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Codimension-p Paley—Wiener theorems

Yan Yang, Tao Qian and Frank Sommen

Abstract. We obtain the generalized codimension-p Cauchy—Kovalevsky extension of the
exponential function ¢*¥% in R™=RP@RY, where p>1, y,t€R, and prove the corresponding
codimension-p Paley—Wiener theorems.

0. Introduction

The Clifford algebra formulation of Euclidean spaces will be adopted. Let
€e1,...,e, be basic elements satisfying e;e;+eje;=—20;;, where d;;=1 if i=j5 and
9;;=0 otherwise, ¢,j=1,2,...,m. Set

R"={z=z1e1+..+2men:z; €R, j=1,2,...,m},
and
T={r=zp+z:20€R, ze R"}.

R™ and R} are called the homogeneous and inhomogeneous Euclidean spaces,
respectively.

A number of generalizations of the classical Paley—Wiener theorem (PW the-
orem) to higher dimensional spaces were studied [1], [3], [6], [7] and [9]. Among
the literature, by imbedding R™ into C™=R™@®:R™, the corresponding PW the-
orem is obtained in [6]. By making use of Clifford algebra a direct proof of the
theorem is obtained in [9]. In [7], a different type of PW theorem in C™ is proved
by using the heat kernel. In [3], through imbedding R™ into RY*, in the complex
structure induced by the generalized Cauchy—Riemann operator, an inhomogeneous
codimension-1 result is proved. This latter result is viewed as a precise analogy to
the classical result in which R is imbedded into the complex plane C=R1.
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The standard CK extension (Cauchy-Kovalevsky extension) ([1] and [2]) as-
serts that any real-analytic function in an open set @) of R? may be extended to
become a one-sided-monogenic function in an open set of R{ that contains ). This
will be regarded as the inhomogeneous codimension-1 CK extension. The authors
of [2] further obtain the homogeneous codimension-p CK extension that extends any
real-analytic function in an open set @) of R? into a one-sided-monogenic function
in an open set of the homogeneous space RP@RY? containing the set (). When p=1
this reduces to the homogeneous codimension-1 CK extension from RY to R4*!.
The codimension-p CK extension is made more general in [2] through incorporating
a k-left-inner monogenic weight function in R?; and called generalized CK extension
or homogeneous codimension-p CK extension with a k-monogenic function. In this
paper, with homogeneous codimension-p and generalized CK extensions of vt
from RY into RP@RY we prove the corresponding PW theorems in R™=RP®RY,
m=p+q. We further extend the PW theorem in terms of generalized Taylor series.

In Section 1 we recall the basic notation and terminology used in the paper.
This section also serves as a survey on the theory of CK type and “generalized-
CK type” extensions of real-analytic functions, as well as generalized Taylor series.
In Section 2 we obtain the homogeneous codimension-p generalized CK extension
of /¥t in R™=RP@RY, where y,t€RI. In Section 3 we formulate and prove
the corresponding codimension-p PW theorems. Furthermore, we obtain the PW
theorems in terms of monogenic extensions given by generalized Taylor series. The
proofs of the results in this work are based on the inhomogeneous codimension-1
PW theorem obtained in [3].

1. Preliminaries

The reader is supposed to know the basic material on Clifford algebras, Dirac
operators, Cauchy—Riemann operator and so on. The basic knowledge and notation
in relation to Clifford algebras are referred to [1], [2] and [4].

The unit sphere {x€R™:|z|=1} is denoted by S™ !. We use B(z,r) for the
open ball in R™ centered at z with radius r, and B(z,r) for the topological closure
of B(z,r).

Let k€N, where N denotes the set of non-negative integers. Denote by
M+ (m, k, C(m)) the space of k-homogeneous monogenic polynomials in R™, called
k-monogenic of degree k.

Below by saying that f is analytic at a certain point we mean that f can
be expanded into a Taylor series in a neighborhood of the point. Let f(z) be
a given analytic function in U CRY. When we say that f* is an inhomogeneous CK
extension of f, we mean that there exist an open set U* of R containing U and
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a function f*, left-monogenic with respect to the inhomogeneous Dirac operator O,
such that f*|,,—o=f in U. By a homogeneous CK extension of f to R4*! we mean
a function f*, left-monogenic with respect to the homogeneous Dirac operator J,
in an open set U* in R?"! containing U, such that f*|,,—o=f in U. The existence
of such CK extensions are referred to [1] and [2].

The Fourier transform of functions in R™ is defined by

fo=[ 9@

and the inverse Fourier transform by

o) = g [ e 9a(e) de

where {=¢§1€1+...+{mem.
To extend the domain of the Fourier transform to RY*, we first need to extend
the exponential function @8, Set, for x=xpeg+z,

(1) e(w,§) = e ® e ™Iy, () +ertmDerlely (g),

where
£eo
x+8)= (& € )

It is easy to verify that the functions x. satisfy the properties of projections:

Xox+=X+X-=0, and xI=xi, x++x-=L

For any fixed &, e(x,£) is two-sided-monogenic in x €RT*. The above extension is
the inhomogen_eous codimension-1 CK extension of e(z, &) to RY". Replacing ey by
€m+1 in (1), where e,,+1 is a basis element added to the collection eq, ..., €,,, with
e72n+1 =
homogeneous codimension-1 CK extension of ¢“®& in R™*!. Generalizations of
the exponential function of these types can be first found in F. Sommen’s work [5].

We will be concerned with the direct sum decomposition of the space R™ into
RP?@RY, where R? is the real-linear span of ey, ..., e,, and R? is the real-linear span
of epi1,...,en. We call R? the codimension-p space in RPGRI.

Codimension-p CK extension concerns the following question. Suppose we are
given a function f(y) that is analytic in an open subset U CRY. Then the question
is: Is there a left—mgnogenic function f*(z,y) in some domain in R?@R? containing
U such that f*|;—o=fin U?

The answer to this question is positive, but, when p>1, the solution is not
unique. For instance, f(y) can first have a homogeneous codimension-1 CK exten-
sion in R?! which is also left-monogenic in RPpRY.

—1 and anti-commutativity with the other e;, j=1,...,m, one obtains the
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Before answering the question in full, we first need to distinguish different
types of monogenic extensions. In both the homogeneous and inhomogeneous
codimension-1 cases there will be only one type, viz. the standard CK type, as
the extension is unique. The CK extension from UCRY to U* CRY corresponds to
the series expansion of

f(x()vy) xoayA ﬂ :Z

Jj=0

68ng(g)v

where 0y, is the Dirac operator in the homogeneous Euclidean space RY.

The codimension-p, p>1, CK extension of a function A(y), yeUCRY, being
the case k=0 in Lemma 1 ([2]), is a modification of the series obtained from the
exponential expression e””OaﬁA(y). Lemma 1 answers the question in a more gen-
eral context, called a genemlizeg CK extension, where an extension is related to
a k-monogenic function in M*(p,k, CP)). The participation of the k-monogenic
function makes the extension having the role of monomial functions z* in one com-

plex variable, which enables one to further formulate generalized Taylor series.

Lemma 1. (The Generalized CK Extension: Homogeneous Codimension-p
CK extension Associated With Py [2, p. 265]) Let Py€M*(p, k, C®)) be given and
Ao(y) be a Clifford C_yalued analytic function in U. Then there exists a unique
sequence (Ai(y))i>o of analytic functions such that the series

=0

is convergent in an SO(p)-invariant domain U* CR™, which is a neighborhood of U,
and the sum f is left-monogenic in U*. The functions Ai(y), I>1, are uniquely
determined by the formulas

(=1 (k+p/2)0; [Pe(z) Ao (y)]
220 (1 +k+p/2) ’

Py(z)Aa(y) =

and
(=1 (k+p/2)05"" [Pe(z) Ao(y)]

22T (I+k+p/24+1)

We call fp,(z,y) the generalized CK extension in relation to Py of Ag(y) and
Ao(y) the initial value of fp, (x,y). Denote by 7p, (U) the space of all functions of
the form (2).

From [2] we know, if f(z,y), z=pweRP, yeRY, is left-monogenic in R™ =
RPQRY, that Ti(f)(w,y)=lim, o p Pk f(p,w, y) is the generalized Taylor coef-

Pr(z)Ag1(y) =
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ficient of f of order k, which can be decomposed in a unique way as
Jw,y)= Zpka )The,a(f)(Y),
a€ly

where T, o(f)(y) are real-analytic functions.
Denote the generalized CK extension, corresponding to Py q(w)Tk,«(f)(y), by
Ty, (z,y), then we have

(3) f(ga ﬂ) = Z Z Tk,a(§7 g)v

k=0 a€Zy

where
Trol(z,y) = Zw Pra(@) T ().

The expansion (3) is called a generalized Taylor series.

2. The generalized CK extension of e¥¥* in R™ =RP®RY

In [1] and [4], the homogeneous codimension-1 CK extension of ¢*¥) is given
by

e(rier,y,t) = e | cosh(z [t])+i smh(x1|t|)e1 i |
It is easy to see that for all y,teRY, |e(z1e1,y,t)| <Cel® /Il where C is a constant.

Now we study the extension for all cases p>1 and k>0, for P, eM*(p,k,CP)
given. Let z=rwecRP. In Lemma 1, setting Ay (g):e’@@, we obtain the general-
ized, homogeneous codimension-p CK extension of elwh in T; P, denoted by 5’;%,
with the expression

. ’I“|t| —k-p/2+1
@ ey =T(k+ D)oy (7)
. t
x [Pkwwz1<r|z|>+zm< )laeralrlt) |

where
. 1 T\v+2k
I = _UJ 3 = _ =
vl@)=17", (i) ~ k!r(v+k+1)(2)

is a kind of Bessel function ([8]). Note that e(z1eq,y,t)=¢c1(21€1,Y,1).
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Next we will estimate €', (z,y,1).
From [8] we know that the generating function of I,, is

oo

eu(t+1/t)/2 _ Z t"In(u)

n—=—oo

Taking t=1, we get e*=> """ I,(u).

Using I, (—u)=1I,(u), we get €*=2>""" I, (u)+Io(u). As I,(u)>0 when u>0,
we have

o0
(5) Z I,(z) <e®, when x>0.
When [t|<Q, using (4) and (5) we have

k -p/2+1
2 rQ)
et <C(5) (5) B s +hiepya(r0)

< COi(rQ) + I (rQ)] < Ce™,

(6)

where C'is a constant independent of y.

On the other hand, when k=0 and Py=1 we have the generalization of et
in 7; (RY),

=T Py ity 1) M /e I iT £
(2,y 1) =T (5)etwt (2L pya-s(rlt) il et |

Since for any u>0,

(E)ﬂ}[v(u) B SV S (E)Qk < ci ut <Cet,
2 = ED(v+k+1)\2 = (2k)!
and
71)+1 2k+1 2kt
(%) Z m( ) kg 2hn = O
We therefore have
(7) ¥ (2, y, )| < Celt for any y,t € RY,

where C' is a constant independent of y. The estimate is stronger than (6) where it
is under the restriction [¢| <.



Codimension-p Paley—Wiener theorems 185

3. Paley—Wiener theorems in R™=RPHRY

We first study the codimension-1 case. The following result is obtained in [3].

Lemma 2. (Inhomogeneous codimension-1 PW theorem) Let F be analytic,
defined in RY, taking values in C9, the complex Clifford algebra generated by
€,...,eq41, and FEL*(RY). Let Q2 be a positive real number. Then the following
two conditions are equivalent:

(1) F can be left-monogenically extended to a function defined on RY, denoted
by f, and there ezists a constant C such that

\f)<Ce™™ for any y e RY.

(2) supp(F)C B(0, Q).
Moreover, if one of the above conditions holds, then we have

1

1) = G /R el OFQde, yeRY,

where e(y, &) is given in (1) with eg=1.

With the difference e=—1 in place of e3=1 in the above result, we now prove the
following result.

Theorem 1. (Homogeneous codimension-1 PW theorem) Let F' be analytic,
defined in RY, taking values in C9, the complex Clifford algebra generated by
e2,....,e,1, and FEL?(RY), and let Q be a positive real number. Then the fol-
lowing two conditions are equivalent:

(1) F can be left-monogenically extended to a function defined on RI*Y, denoted
by f, and there exists a constant C such that

f(z1e1,y)| < CeMm1ertul - for any 21 € R and y € RY.

(2) supp(F)C B(0, Q).
Moreover, if one of the above conditions holds, then we have

1 ~
f(xlelay): / e(xlelvgat)F(i) dzv T €R, geRq
Ra

AT

While the proof of Lemma 2 ([3]) may be adapted step by step to give a proof of
Theorem 1, we, however, prefer to show that the main part of the theorem may be
concluded from Lemma 2.
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Proof. (2)=(1) Let

G(xlehg): (27]_;_)(1 /Rq e(xlel,y, )ﬁ( )dt

Because supp(ﬁ)CE(O, Q), we have

1 ~
a5 /E(O,m e(wrer.y. DF(D) dt.

The estimate of e} (x1e1, y, 1) implies

G(xlel, g) =

|G(z1e1,)| < C||Fll2¢™™ x5 g ll2 < Celrrer Ty,

Since F'(y) and G(0,y) agree in R, both being left-monogenic in R, we conclude
that f(z1e1,y)=G(x1e1,y).
(1)=(2) Since f(z1e1,y) is the homogeneous codimension-1 CK extension of

f(0,y)=F(y), and

[f(zien, )| < Celertdl - zie, eRY, yeRY,

we have
> F(%)|x |2la2l[A0( s % |$1|2lx1e15'2”1[z40( )]
|f(z1e1,y)| = ; o) z; CES]

< CeQ\;cle1+g|,

where f(O,g):Ao(g).
Since the first and the second summations are expanded, respectively, over
different groups of reduced products of the basis elements of R*@RY, we have

= T(3) o 10! (Ao () )
> 20)! ‘<C69'“’lel ul
=0

and

oo l 21 20+1
Z I (3)]a1] 331618 [Ao(y)] < Ceflzrer+yl
2 @2+1)! -

On the other hand, F(y) has an inhomogeneous codimension-1 CK extension
fi(z1,y)eR{ with f1(0,y)=F(y) and

< |15 [Ao(y)] & o] @10] ! [Ao(y)]
filerg) =2 20)! _l; (20+1)!

=0
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Then the last two inequalities imply that
w|mW%m%@w

2 (20)!

=0
< CeQ|x1e1+g\ _ CeQ\xﬁ—g\.

00 |{E1 |2lx18§l+1 [AO (E)]

12 @2+1)!

=0

Ifi(z1,y)| <

Invoking Lemma 2, we conclude that supp(ﬁ)CE(O7 Q). O

Below we study the homogeneous codimension-p PW theorem in R™=RP&
R? (for p>1) for CK extensions involving an initial value function. We need the
following lemma.

Lemma 3. Let
Oz" =0x(*..0x)",  |n|=n1+ns+...+ny,

where n=(ny,...,n;) €N is an I-dimensional multi-index. Let
T
E(z)=—, zcR.
(z) o 2

Then

8‘”|E . ‘< (=Dl 0| =2)

ox™ |§|l+|”\*1

The lemma can be easily proved by direct computation.

Lemma 4. (Technical lemma) Assume that f(z,y) is left-monogenic in RP ORI,
and

f(z,y)|<Ce,  zeRP, yeRY,

where §) is a positive real number. Let f1(x1e1,y) be the homogeneous codimension-1

CK extension satisfying f1(0,y)=f(0,y). Then for any >0, there exists a constant
C.>0 such that

|fi(zre1,y)| < Cee )l 310 eRY, yeRY.
Proof. Since f(z,y) is left-monogenic in R™=RP®R, by Cauchy’s formula,
we have

flay)=— / B(t—(z-+y)) do(t)/ (1),
0B(z+y,p)

Wm-1

where p is any positive real number.
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Then

s0p=g— [ By s

By Lemma 3 and the condition |f(z,y)|<Ce®2l, we have

(m—l)m...(m—i—l—Z)er.

ol
Since fi is the homogeneous codimension-1 CK extension and f(0,y)=f1(0,y), the
above estimate (8) implies that

(®) 8,10, <C

104 [£(0, ) 1| (m— ] —
9)  |fi(zrer,y |<ZM_Z| I 1)” ~(m+l1 ) o
1=0

For any €>0, set lo=[2Q2(m—2)/e]+1. Then {>Iy will imply that (m—2)/l<e/29.
Thus, if I>1p, then 1+(m—2)/l<14¢/29, and from (9) we get
21| (m—=1)m...(m+1-2
|f1(331€17 |<CZ| 1|( )l' ( )6 Qp

=0

I-lo
<CZ |z1 | (m—1)m . c(m—+1— Q”—i—C Z |1 ]! 1:3/219) e,
1=lo

where Ce=(m—1)(m/2)...(m+1lp—2)/lo.
Taking p=|x1|(1+¢/), we have

|fr(zrer, y)| < Cee @Ol
The proof is complete. [J

Theorem 2. (Homogeneous codimension-p PW Theorem) Let F' be analytic,
defined in RY, taking values in C9, the complex Clifford algebra generated by
€pi1; - €prq, and FEL?*(RY), and let Q be a positive real number. Then the fol-
lowing two assertions are equivalent:

(1) F has a homogeneous codimension-p CK extension to RP*4, denoted by f,
and there exists a constant C' such that

If(z,y)| < ce2l for any z € RP and y€RL
(2) supp(F)c B(0,9).

Moreover, if one of the above conditions holds, we have

1
f(ga ﬂ) - (271_)(1

/ Pz, y,t )ﬁ()dﬁ for any € R? and y € R%.
R4
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Proof. (2)=(1) Set
Glay) =7 | e DP@

As supp(F)C B(0, ), we have

(10) G D)= Gt frp &Y HF(b) dt.

G(z,y)| < C||F|2e22! | x = 2 <CeZl for any z € R? and y € RY.
) B(0,2) Y

Since &! is the codimension-p CK extension of ¢“¥  through the integral repre-
sentation (10), the function G(z,y) is the codimension-p CK extension of F(y). As
both G(z,y) and f(z,y) are codimension-p CK extensions from the same function
F(y) on RY, they have to be identical on RP*4.

(1)=-(2) Set Ao(y)=F(y). Let fi(z1e1,y) be the homogenecous codimension-1
CK extension satisfyiﬁg f (OTQ):AO (y)=f (O,_g). Lemma 4 then asserts that for any
e>0, z1e1€R', yeRY,

|f1($1817 y)| < Cse(ﬂ+6)|x1| < CEB(Q+€)\x1e1+QI.

By invoking Theorem 1, we get supp(ﬁ)CE(O,Q—f—a). Letting e—0, we conclude
that supp(#)C B(0,9). The proof is complete. [J
The following variation of Theorem 2 holds.

Theorem 3. Let F be analytic, defined in RY, taking values in C\9, the com-
plex Clifford algebra generated by €1, ..., €p+q, and F€L*(RY). Let Q be a positive
real number. Then the following assertions hold:

(1) If supp(ﬁ)CE(O, Q), then F has a homogeneous codimension-p CK exten-
sion to RPT denoted by f, and there exists a constant C such that

|f(z,y)| < Ce?2tul zeRP, yeRY

(2) If there exists a homogeneous codimension-p CK extension of F' to RPTY,
denoted by f and a constant C' such that

[f(z,y)| <Ce®tl, zeRP, yeRY,
then supp(F))C B(0, v29).

Moreover, in each of the above cases, we have

1 ~
f@,g)=(2ﬂ)q/R el(z,y,t)F(t)dt, zeRP, yeR"
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Proof. The assertion (1) is the easy part. We only indicate how to prove (2).
Note that, if in Lemma 4, instead of the assumption
|f(z,y)| < Ce
one adopts the weaker assumption

|f(£;g)|§ceﬂ‘£+g‘7 QERP7 QERQ7

then the inequality (8) becomes

10 £(0,g)] < T (M HLT2) iy

pm+l—1

This will modify the inequality (9). By taking p=|z1|(1+&/) in the modified
inequality, we have, for any >0,

|f(z1e1,y)| < C.eV2@talmetyl - 4o e R y€R
The proof is complete by invoking Theorem 1. O

Next we extend Theorem 2 to the generalized CK extension case involving
a k-monogenic weight function.

Lemma 5. Let Py(z)eM™(p,k,C®) be given. Denote by fp, (z, y) the gen-
eralized CK extension of F(y) in relation to Py, which is left-monogenic in R™.
Assume that

|ka(£;g)|§CeQ@‘7 &ERP7 QERqa

where § is a positive real number. Let fi (xlel,g) be the homogeneous codimension-

1 CK eatension of the same initial value f1(0,y)=F(y). Then for any €>0, there
exists a constant C.>0 such that

1(z1e1,y)]| < Ce ! 1€1 Yand y )
|f1( y)| <C. ezl for any z1e; R dyeR?

Proof. Since fp, (z,y) is the generalized CK extension of F(y) in relation to Py,
we have

frzy)=>_ z'Pu(z)Fi(y),
=0
where
—DiIT(k 202 F
(1) Faly) (=)' T(k+p/2)0, F(y)

LT I+ k+p/2)
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and
(=1)'T(k+p/2)07 F(y)
2241 (I+k+p/2+1)

On the other hand, since fp, is left-monogenic in R™=RP®RY, by Cauchy’s inte-
gral formula, we have

fp.(z,y)=

(12) Foia(y) =

1

Wm-1

/ E(t—(z+y)) do(t) fr, (1)
0B(z+y,p)

where p is any positive real number.

Then
al+k 1 al+k
ey = [ B () o0 a0
8 1+k 4 P ( ) W1 al'lfrk 9B(@+y.0) ( ( _)) () P()

By Lemma 3 and the assumption | fp, (z,y)|<Ce®2l, we have

oLtk m—1)m...( m+l+k—2
’8 — fr(z, y)’ <C( ) p§+k )CQ(@HP).
Therefore,
1] otk 1 (m—1)m...(m+1+k—2)
03) 1Ry = fim, F| S (o) | <O - .
Using (11), (12) and the above estimate (13), we have
=, [z [0y [F ()|
ooyl <3 ————
- pyerp2 |za[ (m=Dm..(m+1+k=2) q
Z (I+k+% ) T F .

For any £>0, set lo=[2Q(m+k—2)/e]+1, then [>Iy implies (m+k—2)/l<e/29.
Thus, if I>1g, then 14+ (m+k—2)/I<1+¢e/2, so

kp/2 |21 (m—1)m...(m+1+k—2) 0
) 11k

p

fularen,y)| SOY(1+k+2

=0

lo z
pyeep/2|tal (m—1)m...(m+1+k=2) q
SCZ(Z+’€+§) T p
1=0
> ! 11
pkip/2 |zt (14e/2Q) e
+C€Z(l+k+§) pl+k € [),

1=lo
where Co.=(m—1)m...(m+k-+1p—2)/lo!.
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When |z1]|>1, taking p=|z1|(142/Q)?, we have
(14) |f1(z1e1,y)| < Cee@)lml,

When |z1|<1, taking p=2, we get that fp, is bounded. So the inequality (14) also
holds. The proof is complete. [

Theorem 4. (Generalized codimension-p Paley—Wiener Theorem) Let Py €
M*(p, k; CP) be given, F be analytic, defined in R4, taking values in C9 | the com-
plex Clifford algebra generated by €1, ..., €p+q, and F€L*(RY). Let Q be a positive
real number. Then the following two assertions are equivalent:

(1) F has a homogeneous codimension-p generalized CK extension to RPTY,
denoted by fp,, and there exists a constant C' such that

|fp, (2, y)| < Ceflzl for any z € R and y € R%.

(2) supp(F)c B(0,9).
Moreover, if one of the above conditions holds, then we have

1 ~
fr(z,y)= @ /R ep (z,y,t)F(t)dt  for any x € RP and y € RY.

Proof. (2)=(1) Set

ﬁ/ e (z,y )P (2) dt.

Using the same method as in the first part of Theorem 2, we can easily prove this
implication.

(1)=(2) Let Ao(y)=F(y). By CK extension, using Ao(y), we can construct
another left-monogenic function J1(w1e1,y) which satisfies f1(67 y)=Ao(y)=£(0,y).
If we can prove that for any €>0, x1e; ERl, yeRY,

Gp, (@, Q) =

(15) |f1(x1e1, )| <C. e(ﬂ+s)|x1e1+y|

by Theorem 1, we get supp(ﬁ)CE(O7 Q-+¢). Letting e —0, we get supp(ﬁ)CE(O7 Q).
We are thus reduced to show inequality (15).
Since

- fﬂlel)lal [4o(y)]

o0 o0
1(z1e1,y E (z1€1) Ay E ;
=0

=0

and

|f(z,y)| < ceftlzl for any 2 € R? and y€RY,
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by Lemma 5, for any £>0, we have
|fi(z1e1,y)| < Cee (@+e)lziertyl  for any z1e; € R! and y <R
So inequality (15) holds. The proof is complete. [

The rest of this section will deal with a PW theorem in relation to generalized
Taylor series.

Lemma 6. Assume that f(z,y) is left-monogenic in R™=RPORY with the
form (3) and such that

(16) f(z,y)|<Ce™, zeRP, yeRY,

where § is a positive real number. Then for all k>0 and a €Ty, we have
| Th,a(z,y)| < Ceﬂm, zeRP, yeRY,

where C' depends on k and «.

Proof. Based on (3) and using the orthogonality on the sphere between Py (w)
and Pj(w) (I#k), and that between Py(w) and wP;(w) for any k and I, we have

o0

[, Pro@f (ke 5. =3 (-1 12 )
According to the condition (16), we obtain
o Py(a) Ty >\ o[y e | < 0ot
=0
Similarly, we have
/S 2P ()l ) 4 = 3 (1) |22 T ),
P 1=0
Using the condition (16), we also obtain
_2l+1Pk (z)T,ﬁ“)(g)‘ <C i(_l)l|£|2l+1+kT]§?i+1)(g)’ < Ceflzl
=0

Thus we have

|Tka |_

D10,0)

2 Py (@) Ty ‘

2l+1P T@”U(_)’

SC@Q@, QER”,QER‘Z. O
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We will need the following lemma.

Lemma 7. ([1, p.281]) Assume that f(x) is left-monogenic in R™ and that
Q is a positive number. If there exists a constant C, such that

[fl@)| <Ce™™ z=ru,

then
Ok
IP(R)(N) ) < CA+R)™
where P(k) is the projection onto M*(m, k, C(™)).

Theorem 5. Assume that f(z,y) is left-monogenic in R™=RPORI with the

form (3). For any k>0 and €Ly, let Ty o(y)= T,E (i( ) be analytic, defined in RY,

taking values in C9 | the complex Clifford algebra generated by €pil, s €pirq, GNA
Tr,a(y)€L?*(RY). Assume also that

(17) ‘Z Z Proo(@)Tho(t)| <CeM2 for any z € R? and t € RY,
k=0 a €T,

where § is a positive real number. Then the following two assertions are equivalent:
(1) There exists a constant C' such that

|f(§,g)|§C’em£| for any z € R? and y € R%.

(2) supp(fk,a)cg((), Q) for any k>0 and a€Zj,.
Moreover, if one of the above conditions holds, we have

flz,y)= (2710 ZZ/ 6plmxy, )Tka()dt for any x € R? and y € RY.

k=0 o€y

Proof. (2)=-(1) The first part of the proof of Theorem 2 may be closely fol-
lowed. In fact, for any k>0 and a€Zy, set
1
_ P
Grale) = Gy [ by le OTalt) .
As supp(’fk,a)CE(O, Q), we have

1 p
« Y = Y T «
Gralz:y) (2m)e /E(o Q) P (88, DT io(8)

Since ¥ P, . 1s the generalized CK extension of el in Tp,, the generalized Taylor

coefficient of Gr,al(z,y) is Tra(y). That is Ty «(z,y) and Gy q(z,y) have the same
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generalized Taylor coefficient Ty o (y), s0 Tk o(z,y)=Gr,a(z,y). Thus

i ZZ/ b @y t)Tha(t) de

k=0 acz;, ” B, Q)

:@;o/ﬁomgz_‘ {ZPM il )}dz'

€Ty,
Using condition (17) and Lemma 7, we have
Ok

1> Pral@Tia()| <CO+R—.

a€ly

Adding to the inequality (5), we have

) Z/B(O o z,y, i)|7“k’ > Pk,a(ﬁ)fk,a(i)wdﬂ

o€y,

|f(z,y)l <

oo ka rQ —k-p/2+1
SCZ(H‘]“) o (7> [Loipja—1(r) + Ty p /2 (rQ)]

> (14k)P2F (rQ\ /2!
<Cy’ % <7> [Tkp/o-1(rQ)+ T2 (r2))]

(1)=(2) For any k>0, and a€Zy, by the generalized CK extension, using
Tk.o(y), we can construct a series of left-monogenic functions T} o(z1€1, )GRqJr1
satisf;flng Tr,0(0,y)=Tr,o(y). If we can prove that for any £>0, zi1e; €R! and
y€R? we have

(18) Tk (w101, )| < Coel o mertal),

by Theorem 1, we get supp(fha)CE(O,Q—i-e). Letting e—0, we get supp(fk,a)c
B(0,9).
We therefore are reduced to proving inequality (18).
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Since

If(z,y)| < Ceftzl for any z € RP and y R

Combining Lemmas 5 and 6, for any £>0, we have

|Tk,o(71€1,9)| < C.ela)(lzertyl)  for any z1e; € R and y€RY.

The proof is complete. [
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