz,
s1/2

As we observed, for 0<s<~, w=((1—s52)/2s)(x2)"/? must be greater than one so
that

Y Y [e%e]
/ |H (s, 2, 2)|0(s) ds S/ e (1/4s)lal 2=z /22 ds S/ et du
0 (

0 S 1/~)|zl/2—21/2|2 u

<0(1oe ;).

21/2|~ |z — 2| in our situation. In this way we get

2
// |B(x,z)|dzdx§05+5/ log( © )dm
1. JJ. 14-2¢ z—e—1

1
§05<1+/ 1ogfdu> < Ce.
0 u

Putting together all the estimates, if R} were of strong type with respect to 20 dx
we would arrive at log(c/e)<C for all £ small enough. This proves statement (a).

(b) As we remarked after proving Theorem 4, see Remark 1, the only piece
that was not bounded for an operator of weak type (p,p) for p=—2(64+1)/a, a#0
and p>1, was the one coming from the third term in R*™!, namely z=/2U,; and
over the region z>4z. Since the local parts of both Riesz operators is bounded on
LP(x°) for any p>1 and any &, the operator |[R®|| will not be of weak type for such
p if and only if the operator with kernel

since |z1/2 —

1
H({E, Z) = X{z>4a} / xil/QUaJrl(sa Z, 2)1/)(3) ds,
0

it is not of weak type. Since it is non-negative we are going to bound it from below
for (x,z)eD={(z, z):2>4x, OSJ?S%, 0<z<1}.

Let us start observing that w=((1—s%)/2s)(z2)"/?<1 if and only if s>a,.=
Vxz/(14,/x,Z). Since in D, a,.<\/zz for \/zz<s, we may use the estimate
Ioi1(w)~w**t!. Therefore

3/4 1— g2 a+1
H(z,2) > Oxposan e M(s,x,z>(—<m>1/2) b(s) ds.
- NCT 2s
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For the exponentials in M we observe that (s+1/s)|z'/2—2Y22<C((x+2)/s+1)
and also (s+1/s)(x2)/2<C((z+2)/s+1). Moreover, since s is away from 1, we get
3/4 —c(z+2)/s d
/2 (k1) /2 ¢ - %
H(z,z) > Ca®/ 72" X{ZZM}/M sat3/2 g

Performing the change of variables (z+z)/s=wu the integral turns into

C /(QCJFZ)/\/QE —ug0+3/2 du > C
4

_— e >
(x+z)a+3/2 /3(x+2) u (x_’_z)a+3/2

Since (z+42)/VEz=(x/2)"/?+(2/2)}/?>2 and (z+2)<2<2.
Altogether, using x4+ 2< %z,

X (@, 2)H(z, 2) > Ca*/22 /> 1y b (a, 2).

Then our claim would be true if we can show that for some f€LP(x%) with p=
—2(6+1)/a>1, supported on (0,1), the function

1
h(z) = X(0,1/4) (a:)xa/z / f(z)z_a/z_1 dz

does not belong to LP»>(x?).
Take now f(z)=x(0,1/4)(2)2%/?/log(1/z). Clearly we have f(z)€LP(2°) for
p=—2(6+1)/a. Also, in this case we have

1
h(z) = X(0,1/4)a:°‘/2 log log .

We would like to show that this function does not belong to LP*>*(z?). Since p=
—2(6+1)/a is positive we distinguish two cases: >0 and 0+1<0, or a<0 and
04+1>0. In either case the function is monotone near the origin, increasing in the
first case and decreasing in the second one. Now if we call p, () the distribution
function of h with respect to z° dz, that is

Mh(A) = / xé dSU,
{h(z)>A}

straightforward calculations give that uy(A\)~h~1(A)°*! for small A in the first case
and for large \ in the second case. Therefore if h were in LP*°(2%) we would have

RN > CAY* for A= 0, or h™Y(A) <CX® for A\ — oo.
Since +1<0 in the first case and d+1>0 in the second one. This means that

A> h(c/\Q/O‘), A—0, or, alternatively A< h(c)\Q/a), A — 00,
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h~! being increasing or decreasing. Therefore either loglog(1/ eX?/ *)—0 when
A—0, or loglog(1/cA?/*)— o0 when A—o0. Since both conclusions are false the
claim is proved.

(c) It is enough to show that RS is not of weak type (p,p) for p such that
1<p<ooand (a+2)/2p=05+1. Let us observe that in this case, since a+2 is always
positive, 641 must be positive.

First, since the local part is strong type (p,p) for any 1<p<oo and any 0, we
may restrict ourselves to consider the global part. Following the estimates given in
the proof of Theorem 4 we see that the first term of RY ., was bounded by the
operators H&+a/2 and Hoao/Z. But, according to Lemma 3, H&+a/2 is of strong type
(p, p) with respect to % as long as 6+1<(2+a/2)p.

Since in our case p=2(6+1)/(a+2), the last inequality is clearly satisfied. As
for Hoao/Q, it is strong type, according to Lemma 4, as long as d+1>—ap/2, which
in our case means 1>—a/(a+2) which is true since a>—1.

Therefore it would be enough to show that the remaining term of R ), is not
of weak type. To do that let us take f(2)=x(0,1/4)(2)(z717%/%)/log(1/z). Clearly
feLP(x%) for p=2(+1)/(a+2).

Also,

/Oozo‘/zf(z)dz:oo
0

Then, if we call this piece of the operator R ,, we have that

«,2

R, of(x)= /1/4</0 14_—2 V20, (s @ z)¢(8)d8>f(z)dz

1/4 p1/2
>C/ / 22U, (s, x, 2) dsf(z) dz
1/4

Observe that if we restrict our positive function R} 2f(z) to 1<z <2, together with
the inequalities 0<z< and $<s<j it gives that w=((1 —52)/2s)(z2)"/?<1 and
then having in mind that all the exponentials on U, are bounded we get for these
values of x,

wasef (5

Hence R/, f is infinite on some interval, proving the assertion.
:

1/4
xz)1/2> dsf(z dz>C/ 222 f(2)dz =0
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7. Some relations with other systems of Laguerre functions

As we said in the introduction, Riesz transforms associated to a different system
of Laguerre functions have been considered by Nowak and Stempak in a recent paper
(see [11]). In this section we briefly describe the relationship between their results
and ours. Let k=(ky,...,kq)€EN? N={0,1,...}, and a=(ay,...,aq)€(—1,00)¢ be
multi-indices. The Laguerre functions ¢ on R? are defined as

p(x)=opt (1) 0pt (xa), ©=(1,...,74) ERY,

where ¢} are the one-dimensional Laguerre functions
i

(7.1) Pl (i) = V2w, L7 (7).

Given a € [—%, oo)d, the Riesz transforms R{ are defined for functions f €L? as

k. 1/2 .
Ra :—2 - a a+eJ :1 d
jf Z <4|k|+2|0¢|+2d> <f’ sﬁk%ﬁk—@j’ J y ooy ty

with the convention cij—:; =0if k; —1<0.

In dimension one, if we change in the above expression ¢f to £ and gogfll

to ngll, we recover the definition given in the present paper of the operators R¢.
It is therefore clear, using relation (7.1), that for 1<p<oo, and real numbers ~
and ¢, related by

p
Y 2+ )

the inequalities

/ TR f@)Pat de<C / @) P do
0 0
and

/ IRff(y)I”yédySC/O |f () [Py°dy

0
are equivalent. In particular The é-interval that appears in our Theorem 1 (a) leads
to the following ~-interval for the ¢-setting
(7.2) —(a+3)p—1<v<(a+3)p-1.

In other words we get strong power weighted results for operators associated to
a given Laguerre orthonormal system from a corresponding weighted result for a dif-
ferent orthonormal system. This fact has also appeared in [3] in relation with the
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heat semigroup and has been systematically analyzed in [1] for a larger class of oper-
ators and for more Laguerre function systems. Roughly speaking, one could say that
an exhaustive knowledge of the weighted LP boundedness of the operators associated
to a particular Laguerre system, implies a complete knowledge of the boundedness
of the corresponding operators on the other Laguerre orthonormal systems. In the
particular case we are considering now, the range of y described in (7.2) for a> —%,
is wider than the A,-range —1<y<p—1, admitted in Theorem 3.4 of [11]. Fur-

thermore, boundedness results are also given for —1<a<—%. On the other side,
it is worth pointing out that in [11] results for non-necessarily power weights are

. . . d
obtained. Also multi-dimensional results are treated for a€ [—%, oo) oy ¢ (—%, %)

References

1. ABU-FALAHAH, 1., Macfas, R., SEcovia, C. and TORREA, J., Transferring strong
boundedness among Laguerre orthogonal systems, Preprint, 2007.

2. ANDERSEN, K. F. and MUCKENHOUPT, B., Weighted weak type Hardy inequalities with
applications to Hilbert transforms and maximal functions, Studia Math. 72
(1982), 9-26.

3. CHicco Ruiz, A. and HARBOURE, E., Weighted norm inequalities for heat-diffusion
Laguerre’s semigroups, Math. Z. 257 (2007), 329-354.

4. HARBOURE, E., TORREA, J. L. and VIVIANI, B. E.; Riesz transforms for Laguerre ex-
pansions, Indiana Univ. Math. J. 55 (2006), 999-1014.

5. LEBEDEV, N. N., Special Functions and Their Applications, Dover, New York, 1972.

6. MAcfias, R., SEGovia, C. and TORREA, J. L., Weighted norm estimates for the maximal
operator of the Laguerre functions heat diffusion semigroup, Studia Math. 172
(2006), 149-167.

7. MUCKENHOUPT, B., Poisson integrals for Hermite and Laguerre expansions, Trans.
Amer. Math. Soc. 139 (1969), 231-242.

8. MUCKENHOUPT, B., Hardy’s inequality with weights, Studia Math. 44 (1972), 31-38.

9. MUCKENHOUPT, B. and STEIN, E. M., Classical expansions and their relation to con-
jugate harmonic functions, Trans. Amer. Math. Soc. 118 (1965), 17-92.

10. Nowak, A. and STEMPAK, K., Weighted estimates for the Hankel transform transplan-
tation operator, Tohoku Math. J. 58 (2006), 277-301.

11. NowaAk, A. and STEMPAK, K., Riesz transforms and conjugacy for Laguerre function
expansions, J. Funct. Anal. 244 (2007), 399-443.

12. STEIN, E. M., Topics in Harmonic Analysis Related to the Littlewood—Paley Theory,
Annals of Math. Studies 63, Princeton University Press, Princeton, NJ, 1970.

13. STEMPAK, K., Heat-diffusion and Poisson integrals for Laguerre expansions, Tohoku
Math. J. 46 (1994), 83-104.

14. STEMPAK, K. and TORREA, J. L., Poisson integrals and Riesz transforms for Hermite
function expansions with weights, J. Funct. Anal. 202 (2003), 443-472.

15. SzeGO, G., Orthogonal Polynomials, American Mathematical Society Colloquium Pub-
lications 23, Amer. Math. Soc., New York, 1939.



Power weighted LP-inequalities for Laguerre—Riesz transforms 313

16. THANGAVELU, S., Lectures on Hermite and Laguerre Expansions, Mathematical Notes
42 Princeton University Press, Princeton, NJ, 1993.

17. THANGAVELU, S., A note on a transplantation theorem of Kanjin and multiple Laguerre
expansions, Proc. Amer. Math. Soc. 119 (1993), 1135-1143.

Eleonor Harboure

IMAL-FIQ

CONICET

Universidad Nacional del Litoral
Gliemes 3450

3000 Santa Fe

Argentina
harbour@ceride.gov.ar

José L. Torrea

Departamento de Matematicas
Facultad de Ciencias

Universidad Auténoma de Madrid
ES-28049 Madrid

Spain

joseluis.torrea@uam.es

Received December 15, 2006
in revised form April 20, 2007
published online January 5, 2008

Carlos Segovia was at

Instituto Argentino de Matemética (IAM)
CONICET

Saavedra 15

Ciudad Auténoma de Buenos Aires
Argentina

Beatriz Viviani

IMAL-FIQ

CONICET

Universidad Nacional del Litoral
Gliemes 3450

3000 Santa Fe

Argentina

viviani@ceride.gov.ar




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /ENU <>
    /DEU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [5952.756 8418.897]
>> setpagedevice


