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This paper deals with the homogenization of elliptic systems with a Dirichlet bound-
ary condition, when the coefficients of both the system and the boundary data are
e-periodic. We show that, as e—0, the solutions converge in L? with a power rate
in e, and identify the homogenized limit system. Due to a boundary layer phenomenon,
this homogenized system depends in a non-trivial way on the boundary. Our analysis
answers a longstanding open problem, raised for instance in [6]. It substantially extends
previous results obtained for polygonal domains with sides of rational slopes as well as

our previous paper [14], where the case of irrational slopes was considered.

1. Introduction

This paper is about the homogenization of elliptic systems in divergence form
—V-(A(é)Vu)(x):O, reqQ, (1.1)
set in a bounded domain Q of R?, d>2, with oscillating Dirichlet data
x
u(x):cp(m, g), x € 0. (1.2)

As is customary, £>0 is a small parameter, and A=A*?(y)e My (R) is a family of func-
tions of y€R?, indexed by 1<, f<d, with values in the set of N x N matrices. Also,
u=u(z) and p=¢p(x,y) take their values in R". We recall, using Einstein’s convention

for summation, that for each 1<i< NV,

(V~A<é)Vu)i(x) =0, [ (é)amﬁuj} ().

D. G.-V. was partially supported by ANR grant JC-JC-0104. N. M. was partially supported by
NSF Grant DMS-1211806.




134 D. GERARD-VARET AND N. MASMOUDI

In the sequel, greek letters a, (3, ... will range between 1 and d and latin letters 4, j, k, ...
will range between 1 and N. We make three hypotheses:
(i) Ellipticity: For some A>0, for all family of vectors £é=¢* €RNV?

AV e YAy < e

a,f,i,j

(ii) Periodicity: for all yeR?, heZ? and €01, we have
Aly+h)=Aly) and  ¢(z,y) =w(z,y+h).

(iii) Smoothness: The functions A and ¢, as well as the domain 2, are smooth. It
is actually enough to assume that ¢ and 2 are in some H*® for s big enough, but we will
not try to compute the optimal regularity.

We are interested in the limit e —0, i.e. the homogenization of system (1.1)—(1.2).

Systems of type (1.1) are involved in various domains of material physics, notably
in linear elasticity and in thermics [2], [6], [20], [21]. In many cases they come with a
right-hand side f. Our analysis extends easily to that case. In the context of thermics,
d=2 or d=3, N=1, u is the temperature, and c=A(-/e)Vu is the heat flux given by
the Fourier law. The parameter € models heterogeneity, that is short-length variations
of the material conducting properties. The boundary term ¢ in (1.2) corresponds to a
prescribed temperature at the surface of the body. In the context of linear elasticity,
d=2 or d=3, N=d, u is the unknown displacement, f is the external load and A is a
fourth-order tensor that models Hooke’s law.

Note that other boundary conditions can be encountered, such as the Neumann

boundary condition
n(x)(A(g)Vu> (x):go(a:,g), x €09, (1.3)

where n(z) is the normal vector. Still in thermics, it corresponds to a given heat flux
at the solid surface. One could also account for heat sources inside the body, by the
addition of a source term in (1.1).

Elliptic systems with periodic coefficients are also a classical topic in the mathemat-
ical theory of homogenization. We refer to the renown book [6] for a good overview (see
also the more recent books [8], [9], [17] and [22]). As regards divergence form systems,
two problems have been widely studied and are by now well understood:

(1) the non-oscillating Dirichlet problem, that is (1.1) and (1.2) with o=¢(x).

(2) the oscillating Neumann problem, that is (1.1) and (1.3) with a standard com-
patibility condition on ¢.
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Note that in both problems, the usual energy estimate provides a uniform bound on
the solution u® in H' ().
For the non-oscillating Dirichlet problem, one shows that u® weakly converges in

H'() to the solution u® of the homogenized system

{—V-<A°w°><x>=0, zeq, (1.4)

u(x) = o(z), x € 09.

The so-called homogenized matrix A° comes from the averaging of the microstructure.

It involves the periodic solution x=x"(y)€ My (R), 1<y<d, of the cell problem:

=0, [A% (1), X" ()] = B, A (1), / ') dy =0. (15)

[0,1]¢

The homogenized matrix is then given by
AP = / AP dy+ / A9, xP dy.
[0,1]¢ [0,1]¢
One may even go further in the analysis, and obtain a 2-scale expansion of u®. Setting
ul(xay) = _Xa(y)axau0($)7 (16)
it is proved in [6] that
uf (z) = u(x) +eul (m,g)—i—O(\@) in H1(Q). (1.7)

Actually, an open problem in this area is to compute the next term in the expansion in
the presence of a boundary. This will follow from the analysis of this paper (see below
and §5).

For the oscillating Neumann problem, two cases must be distinguished. On one
hand, if 02 does not contain flat pieces, or if it contains finitely many flat pieces whose

normal vectors do not belong to RQ?, then
gp(~, ;> — @::/ ody weakly in L?(99)
3 [0,1]d
and u® converges weakly to the solution u® of

{—V-<A0w0><x>=0, zeQ, (18)

n(x) (A°Vu®)(z) = p(z), =€N.

On the other hand, if 9 does contain a flat piece whose normal vector belongs to RQ?,

then the family (-, -/¢) may have a continuum of accumulation points as e—0. Hence,
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u® may have a continuum of accumulation points in weak H', corresponding to different
Neumann boundary data. We refer to [6] for all details.

On the basis of these results, it seems natural to address the homogenization of
(1.1)—(1.2) with an oscillating Dirichlet data. At first glance, this case looks similar to
the aforementioned ones. Howewver, this homogenization problem turns out to be much
different, and much more difficult. Up to our knowledge, besides restrictive settings to be
described later on, it has remained unsolved. There are two main sources of difficulties:

(i) Ome has uniform LP bounds on the solutions u° of (1.1)—(1.2), but no uniform
H' bound a priori. This is due to the fact that

Hx»—) gp(x, g) HH1/2(39) _ 0(6—1/2)7

resp.

=0(1), > 1.
Lo(on) (1) p

e 2]

The usual energy inequality, respectively the estimates in [5, p. 8, Theorem 3], yield

[l 1y = O(e1/2),
resp.

lu®|| £ () = O(1), p>1

This indicates that singularities of u® are a priori stronger than in the usual situa-
tions. This will be rigorously established in the core of the paper.

(ii) Furthermore, one cannot expect these stronger singularities to be periodic oscil-
lations. Indeed, the oscillations of ¢ are at the boundary, along which they do not have
any periodicity property. Hence, it is reasonable that u® should exhibit concentration
near 02, with no periodic character, as e—0. This is a so-called boundary layer phe-
nomenon. The key point is to describe this boundary layer, and its effect on the possible

weak limits of u®. This causes strong mathematical difficulties. Quoting [6, p. xiii]:

Of particular importance is the analysis of the behavior of solutions near boundaries
and, possibly, any associated boundary layers. Relatively little seems to be known about

this problem.

We stress that there is also a boundary layer in the non-oscillating Dirichlet problem,

although it has in this case a lower amplitude. More precisely, it is responsible for the
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O(y/2) loss in the error estimate (1.7). If either the L? norm, or the H! norm in a
relatively compact subset w&(Q is considered, one may avoid this loss as strong gradients

near the boundary are filtered out. Following Allaire and Amar (see [3, Theorem 2.3]),

uf(x)=u’(x)+O0(e) in L?(Q),
. (1.9)
uf (z)=u’(x)+eu’ (x7g)+0(5) in H(w).

Still following [3], another way to put the emphasis on the boundary layer is to introduce

the solution u;;(z) of

-V (A(é)Vullj’f)(x) =0, z€QCR?

1 . (1.10)
up () = —ut (Jc, g), x €09,
Then, one can show that
() = u(2) +eut (x g) teulf(z)+0(e) i HY(R), (1.11)
or
E(p) — o0 1, T Le 2y 72
ut(z)=u"(v)+eu (:c, E) +eup (2)4+0(e”)  in L7(Q). (1.12)

Note that system (1.10) is a special case of (1.1)—(1.2). Thus, the homogenization
of the oscillating Dirichlet problem may give a refined description of the non-oscillating
one. This is another motivation for its study. We refer to §5 for the study of this case.

Before stating our main result, let us present former works on this problem. Until

recently, they were all limited to convex polygons with rational normals. This means that

K
Q:= ﬂ{x:nk-x>ck}
k=1

is bounded by K hyperplanes, whose unit normal vectors n* belong to RQ?. Under this
stringent assumption, the study of (1.1)—(1.2) can be carried out. In short, the keypoint
is the addition of boundary layer correctors to the formal 2-scale expansion

uf () ~u(z)+eul (&i)—l—év’gl (m, g), (1.13)

where v (z,y) ER™ is defined for z€Q and y in the half-space

k

Qs’k{y:nk~y>c}.
€
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These correctors satisfy

O (1.14)

vf (. y) = p(z,y) —uo(x), yEINF.

We refer to the papers by Moskow and Vogelius [19], and Allaire and Amar [3] for more
details. These papers deal with the special case (1.10), but the results adapt to more
general oscillating data. Note that z is only involved as a parameter in (1.14). Note also
that the assumption n* €RQ? yields periodicity of the function A(y) tangentially to the
hyperplanes. This periodicity property is used in a crucial way in the aforementioned
references. First, it easily yields well-posedness of the boundary layer systems (1.14).
Second, as was shown by Tartar in [18, Lemma 10.1], the solution vf (z,y) converges
exponentially fast to some v’gl’*(x):golj (x)—u(z), when y tends to infinity transversely
to the kth hyperplane. In order for the boundary layer correctors to vanish at infinity
(and to be o(1) in L?), one must have v’gl’*:(), which provides the boundary condition

for u°. Hence, u° should satisfy a system of the type

{_V-(AOVuO)(x)ZO, z e, (1.15)

u®(z) = pu(x), z €09,

where ¢, (z):=¢¥(x) on the kth side of . Nevertheless, this picture is not completely
correct. Indeed, there is still a priori a dependence of ¢ on e, through the domain
Q5% In fact, Moskow and Vogelius exhibit examples for which there is an infinity of
accumulation points for the p*’s, as e—0. Eventually, they show that the accumulation
points of u® in L? are the solutions u® of systems like (1.15), in which the ¢¥’s are
replaced by their accumulation points. See [19] for rigorous statements and proofs. We
stress that their analysis relies heavily on the special shape of 2, especially the rationality
assumption.

A step towards more generality has been made in our recent paper [14] (see also
[13]), in which generic convex polygonal domains are considered. Indeed, we assume in

[14] that the normals n=n" satisfy the diophantine condition, that is
[P, (&) > »|€| 7! for all €€ Z4\{0} for some s,1>0, (1.16)

where P, 1 is the projector orthogonally to n. Note that, for dimension d=2, this condi-

tion amounts to
[nt-€|:=|—na& +n1&a| > x|€| 7! for all €€ Z4\{0} for some s,1>0,
whereas, for d=3, it is equivalent to

[nx €| > s|€| 7! for all £ € Z4\{0} for some s,1>0.
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Condition (1.16) is generic in the sense that it holds for almost every n€S?~!, see §2 for
more details.

Under this diophantine assumption, one can perform the homogenization of the
problem (1.1)—(1.2). Strictly speaking, only the case (1.10), d=2, 3, is treated in [14], but
our analysis extends straightforwardly to the general setting. Despite a loss of periodicity
in the tangential variable, we manage to solve the boundary layer equations, and prove
convergence of v’gl away from the boundary. The main idea is to work with quasi-periodic
functions instead of periodic ones. Interestingly, and contrary to the “rational case”, the
field ¥ does not depend on e. As a result, we establish convergence of the whole sequence
u® to the single solution u" of (1.15). We stress that, even in this polygonal setting, the
boundary data ¢, depends in a non-trivial way on the boundary. In particular, it is not
simply the average of ¢ with respect to y, contrary to what happens in the Neumann
case.

Pondering on this previous study, in this paper we are able to treat the case of

smooth domains. Our main result is the following.

THEOREM 1.1. (Homogenization in smooth domains) Let Q be a smooth bounded
domain of R, d>2. We assume that it is uniformly conver (all the principal curvatures
are bounded from below).

Let u® be the solution of the system (1.1)—(1.2), under the ellipticity, periodicity and
smoothness conditions (i)—(iii).

There ezists a boundary term @, (depending on v, A and Q), with ¢,.€LP(0Q) for
all finite p, and a solution u® of (1.15), with u®€LP(Q) for all finite p, such that

d—1
[uf = p2(0) < Cag®  for all 0<a< 3445 (1.17)

Let us make a few remarks on this theorem.

(1) We only treat with full details the case where 2 is the disk. The general case of
uniformly convex ) follows from a much similar analysis, and is briefly discussed in §4.

(2) As regards (more) general domains, one can still carry out most of the analysis
if there is no flat piece in the boundary which has a normal vector which belongs to
RQ?. In such a case, one can still prove a result similar to Theorem 1.1 with a worse
rate of convergence. This will be done in a forthcoming paper. In case there is a flat part
of the boundary with a normal vector which belongs to RQ?, we expect that the limit
problem depends on the choice of a subsequence, as was observed in polygonal domains
with rational slopes (see [19]).

(3) The value (d—1)/(3d+5) in the theorem comes from the optimization of several
small parameters involved and hence is not sharp. Finding the sharp rate seems a very

interesting open problem.
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(4) The dependence of ¢, on z only happens through the normal n(z) and through
the function ¢(x, - ), where z is fixed. More precisely, ¢.(z)=Alp(x, ), A(-),n(z)], where

A is a functional that will be constructed in the next section.

The outline of the paper is as follows. We investigate in §2 the case where € is
a half-space Q={x:z-n>c}, under condition (1.16). We recall some results obtained
in [14], and give some refined ones. In particular, we construct the functional A. In
83, we prove the theorem in the case where d=2, () is the unit disk and ¢ factors into
o(z,y)=v0(y)po(x) for some smooth vg€ My (R) and pg€RY. Then, we indicate in §4
how to extend the proof to general smooth, uniformly convex domains 2 and general
boundary data ¢. Finally, we give an application of our result to the study of the

higher-order approximation of (1.4).

2. The half-space problem

We here consider a half-space Q={x,z-n>c}. We suppose that the unit inward normal n
satisfies the small divisor assumption (1.16). This assumption is almost surely satisfied.
More precisely, let (d—1)I>1 and let A, be the set

A, ={neS¥ 1P, (&) = x|¢| ™! for all £ € Z4\{0}}. (2.1)

We claim that there exists a constant C such that m(AS)<Cx?~1, where m denotes the

Lebesgue measure on the sphere S*~1. Indeed,

Ae= [ {n:|Par(€]716)] = =g+,
£eZ4\{0}

from which we get

A= |J (0P (€719 <l 7YY

£€z\{0}
Completing the unit vector &;:=[¢|71¢ into an orthonormal basis &2, ..., &4, and writing
RZZ?d n;&;, one has
d 1/2
{n €S |P (€171 < gl 0D} = {”esdl : (Zn?) < zlfl(l+1)},
=2

with Lebesgue measure which is clearly less than C¢9—1|¢ |(1_d)(l+1). Hence, we deduce
that
mAL) <t §T gD, (2.2)
gez\{0}
This estimate will be used later on.
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2.1. The boundary layer analysis

In the half-space case, we expect the solution u® of (1.1)—(1.2) to behave like

uf () ~ul(x)+eu (a:, g) +vp (x7 2)7

where u!

was given in (1.6) and where vy =v{, models the boundary layer. At a formal
level, it satisfies
c
_V’UA(y)V’tj’Ubl(x7y):0a yn>-,
€
c (2.3)

vni(@,y) = p(z,9)—u(2), yn=-,

and should decay when y tends to infinity transversely to the boundary y-n=c/c. Note
that x is not involved in the differential operators and that the € dependence only comes

from the domain, namely ¢/e. This suggests us to have a look at the problem

{‘vy-A@wyv(y) =0, ym>a, (2.4)

v(y) =vo(y), y-n=a,

for a periodic and smooth vo=vy(y). We consider vy and v with values in RY but of
course all results can be extended to My ,(R), treating the p columns of the matrices
separately. Here My ,(R) denotes the set of matrices with N lines and p columns. In
particular My n(R)=My(R).

System (2.4) has been examined in our recent paper [14]. Loosely, we have shown
the following.

(1) Well-posedness of (2.4), in an appropriate space of quasi-periodic functions. Our
well-posedness result holds for general normal vectors n, with or without the diophantine
assumption. Moreover, it is valid for any N>1. We stress that in the scalar case N=1,
simpler arguments based on the maximum principle would lead to well-posedness in L>°.

(2) Convergence of the solution v to some constant field v,, as y tends to infinity
transversely to the boundary. This convergence result uses assumption (1.16).

We shall here recall a few elements of these two aspects of the boundary layer
analysis. We shall then refine these elements, focusing on the dependence of v and v, on

a and n.

‘Well-posedness

Let M be an orthogonal matrix of O(d) that maps the canonical vector eq=(0,...,0,1)

to the normal vector n. The matrix M is not unique: it is only defined modulo an
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orthogonal matrix of O(d—1). By the change of variable y=Mz, system (2.4) becomes

{VZ-B M2)V.v(2) =0, za>a, (2.5)

v(z)=vo(Mz), zqg=a,

where v(z)=v(Mz) and we write z=(2’, z4), with 2z’ (resp. z4) being the tangential (resp.
normal) component of z. Denoting by A?jﬁ (resp. Bf‘jﬁ), 1<i, j< NN, the coefficients of
A8 (resp. B*P), we get that

Bij=M"'A;;M for all i and j,

which is a product of matrices in My(R). Indeed, from y=Mz, we get that V,=M"'V,
and V,=MV . Hence, for any vector e, div,(e)=div,(M"e).
Let now NeMy 4—1(R) be defined by

NzZ'=M(%',0),

which means that N is obtained from M by removing the last column of the square

matrix M. The structure of (2.5) suggests us to look for a solution of the type
v(z)=V(Nz',z4), where V(0,t) is 1-periodic in § € R%. (2.6)

This means that we look for a v which is quasi-periodic in z’. We point out that if n is
the multiple of a rational vector, as in the former papers [3] and [19], one can choose M
in such a way that all the coefficients of (2.5) are periodic in 2z’ (with an integer period,
possibly greater than 1). In such a case, one can look for a v periodic in z’, which
simplifies greatly the boundary layer analysis. In case n is not a multiple of a rational
vector, we are replacing v, which depends on d variables, by V', which depends on d+1
variables and is periodic in d of those variables.
According to (2.6), we define

B(0,t)=B(0+tn) and Vy(0,t) =ve(0+tn).

This leads to the following system, for #€T? and t>a:

t t
_(N'Ve -B(6,1) NV V(0,t)=0, t>a,
Oy Oy

V(0,t)=Vp(6,1), t=a.

(2.7)

The well-posedness of this “degenerate” elliptic system is established in [14, Proposi-

tion 2], which states the following result.
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PROPOSITION 2.1. There exists a unique smooth solution V of (2.7) such that
o0
/ / (IN*V O V> +|0,0) V|?) dt do < C
Td Ja
for 1€N, 1>1, and y=(71,...,74) EN?, and where 0y =0y ...0y¢. Here and throughout

the paper, N denotes the set of non-negative integers.

We recall that this proposition is deduced from careful energy estimates. Since
the solution V' given by the proposition is smooth, v(z):=V(Nz', z4) defines a smooth

solution of (2.5).

Behavior at infinity

At this stage, one still needs to understand the asymptotic behavior of V(0,t), as t—oc.
In the “periodic case”, this follows from a lemma of Tartar (see [18, Lemma 10.1]). In
the wider quasi-periodic setting, and together with the diophantine assumption (1.16),
we have the following result.

PROPOSITION 2.2. (See [14]) There exists a constant vector v, ERYN such that

lim V =wv,.
t—o0

Moreover,
0507 (V —0.)(0,8)| <C(1+8)™™

for all meN, a€N? and kN, uniformly in 6.

In general and without any diophantine assumption on n, we have
V(s )l s (re <C+0t2, (2.8)

which can be obtain by writing V(~7t):V(~70)+fg 9V (-, s)ds and then using the L?
bound on 9, V.
Note that V and v, depend a priori on n and a in (2.7). But, as n satisfies the small

divisor assumption, it does not belong to RQ%, which implies the following result.
PROPOSITION 2.3. (See [14]) The limit at infinity v. does not depend on a.

As mentioned in the introduction, this is in sharp contrast with the rational case

where it is known that the limit depends on a (see [19]).
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2.2. Refined estimates

The results described above are not enough to be used within the context of smooth
domains. Roughly, our idea to handle a smooth convex domain 2 is to see it as the
intersection of the half-spaces whose boundaries are the tangent hyperplanes to 9€2. Using
a good sequence of such half-spaces and the corresponding boundary layer correctors, one
may hope to obtain in the limit a homogenized problem in 2. However, this idea will
require some uniform control of the correctors, with respect to the normal vectors n at
0f). This is the purpose of the present paragraph. We start with uniform L bounds on

the correctors and their derivatives.

PROPOSITION 2.4. For all n€l, ., A, the solution v of (2.4) given by

x>0
v(Mz)=V(NZ, z4),
where V' solves (2.7), satisfies

sup [0“v(y)| < M, for all « € N?, (2.9)
y

The constant M, depends linearly on the W norm of vy for some s=s(a) large
enough. It depends neither on n nor on a. In particular, v.(n) is bounded uniformly

mn.
Proof. We set Qq:={y:y-n>a}. We also introduce, for any r>0 and y€Q,,
D(y,r):={y €Qa:ly'—yl<r} and T(y,r):={y' €0%:|y'—y[<r}.

By Sobolev embedding and classical local elliptic estimates (see [1, Chapter 4, §10.2]),
one has, for a€N? and y€Q,,

10%0| Lo (D(y,1/2)) < Callvl giarta/z41(D(y1/2))

Ca
< Co (vl 2 (D (y,1y) Fllvoll riatvarz+a/zriy, 1)) (2.10)
< C//

(o]l Lo (@q) Fllvollwe oo (24))

where the constant C!/ does not depend on n and a, and where, for instance, we may let

s:\a|+%d+l. Using a covering of €, with disks of radius %, we end up with

1000]| Lo 2,) < CL 0l Lo @20) Fllvollwee (@,))-

Thus, it is enough to establish (2.9) in the special case =0 (L* bound).
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Let us remark that the L°° bound is trivial in the scalar case, due to the maximum
principle. For the vector case, we will need an integral representation of v, using the Pois-
son kernel associated with our elliptic system. This representation is not straightforward
in our setting, because v has no space decay. Thus, the Poisson kernel must be controlled
over large space distances, that is over many periods of the elliptic matrix A. This kind
of problem has been addressed by Avellaneda and Lin in their paper [5], by taking ad-
vantage of the underlying homogenization process. We shall adapt their arguments to
our half-space case.

We start by considering the Green matrix G(y, ), which satisfies

{ 7vyA(y)vyG(yag)zé(yfg)INa yeﬂzm

- (2.11)
G(y,y):(), yGaQa,

where Iy denotes the identity matrix over RY. The existence of Green matrices for
elliptic systems in a half-space is established in [16, Theorem 5.4] in case d>3, and in
[11, Theorem 2.21] in case d=2. We also refer to [4], [10], [12] for bounded domains
or the whole space. Following [11] and [16], the Green matrix G(y, ) is defined as the
unique matrix function satisfying the following conditions:

(a) G is continuous over (Q, xQ)\{(y,7):y=7};

(b) for all yeQq, G(y, -) is locally integrable in €,;

(c) for all feC®(Q), the function

uly) = / Gy, 9)f(5) di

is the variational solution of —V,-A(y)V,u=f in Q,, ulan,=0.
Moreover, for all §€€,, VG(-,§) belongs to L () for p small enough (depending

loc

on the dimension d),
(1=m7G(-,9) € Hy(2) (2.12)

for all n, HEC°(R?) with n=1 near §. Also, one has for all p€C°(Q) and all F€Q,,
/QA?fayﬁij(y,?)aacm(y) dy = o5 (7). (2.13)

Note that equations (2.12) and (2.13) are the weak formulation of system (2.11). Finally,
it is shown in [11] and [16] that

G(,y)=(G'(y.9)", (2.14)

that is, Gy;(9, y) :Ggi(y, ), where G* is the Green matrix corresponding to the transpose
of the operator —V,- A(y)V,, that is the operator —V,- AT (y)V,,, where (AT)?jﬁ::Aff.
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In our case, the coefficients A?jﬁ and the domain €2, are smooth, so that, for any
y€Q,, G'(y,-) is smooth away from y, up to the boundary of ,. Therefore, we can

define the Poisson kernel
P(y,§) :=—n- (A" (§)V3G"(y,9)) = —na(AT)*05,G"(y,7),

where g€ df),. The next key lemma collects various estimates on G and P.

LEMMA 2.5. (Bounds on the Green function and the Poisson kernel)
(i) For all y#7 in Qq, one has

C

|G(y, 9) < g2 for d=3, (2.15)
|Gy, 7)| < C(|log ly—7l|+1) for d=2, (2.16)
. Co(y)o(y .
|G(y,9)| < W7 y):=yn—a, 6(g):=y-n—a,  foralld. (2.17)
(ii) For all yeQ, and §€OQ,,
- Co(y
P(y,5)| < |y_(g|>d. (2.18)
(iii) For all y#£g in Qq,
IVyG(y, )| < g—gl1’ (2.19)
. 3(g) . 4y)o(y)
IVyG(y,y)l<C(|y_zv7|d+|y_g|d+1 . (2.20)
(iv) For all yeQ, and §€OQ,,
. 1 5(y)
|vyp(y’y)|<c<|y—17ld+Iy—ﬂld“)' (2:21)

The constant C appearing in the above inequalities depends neither on n nor on a.

We postpone the proof of the lemma to Appendix A. This proof follows very closely
the work of Avellaneda and Lin [5].
Due to Lemma 2.5, the fact that v is bounded uniformly in n and a will follow easily

from the integral representation

o(y) =— /8 Pl 4y (2.22)
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Indeed, by (2.18), it will follow that, for all y€£,,

()] < Cllvoll 1= / __lym=a
ra—1 ([9'|+|y-n—al)?

Hence, it remains to prove (2.22). Let

yn—a N
nal g < Clloo| .

w(y):=— P(y, 7)vo(9) dy
0N,

be the right-hand side of (2.22). Due to the bound (2.18), this vector function is well
defined and uniformly bounded over 2,. We will show that it satisfies (2.4) (step 1), and
then prove that v=w by a duality argument (step 2).

Step 1. Let k€O (RY) satisfy %=1 for |y|<k. We claim that

W (y) = — / Ply, 90" G)00(@) di
0Qq

satisfies
{ —Vy-A(y)Vywk =0, ye€,, (2.23)
wh(y) = —v*(Y)vo(y), y€ Q.
Indeed, by property (c) of the Green matrix, the function
/ Cu. D/ @i, fHu) =V, AWV, W) (224)

is the variational solution of
fvy'A(y)Vyw =f¥ in Q,, {Dk|aga =0

(note that property (c) is stated above for f€C2°(Q,), but extends to f€C(£2,) by an
easy approximation argument). For a given y in Q,, we can then introduce ¢, €C2°(€2,),

with ¢, =1 in a neighborhood of y. We split w*(y) according to

——/ Gy, )V AG)V (@) (3)v0(@)) g
Qa (2.25)

—/Q G(y. 9V A@) V(1= (@) (§)vo(9)) 47 = L (y) + L2 (y)-

We can then integrate each term in the right-hand side by parts. On one hand, combining
(2.13) and (2.14), we get

Ly) = /Q AT (G)V567 (4, )V 564 ()0 @0 (5)) df
= | AT@TI6 G0 il @0 @)oo di (2.26)

= ¢y (Y) V" () vo(§)
=" (§)vo ()
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On the other hand, as 1—¢ vanishes for § near y, the integrand in I2(y) is a smooth

function of g, and two successive integrations by parts yield
B = [ AT@56T D) V(10,04 )en() 4

- / (—V5- AT(G)V3GHF 1) (1—6,) @) 0" @)vo(7)) di
Q. (2.27)

n / n-(AT @)V 5G4 (G, 1) (1— ) D)Y* G)vo(d)) di
g
=04+w"(y).

Thus, w*=w* —¢*vy, which proves that wy, solves the Dirichlet problem (2.23).
Eventually, we let k£ tend to infinity. On one hand, using (2.18) in the integral
formula (2.24) for w”, we get that w* converges locally uniformly to w over the closed
half-plane ,. On the other hand, passing to the limit in system (2.23), one obtains that
w solves (2.4). Note that, as w is bounded, one can use the elliptic bounds (2.10) with

w instead of v, so that w is smooth with bounded derivatives of any order.

Step 2. We now define u:=v—w. By Proposition 2.2, v and all its derivatives are
bounded (a priori not uniformly with respect to n). As we have just seen, w is also a
smooth function with all derivatives bounded, and consequently so is u. It satisfies the
homogeneous system

—Vy-A(y)Vyu=0, yeQ,,
{u(y) =0, y € 0Q,.

We can prove that u=0 by a duality argument. More precisely, let f be smooth and
compactly supported in €2,. Since f is arbitrary, it is enough to show that fQ u- f dy=0.
To this end, let us introduce U given by

Uy) = / G (5.9) 1 (5) dy.

By (2.14), it satisfies
{—Vy'AT(y)VyUZﬁ y €,
U(y)=0, y € 0Qy.

The idea is to write
/ w-f dy=— / u(y)-(Vy AT () V, U (y)) dy = / A(y)Vuly)-V,U(y) dy =0,
Q. Qg Q.

where the last two equalities come from successive integration by parts. To make this

reasoning rigorous, one must have some decay properties for the integrands. Precisely,
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it is enough to show that

I, (R) ::/‘ § u-(n-(AT(y)V,U))dy and Ir(R) ;:/ A(y)Vu-nU dy

y-n>a

lyl=R lyl=R
tend to zero as R—oo. By the first part of Proposition 2.2, we know that v is bounded.
Moreover, by (2.18), w is also bounded, and so is u. Besides, from the dual version of
(2.20) (that is, with G* replacing G, we have that |[VU (y)|<C/|y|? for y far enough from
the support of f. Combining these bounds yields I (R)—0 as R—o00. As regards I, we
use the second part of Proposition 2.2, which shows that 6(y)™Vo(y) is bounded for all
meN. Moreover, using (2.21), we get that §(y)Vw(y) is bounded, and so also d(y) Vu(y)
is bounded. Finally, by (2.17), we obtain that |U(y)|<Cd(y)/|y|?. Hence, I5(R)—0 as
R—o00. This concludes the proof of the proposition. O

Besides this bound, we need some extra decay estimates on V —v, and their deriva-
tives. For such estimates, the diophantine assumption n€A,, plays a role, and the decay

deteriorates as s tends to zero. This is made quantitative in the following result.

PROPOSITION 2.6. The solution V of (2.7) satisfies
a nk Cm,cuk —-m . .
|05°0F (V(0,t)—v,)| < T(1+%(t—a)) uniformly in 0, (2.28)

for all «eN?, keN and meN. The constant Cm,a,k depends linearly on the W*°° norm

of v for some s=s(m,«a, k) large enough, as well as on the regularity of the matriz A.

Proof. Throughout the sequel, s<1. Moreover, Cy, o Will denote a constant that
depends only on the ellipticity constant A and the regularity of the matrix A as long as vy
satisfies ||vg||ws.~ <1 for some s=s(m,a, k) large enough. As the map vo—V is linear,
this shows that the constant Cl, o in Proposition 2.6 can be chosen linear in ||vg ||y s.o,
for s large enough. We will also take a=0, since the general case can be recovered by the
change of variable t'=t—a and thus B(6,t'+a)=B(0,t) in (2.7). Of course it is important
here that the constants Cy, 1 only depend on the regularity of A.

To prove (2.28), it is enough to prove that

\agaf(V(e,t)—u*)K%, 0<t<1, (2.29)
0505 (V (8, 1) —v2)| < =72 (set) ™, t>1. (2.30)

‘We recall the Sobolev bounds

NIV (1) |3 410,V (t)||%. <Cs  for all s, (2.31)
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which follow from Proposition 2.1. As V=Vy+ fot 0:V ds, these bounds yield a uniform
bound on V' and its derivatives for t<1. Combined with the uniform bound on v, coming
from the previous proposition, it implies the first inequality (one can even take " instead
of s71).

To obtain the second inequality, that is the decay of V —v, as t— o0, we follow the
lines of [14, Proposition 4], but keep track of the dependence on s. If n€A,,, then

/W INTY W 2 db > e |[W|3 -1 g (2.32)

for smooth enough W:W(ﬁ) with zero average. Hence, the previous Sobolev bounds
yield
/ T N2 gy + 1OV 122 ) dE < C s, ) < o0 (2.33)

for all k>1, where we decompose
V(0,8) =V (0,)+V (1), / 7 do =0,
Td
Proceeding exactly as in the proof of [14, Proposition 4], we introduce
oo
FT) ::/ / (IN'VV[2+(0,V]?) dt db
T JT

and

W= vf/ V(0,T)dob.
Td

After multiplication of (2.7) by W, integration from T to infinity and integration by parts

in 0, one ends up with (see also [14, Proposition 4])
N 1/2
sy <cray ([ wenpas) (2.34)
Td
To estimate [, |V(0,T)|2 df, we use interpolation between H~! and H'/ (=1,

- 1/2 - -
([ 7Pa8) " <COPlase) 2P e = (239

By (2.32), the first factor in the right-hand side of (2.35) is controlled by

(_fgvj”i

For the second factor, we use a simple interpolation inequality.
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LEMMA 2.7. If he HY(R), then we have
1/2 1/2
1]l < CIIRIA I
Proof. We write, for each t€R and r>0,
+ 1/2
<|h(tr)|+r1/2(/ h/(s)2d5> .
t—r

Integrating in 7 between 0 and R>0, we get R|h(t)|<RY?||h||g2+R3/2||h/| 2. The result
follows by optimizing in R. O

t

h<t>|\h<tr>+ [ wsas

—-r

Due to this lemma and the uniform Sobolev bounds on »V and 0V, the second
factor in the right-hand side of (2.35) is controlled by C/s'/2=1/2P_ Finally, (2.34) leads

to

’ (p+1)/2p
f(T)) o (2.36)

V4

H1)<6 (-

Notice that this is exactly equation (2.16) of [14] with the precise ¢ dependence. Hence,
we deduce that f(T)<C,,(T)~™ for each m>1, where m=(p+1)(p—1).

As regards higher-order derivatives, we argue as in [14] and consider the function

@)= Y far(D= > // (IN*V 485 0FV|? 48,0508V |?) dt df
T T

o] +k<K la|+h<K

instead of f. We are going to prove that fx(7T') satisfies the same bound:
Fi(T) < Crom ()™
This is proved by induction on K. Assume that
(D)< Cjm(sT)™™ forall j<k—1.

Let a and k be such that |a|+k=K. Applying 939F to (2.7) leads to the equation

t t t
(VV g,y (N V) aearv = (N V) G, (2.37)
o o o ’

where
Gak <Cai Y. [(N'Vg,0)0,01V|.
1Bl +HI<K -1

If we multiply equation (2.37) by

W :=0508V— [ 0308V (0,T)do
Td
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and integrate by parts, we get

Far(T) SCU=Fo (D)2 + (G (- D) L2 ra)) |05 OFV (-, T) | 2y
1 Gall L2 fes1y) fadk (T)?
< Ca((— Fic ()20 08V (-, Dl 22y + | G k32 (r e ey

< Cagel (= f1c(MNY21080FV (-, T) | 12 (ray +Cr—1,m (3T) ™),

using the induction assumption. Summing over « and k such that |a|+k=K and using

as above the interpolation argument to control ||8g‘8f\~/(~,T)H £2(14), we end up with

/ (p+1)/2p
@)= 3 fa,k(T><cs,p(—fK<T)) Ot (7)™,

x
|| +k<K

which gives the desired bound.
Using these bounds and the Sobolev embeddings (see also Lemma 2.7), we get that

~ C
OV (0,1)] < =22 (5et)™™,
95V (0, 0)] < =52 (et 25

|05 0F TV (0,8)] < Ca o (52t) ™
for all meN, a€N? and k€N, uniformly in 6. As regards V(t), we use that
da
dt

_ _ t+h _ t+h C
|V(t+h)—V(t)|</ V‘dsng/ () s < Sty
t t

This implies that
— C
[V (t)—vi| < ;(zt)_m. (2.39)

The estimates (2.38) and (2.39) imply (2.30), which concludes the proof. O

Due to the previous propositions, we have at hand refined estimates on v and v—uv,.
Such estimates will be crucial in our homogenization proof for smooth domains. Indeed,
our proof will rely on the construction of accurate expansions of u, in which correctors
like v will appear as leading terms. Still, for the next terms of the expansion, other
boundary layer correctors will be needed. They will satisfy the same type of equations
as v, but with additional source terms. Therefore, we need to extend the estimates of
the previous propositions to this slightly larger setting.

Instead of (2.7), we consider the system
t t
- (N W) B(6,1) (N W) UO,t)=F(0,t), t>a,
Oy O
Ug,t)=0, t=a,

(2.40)
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on T¢x {t>a}. We assume that the source term F'=F(,t) is smooth and in the Schwartz
class with respect to t. As explained in our previous paper [14] (see the explanation below
system (3.11) in [14]), the well-posedness and asymptotic properties of (2.7) extend to
the system (2.40). In particular, there is a unique smooth solution U=U (8, t), with the
Sobolev bounds

IN'VU|[2,. +|0:U 1%
He(Tdx {t>a}) He (T x{t>a}) (2.41)

2 2
C(||(t_a>F||HS(’]I‘d><{t>a})J’_HFHHS(TdX{t>a}))'
Moreover, there is a constant u, such that U—u, is in the Schwartz class with respect
to t.
Like the solution of (2.7) provides a solution to (2.4), the solution of (2.40) provides

a solution to

{—vy.A(y)Vyu(y) =fy), yn>a, (2.42)

u(y) =0, yn=a.
As before, u and U (resp. f and F) are related through

w(Mz)=u(z)=U(Nz',z4), resp. f(Mz)=£(z)=F(N2',z2).

We want to derive some bounds on u and U —u, in terms of f and F'. We state the

following result.

PRrROPOSITION 2.8. Let >0, v=1 and mg=4. Assume that for all m>=myg, aeNd
and keN,
0, f ( )

|
|05 0 F(0,1))|

P uniformly in vy,

&
(2.43)
) <c

Y(14+t—a))™™ uniformly in 0.

Then, for all >0, there exists mlzml(mo,u,y, d) such that for all m>m;, a€N?
and keN,

|0y u(y)| < Cy 5;{7"%72” uniformly in y,

(2.44)
0508 (U —u,)(6,1)] <Cm ks (% Y1 4t—a))™™  uniformly in 0.

Proof. Before we start the proof, let us notice that here we are combining bounds
in the physical space y with bounds in the periodic variable 6. Indeed, we will take
advantage of both formulations. We will assume that a=0, since we can recover the
general case by making the change of variable t' =t —a and replacing B(0,t) by B(0,t' +a).
Also, we can restrict to the case p=0 as well. Indeed, suppose that the result holds in

such a case, and take p>0. If (2.43) is satisfied, it implies trivially that

05 f(y)| SCLx™ and 9G0P F(0,4)| < Cp o g2 (" (148) ™™
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By linearity of the equations, and using the result with u=0, and %(5 instead of §, we

get, for m>my (mO,O7 v, %5),

2v

05 u(y)| < Ol s jpoe ™,
1050 (U ) (0.6)| < CY o 5072 (22 (141) .

The last inequality reads

|050F (U—u.)(0,1)| < Cf,

m

,a,k,6/2(%l/+5/2+#/m(1 +1))" < C%,a,k,é/z(%HJQ +t))~ ™

for m>max{my,2u/d}, which proves our claim. From now on, u=0.

We start with the inequality on u. As u satisfies an elliptic system, it is enough to
treat the case a=0: regularity arguments similar to those used in the proof of Proposi-
tion 2.4 provide the bound for higher-order derivatives (see (2.10), [1] and [15]). By a

combination of the two inequalities in (2.43), we have

)< —2

— ™ _ yniformly in ¢/
ST Getym vy

for m>mg. We use here the notation y=y'+tn, with ’-n=0 and t>0. We rescale the
system (2.42), introducing §:="y, @(7):=u(y), f(§):=f(y) and so on. Dropping the
tildes, we get

. 1

-V, (Al— )V = n>0
v ( <}f”) y“) W=z /W), yn>0 (2.45)

u(y)zov yn207

where the source f satisfies in particular (for some C' depending on my)
C

<—n 2.46
W< 1o (2.46)

We must show that »?“u is uniformly bounded. We use temporarily the notation &
instead of »#”. Let G°*=G*(y1,y2) be the Green function associated with the operator
—Vy-A(-/e)V, in the domain {y:y-n>0}. Then,

2u(y) = / G ) ) e
Y2 n

This representation formula can be established similarly to what we did for (2.22). In-
deed, let w* be the solution of the system (2.45) with right-hand side f*=fy*, where
Yk e (RY) satisfies *=1 for |y|<k. Hence, w* has the representation

Ezwk(yl) = / . G*(y1, yg)fk(yg) dyo. (2.47)
Yyz2-m>
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As in Proposition 2.4, we rely on the estimates of Lemma 2.5 to prove uniform bounds
on w*, in particular estimates (2.15) or (2.16), and (2.17). To apply these estimates to

the Green formula, we decompose the integral into

/ G (y1,y2) ¥ (y2) dy» =/ G (y1,y2) ¥ (y2) dya
y2-n>0

[y1—y2|<1
y2-n>0

+/ G (y1,y2) f* (y2) dyo.
[y1—y2|>1

y2-n>0

Combining (2.46) with (2.15) or (2.16) yields a uniform (in &, & and y;) bound for the
first term. As regards the second term, we use (2.17): we set t1:=y;-n and t2:=ys-n,

and write

t1t2 1
Gs(y17y2)fk(y2)dy2 <C'/ — —— _dy
|/yly2|>1 Y2-n>0 |y1 _y2|d 1+t421
y2-n>0 (248)

tits 1
<C’/ B R
SY Je, o[+ 11485

The last integral comes from integration with respect to the tangential variable. Hence,
it is bounded by a constant that is independent of €, k and y;. It is then clear that w*

converges locally uniformly to w which is given by
Pun)= [ G (o) e (2.49)
y2-n>0

and which solves the same equation as u. Thus, to conclude, it is enough to prove that
u=w. This follows from the same uniqueness argument as in the proof of Proposition 2.4.
The only difference is that the boundedness of w now follows from the Green represen-
tation instead of the Poisson integral. Also, at this stage, we already know that u is
bounded (but without an exact dependence on ). This concludes the proof of the first
inequality in (2.44).

The estimate of U —u, is established much like the estimate of V —v, in Proposi-
tion 2.6, and we will only sketch the proof. As for V| the estimate for ¢<1 comes from
the global Sobolev estimate (2.41) and the uniform bound on u (and thus on w,). Note
that, using the bound for F in (2.41), we obtain

NtV U || % +10:U || %0 < Coe™2™0%  for all s, (2.50)

which corresponds to a fixed loss in .
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For T>1 and K €N, we introduce again the functions
= > far(M= Y / / (IN'Vo050FU 2 +|0,050F T %) dt db.
la|+k< K |a|+k< K

We obtain, along the same lines as in the proof of Proposition 2.6, for all p>1,

f(/) (T) >(P+1)/2p

Vo4

+ /T /TOOF(H,t)<U(9,t)—/W U, T) d9’> dtd&‘.

An integration by parts provides

[ [ ren(ven- [ venw) i

/ / FO,00,00,8)dtdo— [ F(0,T) (U(Q,T)— / U, de') o,
Td Td Td
where F(0,t)= F(0,s)ds. Tt follows that

/Td/T F(G,t)<U(0,t)—/Td u.,T) d@’) dtd@‘

S Fllreax = 10U L2 rax sy F I F T areeray 2 HIN VU (-, T) || 279y,

fo(T) < cp<||NtveU||pr_1)+|atU||Hz/<p_1>>1”p(
(2.51)

using (2.32) for the last term. From there, combining (2.43), (2.50) and (2.51), we obtain

easily that
/ (p+1)/2p

for all m>mgy and some fixed M depending only on mg. Now, given some 6>0, if
m>=max{mg, M/é} and (p+1)/(p—1)>max{mgy, M/}, then

’ (p+1)/2p
01 o (DN )

Hence fo(T)<Cypn(3¢"T0T)~™ for m large enough. Similar bounds hold for fx, K €N,
which are obtained, as before, recursively. We have just to differentiate the equation
using 85‘8,{“ first, and perform the energy estimate as above. This concludes the proof of

the proposition. O

We note that, by the linearity of the map (F, f)— (U, u), one can be more specific
about the constants C}, 5 and CY s in (2.44): one has

m,a,k,
Cg,(s—i_cm ak,d X Cm a,k,0 Z (Ci/ +C,,I;/7a/’k/), (252)

(m/,a/ k)€l o,k
where Cyy, q,%,6>0 does not depend on f and F', and I, o, is a finite subset of indices

also independent of f and F.
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COROLLARY 2.9. The function ni—uv.(n) is Lipschitz on A,., with a Lipschitz con-

stant which is O(»x~2) as s tends to zero.

Proof. Let ny and ns be in A,,. We wish to show that

C
[v. (1) —va(n2)| < ;|n1—n2|-

For i=1, 2, we introduce the solution V,,, of (see §1 for notation)

Nt Nt
—< 1V9)-B(9+tni)( Zv“)>vmzo, t>0,

Oy Oy (2.53)
Vni(ovt) :X”/(QL t=0.
We set V:=V,,, —V,,, N:=N;— N, and so on. We have
t t
- <va9> -B(6+tny) <N1V9>VF, >0,
Oy O (2.54)

V(0,t) =0, t=0,

where

[ (NIV, NiVy\ [NV NiV,
F= (< 8t >B(0+tn1)( at + at B(9+tn2) 8t Vn2
t t
— (MY By (N V),
Oy Oy

N < (NtV0> B(0+tm)+ (Nf;tw) (B(0+tn) —B(0+tn1))> (Nétv“’> V.

We also introduce the corresponding
Un, (M12) =vn, (2) =V, (N12, 24), i=1,2,
v(y) and f(y). By the estimates of Propositions 2.4 and 2.6, one has the following bounds:

10y f(y)| < Cm a|n1 —na uniformly in y,
|05OFF(0,1)| < Crnoovies|m1 —m2| (5610 (14t —a))™™  uniformly in 6,

for all >0 and m such that dm>1. Applying our last proposition (see also (2.52)), we

get that
Cs
0] = Tvn, () =vn, (W) < o5 Ina =1z

uniformly in y, for all §>0. Actually, one can improve this inequality a little and take

0=0. Indeed, the source term F' can be split into

NIV,

F=F4F":=—
P = (M

Nt
>G+L<mn2,9,t,ae,at)( g%)vm,
t
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where G satisfies
|838§G| < Chak,sn1 fn2|(z1+5t)*m forall >0 and t >a=0,

and L(n, 0,t,0y,0) is a first-order smooth matrix operator, whereas

Nt
agaf( 2W)vm

<Cma )~ ™.
) k()

We insist that this last inequality involves only s¢: one evaluates (N4Vg, d;)V;,,, so that
additional estimates of type (2.38)—(2.39) (responsible for an additional loss in ) are
not needed.

This special form of the source term F" allows us to refine the estimate on v=v,,, —vy,.

One can write v=v'+v", with
{ =V AC)Vy'(y) = f'(y) =V-g(y), yn>0,

v'(y) =0, y-n=0,

and
{ =V AV " (y) = f"(y), yn>0,
U//(y)zoa yTL:O

We then proceed very much like in the proof of Proposition 2.8: we have the repre-

sentation formulas

146

Y2
%1+5v/(;{1+5y1):—/ Vy2Gx (yl,yz)g(ﬁ) dy27 (255)
y2-n>0 >
2 1 _ > n (Y2
0" (seyr) = — G*(y,y2) /" (= ) dya,
y2-n>0 x
where G¢(y1,y2) is as before the Green function associated with the operator
vy (4(2)7)
in the domain {y:y-n>0}. Moreover, the source terms satisfy

Y2 (Y2 C§,m‘n1_n2|
o) [+ (D) <=

»
Proceeding exactly as in the proof of Proposition 2.8, one has

/A

C\nl—n2|

0" ()l < 5

Vo4
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For v, we use the bounds on the gradient of the Green function, namely (2.19) and (2.20)
(more precisely their symmetric version, obtained by considering G* instead of G). We
decompose the integral in (2.55) into two parts. One for which |y; —y2|<1 and one for
which |y; —y2|>1. The first one is controlled using (2.19). For the second one, we argue
as in (2.48)

Vel
[ e
ly1 —y2|>1

y2-n>0

146

(y1,y2)g (5" 0y2) dyo

t1t2 tl ) C\n17n2|
Y2

<C
h .742-n>0<|y1—y2|dJr1 ly1 —y2|? 1+t3

t1(1+t C —
gcl/ 1(1+t2) Clny 4n2|dt2
R, [ti—t2|+1 1425

< CIny—nal.

The result follows letting y tend to infinity transversally to the boundary. This concludes

the proof of the corollary. O

3. The disk

We turn in this section to the core of the paper, that is the homogenization of system
(1.1)—(1.2) for smooth domains Q. To get rid of confusing technicalities, we will first

consider the case of a unit disk:
d=2, Q={z:|z|<1},

with boundary data ¢ that factors into ¢(z,y)=vo(y)po(z) for some smooth vy on T?
with values in My (R) and some smooth (g on 9 with values in RY. The extension to
the general framework of Theorem 1.1 will be discussed in §4. Let us stress that this
extension, although a bit heavy to write down, contains no mathematical difficulties.
Thus, all ideas are already contained in the simplified configuration studied here.

For all z€S*, we denote by n(z)=—x the unit inward normal vector. If z€J,, . ; Asx,
then n(x) satisfies the small divisor assumption (1.16). Thus, we can use the results of
§2: the boundary layer system (2.4) with n=n(z) and with boundary data vo€ My (R)
has a solution v=v(y) € My (R) that converges (transversally to the boundary) to some
ve=0,(n)EMpn(R). We set

pu () i= v, (n(2)) 0 ().
From the beginning of §2, we know that J,, o

almost everywhere on the circle. Moreover, ¢, €L>®(S};RY): Corollary 2.9 implies its

A, has full measure, so that o, is defined

measurability and Proposition 2.4 yields a uniform bound.
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Theorem 1.1 is a direct consequence of the following result.

PROPOSITION 3.1. Let u® be the solution of system (1.15), with the boundary data
@« defined above. Then,
[uf =’ = O(?),

as € tends to zero, for all a<1—11.

We note that, because ¢, has L regularity, the limit field «° is in LP(Q) for all
1<p<oo.

We can also prove (using the next interpolation argument) that u® belongs to
WerP(Q) for some s,>0, for all 1<p<oo. But this will not be used in the convergence
proof.

The rest of the section is devoted to the proof of this proposition. We first split the

problem in two: we write u=ug.,+ug;, with
-V (A(i) Vufeg) (£)=0, z€QCR?,
€
ufeg(‘r):@*(x% xean

and
-V (A(é)Vuf)l) (r)=0, z€QCR?,

We will bound ||“feg*UOHL2(Q) and [lug, | z2(q) separately. We stress that the difficult

part is the bound on wug). It is where the boundary layer analysis is involved, notably

the sets A,. The treatment of ug., enters the classical framework discussed in the

introduction, and is essentially contained in previous studies.

Nevertheless, there is a little technical difficulty for this problem, namely the lack
of regularity of .. Indeed, the classical estimates on ufeg—uo rely on expansions that
require differentiating u°. As u? is only in L>°, we will need some regularizing sequences,
indexed by another parameter 6. The choice of these sequences will be specified in the
next subsection. Remark that we have now three small parameters: €, » and §. Special
1/11

attention will be paid to the way our estimates depend on them. The rate ¢ will

follow from optimizing in s, § and a which will be defined later.

3.1. Classical approximation

We derive here estimates on ug., —uP. We take care of the smoothness problem as follows.

By Corollary 2.9, ¢, is Lipschitz over A,,, with Lipschitz constant less than C/s?. By
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standard results (see [7]), p«|4, admits a Lipschitz extension, uniformly bounded in s
(because ¢, is), and with the same Lipschitz constant.

Let us call this extension ¢Z. With obvious notation, we associate with this bound-
ary data the fields u;z¥ and ud”.

Now, we notice that

OF = =0%Lac —pulac.

So, from estimate (2.2), we have
07 =@l L2(a0) < Cae'/2.
Thus, using [5, Theorem 3 (ii)], we get
s — g iy SCxV2 and  [[u®% —u%]| 20y < Cl/2.

It remains to estimate ufég—uo’”. We introduce a sequence of smooth fields ¢3¢

such that ¢ —p* in L?(052), as 0—0. More precisely, we chose it in such a way that

4
¢ =07 |L200) S CVOX|lL=0 < C';,
Ql—s

02| s < Cs0' 8|V 7| L < CL 22

for all s>0. For instance, one can use a partition of unity to come down to local charts,
and in each chart use a convolution by an approximation of unity with support in (—p, o).

Since 3¢ is smooth, we claim that the following bound holds:

E’X’Q—UO’X’QHLz(Q) < CHUO’X’QHHz(Q){-Z. (3.1)

”1Lreg

Let us explain where this bound comes from. Following the notation of the introduction,

we define the first-order corrector

ul (2, y) = =X (y) D u® 0,
where x solves the cell problem (1.5), as well as the boundary layer corrector ut’f’”’g,

satisfying system (1.10) with u>**¢ instead of u!. Then, one can show the bound

We refer to [19, §2] for a proof, or [14, §3.2, “global error estimate”] for the proof of a

ufég,g_uo,%,g_&_ul,x,g ( . g) _Eull),la,x,g

< Cllud*e E.
iy <CIE o

similar bound. Moreover, one clearly has

Jewt=2(-2)
&

< CHUO’%’QHHl(Q)&‘

L2(Q)
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and, using again [5, Theorem 3 (ii)],

leuny* 8| L2(q) < ClIVU™9|| L2 (a0)e < C'[[u® 2 g2 (q)e.
Combining the last three inequalities yields (3.1).

Hence, we have

3

€,%,0 _ )
01/25¢2

gz ? —u | p2q) < Cllu® || gr2a)e < C' 9720 o2 a0ye < C”

Moreover, using again the results of Avellaneda and Lin,

€,76,0 __
reg

Y 0
e —usz ey SO and [u® =0 pagey < O

Gathering all previous bounds, we end up with

€ 0
[t =0l L2(02) <C(%1/2+Q1/2%2+;). (3.2)

3.2. Boundary layer approximation

In this paragraph we shall construct an approximation of uj,, of boundary layer type.
To construct the boundary layer, we will divide the circle into small arcs, each of length

5(1

, with 0<a<1 to be determined, and we will approximate each arc by a segment so
as to use the half-space analysis.
We first parameterize the boundary of 99 by #+e? with 0€[0,27] (in §2 and §3, 4

denotes the imaginary unit). We divide [0, 27] into @=|1/¢“| small intervals, namely

Q
1
0.27] = | J I, I, = [27rq727rq}

~ Q "Q
We also let / /
~ q—3/4 qg—1 4]
I,= |27 , 27
7 [ Q Q

be the interval which has the same center as I, and half of its size, and let 6, be the
center of I, and fq, namely 04:27r(qf%)/Q.

Let U=T(&) be a smooth function with compact support satisfying

(i) ®(&)=1 for [¢]<3;

(il) W (&)=0 for |&|>2m;

(i) 30, W(Q(O—6,))=1.
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It induces a partition of unity in the vicinity of the circle: for z=(rcosf,rsinf) in

an e“-neighborhood of the circle,

Q
1= ¢g(z):=Y_ W(Q(O—0,))T(Q(r—1)).

q= q:l

Clearly, we can write ¢, (z)=1((z—1z,)/e%), where z,=¢", and all derivatives of 1 are
uniformly bounded. We now divide the set {1,...,Q} into the two sets

QY ={1<¢<Q:[;NA,,#0} and Q' ={1<¢<Q:[;NA, =0}

It is clear that the cardinality of Q¥ is bounded by Cs/e® for some constant C. We

write
ufﬂ:ug’g—kue’b:: E uz—&—g UZ’

qeQY qeQP
where ug satisfies
—V-(A(;)VuZ)(x):O, r e,
¢ (3.3)
£ (z) = z o9
)= (oo 2) -0, o
The boundary data for ug is localized in a small arc around .
For u#?, we use [5] and the bound on the cardinality of Q° to get
[u=?]l L2 () < [[u™? || L2 a0y < O3 /2. (3.4)

It remains to handle u*7, that is ug for g€ QY. First, for such ¢, we pick some n,

with —nqefq. Then, we give the following ansatz:

€,app _ Z k(l—a)+l, k1L T—Zq
Uq PP — €( ) Uq (E,ET,JT . (35)
k>0
k(1—a)+I< Ko

For each k and [, the boundary layer corrector v* will be a function of (y,Y,z), with

k,
q
compact support in Y, and decaying fast to zero as y tends to infinity along n,. The
constant Ky will be fixed in due course. Actually, to be more precise, the boundary
profile vg’l also depends on ¢ through the boundary condition (see for instance that the

boundary data is taken at the hyperplane y-n,=—1/¢ in (3.6)). However, the bounds
k,l
P
Let us detail the construction of the first correctors, that is for k4+[<1. The higher-

order terms are handled similarly. Remember that

will be uniform in € and we chose not to keep an ¢ in the notation v

o (z) i=ve(n(x))po(z) ae.
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We take vg,o to satisfy

1
—Vy A(y)Vyvg(y, Y, z) =0, gy > -, o
3.6

W0y, V,) = (ol )~ v lng) o (@)E(Y), yrmg=—=.

Of course, the idea is that v0"°(x /e, x/e®, ) should cancel the trace of uf at the boundary.
This is still not exactly so: First, to be able to construct the corrector, we replace the
circle |ey|=|z|=1 by the flat line y-ny,=—1/¢ (recall that n, points inward). Second,
we replace v, (n(z)) by v.(ng). However, we will show in the next subsection that these
approximations result in small errors, and do not affect the homogenization.

Note that vg,o has separate variables, in the sense that it reads

v (y, Y, ) = wy (y)po (2)(Y), (3.7)

where w)?€ My (R) satisfies (2.4) with n=n,, a=—1/¢ and boundary data vo—v.(n,).
By definition of v,, it tends to zero as y tends to infinity along n,.

The v;’o term is chosen as a solution of (we drop the lower script ¢ for easier reading)

—Vy - A(y)V, 010y, Y, 2) =V, A(y) Vy v (y, Y, 2) + Vy - A(y) V, 0" 0 (y, Y, 2),

1

y'nq > _gv

1

o0y, Y, x) = vl (Y, 2), yng=—2,
(3.8)

for some good boundary data Uéf(Y, z) (independent of ). Roughly, this corrector takes
care of the source terms of amplitude O(e~*~1) generated by v°, while the boundary
data vll);? ensures that it decays at infinity. As before, we can factorize these fields,
through

d d
vy, V) =Y wi (1) eo(2)dup(Y) and vl (Viz)= Y wpy o 00(z)0ub(Y),
a’'=1 a’'=1
where w'? solves

a/
! ’ 1
1,0
—Vy Ay)Vywy =V, - (AP () 0)+ Awp (y) Vo, w0, yong>—=,
1,0 1,0
Wy (y)= Whd,a’s Yng=—--

Note that, up to considering a lift of the boundary data, this system is of type (2.42).

Notice also that the source term decays fast as y-n, tends to infinity. As we have already
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discussed, for any constant boundary data wé;ﬁa,, this problem admits a solution that
converges to a constant field as y-n, tends to infinity. We choose precisely wé;ﬁa/ so that
this constant at infinity is zero. Of course, this gives rise to another error term, to be
controlled in the next subsection.

The construction of v%! follows the same lines. Thus, v! satisfies

1
—V, - Aly)Vy 0?1 (y, Y, 2) =V, - A(y) V0" 0y, Y, 2)+ V.- A(y) Vo) yong > -

1
O, 0) = (V). vy ==,

(3.10)

so as to cancel the O(e~1) remainder terms due to v%:°. Again, one can separate variables:

d
My, Vo) = we (1), po ()1 (V)

a’'=1

h 0,1__ 1,0
where w,, =w_)

(y) solves the classical boundary layer system, with a rapidly decaying
source term. The higher-order profiles are built recursively, following this scheme. They
satisfy the same type of equations, with source terms coming from the lower-order profiles.

More precisely, v¥! solves

~Vy-A(y) Vot (y, Y, z)
=V, - A(y) V0P =y, Y, )+ V- A(y) Vo = (y, Y, )
+V, A(y)Vy " =Ly, Y, 2) +Vy - A(y) V, o (y, Y, )
+Vy - A(y) Vy o 2y, Y, 2) + V.- A(y) Vo' 72 (y, Y, o)

1
+vx 'A(Z/)VYkal’lfl(y, Y7 x)""vY'A(y)vzvkiLlil(ya Yra (E), Yng > _gv

1
vk’l(y,}/}x):vs(’;(y}x)’ y'nq:_g.

(3.11)
Note that the bounds on v*! and v’gél for k+1>1 depend on s. More precisely, at

each step of the construction, a little more than a power 3?2 is lost: uniformly in ¢€Q9Y,

Cskol,s

s k,l
vV v (24 0) (k1)

y, Y,z

k.l
| +[IVY 2vpyl

Lo < for all § >0, k, | and s. (3.12)

These inequalities are a simple consequence of Propositions 2.4, 2.6 and 2.8. For
k+1=0, it follows straightforwardly from Proposition 2.4. For k+I=1, we notice that
vl (y, @, Y)—U’;’dl(x, Y') satisfies the equations in (2.42), with a zero boundary data and

a source term f*! that depends on v%°. More precisely, this system is derived from an
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enlarged system of type (2.40) with a source term F*! depending on V%C. From the

estimates of Propositions 2.4 and 2.6, we obtain

|8g(jfk7l(y)| <Cq uniformly in v,

10507 F*(0,1)] < Crnya ¢~ (5141 —a)) ™™

<
<Cmap( P (1+t—a))™™  uniformly in 6,

2 &y

for any given >0, as soon as md>1. Then, Proposition 2.8 with y=0 and v=1+4¢
yields the good L bounds on v*!, for k+1=1, as well as good decay estimates for
VEL(@,t,Y,x). Applying recursively Proposition 2.8, one obtains (3.12) for all k& and .

Notice that at each step, we lose a factor %19,

3.3. Last error estimates and conclusion

To conclude the homogenization proof, we still need (i) to estimate in L? the approximate
boundary layer
uS9aPP — Z uz,app’
qeQ9

where u$?PP has the expansion (3.5), and (ii) to compare it in L? to

eg . e
U '—E Ugs

qeQ9

where ug satisfies (3.3).
(i) Note that, for all ¢, the support of u$>*PP has size O(¢®) along the boundary and

O(1) transversally to the boundary. Moreover, when [¢—¢'|>2, the supports of ug*PP

€,app

and u ;" are disjoint. From this, we infer that

lu™92PP |00y <2 ) [lug ™| 72q)
qeQY
and

C€a/2 Z slc(lfa)Jrl”v(llc,l”Loo(Q).

k411
k(1—a)+I< K

lug Pl 2@ < H”g’o(é’ ca” )‘

L2(Q)

Combining this last inequality with (3.12), we get
U070<; - )‘ S
q el g’

/2 Z L
L2() +C(ko, d)e 2(24+0) (k+1)
ki1

k(1—a)+I< Ko

HUZ’appHLz(Q) < ‘
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By construction, 11270 tends fast to zero as t=y-n,—00. Using the notation of (3.7),

.. 2 1
0,0 a+l 0,0,/

090 (=, — . <Ce*" su w,’ t——

H a (5 g’ )‘L"’(Q) y/p./R+ a <y, 5)

where the last inequality follows from Proposition 2.6. By summing over ¢, we get

€a+l

2
dat<C

w3’

el—a 51/2 -«

. £
([P ]| L2 () < C(ko, 0) <%2+6 + %3/2> < C'(ko,0) 210

as soon as a>% and ¢ is small enough, a condition that will be satisfied eventually.
(ii) The difference e®=u®9 —u92PP golves

_v-(A(é)Ves)(x):TE(x)v z€l, (3.13)
ef(z) = ¢°(x), rEo.

We now comment on the errors r¢ and ¢°.

The source term 7° comes from the fact that ug*PP does not exactly satisfy the
first equation of (3.3). Indeed, the expansion (1.7) has been cut at k(1—a)+I=Kj.
Crudely, we get ||r¢||z2=0(c%0=2). Furthermore, estimate (3.12) allows us to specify

the dependence with respect to . Introducing ko such that Ko=ko(1—a), we get

Elfoc

ko
1
||T€HL2(Q) gC((S, KO) (J{2+6> ? for all 5>0 (314)

For this inequality, we use that e'~/3?*9<1, a condition that will be ensured by our
choice of parameters.

The boundary term ¢° comes from several approximations:

(1) In the boundary data for v)?, we have written v.(n,) instead of v.(n(x)). In

other words, we have replaced ug by the solution ug of

—V(A(é)va;)(x)zo, reqQ,
g (z) = (gp (m, g) — U4 (nq)gpo(ac))(bq(x), x € 0N0.

Note that the boundary data for both ug and ug are non-zero only for ¢ in a vicinity of

1,. Due to the Lipschitz character of v,, cf. Corollary 2.9, we deduce that
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(2) To be able to solve the boundary layer systems for v(’;’l, q€QY, we have consid-
ered the flat line y-n,=—1/¢, instead of the original circle |y|=1/e. Moreover, to force
the decay to zero, we have added the inhomogeneous Dirichlet data vi;”{) @ B+1=1. All of
this results in non-zero boundary terms at the circle. Note that the gth term is supported
in an O(g“)-neighborhood of z,, which is at distance at most O(£2%) from the flat line.

Its amplitude is therefore bounded by

_ k,l — -
D D D A A O] P

ki1 E(1—a)+I< Ko
k(1—a)+I< Ko
k(1—a)+l k(l—a)+1
€ 2a—1 €
<O<5,Ko)< > e e > ,{(2+6)(1«+z>>
k+1>1 k(1—a)+I<Ko
E(1—a)+I<Ko

51—04
< C(6, Kop) <%2+5 —|—62°‘_1)

for all §>0. For the last inequality, we use that e!~?/3%<1, a condition that will be
ensured by our choice of parameters.
Gathering these bounds, we end up with

81704

(5 2a—1
||¢ ||L2(BQ) gC(é, KO)(%2+5 +e > for all 6 > 0. (315)

Using estimates (3.14) and (3.15), and applying Theorem 3 of Avellaneda and Lin [5],

we end up with

-« 11—«

ko
e € a— 9 1
||€ ||L2(Q) §0(5, Ko) (}f2+6+€2 1+<}f2+6> 52> for all 6 > 0. (316)
Eventually, we have the inequalities

0 1/2 £ 2
Hufeg u ||L2(Q)<C<z +Q1/2%2+%2)7
(3.17)

-

1—a \ko
€ o 5 1
Il < O 24000 K S+ () 7

€2
for arbitrary 6 >0 and KoeN. To obtain the appropriate rate of convergence, it remains
to optimize these inequalities with respect to the parameters s, o and p.

First, for any given values of € and s, the right-hand side of the upper inequality is

minimized when /0'/25>~ /%> This yields o~c?/3. With this choice we have

I 12 £2/3  gl-a 1 gl—a kol
[|u®—u’||p2 < C(6, Ko)| 2 +7+%2+6+5 + ) =)
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Note that the right-hand side must vanish when £—0, which implies that 2a—1>0. In
turn, this implies that the second term in the sum can be neglected compared to the third

one. Now, for any given value of ¢, the quantity s'/2 +e17%/ 3¢ +£22~1 is minimized when

2/11

all three terms are of the same size. This yields a=23, and sx~e¢

11°
With this scaling, we get

Hugiu(]”L? < 0(57 Ko)(€(1725)/11+€k0(1726)/1172)
for all 6 and K. Then, for any d& (0, %), we take K large enough so that
5 (ko—1)(1-26) > 2.

Hence,
s~ < C(6) /112,

which concludes the proof.

4. Extension to the general setting

We still need to explain how to extend our result to more general 2, and to the case
where ¢ is not factored. We shall follow the analysis and notation of §3, and point out

the arguments that need to be modified.

4.1. Uniformly convex domains

We assume that € is a smooth bounded open subset of R?, which is uniformly convex.

We denote by m the measure on 9€2. By our assumptions, the mapping

n: 90 — S4L,

x+—rn(x),
is a diffeomorphism. This implies that for all >0 the set
B, :={xcd:n(x)e A,}

satisfies
m(BS) < CrdL. (4.1)

In particular, the set | J B,. has full measure in 0€). For x in this set, we can define

x>0

s (1) 3= va(n(2)) 0 (2),
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which belongs to L*°(99). As in §3, we then introduce u5,, uo and uf;. In order to

prove Theorem 1.1, we need to control (i) [[uf,, —u°l|L2(q) and (ii) ||luf||L2(50)-

(i) The analysis carried out for the disk still works for our domains 2, replacing A,
by B,.. The only change is the %! in the measure estimate (4.1). Therefore, we end

up with

— 9 Y
[ufeg =10l 22(02) gC(z(d 1>/2+Ql/2%2+%2>. (4.2)

(ii) The analysis is again almost unchanged. Let a>0. As 02 is diffeomorphic to
the sphere S¢~1, it is easy to build a partition of unity {¢,}4ecq in a vicinity of 9Q, with
cardinality O(e =), such that ¢,|aq is supported in a set of measure O(e(?~1*). One

can again distinguish between a bad set of indices Q® and a good set QY, and split up,

accordingly. All estimates remain the same, except for (3.4), in which the /2 term is
replaced by »(?=1/2 because of (4.1). Eventually, one obtains
1)/ gl—a - gl—a ko 1
ol < O 0 k) (S e (S ) ) 69

Putting together (4.2) and (4.3), and optimizing, yields the theorem.

4.2. General boundary data

So far, we have considered factored data, meaning that

o(z,y) =v(y)po(z)

for some smooth periodic v€ My (R) and some smooth ¢y €RY. We have established in
such a case that i1
[u = p2(0) < Ca,pe®  for all a < ﬁ
Actually, the constant Cy , can be further specified. Indeed, since the problem is linear
in ¢ and since we only used a finite number of derivatives on the data, we get the bound
0 = 2() < Call@llirorezne” forall a< ot (4.4
3d+5

for some large enough s. More precisely, s=s(«) depends on (d—1)(3d+5)—a.

This refined estimate (4.4) allows us to go from factored to non-factored data. In-

deed, let p=¢p(x,y)€C>® (00 xT?). By expanding ¢ as a Fourier sum, we can write

pla,y) =Y Fay) = " gf(a).

kezd kezd
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For each k€Z?, the data ¢F is factored, so that we can apply the analysis of §3. In
particular, we can define a homogenized boundary data ¢¥. We can then consider the
solution u** of (1.1)-(1.2) with boundary data (¥, resp. the solution u%* of (1.15) with
boundary data ¢¥. By estimate (4.4),

d—1
||U6’k—u0’k||L2(Q) < Oa”gﬁkHHs(QXTd)&a for all a < m,

for large enough s (independent of k). As ¢ is smooth and periodic with respect to y, the
kth Fourier coefficient ok decays in H*(9€) faster than any negative power of k. This
leads to

H‘PkHHs(anTd) <Con|k|™N  for all k and n.

Combining the last two bounds yields the convergence of u*=}", ;. u® * to the solution
u0=3" cza u® of (1.15) with boundary data .=,z ¥

5. Next order approximation

As a byproduct of our main Theorem 1.1, we can tackle another related homogenization
problem. Namely, we can build high-order expansions for the non-oscillating Dirichlet

problem

-V (A(E)Vu) (x)=0, z€Q,
u(x) =p(z), x € 09,

where ¢ depends only on z. We have already mentioned this problem in the introduction:

(5.1)

one has

u?(2) = (@) +ex (2 ) Vi (@) +eu (2)+1° (@),
where 7°=0(¢) in H'(Q), and 7*=0(e?) in L*(Q). The fields u® and x are defined
through (1.4) and (1.5), whereas the boundary layer corrector ull)’lE satisfies (1.10). This

is a special case of system (1.1)—(1.2), where the boundary data ¢ is factored into

o(x,y) == —x(y)Vu'(z).

We may associate with ¢ the homogenized boundary data ¢. and, by Theorem 1.1, we
get
d—1
”“éig_m\m(a) =0(e") forall a< S

where @ is the solution of (1.15). If we set

u' (z,y) = x(y) Vu' (z) +a(),

we obtain the following result.
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THEOREM 5.1. The solution u® of (5.1) admits the asymptotic expansion

z _
uf =u'+eu! (3377>+O el in L2(Q or all a < ———.
+ € ( ) @) f 3d+5

Thus, we improve the first estimate in (1.9). From this improved L? estimate, one

can have some improved H! estimate in any relatively compact subset w&2. Namely,

one can introduce the family of 1-periodic matrices

TQB:Taﬁ(y)eMn(R>7 04,5:1,...,61,

satisfying
-V, AV, T = Baﬂ—/ B*?dy and / T dy =0, (5.2)
[0,1]¢ [0,1]¢
where 08 5
BB = Ao gerIX T (prey By
0yy Oy,
Then, one can define
2 Jé] 82U0 6
=T ——— — Y0, 4. 5.3
u”(z,y) Gradn, X Dal (5.3)
Proceeding exactly as in [3], one is led to the asymptotic expansion
u (z) = u’(z)+eu' (x f) +e2u? (w f) +0(") in H'(w) for all a< E
e e 3d+5

Appendix A. Green function estimates

This appendix is devoted to the proof of Lemma 2.5. The proof follows closely the
analysis performed by Avellaneda and Lin in [5]. In that paper, they consider elliptic
systems of size n>1, of the type

{ -V (A(g)VUE)(CC) =V-f(x), ze€q,

Al
(@) = g(), redn, (A1)

set in a C1 bounded domain Q of R%, for some 0<a<1 and d>1. The function
A= (A5 ()1<ap<di<ijn

shares the same assumptions as ours: it is elliptic and periodic, cf. conditions (i) and (ii)
in our introduction, and has C%7 regularity for some 0<y<1. The article [5] yields local
and global estimates on these systems, uniformly in . Notably, it provides some local
Holder and Lipschitz estimates, which are crucial to prove Lemma 2.5. First, we recall

the local interior estimates. Then we state the following result, where we let

B(0,7):={yeR: |y| <r}.
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THEOREM A.1. (Interior estimates; cf. [5, Lemmas 9 (p.812) and 16 (p.827)])
(i) Let >0 and 6>0. Let u® be a smooth function over B(0,1), satisfying

—V-A(é)VUE —V-f in B(0,1).

Then, there is a constant C depending only on d, n, 8, on the C%7 norm of A, and on
the ellipticity constant X, such that
[ul|con(Bo,1/2)) < CUu || L2(B(0,1)) T fll L+ (B(0,1)))
with p=1-—d/(d+9).
(ii) Moreover, there is a constant C depending only on d, n, &, v, on the C%7 norm
of A, and on the ellipticity constant X\, such that
Vu]| Lo (B(0,1/2)) < C([|u | oo (B(0,1)) H I fl Lnts(B0,1)))
with p=1—d/(d+94).

We then recall the local boundary estimates. More precisely, let ¢: R4~! =R be some
Ch function satisfying ¢(0)=|V¢(0)|=0. Let (z1,...,2)) be some orthonormal coordi-
nate system in R? (in general different from the canonical coordinate system (z, ..., 4)).

Letting
D(0,7):={x € B(0,r) eR¥: 2/, > p(z}, ...,z 1)},
10,7):={zxeB(0,r)eR: 2!, =p(x,....,x}_1)},
we can state the following result.

THEOREM A.2. (Boundary estimates; cf. [5, Lemmas 12 (p.817) and 20 (p. 835)])

(i) Let £>0 and 0>0. Let u® be a smooth function over D(0,1) satisfying
—V-A(é)VuE =V-f in D(0,1) and u*=g inI'(0,1).

Then, there is a constant C depending only on d, n, v, o, 6, on the C% norm of A,

the C* norm of ¢, and on the ellipticity constant X\, such that

[u®llcon(p(0,1/2)) < O |l L2(p(0,1)) Tllgllcor o))+ fl Lrts (D(0,1)))s

where p=1—d/(d+3).

(ii) One has furthermore, for any v>0,

VU] Lo (D(0,1/2)) < C ([ || Lo (D0,1)) Fllgllcrr (r0,0)) F 1 f I Lrte (p0,1)))

where the constant C' depends only on v and on the parameters mentioned above.
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We will deduce the estimates of Lemma 2.5 from Theorems A.1 and A.2. To do
so, we will mimic the work of Avellaneda and Lin [5], who derive similar estimates for
the Green matrix G and the Poisson kernel P¢ of the operator —V-A(-/e)V in Q: see
[5, pp. 819-821 and pp. 838-840].

Let G=G(y,7) be the Green matrix defined in (2.11). We first prove (2.15).

Let y#7€Q,. Let r:=|y—g| and feC:®(B(y, 17)). The solution u of

{—Vy@MJVwM@:f@m req, "
u(x) =0, x € 0Q,, '
satisfies

UM=1;ﬂ%@ﬂ@M=Aﬂm~mGw@ﬂd®- (A3)

As already mentioned in §2.2, this formula follows from property (c) of the Green matrix,
which extends to any f€C°(€,) by a simple approximation argument. Since f vanishes

on B(y, %r), u solves the system

{ —V-(A(-)Vu)(z)=0, z€Q,NB(y,ir),
u(z) =0, xe@QaﬂB(y, %r)

From a rescaled version of the Holder bounds in Theorem A.1 (i) and in Theorem A.2 (i),

1/2
wi<e(f o ra)
Q.NB(y,r/3)

1
gdz::—/gdz.
]{4 Al Ja

We combine this last inequality with (A.3) and the Sobolev embedding theorem, to

deduce that
1/2
<C (][ |ul|? dz)
aNB(y,r/3)

/ Gy, 2)f(2) dz
QaﬂB(g,r/S)
(d—2)/2d
< C(][ |u|?4/(4=2) dz)
Q.NB(y,r/3)

c P (d—2)/2d
< 2d/(d—2) d
e T

a

cr 1/2
<—— Vul?d
rd/2—1 (/Qa [Vl Z)

it easily follows that

where
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We stress that the last inequality comes from a simple energy estimate on system (A.2)

and from the Sobolev embedding theorem:

/|Vu|2dz<‘/ fudz
Qa Qq

We end up with

C ) 1/2
f 6.2 < i ( f 112z
B(§,m/3)NQq r B(ij,7/3)NQa
and, as f is arbitrary, we get

1/2 C
G(y,z>|2dz) <
(][B(gj,r/B)ﬂQa rd=2

Finally, using that G(y, )T =G!(-,y) satisfies

< fll2ar@ (B(g,r /3000 1l L2ar(a-2)(q,)

<Cr|[fll2B@,r/3)nan VUl L2 ,)-

—V-AT()VG(-,y)=0 in B(ﬂ, %r)ﬂQa and G'(-,y)=0 in B(gj,%r)ﬂ@ﬂa,

we can again rely on the rescaled versions of the Hélder bounds in Theorem A.1 (i) and
in Theorem A.2 (i). We conclude that

1/2 1"
|G<y,g>|<c’(][ G(y,z>|2dz) <&
B(§,r/3)NQ, r

which is exactly (2.15).
As regards (2.16), it can be deduced from (2.15), along the exact lines of [5, p. 821].
The idea is to introduce the elliptic operator

32

defined for y in Q,CR? and #€T. As L is 3-dimensional, the Green function associated
with L, say G (y,0,7, é) can be applied the reasoning above (with minor modifications to
go from a domain in R? to a domain in R?x T). This yields

- _ C
G(y,0,7,0)| < _ .
0901 G g =)

One can then notice that, by separation of variables,

1
Gy, ) = / Gi(y,0,§,0) d,
0
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and so

1
_ C -
|G(y,y)|</0 ( d9<0/(|10g|x—y|’+1)_

We refer to [5, p.821] for more details.
We now turn to the other estimates of Lemma 2.5, following [5, pp. 838-840]. The
first step towards (2.17) and (2.18) is to prove that

Cé(y)

) A5
ly—g[?—* (4.5)

IG(y,9)| <

Let us start with the case d>3. If §(7) > 1|y—7|, it follows from (2.15). If §(§)<%|y—7l,
we introduce €09, such that §(7)=|j—%|. Then, G(y, )T =G*(-,y) satisfies

—V-AT()VG'(-,y)=0 in B(y, 2r)NQ. and  G'(-,y)=0 in B(7, 2r) N0y,

and so, using a rescaled version of Lipschitz estimate (ii) in Theorem A.2, we get

i X Co(y
Gy, DI <SDIVE(Y, L= (Bgr/300.) < T(y)

C'o) _ C"3(3)
y‘d—Q = ,r.d—l

1G(y, ')||L°°(B(g,2r/3)ﬂﬂa)

< sup ;
v eB(g.2r/3n0, 77—

for all zEB(gj, %7’) NQ,, which yields (A.5) in the case d>3. As regards the case d=2, it
follows again from the 3-dimensional case, through the operator £ in (A.4). We refer to
[5, pp. 839-840] for more details.

Note that (A.5) implies trivially (2.17) when 6(y)>1|y—g|. When §(y)<3i|y—7l,
we obtain (2.17) from (A.5) in the same way as we obtained (A.5) from (2.15), using the
fact that G(-,7) is a solution. By (2.14), the same inequality as (2.17) holds replacing
G! by G. From there, if we divide by §() and let §(§) tend to zero, we obtain (2.18).

Thus, it only remains to establish the gradient estimates on the Green matrix and
Poisson kernel. To this end, we return to estimate (2.17). We set r:=min{d(y), |[y—9|},
and notice that G(-,7) satisfies the equation V-A(-)VG(-,7)=0 in B(y, 7). Applying

a proper rescaling of the interior estimate in Theorem A.1 (ii), we get

- C .
IVyGly,)l<—  sup |G, 9)l. (A.6)
Ty —yl<r/2
To prove (2.19), we distinguish between two cases. If r=4§(y), we use (A.5) (more precisely
its symmetric version, obtained by considering G* instead of ). Inserting this into
inequality (A.6) yields
C C'é(y') lold

IVy,G(y, 9)| < ——  sup - .
Y S 0(Y) yr—yl<re [y =Gl T Jy—glit
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If r=|y—gl|, we use (2.15) in (A.6). Thus, for d>3, we obtain

C C/ C//
—_ sup —— < ——.
=0l 1y —yi<r/2 [y =012 7 ly—g]9~"

IVyG(y,9)| <

Finally, the same inequality is shown to be true when d=2, using as before the operator
Lin (A4).

It remains to prove (2.20) and (2.21). We use again (A.6), but this time together
with (2.17). We deduce that

~ o CTALIOY " 505 (i
IVyG(y,9)| < —  sup (?{)75%) < 7L~(?{l).
Ty —yl<r/2 1Y =] r o |y—g

This last inequality clearly implies (2.20). Of course, by considering A7 instead of A,
one can obtain the same inequality as (2.20) with G* instead of G. From there, one may
divide by §(7) and let 6(g) tend to zero, to obtain (2.21). This concludes the proof of
Lemma 2.5.
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