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1. Introduction

Let S be a smooth hypersurface in R™ and let p€C§°(S) be a smooth non-negative
function with compact support. Consider the associated averaging operators A;, t>0,

given by
Af ()= /S Fa—ty)oly) do(y),

where do denotes the surface measure on S. The associated maximal operator is given
by

>0

We remark that by testing M on the characteristic function of the unit ball in R"”,
it is easy to see that a necessary condition for M to be bounded on LP(R™) is that
p>n/(n—1), provided the transversality assumption 1.1 below is satisfied.
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In 1976, E. M. Stein [38] proved that conversely, if S is the Euclidean unit sphere
in R", n>3, then the corresponding spherical maximal operator is bounded on L?(R™)
for every p>n/(n—1). The analogous result in dimension n=2 was later proved by
J. Bourgain [4]. These results became the starting point for intensive studies of various
classes of maximal operators associated with subvarieties. Stein’s monograph [39] is an
excellent reference to many of these developments. From these early works, the influence
of geometric properties of S on the validity of LP-estimates of the maximal operator M
became evident. For instance, A. Greenleaf [16] proved that M is bounded on LP(R™)
if n>3 and p>n/(n—1), provided S has everywhere non-vanishing Gaussian curvature
and in addition S is starshaped with respect to the origin.

In contrast, the case where the Gaussian curvature vanishes at some points is still
wide open, with the exception of the 2-dimensional case n=2, i.e., the case of finite-type
curves in R? studied by A. Iosevich in [21]. As a partial result in higher dimensions,
C. D. Sogge and E. M. Stein showed in [37] that if the Gaussian curvature of S does not
vanish to infinite order at any point of S, then M is bounded on L? in a certain range
p>p(S). However, the exponent p(S) given in that article is in general far from being
optimal, and in dimensions n>3, sharp results are known only for particular classes of
hypersurfaces.

The perhaps best understood class in higher dimensions is the class of convex hyper-
surfaces of finite line type (see in particular the early work in this setting by M. Cowling
and G. Mauceri in [8], [9], the work by A. Nagel, A. Seeger and S. Wainger in [30], and
the articles [22], [23] by A. Iosevich and E. Sawyer and [24] by Tosevich, Sawyer and
Seeger). In [30], sharp results were for instance obtained for convex hypersurfaces which
are given as the graph of a mixed homogeneous convex function ¢. Further results were
based on a result due to H. Schulz [34] (see also [42]), which states that, possibly after a
rotation of coordinates, any smooth convex function ¢ of finite line type can be written
in the form ¢=0Q+ ¢,., where @ is a convex mixed homogeneous polynomial that vanishes
only at the origin, and ¢, is a remainder term consisting of terms of higher homogeneous
degree than the polynomial Q. By means of this result, Iosevich and Sawyer proved in
[23] sharp LP-estimates for the maximal operator M for p>2. For further results in the
case p<2, see also [39].

As is well-known since the early work of E. M. Stein on the spherical maximal
operator, the estimates of the maximal operator M on Lebesgue spaces are intimately

connected with the decay rate of the Fourier transform
0do(€)= [ e oa)doe). e, (12)
s

of the surface carried measure pdo, i.e., to estimates of oscillatory integrals. These in
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turn are closely related to geometric properties of the surface S, and have been considered
by numerous authors ever since the early work by B. Riemann on this subject (see [39]
for further information). Also the aforementioned results for convex hypersurfaces of
finite line type are based on such estimates. Indeed, sharp estimates for the Fourier
transform of surface carried measures on S have been obtained by J. Bruna, A. Nagel
and S. Wainger in [5], improving on previous results by B. Randol [33] and I. Svensson
[40]. They introduced a family of non-isotropic balls on S, called “caps”, by setting

B(z,6):={y e S:dist(y,z+T,5) <o}, I>0.

Here TS denotes the tangent space to S at x€S. Suppose that ¢ is normal to S at the

point 0. Then it was shown that
loda(§)| < C|B(a [¢]71)],

where | B(2°, §)| denotes the surface area of B(x°, §). These estimate became fundamental
also in the subsequent work on associated maximal operators.

However, such estimates fail to be true for non-convex hypersurfaces, which we shall
be dealing with in this article, too. More precisely, we shall consider general smooth
hypersurfaces in R3.

Assume that SCR? is such a hypersurface, and let 2°€S be a fixed point in S.
We can then find a Euclidean motion of R3, so that in the new coordinates given by
this motion, we can assume that 2°=(0,0,1) and T,o={(x1, 72, 73):23=0}. Then, in a
neighborhood U of the origin, the hypersurface S is given by the graph

UNS={(x1,z2, 14+ ¢(x1,22)) : (x1,22) €Q}

of a smooth function 14 ¢ defined on an open neighborhood Q of 0€R? and satisfying
the conditions
#(0,0)=0 and V¢(0,0)=0. (1.3)

With ¢ we can then associate the so-called height h(¢) in the sense of Varchenko [41]
defined in terms of the Newton polyhedra of ¢ when represented in smooth coordinate
systems near the origin (see §2 for details). An important property of this height is that
it is invariant under local smooth changes of coordinates fixing the origin. We then define
the height of S at the point z° by h(z°, S):=h(¢). This notion can easily be seen to be
invariant under affine linear changes of coordinates in the ambient space R3 (cf. §12)
because of the invariance property of h(¢) under local coordinate changes.

Now observe that unlike linear transformations, translations do not commute with
dilations, which is why FEuclidean motions are not admissible coordinate changes for the
study of the maximal operators M. We shall therefore study M under the following

transversality assumption on S.
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Assumption 1.1. For every z€S, the affine tangent plane z+7,S to S through z
does not pass through the origin in R3. Equivalently, x¢T,S for every €S, so that

0¢S, and z is transversal to S for every point z€S.

Notice that this assumption allows us to find a linear change of coordinates in R? so
that in the new coordinates S can locally be represented as the graph of a function ¢ as
before, and that the norm of M when acting on LP(R3) is invariant under such a linear
change of coordinates.

If ¢ is flat, i.e., if all derivatives of ¢ vanish at the origin, and if o(z°)>0, then
it is well known and easy to see that the maximal operator M is LP-bounded if and
only if p=o0, so that this case is of no interest. Let us therefore assume in the sequel
that ¢ is non-flat, i.e., of finite type. Correspondingly, we shall usually assume, often
without further mentioning, that the hypersurface S is of finite type in the sense that
every tangent plane has finite order of contact.

We can now state the main result of this article.

THEOREM 1.2. Assume that S is a smooth, finite-type hypersurface in R3 satisfying
Assumption 1.1, and let x°€ S be a fized point. Then there exists a neighborhood UCS of
the point x° such that for every non-negative density o€ C§°(U) the associated mazimal
operator M is bounded on LP(R?®) whenever p>max{h(z°,S9),2}.

Notice that even in the case where S is convex this result is stronger than the
previously known results, which always assumed that S is of finite line type.

The following result shows the sharpness of Theorem 1.2.

THEOREM 1.3. Assume that the mazimal operator M is bounded on LP(R®) for
some p>1, where S satisfies Assumption 1.1. Then, for any point 2°€S with o(z°)>0,
we have h(z°,S)<p. Moreover, if S is analytic at such a point z°, then h(x°,S)<p.

From these results, global results can be deduced easily. For instance, if S is a
compact hypersurface, then we define the height h(S) of S by h(S):=sup,cgh(z,S).
Then in fact

h(S) :=max h(z,S) < oo

zeS

(cf. Corollary 1.15), and from Theorems 1.2 and 1.3, we obtain the following result.

COROLLARY 1.4. Assume that S is a smooth, compact hypersurface of finite type
in R? satisfying Assumption 1.1, that 0>0 on S and that p>2.

If S is analytic, then the associated mazimal operator M is bounded on LP(R3) if
and only if p>h(S). If S is only assumed to be smooth, then for p£h(S) we still have
that the mazimal operator M is bounded on LP(R3) if and only if p>h(S).



156 I. A. IKROMOV, M. KEMPE AND D. MULLER

Let H be an affine hyperplane in R3. Following A. Iosevich and E. Sawyer [22], we
consider the distance dy(z):=dist(H,z) from x€S to H. In particular, if 2°€ S, then
dr z0(x):=dist(z°+T,0 S, z) will denote the distance from z€ S to the affine tangent plane
to S at the point 2¥. The following result has been proved in [22] in arbitrary dimensions

n>2 and without requiring Assumption 1.1.

THEOREM 1.5. (Tosevich—Sawyer) If the mazimal operator M is bounded on LP(R™),
where p>1, then

/ dp ()~ YPo(z) do(x) < o0 (1.4)
s
for every affine hyperplane H in R™ which does not pass through the origin.

Moreover, it was conjectured in [22] that for p>2 the condition (1.4) is indeed
necessary and sufficient for the boundedness of the maximal operator M on LP, at least

if for instance S is compact and ¢>0.

Remark 1.6. Notice that condition (1.4) is easily seen to be true for every affine
hyperplane H which is nowhere tangential to .S, so that it is in fact a condition on affine
tangent hyperplanes to S only. Moreover, if Assumption 1.1 is satisfied, then there are
no affine tangent hyperplanes which pass through the origin, so that in this case it is a

condition on all affine tangent hyperplanes.
In §12, we shall prove the following result.

PROPOSITION 1.7. Suppose that S is a smooth hypersurface of finite type in R3, and
let 2°€S be a fived point. Then, for every p<h(z°,S), we have

/ dp 40 (2) P do(z) = 00 (1.5)
snu

for every neighborhood U of x°. Moreover, if S is analytic near z°, then (1.5) holds
true also for p=h(z?,S).

Notice that this result does not require Assumption 1.1. As an immediate conse-
quence of Theorems 1.2 and 1.5, and Proposition 1.7 we obtain the following result.

COROLLARY 1.8. Assume that SCR? is of finite type and satisfies Assumption 1.1,
and let x°€ S be a fized point. Moreover, let p>2.

Then, if S is analytic near x0, there exists a neighborhood U C S of the point x° such
that for any 0€C(U) with o(z")>0 the associated mazimal operator M is bounded on
LP(R3) if and only if condition (1.4) holds for every affine hyperplane H in R3 which
does not pass through the origin.

If S is only assumed to be smooth near x°, then the same conclusion holds true,

with the possible exception of the exponent p=h(z",S).
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This confirms the conjecture by Iosevich and Sawyer in our setting for analytic S,
and for smooth, finite-type S with the possible exception of the exponent p=h(2°,9).

For the critical exponent p=~h(z,S), if S is not analytic near x°

, examples show that
unlike in the analytic case it may happen that M is bounded on L@’+5) (see, e.g., [23]),
and the conjecture remains open for this value of p. For further details, we refer to §12.

As mentioned before, the estimates of the maximal operator M on Lebesgue spaces
are intimately connected with the decay rate of the Fourier transform (1.2) of the surface
carried measure g do. Estimates of such oscillatory integrals will naturally play a central
role also in our proof Theorem 1.2. Indeed our proof of Theorem 1.2 will provide enough
information so that it will also be easy to derive the following uniform estimate for the
Fourier transform of surface carried measures on S from it. Notice that our next few

results do not require that h(z, S)>2.

THEOREM 1.9. Let S be a smooth hypersurface of finite type in R3 and let 20 be a
fized point in S. Then there exists a neighborhood UCS of the point z° such that for
every 0€C(U) the following estimate holds true:

l0do(€)] < Cllollos sy (1+€)) "/ Nog(2+[¢])  for every E€R3. (1.6)

This estimate generalizes Karpushkin’s estimates in [25] from the analytic to the
smooth, finite-type setting, but just for linear perturbations. In various situations, esti-
mate (1.6) holds true even without the factor log(2+|¢]). A complete classification of all
the cases when this is true has been obtained in the subsequent work [20].

For sublevel estimates related to Karpushkin’s results, we refer to the work by Phong,
Stein and Sturm [32], as well as to the recent work by Greenblatt [12]-[15]. We also like to
mention the work by Carbery, Wainger and Wright [6], which contains other applications
of the study of the Newton diagram to harmonic analysis.

It follows from the work of Greenleaf [16] (cf. also [39, Chapter VIII, 5.15 (b)]),
that the uniform estimate (1.6) for the Fourier transform of the surface carried measure
odo immediately implies the following LP(R?)-L?(S) restriction theorem for the Fourier

transform.

COROLLARY 1.10. Let S be a smooth hypersurface of finite type in R® and let 20 be
a fized point in S. Then there exists a neighborhood UCS of the point z° such that for

every non-negative o€ CS°(U) the estimate

1/2
([17Pedo) <Gl 7eSE) (1.7
holds true for every p>1 such that

p' >2h(2", 9)+2. (1.8)
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In case (1.6) holds true without the factor log(2+1¢|), the estimate (1.7) remains valid
also for the endpoint p'=2h(x°, S)+2.

Restriction theorems for the Fourier transform have a long history by now, starting
with the seminal work by E. M. Stein and P. Tomas for the case of the Euclidean sphere
(see, e.g., [39]). Our results improve on work by A. Magyar [27] on analytic hypersurfaces
in R3.

Remarks 1.11. (a) If S is represented near x° as the graph of a function ¢(x1,2),

where o(2°)#0, then it can be easily seen by means of Knapp-type examples that the

restriction estimate (1.7) can hold true only if
p'>2d(¢)+2

(see §12). Here, d(¢) denotes the Newton distance between the Newton diagram associ-
ated with ¢ and the origin.

If the coordinates (z1,x2) are adapted to ¢ (see §2 for the notion of an adapted co-
ordinate system), then we have d(¢)=h(¢)=h(x?, S), so that the result in Corollary 1.10
is sharp, except for the endpoint.

(b) In a subsequent work [20], we have been able to improve the result above by
means of Littlewood-Paley theory and show that the restriction estimate (1.7) holds true
also at the endpoint p'=2h(2°, S)+2. Moreover, in the case where the coordinates are
not adapted to ¢, it has turned out that the restriction theorem can be improved to a

wider range of values for p.

The next result establishes a direct link between the decay rate of Q/CEJ'(f) and
Tosevich—Sawyer’s condition (1.4). It is an almost immediate consequence of some dis-
cussion on p.539 in the work of Phong, Stein and Sturm [32]. In combination with
Proposition 1.7, it shows in particular that the exponent —1/h(z°, S) in estimate (1.6) is
sharp (for the case of analytic hypersurfaces this follows also from Varchenko’s asymptotic

expansions of oscillatory integrals in [41]).

THEOREM 1.12. Let S be a smooth hypersurface in R™, let o€ C5°(S) be a smooth,

non-negative cut-off function, and assume that
l0do(©)] < Cp(L+[)™" for every EER™, (1.9)
for some 3>0. Then, for every p>1 such that p>1/0,
/SdH(x)_l/pg(x) do(x) < oo (1.10)

for every affine hyperplane H in R™.
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Observe that if p>0 at some flat point 2° of S, then the integral in (1.10) is infinite.
Thus, the assumptions in Theorem 1.12 imply that necessarily S is of finite type near
such a point.

In combination with Proposition 1.7 this result easily implies (see §12) the following

consequence.

COROLLARY 1.13. Suppose that S is a smooth hypersurface in R3, let z°€S be a
fized point and assume that the estimate (1.9) holds true for some 3>0. If o(x°)>0,

and if o is supported in a sufficiently small neighborhood of z°, then necessarily

1
TSR
Indeed, more is true. Let us introduce the following quantities. In analogy with
V. L. Arnold’s notion of the “singularity index” [2], we define the uniform oscillation
index 3,(x°, ) of the hypersurface SCR™ at the point 2°€S as follows:
Let B, (20, 9) denote the set of all 30 for which there exists an open neighborhood
Ups of 2° in S such that estimate (1.9) holds true for every function o€ C§°(Ug). Then

Bu(2°,8) :=sup{B: BB, (z°,9)}.

If we restrict our attention to the normal direction to S at z° only, then we can define
analogously the notion of oscillation index of the hypersurface S at the point z°€S.
More precisely, if n(2°) is a unit normal to S at 2%, then we let B(2°,9) denote the
set of all 30 for which there exists an open neighborhood Us of z° in S such that the
estimate (1.9) holds true along the line Rn(z?) for every function o€ C§°(Up), i.e.,

lodo(An(2°))| < Cs(1+|A))™?  for every A€R. (1.11)

Then
B(2°, S):=sup{f:p€ %(mo, S)}.

If we regard S locally as the graph of a function ¢, then we can introduce related notions
Bu(¢) and B() for ¢, regarded as the phase function of an oscillatory integral (cf. [19],
and also §12).

We also define the uniform contact index ~,(z°,S) of the hypersurface S at the
point z°€S as follows: Let €, (2°,S) denote the set of all v>0 for which there exists an
open neighborhood U., of z¥ in S such that the estimate

/ dy(z) 7V do(r) < oo (1.12)
U

~
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holds true for every affine hyperplane H in R™. Then we put
a0, ) i=supfy 7 € €, (a2, 9)}.

Similarly, we let €(z°, S) denote the set of all 4>0 for which there exists an open neigh-
borhood U, of ¥ in S such that

/ dr g0 (x)77 do(z) < oo, (1.13)
U’Y

and call
(%, 8) :=sup{y:ye€(z’,5)}

the contact index v(x°,S) of the hypersurface S at the point 2°€S. Then clearly
Bu(2°,8) < B(2°,S) and 7, (2", 9) <v(2?, ). (1.14)

At least for hypersurfaces in R?, a lot more is true.

THEOREM 1.14. Let S be a smooth, finite-type hypersurface in R, and let z°€ S be
a fized point. Then
1
0 ¢\_ 37,0 Q\_ 0 oy n(0 @) —
Bu(a”, 8)=p(a",5) =", 5) =~(z aS)*m-

Note that for analytic hypersurfaces the estimate v(z%, S)>1/h(2°, S) is also a con-
sequence of Theorem 4 in the article [32] by Phong, Stein and Sturm. Partial results on
the value of v(z°,9) can be found in Greenblatt’s articles [12] and [14]. These articles
approach these estimates in a different way by means of sublevel estimates.

As an immediate consequence of Theorem 1.14, we obtain the following result.

COROLLARY 1.15. Let S be a smooth, finite-type hypersurface in R3, and let 2°€ S
be a fived point. Then there exists a neighborhood UCS of x° such that h(z,S)<h(z,S)
for every xeU.

This shows in particular that if ®(z, s)=¢(z1, 2)+s121 + S22 is a smooth deforma-
tion by linear terms of a smooth, finite-type function ¢ defined near the origin in R? and
satisfying (1.3), then the height of ®(-, s) at any critical point of the function x+ ®(z, s)
is bounded by the height at h(®(-,0))=h(¢) for sufficiently small perturbation param-
eters s; and so. This proves a conjecture by V. I. Arnold [2] in the smooth setting at
least for linear perturbations. For analytic functions ¢ of two variables, such a result has
been proved for arbitrary analytic deformations by V. N. Karpushkin [25].
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Let us recall at this point a result by A. Greenleaf. In [16] he proved that if
0do(€)=0(|¢]7"), as [¢] = oo,

and if 3 >%, then the maximal operator is bounded on LP whenever p>1+1/23. The
case ﬁg% remained open.

E. M. Stein, for ﬂ:%, and later A. Tosevich and E. Sawyer [23], for the full range
ﬁg%, conjectured that if S is a smooth, compact hypersurface in R™ such that

l0do(€)|=0(¢]77)  for some 0<B< L,

then the mazimal operator M is bounded on LP(R™) for every p>1/8, at least if we
assume that 0>0.

A partial confirmation of Stein’s conjecture has been given by C. D. Sogge [36], who
proved that if the surface has at least one non-vanishing principal curvature everywhere,
then the maximal operator is LP-bounded for every p>2. Certainly, if the surface has at
1

Now, if n=3 and O<ﬂ<%, then 3,(z%, S)>p for every point 2°€ S, so that our
Theorem 1.14 implies that 1/3>h(z°,S). Then, if p>1/3, we have p>max{2, h(z°,S)}.

Therefore, by means of a partition of unity argument, we obtain from Theorem 1.2 the

least one non-vanishing principal curvature then the estimate above holds for =

following confirmation of the Stein—losevich—Sawyer conjecture in this case.

COROLLARY 1.16. Let S be a smooth compact hypersurface in R® satisfying As-
sumption 1.1, and let p>0 be a smooth density on S. We assume that there is some
O<6<% such that

l0do (€)= 0(g| ™).

Then the associated maximal operator M is bounded on LP(R®) for every p>1/4.

We finally remark that the case p<2 behaves quite differently, and examples show
that neither condition (1.4) nor the notion of height will be suitable to determine the
range of exponents p for which the maximal operator M is LP-bounded (see, e.g., [24]).

The study of this range for p<2 is work in progress.

1.1. Outline of the proof of Theorem 1.2 and organization of the article

The proof of our main result, Theorem 1.2, will strongly make use of the results in
[19] on the existence of the so-called “adapted” coordinate systems for a smooth, finite-
type function ¢ defined near the origin in R?, which will be briefly reviewed in §2.4
and §2.5. These results generalize the corresponding classical results for analytic ¢, due
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to A. N. Varchenko [41], by means of a simplified approach inspired by the seminal work
of D. H. Phong and E. M. Stein [31]. According to these results, possibly after switching

the coordinates x; and z2, one can always find a change of coordinates of the form

y1:=m1, Yo:=r2—1(x1)

which leads to adapted coordinates y. The function 1 can be constructed from the
Pusieux series expansion of roots of ¢ (at least if ¢ is analytic) as the so-called principal
root jet (cf. [19], and also the earlier work by D. H. Phong, E. M. Stein and J. A. Sturm
[32], which contains a construction of adapted coordinates in the analytic setting by
means of Puiseux series expansions of roots, too). The relations between the Newton
diagram and the Pusieux series expansions of roots will be reviewed in §3. Somewhat
simplifying, 1 agrees with a real-valued leading part of the (complex) root of ¢ near which
the function ¢ is “small to highest order” in an averaged sense. One would preferably
like to work in these adapted coordinates y, since the height of ¢ when expressed in the
adapted coordinates can be read off directly from the Newton polyhedron of ¢ as the
so-called “Newton distance”. However, this change of coordinates leads to substantial
problems, since it is in general non-linear.

Now, in domains away from the curve xo=1(x1), it turns out that one can find
some k with 2<k<h(¢) such that 05¢#0. This suggests that one may apply the results
on maximal functions on curves in [21]. Indeed this is possible, but we need estimates
for such maximal operators along curves which are stable under small perturbations of
the given curve. Such results, which will be based on the local smoothing estimates by
G. Mockenhaupt, A. Seeger and C. Sogge in [29], and related estimates for maximal
operators along surfaces, are derived in §4. The necessary control on partial derivatives
0% ¢ will be obtained from the study of mixed homogeneous polynomials in §2.3. Indeed,
in a similar way as the Schulz polynomial [34] is used in the convex case to approximate
the given function ¢, we shall approximate the function ¢ in domains close to a given root
of ¢ by a suitable mixed homogeneous polynomial, following here some ideas of Phong
and Stein [31].

The case where our original coordinates = are adapted or where the height h(¢) is
strictly less than 2 is the simplest one, since we can here avoid non-linear changes of
coordinates. This case is dealt with in §7.

We then concentrate in §§8-10 on the situation where h(¢)>2 and where the coor-
dinates are not adapted.

The contributions to the maximal operator M by the complement of a narrow
domain containing the curve xo=1(x1) are estimated in §8.1 by essentially the same
tools as for the case of adapted coordinates.
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The narrow domain containing the principal root jet zo=1(x1) remains to be con-
sidered. For this domain, it is in general no longer possible to reduce its contribution
to the maximal operator M to maximal operators along curves, and we have to apply
2-dimensional oscillatory integral techniques, too. Indeed, we shall need estimates for
certain classes of oscillatory integrals with small parameters, which will be provided in
85 and §6. These results will be applied in §9 and §10 in order to complete the proof of
Theorem 1.2.

Our approach requires some rather delicate domain decompositions, which will be
described in §8.2 and §9.1. The decompositions from §8.2 have been considered before in
[31], and we recommend that the reader consults that article for additional motivation.
They are based on classical relations between the edges of the Newton diagram and the
roots of ¢, which are reviewed in §3.

The decompositions from §9.1 share some features of the ones from §8.2, but are
even more complex. They are based on a stopping time argument motivated by the
behavior of the oscillatory integrals that arise, after rescaling, from dyadic pieces of the
oscillatory integral associated with ¢. The crucial control quantity for the stopping time
will be the size of 0s¢.

We remark that our proof does not make use of any damping techniques, which had
been crucial to many earlier approaches.

The proof of Theorem 1.9, which will be given in §11, can easily be obtained from
the results established in the course of the proof of Theorem 1.2, except for the case
h(2°,S)<2, which, however, has been studied by J. J. Duistermaat [11] in a complete
way. The main difference is that we have to replace the estimates for maximal operators
in §4 by van der Corput type estimates due to J. E. Bjork and G. I. Arkhipov.

In the last section, §12, we shall give proofs of all the other results stated above as

well as refinements of some of them.

2. Newton diagrams and adapted coordinates
2.1. Basic definitions

We first recall some basic notions from [19], which essentially go back to the paper
[41] by A. N. Varchenko. Let ¢ be a smooth real-valued function defined on an open
neighborhood € of the origin in R? with ¢(0,0)=0 and V¢(0,0)=0, and consider the
associated Taylor series

i .
$(w1,w2) ~ Y cjpwias

4,k=0



164 I. A. IKROMOV, M. KEMPE AND D. MULLER

of ¢ centered at the origin. The set

. 1
T(¢):= {(3, k)eN?:cj, = W&;Ia§2¢(o,0) ;«éo}
will be called the Taylor support of ¢ at (0,0). We shall always assume that
T(¢9) #2,

i.e., that the function ¢ is of finite type at the origin. If ¢ is real-analytic, so that the
Taylor series converges to ¢ near the origin, this just means that ¢#0. The Newton
polyhedron N (¢) of ¢ at the origin is defined to be the convex hull of the union of all the
quadrants (j, k)+R? in R?, with (j,k)€7 (¢). The associated Newton diagram Ny(¢) is
the union of all compact faces of the Newton polyhedron; here, by a face, we shall mean
an edge or a vertex.

We shall use coordinates (1, t3) for points in the plane containing the Newton poly-
hedron, in order to distinguish this plane from the (z1, z2)-plane.

The Newton distance (or shorter distance) d=d(¢) between the Newton polyhedron
and the origin is given by the coordinate d of the point (d, d) at which the bisectrix t; =t3
intersects the boundary of the Newton polyhedron.

The principal face 7(¢) of the Newton polyhedron of ¢ is the face of minimal di-
mension containing the point (d,d). Deviating from the notation in [41], we shall call
the series

Gpr(T1,22) 1= Z cjra) ok (2.1)
(4,k)Em ()
the principal part of ¢. In the case where 7(¢) is compact, ¢, is a polynomial; otherwise,
we shall consider ¢, as a formal power series.

Note that the distance between the Newton polyhedron and the origin depends on the
chosen local coordinate system in which ¢ is expressed. By a local analytic (respectively,
smooth) coordinate system at the origin we shall mean an analytic (respectively, smooth)
coordinate system defined near the origin which preserves 0. If we work in the category
of smooth functions ¢, we shall always consider smooth coordinate systems, and if ¢ is
analytic, then one usually restricts oneself to analytic coordinate systems (even though
this will not really be necessary for the questions we are going to study, as we shall see).

The height of the analytic (respectively, smooth) function ¢ is defined by
h(¢):=supd,,

where the supremum is taken over all local analytic (respectively, smooth) coordinate

systems x at the origin, and where d, is the distance between the Newton polyhedron

and the origin in the coordinates x.
A given coordinate system x is said to be adapted to ¢ if h(¢)=d,.
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2.2. The sc-principal part ¢,. of ¢ associated with a supporting line of the

Newton polyhedron as a mixed homogeneous polynomial

Let se=(5¢1, 3r2) with s¢1, 50020 and |s|:=3¢1 +3¢2>0 be a given weight, with associated
one-parameter family of dilations §,(z1,z2):=(r**xy,7*2x3), r>0. A function ¢ on R?
is said to be s-homogeneous of degree a, if ¢(5,2)=r¢(x) for every r>0, x€R?. Such
functions will also be called mized homogeneous. The exponent a will be called the
x-degree of ¢. For instance, the monomial x{xé has s-degree s¢1j+s0k.

If ¢ is an arbitrary smooth function near the origin, consider its Taylor series

Z;ok:o cjkx{xlg around the origin. We choose a so that the line
L% = {(tl, tg) € Rz : %1t1 +J{2t2 = (l}

is the supporting line to the Newton polyhedron N(¢) of ¢. If we assume that 3¢ >0
and s >0, then

Goe(T1,72) = Z Cjkl’]ixg

(4,k)EL,
is a non-trivial polynomial which is s-homogeneous of degree a; it will be called the

»-principal part of ¢. By definition, we then have
¢(x1,22) = ¢,e(21, x2)+terms of higher s-degree. (2.2)

More precisely, we mean by this that every point (j,%) in the Taylor support of the
remainder term ¢,:=¢—¢,, lies on a line s1t1 +xsto=d with d>a parallel to, but above

the line L,., i.e., we have sr1j+ 32k >a. Moreover, clearly

Na(¢s) CNa(9).

In the sequel, we shall often encounter polynomial functions P satisfying
VP(0,0)=0,

which are s-homogeneous of degree 1. The quantity

d(P) = mim (2.3)

will then be called the homogeneous distance of the mixed homogeneous polynomial P.
We recall that (dp(P),d,(P)) is just the point of intersection of the bisectrix with the
line »61t1+2t2=1 on which the Newton diagram Ny(P) lies, and that

dn(P) <d(P) (2.4)
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(cf. [19]). By
m(P):=ordg: P (2.5)

we shall denote the maximal order of vanishing of P along the unit circle S! centered at
the origin. We note that, by [19, Corollary 3.4], we then have

h(P)=max{m(P),d,(P)}. (2.6)

We also recall the following result (cf. Proposition 2.2 and Corollary 2.3 in [19]).
If mq,...,m, are positive integers, then we denote their greatest common divisor by

(mla amn)

PROPOSITION 2.1. Let P be a »x-homogeneous polynomial of degree 1, and assume
that P is not of the form P(x1,x2)=cx*x5?. Then 3 and 3o are uniquely determined
by P, and 1, #2€Q.

Let us assume that <o, and write
q p
w=— and x=-—, (p,g,m)=1,
m m

so that in particular p>q. Then (p,q)=1 and there exist non-negative integers oy and oo

and a (1,1)-homogeneous polynomial @ such that the polynomial P can be written as
P(xq,x0) =27 252 Q(2], 2d). (2.7)

More precisely, P can be written in the form

M
P(xq1,x0) =cax(xs? | [ (@d—Naz])™, (2.8)
=1

with M 21, distinct \;€C\{0} and multiplicities n;eN\{0}, and with v1,v2€N (possibly
different from oy and ag in (2.7)).

Let n::ZlAil ny. The distance d(P) of P can then be read off from (2.8) as follows:
If the principal face of N'(P) is compact, then it lies on the line sty +36ata=1, and the

distance is given by
1
d(P)= _ V1(1+V2P+Pqn.
1+ q+p

(2.9)

Otherwise, we have d(P)=max{vy,va}. In particular, in any case we have

d(P) =max{vy, ve,dn(P)}.
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The proposition shows that every zero (or “root”) (z1,x2) of P which does not lie

on a coordinate axis is of the form z,=X,/%z?/9. We also note that
m(P) =max{vy, vo,max{n;: ;R and I=1, ..., M}}. (2.10)

In view of the homogeneity of P, we shall often restrict our considerations to roots lying

on the unit circle. For the next result, cf. [19, Corollaries 2.3 and 3.4].

COROLLARY 2.2. Let P be a (51, 2)-homogeneous polynomial of degree 1 as in
Proposition 2.1, and consider the representation (2.8) of P. We put again

M
n:= E ni.
=1

(a) If s0/501¢N, that is, if ¢=2, then n<dn(P). In particular, every real root
xgz)\ll/qxf/q of P has multiplicity n;<dp(P).

(b) If 325/301€N, that is, if q=1, then there exists at most one real root of P on
the unit circle S* of multiplicity greater than dy,(P). More precisely, if we put ng:=uv,
and npr41:=vy and choose lo€{0, ..., M+1} so that

ny, =max{n;:1=0,..., M+1} > dp(P),

then ny<dp(P) for every l#ly.
(c) If 1<33/561 €N, then there exists at most one real root (z9,29) of P on the unit

circle ST with 290, which has multiplicity greater than or equal to dy(P).

In particular, we see that the multiplicity of every real root of P not lying on a
coordinate axis is bounded by the distance d(P), unless g=1, in which case there can at
most be one real root xo=»\; 2} with multiplicity exceeding d(P). If such a root exists,

we shall call it the principal root of P.

2.3. On the multiplicity of roots of derivatives of a mixed homogeneous

polynomial function

Assume that P is a s»-homogeneous polynomial of degree 1 such that VP(0)=0, and
that 0<s¢; <s25. We shall show that the multiplicities of roots of 9 P (respectively, 92 P)
can be controlled in many cases in a suitable way by the homogeneous distance of P.

These results will for instance allow us later to reduce the estimation of the maximal
operator in Theorem 1.2 for large parts of the surface measure of S to the estimation
of maximal operators along curves in a plane, which will be provided in Proposition 4.5
(respectively, Corollary 4.6).
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PropPOSITION 2.3. Let P be a s-homogeneous polynomial of degree 1 such that
VP(0)=0.

(a) Suppose that 03P does not vanish identically, and that 2<s¢ /€N, so that
pi=s0/31>3 and q=1 in (2.8). If 2°€ S, then denote by mo(z°) the order of vanishing
of O2P along the circle S' in the point x°. By Ro we shall denote the set of all roots
20=(29,29) of 02P on the unit circle such that x$#0. We assume that Ro#@, and let
x™ER4 be a root of maximal multiplicity mo(z™)>1 among all roots in Ro. Then, for
any other root x°#x™ in Ra, we have ma(x°)<dy, (P)—2.

In particular, for every point x=(x1,12)€S* such that x1#0 and x#x™ there exists
some j, with 2<j<dy,(P), such that 83 P(x)70.

(b) Assume that P vanishes along S' of exact order vo=d(P) in the point (1,0)
on the x1-axis, that /51 >2 and that d(P)>2. Then ma(2°)<dy(P)—2 for every root
2 €Ry satisfying x970.

In particular, for every point x€S' which does not lie on a coordinate axis, there
exists some j with 2<j<dp(P) such that 8P (z)#0.

(c) Assume that s/ &N, and that 02 P does not vanish identically. If z°€S?,
then denote by my(z°) the order of vanishing of O2P along S* in the point z°. Then
my (xo)<dp(P)—1 for every root 2° of 9P with z9#0#19.

In particular, for every point x€S' which does not lie on a coordinate axis, there
exists some j with 1<j<dp(P) such that 8P (z)#£0.

Remarks. (i) In case (a), if m(P)>d(P), so that P has a (unique) principal root
2PTe St then 2™ =zP".

(ii) In analogy with (c), one can prove that if s /¢ ¢N, then mo(xo) <dp(P)—2 for

every root with 29#0%#x9, unless the polynomial P is of the form
P(z1,22) = c(xy —Ma?) (23— o),

with A +A2 €R\ {0} and A\; Aa€R. Our estimate in (c) for mq(2°) will allow us to avoid

a separate discussion of these exceptional polynomials.

Proof. We first prove (a) and remark (i). In order to prepare also the proof of
part (b), let us initially only assume that s /3¢ >2. By our assumptions, 93P is a o-
homogeneous polynomial of degree 1 with respect to the weight o=(01,02), with

T 12509

P
172%2 '

and o9:=

g1

According to the Proposition 2.1, we can write the polynomial 92 P in the form

B3P (w1, ws) = ¥ a5 Qo(a}, 23),
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where )2 is a homogeneous polynomial of degree no, and

»
a=L="2_7259 (2.11)
q x1 01
We shall also assume that no power of z4 can be factored from Q2 (2%, 1), so that we
have

S and o9 = S — .
v1g+vep+napq v1q+vep+napq

Let us put N:=vo+ns.

g1

(2.12)

To prove (a), assume now that g=1. If z° is a root different from 2™ in R, then

1<ma(z°)<ma(2™), and so we have
2me (2°) < mo (%) +ma(z™) < N,

and hence in particular N >2. Assume we had mq(2°)>d;,(P)—2. Then

1+20’2 N
=dy(P) < —+2, 2.13
S =d(P)< G+ (2.13)

and in view of (2.12), one computes that N<2(2—v4y)/(p—1). Since N >2, this implies
that p<3—wv1, contradicting our assumption (2.11), which implies here that p>3.

To prove remark (i), assume that m(P)>d(P), so that P has a (unique) principal
root aP* €St of multiplicity m(aP*)=m(P).

If m(P)>3, then aP*€Ry, with multiplicity

ma(aP") =m(P)—2> d(P)—2 > dy,(P)—2,

so that, by (a), we must have zP*=2", and the conclusion in (i) is obvious.
If m(P)<2, then d(P)<2, and hence

14209

O'1+O'2

<2,

which implies that v; +pN <1. Consequently, we have N=0 and v; <1, so that P would
be a polynomial of degree at most one, and hence 93P would vanish identically. This
shows that this case actually cannot arise.

We next prove (b). So, assume that vo=d(P)>2. Then 93P vanishes exactly of
order d(P)—2>1 in the point e:=(1,0), i.e., ma(e)=d(P)—2. Let 2° be any root of 95 P
with 29#£0#£29. We want to show that ma(2%)<dj,(P)—2. Assume to the contrary that
ma(x®)>dp(P)—2.

If ma(2%)<ma(e), then

2ma(2°) < ma(e) +ma(2”) < N,
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and we obtain dj,(P)<3N+2. And, if ms(2°)>mz(e), then
2ms(e) <ma(e)+ma(z”) <N,

and hence d(P)g%N—l—Z. So, in both cases, we have dh(P)S%N—i—Q. As in the proof of
(a), this leads to a contradiction: Indeed, (2.12) and (2.13) imply that
vig+(va+2)p+nopg _ N

<—=—+2,
ptq 2

and hence
v1+(ve+2)a+nap . vo+ng+4

a+1 = 2
Since a>2, v5>3 and ny>1, this implies that

1 3
—sUy+5n9+2
< sV2+35ne <3 1
o 2 2ng

and hence p<2, which is not possible.
Let us finally prove (c). So, assume that x° is a root of 9, P which does not lie on
a coordinate axis. Arguing similarly as in (a), we see that 92 P(x) is a o-homogeneous

polynomial of degree 1 with respect to the weight o=(01, 02), with

o= and o0y:=
! 1—%2 2 1—}{2
and 0> P(z) can be written in the form 9y P(x1, z2) =27 252 Q1 (2], ), where p and ¢ are

coprime, 1 is a homogeneous polynomial of degree n; and

yes
b2 _%2o,

q 71 01

We shall also assume that no power of x4 can be factored from Qq(z%,z2), so that we

have
q p

op=———— and og=—"——.
v1q+vap+pgni v1q+vap+pgni

Since s /51 ¢N, we have ¢>2. Moreover, our assumption x9#0%x) implies that
gma (z°) < ny.

Assume that my (2°)>dy, (P)—1. Then

ni

1 1
o2 _ <1+my(e®) <1+,
q

o1+02 1+
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and hence
q—(v1g+12p)

pq—1-p/q
Let us first consider the case vi+wvo>1. Since vig+vop>(v1+1v2)g>q, we then

ny <

obtain n; <0, so that P=cxz}*x4?, which cannot vanish at z°, so that we arrive at the
contradiction mq (z°)=0.

Assume next that v; =v5=0. Then

q . 1+¢q
1< < m, that is, p< —1/q
But we have ¢>2, so that
1+g¢ <o.
a—1/q
This contradicts our assumption that p/g>1. O

2.4. Adaptedness of coordinates

Let us begin by remarking that if the principal face 7(¢) of the Newton polyhedron N (¢)
of ¢ is a compact edge, then there is a unique weight s=(5¢1, 5¢5) so that s, >0 and
such that 7(¢) lies on the line st +0to=1. Without loss of generality, by flipping
coordinates, if necessary, we may and shall assume in the sequel that s >s¢; (cf. [19]).
Thus, 0<s6 <35 and ¢p, =@, is a s-homogeneous polynomial of degree 1. We then
recall from [19, Corollaries 4.3 and 5.2], the following facts:

The coordinates = are adapted to ¢ if and only if the principal face m(¢) of the
Newton polyhedron N (¢) satisfies one of the following conditions:

(a) m(¢) is a compact edge, and either s /3¢ €N, or s60/3e1 €N and m(¢p,) <d(¢);

(b) 7(¢) consists of a vertex;

(¢) m(¢) is unbounded.

Moreover, in case (a) we have h(¢p)=h(¢p)=d(¢p:). Notice also that if m(¢) is
a compact edge and s /511 ¢N, then we even have that m(¢p,)<d(¢) (cf. [19, Corol-
lary 2.3]). In the sequel, we shall often refer to these as the cases (a)—(c), without further

mentioning.

LEMMA 2.4. If the coordinates are adapted to ¢, then there is a weight =51, >02)
such that, without loss of generality, 0<sc1 <32<1 and h($)=h(p,.).

Proof. In case (a), this is immediate from the previous discussion. Observe also that
x;<1 for j=1,2, since ¢(0)=0 and V¢(0)=0.

Consider next case (b), where m(¢) consists of a vertex (N, N). Then h(¢p)=N>1.
We can then choose a weight with 0<sr <3a<1 (possibly after flipping coordinates)
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so that the line »1t;+to=1 intersects the Newton polyhedron N (¢) in the single
point (N, N), i.e., so that ¢,,=cxz, where c is a non-trivial constant. Then again
h(¢)=N=d(¢,)=h(¢s).

Case (c) can be treated similarly. Here, the principal face 7(¢) may be assumed to be
a horizontal half-line, with left endpoint (vq, N), where v1 <N =h(¢). Notice that N >2,
since for N=1 we had v =0, which is not possible given our assumption V¢(0,0)=0.
We can then choose s, with 0<s¢) <35, so that the line st +00to=1 is a supporting
line to the Newton polyhedron of ¢ and that the point (v1, N) is the only point of AV (¢)
on this line (we just have to choose s /3 sufficiently large!). Then necessarily so<1,
and the se-principal part ¢,, of ¢ is of the form ¢, (x)=cx} ), with c#0. Since the
coordinates are clearly also adapted to ¢,., we find that h(¢)=N=d(¢,.)=h(¢,). O

2.5. Construction of adapted coordinates

Adapted coordinates can be constructed by means of a slight modification of an algorithm
going back to Varchenko, even in the smooth, finite-type setting. We briefly recall the
principal steps here, and refer the reader to [19] for further details.

Assume that ¢ is as before. Then, by [19, Theorem 5.1], there exists a smooth
function ¢¥=1(x1) defined on a neighborhood of the origin with ¥(0)=0 such that an
adapted coordinate system (y1,y2) for ¢ is given locally near the origin by means of the

(in general non-linear) shear
y1:=x1 and yg:=x3—1(71).
In these coordinates, ¢ is given by

¢ (y) == d(y1, y2+¥(y1)). (2.14)

The function % can be constructed as follows:
If the coordinates are adapted to ¢, then we may choose 1:=0 and are finished.
Otherwise, by our previous discussion, the principal face m(¢) is a compact edge
such that mq:=se/3¢ €N and m(¢p,)>d(¢p,). We then choose a real root z+—byz]"* of
the principal part ¢, of ¢ of maximal multiplicity No:=m(pr), i-e., the principal root.
Note that b1 0.

Step 1. We apply the real change of variables z=s(y) given by
y1:=x1 and 1y 1=$2—b19€§n17

and put (;Ezquos. Let us endow all quantities associated with <;~5 with a tilde. This change
of coordinates has the following effects on the Newton polyhedron: all edges of NV (¢)
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lying “to the left” of the principal face m(¢) are preserved in N (qg), but the principal
edge N (¢) shrinks along the line on which it lies, keeping the left endpoint fixed. It may
either become an edge of N (qg), lying strictly above the bisectrix, or even a single point
(cf. the discussion in [19, §4.2]).

Now, if the coordinates y are adapted to ¢, we choose 9 (z1):=b;z]"" and are done.
Otherwise, the principal face 7r(¢~>) is a compact edge, and we have /1 =:mo€N
and lezm(qur)>d(q~$). Recall that the principal part qur of ¢ is s-homogeneous of

degree 1. One can then show that

mg >mi, N1 <Ny and d(¢) > d((b) (215)

Subsequent steps. Now, either the new coordinates y are adapted, in which case we
are done. Or we can apply the same procedure to qg, etc. In this way, we obtain a sequence
of functions ¢y =g¢os(), with ¢):=¢ and (b(kﬂ)::(g(k), which can be obtained from

the original coordinates x by means of a change of coordinates x=s)(y) of the form

k
yr:=x7 and 1y SZI’Q*Z b,
=1
with positive integers mi <ms<...<my<mygy1<... and real coeflicients b; 0. Moreover,
if Ni:=m((¢(x))pr) denotes the maximal order of vanishing of the principal part of ¢y,

along the unit circle S', we then have
Noz2N1 2. 2N, 2 Npyp1 2 ... (2.16)

Either this procedure will stop after finitely many steps, or it will continue infinitely.
If it stops, say, at the Kth step, it is clear that we will have arrived at an adapted

coordinate system z=sx(y), with a polynomial function 7/1($1):Zl[i1 byt

Final step. Assume that the procedure does not terminate. Since by (2.16) the
maximal multiplicities Ny of the real roots of the principal part of ¢ ;) form a decreasing
sequence, there exist Ky, N €N such that Ny=N for every k> Ky. We assume that K
is chosen minimal with this property. It has been shown in [19] that the principal part

of ¢(x) is then of the form
(D) )pr () = e (22 _bk+1.’1:1nk+1)N for every k > K, (2.17)

where 11 <N.
Now, according to a classical theorem of E. Borel (cf. [17, Theorem 1.2.6]) one can

find a smooth function ¥(x1) near the origin whose Taylor series is the formal series
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Zf; bix". Then the coordinates y;:=z1 and yo2:=z2—1(x1) turn out to be adapted
to ¢. More precisely, one finds that in these coordinates, ¢ is given by ¢*(y), where the
principal face of A/(¢®) is the unbounded horizontal half-line given by #; >14 and to=N.
Notice that here N=~h(¢).

In the case of an analytic function ¢, the function ¥ can be chosen to be analytic, in
which case it can be identified with one of the roots of ¢, called the principal root, or a
partial sum of the Puiseux series expansion of it (see [19], and cf. also §3), which is why
we called it the principal root jet in [19]. With some slight abuse of notation, it will be
given the same name also in the smooth case.

Notice that only when the principal face of the Newton polyhedron of ¢® is un-
bounded, 1) may not be a polynomial.

We shall in the sequel distinguish the following three cases (cf. §2.4):

(a) m(¢") is a compact edge, and either »§ /s{ ¢N, or 35 /5 €N and m(¢f,) <d(¢);

(b) m(¢*) consists of a vertex;

(¢) 7(¢*) is unbounded.

Here, in case (a), the principal weight =3}, 35) is the unique weight such that

the principal part ¢f,. of ¢ is »“-homogeneous of degree 1.

3. Newton diagram, Pusieux expansion of roots

and weights associated with ¢®

It is well known that with each edge v; of the Newton diagram of ¢ one can associate
a unique weight 3! and a corresponding principal part ¢4, of ¢, which can indeed be
read off from the Pusieux series expansion of roots of ¢%, at least in the analytic case
(cf. [31]).

In order to recall these results, let us assume here that ¢ is real-analytic (in §8.5 we
shall explain how the general case can be reduced to the analytic setting). As in [19],
we shall make use of results and notation from Phong and Stein’s article [31]. It is well

known that we may write

¢ (y1,y2) = Uy, y2)ur 5 [ [(wa—r(w1)),

T

where the product runs over all non-trivial roots r=r(y1) of ¢* (which may also be
empty) and where U(0,0)£0. Moreover, according to [31], these roots can be expressed

in a small neighborhood of 0 as Puiseux series

«@ @] ... —1
P
ajas, % i

1
_ooap, W@ 1 ar...op g
r(y) =ty ey et Ty T e
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where
LA for B,
and
with strictly positive exponents al la” ' >0 and non-zero complex coefficients clall__'_'l'j”,

and where we have kept enough terms to distinguish between all the non-identical roots

of ¢®. These roots can be grouped into clusters:
The cluster
{al ap}
L
designates all the roots r(y1), counted with their multiplicities, which satisfy

rl)— (ot by e ) =00 (3.1)

a1 ... O — .
for some exponent b>all1 ;771 We also introduce the clusters
tp

a1 .. Qpg ~].: [al ap]
{11 by 1 gzl ol

Each index a, or [, varies in some finite range which we shall not specify here. We

finally put
N[al ap} := number of roots in {al ozp}
Lo S
N[al e el } := number of roots in {al Gt ]
T N R N

Let a1<...<q;<...<a, be the distinct leading exponents of all the roots r. Each
exponent a; corresponds to the cluster [l], so that the set of all roots r can be divided

as Ule m Correspondingly, we can decompose

¢ (y1,y2) =U (Y1, y2) ylly?Hfﬁ[ ] Y1, 92),

where

(I)[l} W 12) = [ (ra—r(wn))-

TEM
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We introduce the following quantities:

AI_AM ._u1+§laHN[A and B _BM .—1/2+M;1N[u]. (3.2)
Then the vertices of the Newton diagram Ny(¢®) of ¢ are the points (A;, By), [=0,...,n,
and the Newton polyhedron N (¢?) is the convex hull of the set |J,((A;, B;)+R?).

We note that there is at least one vertex, namely (Ao, By), and it lies strictly above
the bisectrix, i.e., Ag< By, because the original coordinates x were assumed to be non-
adapted, so that the left endpoint of the principal face 7(¢) is a vertex of A (¢) lying
strictly above the bisectrix, which thus will also be a vertex of N(¢%).

Let L;:={(t1,t2) EN?:slt; +3¢bto=1} denote the line passing through the points
(Alfl,Blfl) and (AZ;BZ)' Then )

% = a, (3.3)
which in return is the reciprocal of the slope of the line L;. The line L; intersects the
bisectrix at the point (d;,d;), where
_ AtaiBy A +aBi

1+aq 1+a '
Finally, the s!-principal part ¢4, of ¢ corresponding to the supporting line L; is

dl : (34)

given by
6% (y) = cyy P T (e — g L (3.5)

In view of this identity, we shall say that the edge ~v;:=[(4i-1, Bi-1), (A1, B;)] is
associated with the cluster of roots [l]

Distinguishing the cases listed below, we next single out a particular edge by fixing
the corresponding index [=A\:

(a) In case (a), where the principal face of ¢* is a compact edge, we choose A so
that the edge yx=[(Ax—1,Bx-1), (Ax, Byx)] is the principal face w(¢%) of the Newton
polyhedron of ¢°.

(b) In case (b), where w(¢%) is the vertex (h, h), with h=~h(¢), we choose A so that
(h,h)=(Ax, By). Then A>1, and (h, h) is the right endpoint of the compact edge 7.

(¢) Consider finally case (c), in which the principal face 7(¢®) is unbounded, namely
the half-line given by ¢; >v1 and to=h, where 11 <h. Here, we distinguish two subcases:

(c1) If the point (v1,h) is the right endpoint of a compact edge of N'(¢®), then we
choose again A>1 so that this edge is given by va.

(c2) Otherwise, (v1,h)=(Ao, Bp) is the only vertex of N'(¢%), that is,

N(d)a) = (1/1, h)—HRi

In this case, there is no non-trivial root r, and hence n=0.
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In the cases (a), (b) and (cl), let us put

A
a::a,\zz—i. (3.6)
1
Notice that our dicussion of the algorithm in §2.5 (cf. step 1 and (2.15)) shows that
a>my in case (a), and a>=my in cases (b) and (cl), since the original coordinates had
not been adapted.

The following result will become useful later.

LEMMA 3.1. If h(¢)>2, then in the cases (a), (b) and (c1) described before 93¢%,

does not vanish identically, and »b<1 for every I<.

Proof. Consider first the situation where the principal face w(¢®) is a compact edge.
Here the statement will already follow from our general assumption V¢(0)=0. Indeed,

write ¢¢, according to (3.5) in the form

M
P () =cyiys® | | (2= Asui)™,
s=1
with A\;#0. Note that M >1, since yy=7(¢") is a compact edge.

If we assume that 822¢f{l =0, then clearly vo+)" n,<1, so that there is only one
non-trivial, real root A\1y{* of multiplicity 1. This implies that ¢¢,(y)=cy!* (y2—A1y7").
Thus the Newton diagram v, =Ng(¢%,) is the interval [(v1,1), (r14a;,0)]. Since I<A,
its left endpoint must lie above the bisectrix, so that v;=0. But then V¢2,(0)#0, and
hence V¢(0)#£0, a contradiction.

A similar argument applies to show that 5 <1. Indeed, since the polynomial Qg%z is
»#'-homogeneous of degree 1, as M >1, 54 >1 would imply that vy =v,=0 and >oons=1,
so that we could conclude as before that V¢(0)#0.

Finally, if m(¢%) is a vertex or an unbounded edge of type (cl), then the previous

arguments still apply, with minor modifications. O
COROLLARY 3.2. Denote by S} the set of all points x=(x1,22) on the unit circle
St such that x1#£0, and suppose that a=s3 [} >2. We also assume that h:=h(¢)>2.
(i) If 1<I<), then for every y° €S}, with y3#0, there is some j,
2<j <max{2,dn(45)},
such that
9305 (y°) #0. (3.7)

Moreover, we have dp(¢%,)<h.
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(ii) If 1=A, and if the either w(¢®) is a vertex as in case (b), or an unbounded
face as in case (cl), then the conclusion in (i) remains true. Moreover, if y°€S§ and
y3=0, then (3.7) holds true for j=h. We also note that d(¢%,)=h in case (b) and
dn(¢%x)<h in case (cl).

(iii) If 1=, and if w(¢®) is a compact edge given by s as in case (a), then there

is at most one point y™ in S§ such that
AReii(y™) =0 for 1<j<h. (3.8)

More precisely, if a€N, then (3.7) holds true for every point y° €S} for some j, 2<j<h,
with the possible exception of one single point y™.

Also, if a¢N, then for every y° €S} with y3+#0 there is some j, 1<j<dn(92r)=h,
so that (3.7) holds true.

Proof. Let us write ¢f:=¢%,. Assume first that [<A. From the geometry of the
Newton polyhedron of ¢%, it is evident that dj(¢f)<dp(¢%)<h, and that the princi-
pal face of the Newton polyhedron of ¢j is a horizontal half-line contained in the line
to=h(¢})>h>2, so that d(¢f")=h(¢})>dn(¢]). The statements in (i) are thus immediate
from Lemma 3.1 and Proposition 2.3 (b), applied to P=¢}.

Assume next that =XA. The claim in (ii) follows in exactly the same way from
Proposition 2.3 (b), applied to P=¢§, if y9#0. So assume that y° lies on the y;-axis,
say y’=(1,0). But, in the cases (b) and (c1), the 3*- principal part of ¢ is of the from
% (y)=vy5Q(y1,y2), where Q is a polynomial such that Q(1,0)#£0. This implies that
b $%(1,0)70, which completes the proof of (ii).

Finally, the statements in (iii) follow from Lemma 3.1 and Proposition 2.3, state-
ments (a) and (c), applied to P=¢5. O

If the coordinates = are not adapted to ¢, then Corollary 3.2 will eventually allow us
to control the contributions to the maximal operator M of major parts of the surface S,
except possibly for a part corresponding to a small neighborhood of the principal root
jet.

In case we can choose 2<j<h in (3.7) or (3.8), this can be achieved by means of
a reduction to maximal functions along curves. The corresponding estimates will be
provided in the next section.

If we need to choose j=11in (3.7) or (3.8), such a 1-dimensional reduction is no longer
possible, and we shall have to deal with uniform estimates of 2-dimensional oscillatory
integrals depending on small parameters. The same applies to the small neighborhood
of the principal root jet mentioned before, only that the required estimates in this case
are deeper. These estimates will be provided in §5.
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4. Uniform estimates for maximal operators associated with families

of finite-type curves and related surfaces
4.1. Finite-type curves

In this subsection, we shall prove an extension of some results by Iosevich [21], which
allows for uniform estimates for maximal operators associated with families of curves
which arise as small perturbations of a given curve.

We begin with a result whose proof is based on losevich’s approach in [21].

PROPOSITION 4.1. Consider averaging operators along curves in the plane of the

form
Aof(2) = AL f(z) = /R flzi—t(o1s+m), v2—t(n2+75+029(5)))¥(s) ds,

where 0=(01, 02), N=(n1,n2) ER?, 01>0, 02>0, TER, and YeC§(R) is supported in a

bounded interval I containing the origin, and where
g(s)=s"(b(s)+R(s)), se€l, meN, m>2, (4.1)

with be C> (I, R) satisfying b(0)#£0. Also, ReC>(I,R) is a smooth perturbation term.

By M(@17) we denote the associated mazimal operator
M) f(z) = sup AT f ()]
t>0

Then, there exist a neighborhood U of the origin in I, M €N and 6>0, such that,
for p>m,

1/p
. —m/e
wieno g, < ¢ (L BT Ty, pes@). )

for every ¢ supported in U and every R with |R|cm <6, with a constant C), depending

only on p and the CM-norm of 1 (such constants will be called admissible).

Proof. Consider the linear operator

S Y I S
Tim,ez) = (ng)l/pf(m’ 02 (mz lel))

Then T is isometric on LP(R?), and one computes that Ay:=T—1A,T is given by

Aif(x)=A7 f(z)= /R fler=t(s+01), 22— t(02+9(s)))(s) ds,
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where o0=(01,09) is given by

Jliﬂ and O'QZE*Lm

01 02 0102
Put
M (@) =sup|A,f ()]
Then (4.2) is equivalent to the following estimate for M:

IMfllp <Cplo|+D) 2 fllp,  fESR?), (4.3)

for every 0 €R?, where C), is an admissible constant.

(a) We first consider the case m=2. By means of the Fourier inversion formula, we

can write

Af(@) =g [ EHEO ) de,

where

H(€17f2)ZZ/Re—i(&ls+£zg(s))¢(5) ds.

A standard application of the method of stationary phase then yields that

_ giate) X(E1/&)A(E)

HE) R

where ¥ is a smooth function supported on a small neighborhood of the origin. Moreover,
q(§)=q(§, R) is a smooth function of £ and R which is homogenous of degree 1 in &,
and which can be considered as a small perturbation of ¢(¢,0), if R is contained in a
sufficiently small neighborhood of 0 in C*°(I,R). The Hessian ng(é, 0) has rank 1, so
that the same applies to ng(f , R) for small perturbations R. Moreover, A is a symbol
of order zero such that A(£)=0, if ||£]|<C, and

[E°DEAE)I<Cay, a€N?, Jal<3, (4.4)
where the C, are admissible constants. Finally, B is a remainder term satisfying
IDEB(E)| < Can(1+]€) ™, o] <3, 0<N <3, (4.5)

again with admissible constants Cy, .

If we put

Af(a)i= g [ @B fe) de

R2
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then, by (4.5), A f(x)=f*k{(z), where k¥ (z)=t 2k’ (x/t) and k“ is the translate
k% (z) :=k(x—o0) (4.6)
of k by the vector o of a fixed function k satisfying an estimate of the form

k()] < O

<@ (4.7)

Let
MO f(x) :=sup| A (z)|

t>0

denote the corresponding maximal operator. Now, (4.6) and (4.7) show that
|MP]|zo 1 < C,

with a constant C' which does not depend on o. Moreover, scaling by the factor

1
lo]+1

in the direction of the vector o, we see that [|MO|11_ 110 <C(|o]+1), since we then
can compare with (|o|+1)M, where M is the Hardy—Littlewood maximal operator. By
interpolation, these estimates imply that (4.3) holds for M in place of M, for every
p>1.

The maximal operator M! corresponding to the family of averaging operators

A(r) = /}Rz 6i[5-w—t(o-s+q(smwﬂg)df

- (2n)? (1+[tg))1/2

remains to be studied. Choose a non-negative function 5€Cg°(R) such that
o0
supp 8 C [%,2] and Z B(277r)=1 for r >0,
j=—o0

and put

. A . A«
Ajf(z) = /Rz ez[f'x—t(a-£+’1(§))]Wﬁ(Z‘Jt§|)f(£) de.

Since we may assume that A vanishes on a sufficiently large neighborhood of the origin,
we have A;,f=0, if j<O0, so that

Al f(z)= Z Aj i f(@). (4.8)
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Denote by M; the maximal operator associated with the averages A4;,, t>0.
Since A;; is localized to frequencies |¢|~27/t, we can use Littlewood-Paley theory
(see [39]) to see that
Ml o S [ Msocllir o, (4.9)

where M 1oc f(2):=sup1 i< |4t f ().

Choose a bump function p€C§°(R) supported in [%, 4] such that o(t)=1, if 1<t<2.
In order to estimate M, 1o, we use the following well-known estimate (see, e.g., [21,
Lemma 1.3]):

p \l/p
dt) |
which follows by integration by parts. By Holder’s inequality, this implies that
4 (p—1)/p 4 P 1/p
||Mj,1ocf||£<0(/ / |Aj. f ()P dtdx) (/ / dt dm)
r2 J1/2 r2 J1/2

4
+C// |A;. o f(z)[P dt da.
RJ1/2

sup o4,/ @P <o [ o050 dt)l/p/ (|t

— 00 — 00

0
&Aﬁf(x)

(4.10)

Moreover,

. - |

5pAief (@)= /R ] e“ﬁ'““'“q(f)”x(g) ht, 5. €) d&,
where

o) e O AW T

B(t.0.6) =i A AR + 5 | o 7 |92 e
A . )
e B .

Now, if t~1, since A vanishes near the origin, it is easy to see that the amplitude of
Aj+ can be written as 2_j/2aj7t(§), where a;+ is a symbol of order zero localized where
|¢|~27. Similarly, the amplitude of 9A; /9t can be written as 2//2(|o|+1)b; ¢, where b; ;
is a symbol of order zero localized where |£|~27, and a;; and b, ; satisfy estimates of the

form
|(1+1€D"N(1D*a;,4 ()| +|Db;4(£)])] < Ca,

with admissible constants Cl,.
We can then apply the local smoothing estimates by Mockenhaupt, Seeger and Sogge
from [28] and [29] for operators of the form

Pif(x,t)= / e et ¢, €)B(277|¢)) f(€) dE,
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where a(t, ) is a symbol of order zero in &, and the Hessian matrix of ¢ has rank 1

everywhere. Their results imply in particular that, for 2<p<oo,

4 1/p ‘
</1/2 | IBif @)t da d’f) <G| f]| 1 ey (411)
for some 6(p)>0.
Since 18
2724, f(z) and 2_j/2maAj,tf($)
are of the form P;f(x—to), for suitable operators P; of this type, we can apply (4.10)
and (4.11) to obtain, if R=0,

[Mirocfllp < Cpgj(l/%1/1?75(11))2*(]’/2(?*1)“/2)/17(|0|Jrl)l/pr”m

that is,
IMjocfllp < Cp(lo|+1)/P270W3| £, (4.12)

if 2<p<oo, where §(p)>0.

However, as observed in [21], the estimate (4.11) remains valid under small, suffi-
ciently smooth perturbations, and the constant C}, depends only on a finite number of
derivatives of the phase function and the symbol of P;. Therefore, if ¢ is sufficiently
small and ||R||cm <6, then estimate (4.12) holds true also for R#0, with an admissible
constant Cp,.

Summing over all j>1 (cf. (4.8)), we thus get
IM? Fllp < Cp(lo|+ 1) [ fllp,  if p>2,

with an admissible constant C,. This finishes the proof of the proposition in the case

m=2.

(b) The case where m=>3 can easily be reduced to the case m=2 by means of a
dyadic decomposition in the variable s and rescaling of each of the dyadic pieces in a

similar way as in [21]. We leave the details to the reader. O

Consider now a smooth function a: I —R, where I is a compact interval of positive
length. We say that a is a function of polynomial type m>2 (meN), if there is a positive

constant ¢>0 such that

3

c< Z la)(s)| for every se I, (4.13)

Jj=2
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and if m is minimal with this property. Oscillatory integrals with phase functions a
of this type have been studied, e.g., by J. E. Bjork (see [10]) and G. I. Arkhipov [1],
and it is our goal here to estimate related maximal operators, allowing even for small

perturbations of a. More precisely, consider averaging operators
Af f(x):= /R f(z1—ts,zo—t(1+e(a(s)+r(s))p(s)ds, feSR?),
along dilates by factors ¢t>0 of the curve
v(s):=(s,1+e(a(s)+r(s))), se€l,

where £>0, v €C°(I) is a smooth, non-negative density supported in I, and reC>(I)
is a sufficiently small perturbation term. By M¢® we denote the corresponding maximal

operator

MEf(x) = sup |A7 f(2)].

THEOREM 4.2. Let a be a function of polynomial type m>2. Then there exist num-
bers M eN and 6>0, such that for every re C*(I,R) with ||r||cm <d, 0<e<k1 and p>m,

the following a priori estimate is satisfied:
IMEfllp < Coe™ P fllp,  f€SR?), (4.14)

with a constant Cp, depending only on p.

Proof. By means of an induction argument (based on an idea of Duistermaat [11]),
we shall reduce this theorem to Proposition 4.1. Let us fix a smooth function a: I —+R of
polynomial type m>2. We shall proceed by induction on the type m.

Observe first that it suffices to find for every fixed so €1 a subinterval Iy C I which is
relatively open in I and contains sy such that (4.14) holds for every v supported in Ij.
For, then we can cover I by a finite number of such subintervals I;, decompose 1 by
means of a subordinate smooth partition of unity into ¥v=> j ¥;, where 1); is supported
in I;, and apply the estimate (4.14) to each of the pieces.

So, fix sgel. Extending the function a in a suitable way to a C'°*°-function beyond
the boundary points of I, we may assume that sg lies in the interior of I. Translating
by sg, we may furthermore assume that sp=0. Then, by (4.13), there is some k€N,
2<k<m, such that

a(0)=0 for 2<j<k—1 and a®(0)#0. (4.15)
Assume first that k=2. Then we may write

a(s) =ag+a1s+s%b(s) near s=0,
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where b€ C*°(I), b(0)#0. Consequently, if r€C>°(I) has sufficiently small C™*2-norm,
then the estimate (4.14) follows from Proposition 4.1.

Now assume k>2.

LEMMA 4.3. Assume that a satisfies (4.15) with k>3, and let N€N. Then there is
some 0>0, and for every function r€C>(I) with ||7||cr+~ )< a number o(r)el with
c(0)=0 and |o(r)| <6, depending smoothly on r, such that

(a+r)*V(a(r)) =0. (4.16)
In particular, if we put I.:=—o(r)+1, then
(a47)(s+0(r)) = (b(s)+R(8))s" + o+ 15+ ...+ pup_28" 2, (4.17)

where be C*(I,) with b(0)#0, ReC>(I,) with ||R||c~y <6, and where p1:= (o, ..., fom—2)
satisfies |u] <.

Proof. (4.16) follows from the implicit function theorem, applied to the mapping
frIXCHN(D) =R, f(s,7):=(a+7)* "1 (s), and (4.17) is then a consequence of Taylor’s

formula. O

The case k=3 can now be treated by means of (4.17) in a similar way as the case
k=2 (notice that I, and I overlap in a neighborhood U of 0 not depending on r, if ¢ is
sufficiently small, so that we can again assume that 1 is supported in a fixed interval
contained in U).

We may thus from now on assume that k>4. Since we have seen that the cases m=2
and m=3 of Theorem 4.2 are true, we may assume that m>4, and, by the induction
hypothesis, that the statement of Theorem 4.2 is true for all m’<m—1. Then, we may

also assume that k=m in (4.15), so that, by Lemma 4.3,

(a+7)(s40(r) =b(s)s™ + o5+ ...+ [y _o5™ 2

on I, where m—2>2 (the affine linear term po+p1$ can again be omitted by means of

a linear change of coordinates). Here we have set B:b—i—R, where, by Lemma 4.3,
[Rllcm < 0.

Let us now put p=(p2, ..., tm—2). The case u=0 can again be treated by means of

Proposition 4.1, so assume that 0. If we scale in s by a factor o'/™, 0>0, we obtain

H2 32+...—|—'um72 sm2.

1/m _ 7(,1/m m
(a+7)(0 ' ™s+o(r))=p|blo/"s)s +Q(m72)/m o2m
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This suggests to introduce a quasi-norm
v —2 v/2
N () =" e

say with v:=2(m—2)!. For then N is smooth away from the origin, and if we put
0:=N(u), i.e., if we define é=(&a, ..., &m—2) by

S Hj - _
&= N (o) m=im’ ji=2,....,m—2,
then N(£)=1 and
1 -
9(s)=9(s,0,8) = E(a+7“)(@1/m8+0(7“)) =b(0"/™5)s"™ +Ea5” oA Eas™

Then, putting n:=c(r), we have

Af(z)=o'/m /]R fla1—t(0"™s+n), 22 —t(1+e0g(s)) v (0" ™s+n) ds.

Recall at this point that n—0 and ¢—0, as §—0. In particular we may consider g(s, g, )
as a C°°-perturbation of g(s,0,&), where

9(5,0,6) =b(0)s™ +&o8" + ... A-Em—28™ 2.

Denote by ¥ the unit sphere ¥:={(€R™~3:N(£)=1} with respect to the quasi-norm N,
and choose B>1 so large that

lg”(s)|=c|s|™ ™2 whenever |s| > B, £€¥ and p< 4, (4.18)

where ¢>0. This is possible, since b(0)#£0, provided ¢ is sufficiently small. We then
choose x0, x€C§°(R) such that supp xC (—2B, —1B)U(3B,2B) and

o0 s o0
1= X0(8)+Z X(?k) = Xo(s)—i-z Xx(s) for every se€R.
k=1 k=1

Accordingly, we decompose Af f="7° o Ai’k f, where

A7F f(z) = Ql/m/ Flar—t(0"™s+n), ma—t(1+e09(s))) (0" ™ s+n)xk(s) ds.
R
Assume first that £>1. Then this can be rewritten as

ADF f(2) = 2Rt/ /R Flm1—t(0"™2%s4n), 23 —t(1+e02™ gi(s))) ¥ (0" ™ 2% s+1)x(s) ds,
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where
91(8) =gi(s, 0,8) :=2""%g(2"s, 0,¢).

And, by (4.18),
lgi(s)|=¢>0 for every s€suppy, £€X and o< 4.

More precisely, since

& 52+...+£m72 sm2,

_ 7/ . 1/mok m
gk(s)fb(g/ 2%s)s +2(m—2)k 92k

where |s|~B, and where o/™2F <§, unless Ai’k:O, if we choose supp ¢ sufficiently close
to 0, we see that gi(s) is a small §-perturbation of gi(s,0,£).

Moreover, covering ¥ by a finite number of §-neighborhoods X; of points Wey,
for every £€X; we may regard gi(s,0,&) as a d-perturbation of g(s, 0,£0)). Thus, for
£€X;, Proposition 4.1 can be applied for m=2, in a similar way as in our discussion of

the case k=2, in order to estimate the maximal operator
MEF f(z) =sup |AF" f ()]
t>0
by

M fllp < Cp2F o™ (Inl(25 0" ™)~ 4+ (2027 %) 4+ 1) £l
< Cp((ngl/m)l_l/p+5_1/p(2kgl/m)1_m/p)Hpr.

Since M&F=0 if 2¥p'/™>§, we then obtain, for p>m,

SIMEFfl= D IMEFF, < Cpe P £
k>1 k>1
2k91/7n<5

There remains the operator M®° to be considered. Conjugating Af’o with the scaling

operator
Tof (w1, 22) =0 /™ f(07 V™21, 22),

which acts isometrically on LP(R?), we can reduce our considerations to the averaging

operator

T, APOT, f(x) = 0M/™ /R flai—t(s+07 ™), 2o —t(1+e0g(s)))y (0" ™s+n)xo(s) ds.
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Fixing again £°€¥, for £ in a d-neighborhood Xy of €7, we can consider g(s, o,£) as a

d-perturbation of the polynomial function
P(s):=g(s,0,£%) =b(0)s™ +£95” +... 460, o™ .

Since there is no term £2,_;s™~! in P(s), and since %0, it follows that for every sg

one has
m—1

D

Jj=2

J
(i) 9(50, 0)50)‘ 7&0)

for otherwise we would have

P(5)—P(s0)—P'(50)(5—50) =b(0)(s—50)™ =b(0)(s™ —msgs™ *4...).

Hence sy=0, and so £°=0.

We can thus apply our induction hypothesis, and obtain, for p>m—1,
1T MO, fllp < Cpot ™ (0™ ™ [l +(e0) ™) P f 1,

and hence
IMECfllp < Cpe™ 20V =12 £,

first for £€X¢, and then, by covering ¥ again by a finite number of §-neighborhoods of

points &, for every £€X. In particular, for p>m we get the uniform estimate
||M€’0f||p < Cp571/p||f||pa
which concludes the proof of Theorem 4.2. O

In the next subsection, we shall need a slight generalization of this theorem, namely

for averaging operators of the form
Af‘”f(x)::/ flar—t(s+o1), ma—t(1+e(a(s)+7(s))w(s)ds, feSER?),
R

where o1 is a second real parameter which can be arbitrarily large. The corresponding
maximal operator
M= f(a) =sup |47 f ()|
>0
can be estimated exactly as before, if we simply replace the shift term 7 in the proof of
Theorem 4.2 by n+01, and one easily obtains the following consequence.

COROLLARY 4.4. Let a be a function of polynomial type m>2. Then there exist
numbers M €N and 6>0 such that, for every r€ C(1,R) with ||r|cm <J, 0<e<k1 and

p>m, the following a priori estimate is satisfied:
1M fllp < Cploa|+e )P fllp  fESR?),

with a constant Cp, depending only on p.
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4.2. Related results for families of surfaces

By decomposing a given surface in R? by means of a “fan” of hyperplanes into a family
of curves, we can easily derive suitable estimates for certain families of surfaces from the
maximal estimates in the previous subsection.

Let U be an open neighborhood of the point 2°€R?, and let Opr €C(U,R) be such
that

05" ppr (2, 25) #0, (4.19)

where m>2. Let

o= ¢pr+¢ra
where ¢, € C>° (U, R) is sufficiently small. Denote by S- the surface in R? given by
Se i ={(w1, 22, 1+ep(x1,22)) : (x1,22) €U},

with >0, and consider the averaging operators
(@)= Aif@)= [ Fa—ty)o(s)doty).

where do denotes the surface measure and ¥ € C§°(S;) is a non-negative cut-off function.

Define the associated maximal operator by
ME f() =sup| 45 £ ()]
t>0

PROPOSITION 4.5. Assume that ¢py satisfies (4.19) and that the neighborhood U of
the point 20 is sufficiently small. Then there exist numbers MEN and 6>0, such that
for every ¢.€C>°(U,R) with ||¢r||cm < and any p>m there exists a positive constant
Cp such that for e>0 sufficiently small the mazimal operator MF® satisfies the following

a priori estimate:

[ME £l < Cpg_l/pr“pa f GS(R3)~ (4.20)

Proof. Let us write the averaging operator A; in the form

Af(y) = /R2 fyi—tzy, y2 —tae, ys—t(1+ed (w1, v2)))n(21, T2) dz, (4.21)

where neCg°(U).
Choose 6y such that sin 6 +29 cos =0 (we may assume that cos#y>0). For small

0, consider the equation

(1+€¢)($1,l‘2))Sin(00—|—0)+$1 COS(90+9):0 (422)
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with respect to x1. By the implicit function theorem, the last equation has a unique

smooth solution z1 (6, z2,€) for |0], |z2—z9| and e sufficiently small such that
g31(07 178, 0) = z(l)

Moreover,

7]
%‘Tl(ov I(2)7 O) 7é 0.

In the integral (4.21) we can thus use the change of variables (6, z2)— (z1(0, z2,€), z2)

(assuming U to be sufficiently small) and obtain

Atf(y):/ fyr—ta1(0,22,€), yo—tas, ys—t(1+ed(x1(0, w2, €), ©2)))1h(0, 2, €) db) da,
R2

(4.23)
where (0, za,¢):=n(x1(0, x2,€),22)|J (0, 22,¢)| and J(0,z2,€) denotes the Jacobian of

this change of coordinates. Let us write the integral (4.23) as an iterated integral

b
Acf(y) = /_ AL f (),

where b is some positive number and AY denotes the following averaging operator along

a curve:
ALF )= [ Fn =t (6,5,6), 2t g0 (120020, 2), )0, 5.2) ds.
Now, we define the rotation operator
RO f(z) := f(x1sin(fp+0) —x3 cos(0p+0), T2, 21 cos(fg+6)+x3 sin(fy+0)),

which acts isometrically on every LP(R?). Then we have

RCACRY f(y) = /

R2

f (yl + (1+E¢(l‘1(9, S, 5)’ 3)7 Y2 —ts, y3)> ¢(07 S, 5) ds.

1
t cos(6p+0)

Observe that the last operator “acts” only on the first two variables. Moreover,
for e=0, by (4.22), we have x1(0, 25,0)=—tan(fy+6), which is independent of x5. This
implies that

m

d
dsimd)pr(xl(oasao)ﬂs) :%”gbpr(x?,zgﬁéo

— .0
S=Ty

Notice also that for €, § and U (and hence also 6) sufficiently small, ¢(z1(8,s,¢),s)
can be regarded as a small perturbation of ¢p.(21(0,s,0),s). Therefore we can apply

Theorem 4.2 (in the first two variables) and obtain that, for p>m,

| sup R AR 11| < Cpe™ 7)1
t>0 p
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and hence
|sup1afsl|| <cpet7if1l
t>0 p

where C), is independent of # and ¢. Integrating finally in the # variable we obtain the

required estimate. O

In our later applications of this proposition, we shall also have to deal with functions
¢ which depend in fact also on the parameter € in such a way that they blow up as e —0,
however, in a particular way. More precisely, assume that qu:qZSpr—i—q;T has the same
properties as ¢ in the proposition, so that in particular (4.19) is satisfied by gg We
assume for simplicity that ¢ is defined on R? and supported in the neighborhood V' of
the point 2. Let further v. €C° (V1) be a smooth function depending on the parameter
€ so that there is some 0<d<1 such that

Ye=0("%) in C™, (4.24)

in the sense that ||[¢c||cm(1;)=0(e7?) for every meN, where V; denotes the orthogonal
projection of the neighborhood V onto the x;-axis. Put then

be (w1, 22) 1= P(21, T2 —1Pe (71)). (4.25)

Notice that
0105 6.(2)| = (). (4.26)

This means that we cannot directly apply Proposition 4.5 to ¢.. We shall see that
nevertheless the proof of this proposition can be extended to ¢.. To this end, observe
first that |V (e¢.)(2)|<Cel =9, uniformly in x. Therefore, again by the implicit function

theorem, we can solve the equation
(1+e¢e(x1, 22)) sin(fg+0)+x1 cos(Bp+6) =0

in z; near the point (29, 29+v.(z?)), and obtain a smooth solution z1 (6, z2, ) for suffi-

ciently small values of |6], |zo— (24 (2)))| and £>0, satisfying
21(0, 25+ (), 0) = a7’
Let us also define x9(6) as the solution of the equation
sin(fo+0) -+ (0) cos(6p+6) =0,
and put g(0,z2,¢):=x1(0, 22,c)—29(#). Then g satisfies the equation

£ (22(0)+9(0, z2,€), x2) sin(fo+0) +g(0, 2, €) cos(fy+6) = 0.
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Implicit differentiation shows that

020 (29(0)+ g (x2), x2) sin(0y +0)
cos(0g+0) +e0 pe (29 (0) +g- (z2), x2) sin(fp+6)’

ge(wg) = —¢

using the short-hand notation g.(x2)=g(8, z2,¢). By (4.26), this implies that |g.(z2)|=

O(e), and similarly |g§j)(ac2)|:O(5) for every j>1, uniformly in zp. But clearly this

estimate is also true for j=0, so that
g:=0(g) in C*°. (4.27)
If put
(0, 5) = = (25(0) +9-(s), 9),

then (4.26) and (4.27) show that ®.(0, -)=0(1) in C*°. The averaging operators associ-
ated with ¢. will be of the form

A f(y) ::/ flyr—txy, yo—tas, ys—t(1+ede(z1, 22)))n(x1, 2) da, (4.28)
Rz
where 1(x1,x2)=1(x1, 12— (21)), with 7€C§°(R?) supported in a sufficiently small

neighborhood UCV of 29. The corresponding operators R~ AY R are then given by

14e®.(0, s)

R_eAfRef(y) :/]Rz f(y1+t cos(bp+0)

,yg—ts,y3>a(9,s,s) ds,
with
a(@, 5, 5) ::77(*7;1(97 S5, 5)7 s)|J(97 S5 5)' :ﬁ(l‘?(e)—l—gs(s), 8—¢e($?(9)+95(8)))|c7(97 S5 5)'

The subsitution s+ s+1.(z9(6)) in the integral thus leads to

AR 0) = [ (et O et 0). 00 )6, 5.2) s

with @ (6, 5):=¢(29(6) +7e (5), s+ (29 (8)) —v= (29 (6) +3: (5))) and
a(0, s, €) = 1(27(0) + 3= (5), s+ (21(0)) — = (27(0) +3:(5)))| T (0, s+25(6) €)1,

where we have set g.(s):=g.(s+:(29(0))). From (4.24) and (4.27), we have g.=0(e)
in € and . (29(6)— - (+3(6) + . (5) =O(£ ) in C.
Consequently, @ is supported in 171, if € and @ are sufficiently small, and a=0(1) in

C®°. In a similar way, we see that

(i’&‘(oa 3) :QE(I?(Q), 8)+¢T(0’ 3’6)’
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where the perturbation term gZN)T(H, s,€) can be made small in C* by choosing ¢ and 6
sufficiently small. Notice finally that for e<1,

[¥(23(9))] Se~° <eh

We can therefore apply the maximal theorem for curves, Corollary 4.4, to each operator

R=9AYR? and obtain the following consequence.

COROLLARY 4.6. Let V be an open neighborhood of x°cR?, and let épreCoo(V, R)
be such that

(%"épr(x(l),xg) #0,
where m>=2. Let
= Ppr + 1,

where ¢,€C>®(V,R) is sufficiently small, and assume that 1.€C™(V}) satisfies (4.24)
for some 0<d<1. Put (bg(xl,xg):zcﬁ(xl,xg—wg(xl)) and n(x1, x2)=7(x1, 22— (21)),
with HE€CE(R?) supported in a sufficiently small neighborhood Uucv of x°, and consider
the averaging operators A given by (4.28), with associated maximal operator ME.

Assume that the neighborhood U of the point =0 is sufficiently small. Then there
exist numbers M €N and 6, >0 such that for every ¢,eC(U,R) with ||¢,||cv <8 and
any p>m there exists a positive constant C, such that for >0 sufficiently small the

maximal operator MEF satisfies the following a priori estimate:

IMEfllp < Cpe™ 2 fllp,  fESER?). (4.29)

5. Estimates for oscillatory integrals with small parameters

In this section, we shall provide the crucial estimates for oscillatory integrals that will be

needed in the subsequent sections. More precisely, we shall study oscillatory integrals
TN 0,0) = /R @Oy (2 5)dr, A0,
with a phase function F' of the form
F(x1,22,0,0):= fi(x1,0)+0 fa(x1,22,0),

and an amplitude 9 defined for z in some open neighborhood of the origin in R? with
compact support in z. The functions f; and fs are assumed to be real-valued and will
depend, like the function 1, smoothly on x and on small real parameters 41, ..., §,,, which
form the vector 6:=(dy, ..., d, ) ER”. Here o denotes a small real parameter.
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With a slight abuse of language, we say that ¢ is compactly supported in some open
set UCR? if there is a compact subset K CU such that supp(-,d)CK for every .

Let us first recall the following lemma, which is a (not quite straightforward) con-
sequence of van der Corput’s lemma (cf. [39]) and whose formulation goes back to
J. E. Bjork (see [10]) and also G. I. Arkhipov [1].

LEMMA 5.1. Assume that f is a smooth real-valued function defined on an interval
ICR which is of polynomial type m=>2, meN, i.e., there are positive constants ci1,cy>0
such that

c1 <Z 1F9(s)| ey for every sel.
=2

Then, for AeR,
<Cllgller o 1+ AN,

/er(s)g(s) ds

I

where the constant C depends only on the constants c¢1 and cs.

5.1. Oscillatory integrals with non-degenerate critical points in x;
PROPOSITION 5.2. Assume that
|01£1(0,0)[+[57 f1(0,0) #0,
and that there is some m>=2 such that
95" f2(0,0,0) #0.

Then there exist a neighborhood U CR? of the origin and some >0 such that for any

which is compactly supported in U the estimate

Clly(-,0)lles

Ao, 6)| <
|J( , 0, )| (1+)\)1/2(1+|>\0|)1/m

(5.1)

holds true uniformly for |o|+|d|<e.

Proof. If 01 f1(0,0)#0, then we can integrate by parts in x; if A>1, and obtain the

stronger estimate (.9
)|l
[T\ 0,0)| < o
Assume therefore that 9 f1(0,0)=0, so that the mapping z1+— f1(x1,0) has a non-
degenerate critical point at x1=0. Then, by the implicit function theorem, for |§| suffi-
ciently small there exists a unique critical point x1=29(5) depending smoothly on § of
the mapping £ fi(z1,8)=0, i.e., 91 f1(z{(d),5)=0, where z{(0)=0.
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In a similar way, we see that there is a unique, smooth function x§(z9,0,d) for
|x2|+|o|+|0| sufficiently small such that

O F(z{(x2,0,0),22,0,0) =0,
where 2(0,0,0)=0. By comparison, we see that x§(x2,0,)=29(), so that
@(22,0,8) =1Y(8)+07(2,0,0)

for some smooth function . Applying the stationary phase formula with parameters to

the integration in z1, we thus obtain
J(\,0,8) = / @200 (X 29, 0,8) daa, (5.2)
R

where
¢(‘T27 g, 5) = F(I?(6)+07($23 63 J)a x2,0, 5)

1

5 in A, so that in particular

and where a()\, z2,0,0) is a symbol of order —
|0%,a(X, 73, 0,8)| < CL(1+|A) 2, (5.3)

with constants C; independent of 3, o and ¢ (see, e.g., Sogge [35] or Hérmander [17]).

Moreover, a Taylor series expansion of ¢ with respect to o near 0=0 shows that
(;5(1‘27 g, 5) =f (CC?((S), 5)+U(f2($(1)(5), x2,0, §)+O(U)>

in C*°. Since 93" f2(0, 0,0)#£0, for |o| sufficiently small we can thus apply van der Corput’s
lemma (or Lemma 5.1) to the integral (5.2) in x5 and obtain the estimate (5.1). O

5.2. Oscillatory integrals of non-degenerate Airy type
PROPOSITION 5.3. Assume that
3 £1(0,0)#0  and 03 f2(0,0,0) #0.

Then there exist a neighborhood UCR? of the origin and some £>0 such that for

any Y which is compactly supported in U, the estimate

Clle(-, 0)lles
(1+N)V3(1+|Xa|)1/2

[T\, 0,0)] < (5.4)

holds true uniformly for |o|+d|<e.
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Proof. Consider first the case where 95 f2(0,0,0)£0. Then, if |Ao|>1, we first per-
form an integration by parts in x5. Subsequently, we can apply van der Corput’s lemma
to the integration in x;, provided U and ¢ are chosen sufficiently small, and obtain the

stronger estimate

Clly(-, 9)llo=
(1+X)/3(1+[Aa])

Now, assume that 93 f2(0,0,0)=0 but 85 f2(0, 0, 0)#£0. Then for U and ¢ chosen suffi-

ciently small, by the implicit function theorem there exists a unique critical point x§(z1, J)

[T\ 0,0)| <

of the function xor fo(x1,x9,0). Then, by applying the stationary phase method with

small parameters to the xo-integration, we see that
J(\,0,0)= / er@100) g (\g, 21, 8) dy (5.5)
R

where
d)(mla g, 6) = fl(zla 6)+O-f2($13 '1:5(3317 5)a 5)7
and where a(\, x1,9) is a symbol of order —% in A, so that in particular
l —
105, a(Ao, 21, 8)| < Co(1+|Aa]) 72, (5.6)

with constants C; which are independent of z1 and 4.
We can now apply van der Corput’s lemma to the integral (5.5) and obtain, in view
of (5.6), the desired estimate (5.4). O

5.3. Oscillatory integrals of degenerate Airy type

THEOREM b5.4. Assume that
101£1(0,0)[ 487 f1(0,0)| 487 £1(0,0)| #0  and 8,85 f5(0,0,0) #0, (5.7)
and that there is some m=>=2 such that
94 £2(0,0,0)=0 for I=1,...,m—1 and 05" f2(0,0,0)#0. (5.8)

Then there exist a neighborhood U CR? of the origin and constants €,e' >0 such that
for any ¥ which is compactly supported in U the estimate

T 0,8 < 2P, 9)lles

S N2relgfintent (5:9)

holds true uniformly for |o|+|0|<e’, where

1
T for m <6,
lT}'L = m—3 and Cm i =

Y >6
2am—3) ™M

—_

,  for m<6,
2, for m>=6.
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Remark 5.5. 1f |01 f1(0,0)|4|0% f1(0,0)|#£0, then a stronger estimate than (5.9) fol-
lows from Proposition 5.2, since %glm < %. The full thrust of Theorem 5.4 therefore lies in
the case where 91 f1(0,0)=08%f1(0,0)=0 and 8 f1(0,0)#0, on which we shall concentrate

in the sequel.

The proof of Theorem 5.4 will be an immediate consequence of the following two
lemmas. Our first lemma allows us to reduce the phase function F' to some normal form
and is based on Theorem 7.5.13 in [17]. The latter result, which generalizes earlier work
by C. Chester, B. Friedman, F. Ursell [7] and N. Levinson [26] in the analytic case, is

derived by L. Hérmander by means of the Malgrange preparation theorem.

LEMMA 5.6. Assume that F satisfies the conditions of Theorem 5.4, and in addition
that 01 £1(0,0)=0%2f1(0,0)=0. Then there exist smooth functions X1=X(x1,0,6) and
Xo=Xo(x1,22,8) defined in a sufficiently small neighborhood UxV CR2xR¥T! of the
origin such that the following hold true:

(i) X1(0,0,0)=X>2(0,0,0)=0, &1 X7(0,0,0)#£0 and 92X5(0,0,0)#£0, so that we can
change coordinates from (x1,x2,0,9) to (X1, X2,0,0) near the origin;

(ii) In the new coordinates X1 and Xo for R? near the origin, we can write
F(ﬂfl, x2,0, 5) :gl(X17 g, 5)"'0'92()(1, X27 a, 6)7

with
91(X1,0,8)=X34a1(0,0) X1 +am(0,0)

and

[

m—

92(X1,X2,0,0) = X5+ > a;(8) X3 + (X1~ am-1(0, 6)) X2b(X1, X2, 0, 5),

j=

if m>3, and g2(X1,Xa,0,0)=X2, if m=2, where a,...,a,, are smooth functions of
the variables o and § such that a;(0,0)=0, and where b is a smooth function such that
b(0,0,0,0)7£0.

Proof. In a first step, we apply Theorem 7.5.13 in [17] to the function fo(z1,x2,0d).
Due to our assumption (5.8), there exists a smooth function Xo=Xs(z1, z2,9) defined in

a sufficiently small neighborhood of the origin with
X2(0,0,0)=0 and 02X2(0,0,0)#0,
such that in the new coordinate Xo for R near the origin f, assumes the form

fg(xl, Ta, 5) = X;n#—&g(l‘l, 5)X§n_2+...+dm_1($1, 5)X2—|—5Lm(.731, 6),
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where as, ..., G,, are smooth functions satisfying @;(0,0)=0, [=2,...,m—1
Notice that the case m=2 is special, since in this case
fQ(JUl, T2, 5) = X22+6~L2(1‘1, 5)
contains no linear term in Xs.
If m>3, then by assumption (5.7) we have
aafm—l
0,0)#0 5.10
50,0 20, (5.10)
since o f . 0x
2 Am—1 2
0 0,0,0)= 0,0 0,0,0).
7& 61‘18$Q( ) 8.731 ( ) 81‘2 ( )

Consequently, any smooth function p=¢(x1,9) defined in a sufficiently small neighbor-

hood of the origin can be written in the form
¢(x1,6) =n(21,6)am—1(21,6)+5(9),

with smooth functions n=n(z1,d) and $(d). Applying this observation to the functions

a;, we can write
&l(l’l,(s):am_l(xl,(s)bl(l‘l,6)‘1‘@[(6)7 l:27"'7m_25

with smooth functions b;(x1,d) and a;(d), where a;(0)=0.
We can accordingly rewrite the function F=f;+o fo in the form F=f;+o fo, where

fl(xlvo—ad):fl(x1;5)+0an1(xla§)> (5 11)
Fol@1,02,0,0) = X +am_1(z1,0) Xob(z1, X2, 0)+a2(8) X2 2+ .+ am—_o(6) X2,

with
?)(5(11, Xo, (5) = 1+bm,2(.’L‘17 5)X2+...+b2(1‘1, 6)X§172.

In particular, 13(0, 0, 0)=£0.

In a second step, we apply Theorem 7.5.13 in [17] to the function f (z1,0,0). Since
91 £1(0,0,0)=0?£1(0,0,0)=0 and 83 f1(0,0,0)#0, we then see that there exists a smooth
function X1=X;(z1,0,9) defined in a sufficiently small neighborhood of the origin with

X1(0,0,0)=0 and 0:X1(0,0,0)#0,
such that in the new coordinate X; for R near the origin fl assumes the form

fi(z1,0,0) =X} +ai(0,8)X1+am(0,9),
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where a; and a,, are smooth functions such that a;(0,0)=a,,(0,0)=0.
Let us write apm,—1(21,)=a(X1(21,0,0),0,0), so that o expresses d,,_1 in the new

coordinate X;. By (5.10) and the chain rule, we have

Oa

«(0,0,0)=0 and X,

(0,0,0) #0.
This implies that there is a unique, smooth function a,,—1(c,d) with a,,—1(0,0)=0,
such that a(a,;,—1(0,d),0,0)=0. Taylor’s formula then implies that a(X7,0,0) can be

written in the form
a(X1,0,0) = (X1—am-1(0,0))§(X1,0,9),
where §(X1,0,9) is a smooth function with g(0,0,0)#0. This shows that
dm,l(xl,é)Xgl;(xl,Xg,é) =(X1—am-1(0,0))X29(X1, 0, 5)5(951,X2,5).

When expressed in the new variables (X1, X»), we see that in combination with (5.11)

we obtain the form of F' as described in (ii). O

After changing coordinates, the previous lemma allows us to reduce Theorem 5.4
to the estimation of 2-dimensional oscillatory integrals with phase functions of the form
F(x1,22,0,0)=f1(x1,0)+0 fa(x1,22,0), where

fi(21,6) =23 +0121,

m—2
- (5.12)
fo(z1,m2,0) =23+ > 85+ (21— 6m—1)T2b(21, 22, 0, 0),

=2

if m>3, and fo(z1,29,0)=23, if m=2. Here, 0 and 1, ..., 5, are small real parameters
(where v2m—1), the latter forming the vector 6:=(d1, ...,d,) €ERY, and b=b(x1,x2,0,0)
is a smooth function defined on a neighborhood of the origin with (0,0, 0, 0)##0.

LEMMA 5.7. Assume that the phase function F is given by (5.12). Then there exist
a neighborhood UCR? of the origin and constants e,&'>0 such that for any 1) which is

compactly supported in U the estimate

|[J(\ 0,0)| < Cliwp(-,9)llcs

S XU [Tt emt (5.13)

holds true uniformly for |o|+|o|<e’, where I, and c,, are defined as in Theorem 5.4.
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Proof of Lemma 5.7 and Theorem 5.4. We shall prove Lemma 5.7 and Theorem 5.4
at the same time by induction over m.
If m=2 then the phase function (5.12) is reduced to the form

F(z1,20) = x‘i’—i—élxl —&—chg,

and by applying the method of the stationary phase in x2 and van der Corput’s lemma in
x1 we easily obtain estimate (5.13), with l;=¢. This proves also Theorem 5.3 for m=2.

Assume that m>3, and that the statement of Theorem 5.4 holds for every strictly
smaller value of m. We shall apply again a Duistermaat-type argument, in a simi-
lar way as in §4, in order to prove the statement of Lemma 5.7, and hence also that
of Theorem 5.4, for m. To this end, we introduce the mixed-homogeneous scalings
AQ($1,$2)I:(Q1/2$1, 0'/2(m=1z5), 0>0. Notice that these are such that the principal
part of fo with respect to these dilations is given by 5"+ x122b(0,0,0,d). Then

F(AQ(Z)7 07 5) = gg/zF(x, 5‘3 57 Q’ 07 5)7

where F($7678a 0,0, 6):f1<$1,5)+&f2(.’17,6'757 0,0, 6) is given by

. [ . (5.14)
fo(x,6,0,0,0,0):=z3+ djxy T (@1 —0m—1)22b(Ay(2),0,0),
j=2
with & and & defined by
- o 01 9 _ _
7= g(2m73)2(m71)’ 01 := 0 and 5] T Qj/Z(mfl)’ J=2,..,m—1,

1/2

so that in particular dm_1=0m_1 /0*/%. Thus, if we define “dual scalings” by

Ay(0,0):=(5,9),

we see that if b is constant, then F(A,(z),0,0)=0%2F(z, A%(0,)).

It is then natural to introduce the quasi-norm
N(O’, 5) — |0,|2(m71)/(2m73)+|61|+|62|m71+m+|5m_2|2(m71)/(m72)+‘(;m_l‘Z’

which is A%-homogeneous of degree —1, i.e., N(A%(0,6))=0""N(0,9).
Given o and §, we now choose ¢ such that N(&,S):L ie.,

0:=N(0,9).
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Notice that o<1, and that (&, 5) lies in the “unit sphere”
Y:={(c',0")eR™: N(c/,0")=1}.
Then, after scaling, we may rewrite

J(\0,8)=J(\,5,0,0,0,6) :="/2m=1) / 2 PP @80.000) (A (1), 6) da,
R

where here p, ¢ and the ; are small parameters. For a while, it will be convenient to
consider ¢ and the Sj as additional, independent real parameters, which may not be
small, but bounded.

We shall apply a dyadic decomposition to this integral. To this end, we choose
X0, X€C§°(R?) with supp xC{z:3B<|z|<2B} (where B is a sufficiently large positive
number to be fixed later) such that

o0

XO(x)—i—Z X(Ag-r(x))=1 for every z € R%.
k=1

Accordingly, we decompose the oscillatory integral

J(\,5,0,0,0,6)=>_ Ji(),5,6,0,0,0),
k=0

where
Jk(>\; 5’, 87 0,0, (5) = Qm/2(m—1) / ei)\QS/2F(x,6,5,g,o,5),(/}(Ag(m)76)Xk(x) dx
R2

and y(2):=x(Ag-x(x)) for k>=1.
Assume first that £>1. Then, by using the scaling Ak, we get

Ti(X.6.8, 0.0,8) = (2°g)™/20" /R T (A (), 8)x () da,

where Fi(x):=g1(x1,0%)+0kg2(x, Gk, Ok, 250, 0,0) is given by

g1 (21, 0) := a3 +01 21,
m—2
g2(z, 61, 01, 2% 0,0,0) ;=P + Z 05125 7 (@1 = dm—1,k) T2b( Aok o (2), 0, 8),
=2
with
(&k, 5k) = (5’k, 51,k; veey 5m—1,k) = A;k (5’, (5) = A;kg(()', 5)



202 I. A. IKROMOV, M. KEMPE AND D. MULLER

Observe that we may restrict ourselves to those k for which 2¥p<1/B, since other-
wise Jp=0. Consequently, if we choose B in the definition of y sufficiently large, then
2k o<1, and also |6%|+|0x|<1. We thus see that there is some positive constant ¢>0
such that if x€supp x, then either

5 > 510 k >
b
|0191(21,0k)| = ¢ or |Dag2(x1,x2, bk, 0k, 2%0,0,0)| = ¢

Fix a point 2°=(29,29) €supp x, let n be a smooth cut-off function supported in a

sufficiently small neighborhood of 2°, and consider the oscillatory integral J)! defined by
TN 5,5, 0,0,8) = (2" g)m/2(m=1) / PR (A (@), 8)x (@) da.
By using integration by parts in z; if [91g; (29, 0, )|>¢, respectively in z if
|82g2(2Y, 29, 6%, 0k, 28 0,0, 0)| > ¢

and subsequently applying van der Corput’s lemma to the x;-integration in the latter
case, we then obtain

7] C(2kg)m/2tm =D (-, 8)|| e L @)™ 2m V(- 0) s
kXX (1+)\(2kg)3/2)1/3(1+/\(2kg)3/2|5.k|)2/3 X |/\(2kQ)3/2|1/2+€‘6k|1/6+6

By means of a partition of unity argument this implies the same type of estimate

il < C(280)™/2m=D) (-, )| s — C(2% )(6—m)/12(m—1)—am/2(m—1)M
FIS TN 2k 0)3/2 (1724 ¢ |Gy 1/6F< NTZre | 1/67E
(5.15)
for Jj.

Consider first the case where m<6. Then clearly

- % Clly(-,0)lles
Z‘Jk‘: Z W(/\@&Qﬁﬁ)KW.

k>1 2kp<1

Assume next that m>6. Then the infinite series

i 2k (6—m)/12(m—1)—em/2(m—1)
k=1

converges. Note also that o> \0|2(m_1)/2m_3. Summing therefore over all k>1, we obtain
from (5.15) that

< |A|L/2+e|g|lm+eme
1
>
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We are thus left with the integral
Jo(X..,8,0,0,6) := g"/20" V) / A5 0TDG(A (1), 8)xo () d,
RQ

where F(x,&,g, 0,0,0) is given by (5.14).

Let us fix a point (52, SO)GE, and a point 2= (29, ) €supp xo, and let again 7 be
a smooth cut-off function supported near z°. J¢} will be defined by introducing 7 into the
amplitude of Jy in the same way as before. We shall prove that the oscillatory integral

Jg) satisfies the estimate

Clle(-,9)lles

7
|J0 | S )\1/2+a|0 (Im+cme)’

(5.16)

provided 7 is supported in a sufficiently small neighborhood U of z° and (&, 5, 0,0,0)€V,
where V is a sufficiently small neighborhood of the point (52, SO, 0,0,0). By means of a
partition of unity argument this will then imply the same type of estimate for Jy, and
hence for J, which will conclude the proof of Lemma 5.7, and thus also of Theorem 5.4.

Now, if either 8 F(z9, 29,59,6°,0,0,0)%£0 or 0y f2(2?,29,5°,5°,0,0,0)£0, then we
can estimate J] exactly like the J;' and get the required estimate (5.16) for Jj.

Assume therefore next that
O F(29,29,5°,6°,0,0,0)=0 and also s fo(aY,293,5°,6°,0,0,0)=0. (5.17)

We then distinguish the following four cases.

Case 1. 5°#0 and 29#0.
Then, since 290, it is easy to see from (5.14) that d2F (29,29,5°,6°,0,0,0)%0 as
well. Note here that if we write b(x, g, 0,0):=b(A,(z), 0,0), then

b(z,0,0,0)=b(0,0,0,0) 0. (5.18)

We can then argue here in a similar way as in the proof of Proposition 5.2, so let us
only briefly sketch the argument. Suppose that x§(x2, &, 5, 0,0, 0) is a critical point of F
with respect to x1. Then it is a smooth function of its variables, and if p=0=9§=0, then
by (5.18),

(—(81+G22b(0,0,0,0)))/2
V3

x§ =125(x2,5,6,0,0,0) =

and

F(25(x2,5,0,0,0,0),22,5,6,0,0,0)

m—2
= (2$)*+0,25 46 (xé"—i— Z 07 4 (2§ —0pm—1)22b(0,0,0, O)) :
j=2
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If ¢ denotes the phase function
¢($27 ’ 6—7 ga 0,0, 5) = F(x(i(x23 5—7 5; 0,0, 5)) T2, &7 Sa 0,0, 5)7

which arises after applying the method of stationary phase to the xi-integration, then

since 5970, this easily shows that there exists a natural number N such that
05’ ¢(a3,5°,8°,0,0,0) #0.

Consequently, we can in a second step apply van der Corput’s lemma to the xs-
integration and obtain the estimate

Co™2m=V|[y(-, )]s
|A3/2[1/2+e|51/6+e

BAIES (5.19)

which implies (5.16) as before (just put k=0 in our previous argument).

Case 2. 5°#0 and 29=0.

Then, by (5.18), we have 97 F(z9, 29, 5°, 50,0,0,0):0 as well. But, again by (5.18),
we also have 9,0 (2, 29, 5°, 69,0,0, 0)#0, so that F has a non-degenerate critical point
at 20 as a function of two variables. If the neighborhoods U and V are chosen sufficiently
small, we can therefore apply the stationary phase method in two variables, which leads

to an even stronger estimate than the estimate (5.19), since here |5|~1.

Case 3. 9=0 and §9£0.

In this case #9£0, because of (5.17), and thus 92F (29, 29,5°,46°,0,0,0)£0. More-
over, in this situation we consider & such that |6|<1. Since we can regard 6—35° and
5—0° as small perturbation parameters if the neighborhoods U and V' are chosen suffi-
ciently small, we can therefore apply Proposition 5.2, with ¢ in this proposition replaced
by &, and obtain (5.19).

Case 4. 5°=0 and 69=0.
Then, by (5.17), 2{=0 as well. In this case we make use of our induction hypothesis.

Indeed, let us consider the function

m—2
To— f2(0,22,6°,6°,0,0,0) =25+ Z S;?x;”‘j—é,%_lub(o, 0,0,0).
j=2
Now zo=19 is a critical point, say of multiplicity u—1, of this function, i.e.,
05.f2(0,23,5°,6°,0,0,0) =0

for I=1,...,u—1 and 9% f,(0,z9,5°,46°,0,0,0) 0.
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Then p<m, because at least one of the coefficients Sj, j=2,...,m—1, does not vanish
and b(0,0,0,0)#0. Moreover, at this critical point also the condition

102 f2(0,29,5°,8°,0,0,0) #0

is satisfied. Therefore, after translating coordinate zs by 9, by our hypothesis we may

apply the conclusion of Theorem 5.3 for i in place of m and obtain the estimate

Com2m V(- 8) | s
|)\93/2|1/2+6|5-|l“+c“s )

o] <

provided again that U and V are small enough. Now, if <6, then this estimate agrees
with (5.19), and we are done.

So, assume finally that ¢>6. Since l,, is increasing in m, we may replace {,, by l,—1
in this estimate, and clearly we have ¢, =c,, =2. Recall also that here F=0p(3=2m)/2(m=1)
and QZ\UP(T”*U/@’”’?’). Then the total exponent of ¢ in this estimate, except for the
terms containing €, is —3/4(m—1)(2m—>5), and

073/4(m71)(2m75) < |U|73/2(2m75)(2m73).

Moreover, one computes that

|O,‘73/2(2m75)(2m73)7lm_1 — |O"7lm.

In a similar way, if we replace g by |o|?(m=1/(2m=3) in the term |¢%/?|~%|G|~cm—1%, we
obtain the additional factor |o|~3(m=1e/(2m=3) <|7|=2¢ in the estimate for .JJ. In com-
bination, we obtain again the estimate (5.16).

This concludes the proof of the lemma as well as of Theorem 5.4. O

6. Maximal estimates when 92¢p, #0

Before coming to the proof of our main result, Theorem 1.2, we need to provide a variant
of Corollary 4.6 for the case m=1. Its proof is in fact more elementary, but it will already
make use of 2-dimensional oscillatory integral techniques.

We shall consider averaging operators of the form

z2 =9 (21)

Atgof(z) = f(Zl—tJJl,Zg—tl‘Q,Zg—t(1+¢($1,x2)))g< v
1

R2

)ﬁ@;) dz, (6.1)

with t>0 and suitable smooth functions ¢, ¥, o, 77 and a positive exponent a>0 whose
properties will be specified soon. The functions 77 and g are supposed to be smooth
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bump functions supported near the origin in R? and R, respectively, and €y >0 is a small
parameter. The maximal operator associated with the averaging operators A%°, ¢>0,
will be denoted by M¢@°,

By splitting into two half-planes, we may assume that the integration takes place
over the half-plane R? :={(z,22) €R?*:2; >0} only. We consider the Fourier transforms

of the convolution kernels of the averaging operators A?°, i.e.,
AP f(&) = e T (16) £(6),

where

7= [

Our goal will be to derive suitable estimates of the oscillatory integrals J20(&) (cf. the

e“<51””1+5”2+53¢(‘“""”2))@<xQ —¥m) > i(x)de, EER.

2 eoxy
¥ 01

method in [18]). If we change to the coordinates y;:=x1 and ya:=x2—1(x1) in the

integral, we obtain

7= [

where 7 is again a smooth cut-off function supported in a sufficiently small neighborhood

ei(61y1+£2¢(y1)+§2y2+§3¢a(y))g( b2 >n(y) dy,

2 eoyd
2 0Y1

of the origin and where

o (y) := Oy, Y2+ (y1)).

In our later applications, the coordinates y will be adapted to ¢®.

We are thus led to consider Fourier multipliers of the form e%3.J(¢), with

J(€) = /R

Assumptions 6.1. The functions ¢®, ¥ and 7 are smooth functions such that
() ¥(z1)=bra 27 g(21), where by €R\ {0} and where ¢ is smooth;

(ii) the principal face w(¢®) is a compact edge, and the associated principal part Ppr

e“fl“’l*52“”“)*52“*53“(I”g( xQQ)n(x) dz. (6.2)
3_ E0Tq

of ¢* is s-homogeneous of degree 1, where 0<sr; <s5<1 and a=sr/2; >m122;
(ili) d(¢*)>1;
(iv) n is a smooth bump function supported in a sufficiently small neighborhood

of the origin.

Note that assumption (iii) implies that ¢ is of finite type, ¢*(0)=0 and V¢*(0)=0.
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In order to estimate the maximal operator M?9° associated with the Fourier multi-
plier €% J(¢), we shall further decompose it and estimate the corresponding constituents.

If x is a bounded measurable function, we shall use the notation

7=

The corresponding rescaled Fourier multiplier operators are the averaging operators A

ei(5111+52¢(9«’1)+€2$2+53¢a($))Q< xZa ) n(x)x(x) dx.
2+ 0T

given by
ALf(&) =" TX(te) f(€), t>0,

with associated maximal operator MX. Then we shall make use of the following essen-

tially well-known result in order to estimate MX.

LEMMA 6.2. Assume that, for some n€N and >0, the estimate
| X(E) < AxlInllon ey (1+[€) ") ¢eR?, (6.3)

holds, where the constant A, is independent of n. Moreover, put
€2
B, =
o= [ ]e(22 ) e

IMXFllp < CAYPBL 2| f |,

dz.

2
T

Then, for 2<p< oo,

where the constant C' depends only on the C™-norms of ¢%, ¢ and n, but not on x.

Proof. Observe that
e )| < ) TP,
where, because of (6.3),
T+ (VI9)(€)| < CAL (1+]¢) /242

The desired estimate of the maximal operator for p=2 follows then essentially from
Littlewood—Paley theory and Sobolev’s embedding theorem (for details, see, e.g., [39,
§X1.1], or our discussion in §3.1). Moreover, since B, is just the L'-norm of the con-
volution kernel of A, the estimate for p=oo is trivial. The general case 2<p<oo then
follows by interpolation. O
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Let us write

O(z,8) =121+ (1) HEama +E30" (1)

for the complete phase function of J, and decompose
6" = o+

Consider the dilations 0,(x1,x2):=(r*1x1,r*2xs), r>0, associated with the weight .

We choose a smooth non-negative function x supported in the annulus
D:={z:1<|z| <R}

satisfying

o0

Z Xk(x)=1 for 0£z€q,

k=kq

where xi(2):=x(dxx). Notice that by choosing 2 small, we can choose ko€N as large

as we need. We can then decompose J dyadically as

J:iJk,

k=ko

where

X x
700 22 ) i)ate) de

601“11

Jh(€) = V(€)= /

R
Notice that then -

M FI< D MY,
k=kq

By a change of coordinates, we obtain

Ty () = 27K /

R2

eiQk)\‘I)k(xvs)Q< l‘za ) 77(52,,@);((@ de,
g0y

where we have put A\:=&3, s=(s1, $2) and
Pi(z,5) 1= s121+S2thk(21) + 5222+ 97 (21, 22) + &7k (),
with

Yr (1) =27k (277 R ) = b2 +0(279%)  in O, (6.4)
Or () =282 (65— r) = O(2792F) in 0> (6.5)
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and

81:= 2(17"1)’“5—1,

So 1= 2(17}{2)]65*2, Sy = 2(17%1m1)k% = 2(%27x1m1)k52 (6.6)

A

(assuming without loss of generality that £37#0), where 1, d2>0.
We remark that indeed vy, () and ¢, () can be viewed as smooth functions (1, §)
and (Z)T(m, d), respectively, depending on the small parameter § =2k/" for some suitable

positive integer r>1 such that

Y(x1,0)=b1z7™ and ¢, (z,0)=0.

Observe also that 1—s¢1my >0 —3¢ym1 >0 and 1—3¢;>0, so that in particular
[S2|>|s2] and |As;|> &l (6.7)

Also notice that in our domain of integration we have

x1~1 and |x2| Seo.

PROPOSITION 6.3. Assume that ¢%, 1 and n satisfy Assumptions 6.1, and that
O205,(1,0)#0. If €0 in (6.2) and the neighborhood Q of the origin are chosen sufficiently

small, then the following estimate

2—k|x\

|k (6)] <C||n||c3(R2>W

(6.8)

holds true for some €>0, where the constant C does not depend on k and &.
Consequently, the mazimal operator M?° associated with the averaging operators
AL >0, defined by A2 f(€)=eiCs Joo (t€) f(€), is bounded on LP(R3) for every p>1/|s].

Proof. We shall distinguish several cases, assuming for simplicity that A>0.

Case 1. |s1]+]|S2|<C for some large constant C>>1.
In this case, if k is sufficiently large, then we have |s| <1, and since 92¢p(1,0)7#0,

we can integrate by parts in xo and obtain

27k\x|

<O
‘Jk(£)| \Cl+2_k)\7

and hence (6.8), since, by (6.7), |£|~AX in this case.

Case 2. |s1]+|S2|>C, with C as above, and either |s;|<|Sa| or |s1]3>]Ss|.
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In this case we can integrate by parts in z; and obtain

2kl

J < 5
OIS T a4 150

which again implies (6.8), since here, by (6.7), |£] SA(|s1]|+]S2])-

Case 3. |s1]+|S2|=C, with C as above, and |s1|~|Ss].
Observe first that |s|~|Sy| implies |&5|~2%1(m1=DF|¢; | 5o that

|§2] > [&1]-

We then write
27\ (1, 8) =2 *ASy F(z, 0, 6),

where

F(z,0,0):= %
2

§:=2"%/"«1 and 0:=1/8Ss, so that

x1 -Hz)(ffl,5)+0(¢gr($17$2)+ér($17$2, 0)+s2x2),

51

S5 ~1 and |o|<1.

Observe that

3; <Sl~’01 +77Z~}(x170)) ‘ ~1
Sa
for 1 ~1. We also claim that the polynomial P(x2):=¢% (x7,x2) has degree
m:=deg P >2. (6.9)

For, otherwise, by the homogeneity of ¢7,, the polynomial ¢, would be of the form

o (x)=c12] +cox! x5, where the point (I,1) would have to lie in the closed half-space

above the bisectrix, since ¢f), is the principal part of ¢®. Thus <1, so that d(¢*)<1, in
contradiction to our assumption d(¢®)>1.

From (6.9) we conclude that there is some integer m>2 so that
‘817:2 (¢;r(xla l’2)+521}2)| ~1.

If we now fix 29~1 and translate the z1-coordinate by z{, we see that we can apply
Proposition 5.2 if we localize our oscillatory integral J; to a small neighborhood of (z9,0)
by introducing a suitable cut-off function into the amplitude, and obtain an estimate of
order

O~ 7 (1 427k N (|Sa])) "2 (1427 FN) /™)
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for the corresponding localized integral, uniformly in s; and ss, since Proposition 5.2
also gives uniform estimates for small perturbations of such parameters. Since we can
decompose Ji(§) by means of a suitable partition of unity into such localized oscillatory

integrals, we see that
| Tu(©) < C27M (1427 RN (|82 ) T2 (142770 7,

where m=>2.

(a) If we assume that |s3|<C for some fixed, large constant C', then we have
1] <&l <[s2A <O,

and hence |£]~A, so that this estimate implies (6.8).
(b) If |s2|>1, then we proceed in a slightly different way. We first perform one
integration by parts in zso, and then apply the method of stationary phase in x;. This

leads to the estimate
|k (€)] S C27FP (1427F N (|S2]) /2 (1427 so | A) 7L

If now [€]| <A, then ||~ and if |{3]| > A, then [€]~|&2| < |s2|A, so that again (6.8) follows.

In order to estimate the maximal operator M2, we observe that (6.8) implies that
[Tk ()] < CoomkIxlgh(1/2+2) (1 4 |g])~1/2=e

for every sufficiently small e>0. We may therefore choose A, =027kl gh(1/2+2) for

X=X in Lemma 6.2. Moreover, clearly we can choose By, :=C27% 50 that we have
[ MXEF, < C 2~ k(xl=1/p=2)

with a constant C. which is independent of k. If p>1/|5|, and if ¢ is chosen small enough,

these estimates sum in &, so that the maximal operator M¢° is bounded on LP. O

We shall indeed need a slight extension of this result to the following situation. As

before, we shall always assume that x;>0.

Definitions. Let ¢geN* be a fixed positive integer. Assume that ¢ is a smooth

/7 and 2o near the origin, i.e., that there exists a smooth

function of the variables Jci
function ¢l7 near the origin such that ¢(x)=¢ (Jci/q, ). If the Taylor series of ¢l is
given by
e}
S (w1, w2) ~ Y ¢ plak,
k=0
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then ¢ has the formal Puiseux series expansion
o0
jla, .k
P(21,22) ~ E CjkT1 Ta-
J,k=0

We therefore define the Taylor—Puiseuz support of ¢ by

T(0)={ (L.0) engicu 20},

1
N7 := (N> xN.
q

The Newton-Puiseuz polyhedron N(¢) of ¢ at the origin is then defined to be the convex
hull of the union of all the quadrants (j/q, k)+R? in R?, with (j/q,k)€7 (¢). The asso-

ciated Newton-Puiseuz diagram Ny(¢) is the union of all compact faces of the Newton—

where

Puiseux polyhedron, and the notions of principal face, Newton distance and homogenous
distance are defined as in the case of Newton diagrams. The principal part ¢, is analo-
gously defined by
bpe(2):= > cjuri/lak,
(4/a,k)Em()
where m(¢) denotes the principal face. We shall then again decompose ¢=g,,+ ;.

COROLLARY 6.4. Proposition 6.3 remains true under the following assumptions on
Y and ¢* in place of Assumptions 6.1, provided again that Ox¢%.(1,0)7#0:
(i) v is given by

L
G(x) =Y b,
=1

where bj#0 for I=1,..., K, and where 2<m1<...<myp, are positive real numbers;

(ii) ¢ is a smooth function of the variables x}/q and x2, the principal face w(¢*) of
its Newton—Puiseuz polyhedron is a compact edge, and the associated principal part ¢p,
of ¢* is x-homogeneous of degree 1, where 0<3e1 <s0<1 and a=s /21 >my;

(iii) the distance d(¢%)=1/|3| satisfies d(¢*)>1;

(iv) n is a smooth bump function supported in a sufficiently small neighborhood €

of the origin.

Proof. All of our arguments extend in a straightforward manner to this setting,
except perhaps for the proof of (6.9) and the straightforward application of Lemma 6.2.
However, if (6.9) was false in the present situation, then we could write

n/q l/q
gr(x)zclxl +eox .
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The point (I/g,1) had to lie above the bisectrix, since ¢f, is the principal part of ¢.
Thus [<q. Moreover, we would have »;=¢/n and s,=1-1/n, so that
|2 =1+ ! >1,
n
and hence d(¢*)<1, in contradiction to our assumption (iii).

As for Lemma 6.2, notice that when applying the gradient to Ji (&), the function 7
will be multiplied with terms like ¢* or 1, which may not be smooth at x; =0, so that
the argument in the proof of the lemma fails to hold. However, if we look at the formula
for Ji (&) after scaling the coordinates x, we find for instance that the factor n(de-xx) will
have to be replaced by ¢®(dy-rx)n(ds-rx), where we now are in the domain where x1~1
and |z2|Seo. But, in this domain, the C™-norms of such expressions are still uniformly

bounded in k, so that we obtain the same type of estimate as for Ji(£). O

7. Estimation of the maximal operator M when the coordinates are adapted
or the height is strictly less than 2

We now turn to the proof of our main result, Theorem 1.2. As observed in the introduc-
tion, we may assume that S is locally the graph S={(x1,z2, 1+¢(x1,z2)): (1, 22) €N}
of a function 1+¢. Here and in the subsequent sections, ¢€C>(2) will be a smooth
real-valued function of finite type defined on an open neighborhood € of the origin in R?
and satisfying

#(0,0)=0 and V¢(0,0)=0.

In this section we shall consider the easiest cases where the coordinates x are adapted
to ¢, or where h(¢)<2.
Recall that A, >0, denotes the corresponding family of averaging operators

Acf(y):= /S F(y—tz)o(z) do(z),

where do denotes the surface measure on S and p€C§°(S) is a non-negative cut-off
function. We shall assume that ¢ is supported in an open neighborhood U of the point
(0,0,1) which will be chosen sufficiently small. The associated maximal operator is given
by

Mi(y):=swplAf@)l, yeR” (7.1)

The averaging operator A; can be rewritten in the form

Aifly) = /Rz fly1—tz1, y2—tae, y3s —t(1+¢(21, 22)))n(71, 22) d,
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where 7 is a smooth function supported in Q. If y is any integrable function defined

on ), we shall denote by A} the correspondingly localized averaging operator

Aff(y) 12/ flyr—twy, ya—tao, ys—t(1+d(z1, 22))) X ()n(7) dz,
R2
and by MX the associated maximal operator
MXf(y)=sup |4 £ (y)], yeR?.

PROPOSITION 7.1. Let ¢ be as above, and assume that =1, ) is a given weight
such that 0<se1 <32 <1. Asin (2.2), we decompose

P=¢s+or

into its x-principal part ¢, and the remainder term ¢, consisting of terms of »x-degree
greater than 1. Then, if the neighborhood Q0 of the point (0,0) is chosen sufficiently
small, the mazimal operator M is bounded on LP(R3) for every p>max{2, h(¢,)}.

Proof. Let us modify our notation slightly and write points in R? in the form (z, z3),
with 2€R? and 23€R. Recall from Corollary 2.2 the crucial fact that

h(¢x) - max{m(¢%)a dp (¢x)}

In particular, the multiplicity of every real root of the s-homogeneous polynomial ¢,, is
bounded by h(¢,.).

Choosing a dyadic decomposition
o0
> xelx)=1
k=ko

for 0#£2€Q as in §6, with xi(x):=x(doxx), where the §, denote the dilations associated
with the weight s, and where x is supported in an annulus 1<|z|< R, we can write A;

as a sum of averaging operators

Auf(y,ys) =D Aff(y.ys),

k=ko

where AF:=AYX*. Notice that by choosing {2 small, we can choose ko€N to be large.
If we apply the change of variables z+—d5-x () in the integral above, we obtain

AF f(y,ys) =27"1 /}R2 Fly—toy-r(x), y3—t(1+275" ()))1(85- (2))x(2) dz,
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where
" (@) 1= se(w) +2" 61 (851 ()
and where the perturbation term 2¥@,.(d,-(-)) is of order O(27¢) for some >0 in any

CM_norm. To express this fact, we shall in the sequel again use the short-hand notation
26, (851 () = O(2~).

By MP* we shall denote the maximal operator MX* associated with the averaging oper-
ators AF.

Assume now that p>max{2, h(¢,)}. We define the scaling operator T* by

T* f(y, ys) := 28/ f (600 (), ys).-

Then T* acts isometrically on LP(R?), and

(AT ) =27 [ ot =142 6 @)+ (@) (o) o

Assuming that €2 is a sufficiently small neighborhood of the origin, we need to consider
only the case where k is sufficiently large.

Let 2°€ D be a fixed point.

If V,.(2°)#0, then by Euler’s homogeneity relation one can easily derives that
rank(D?¢,,(z%)) =1 (see [18, Lemma 3.3]). Therefore, we can find a unit vector ecR?
such that 92¢,.(2°)#0, where 9. denotes the partial derivative in direction of e.

If V¢, (2°)=0, then by Euler’s homogeneity relation we have ¢,.(z°)=0 as well.
Thus the function ¢,, vanishes in 2° at least of order 2, so that m(¢,.)>2, and hence
h(¢,.)>2. On the other hand, by what we remarked earlier, it vanishes along the circle
passing through x° and centered at the origin at most of order h(¢,.). Therefore, we can
find a unit vector e€R? such that 8™ ¢,.(2°)#£0, for some m with 2<m<h(¢,).

Thus, in both cases, after rotating coordinates so that e=(0,1), we may apply

Proposition 4.5 to conclude that for p>max{2, h(¢,.)} and sufficiently large k,
1T METE f|, <C2EVP D £, f € S(RP),

if we replace y in the definition of A¥ by xn, where 7 is a bump function supported in a

sufficiently small neighborhood of z°. This is equivalent to
1M £, < C2P/P= D .

Decomposing x and correspondingly A¥ by means of a suitable partition of unity into
a finite number of such pieces, we see that the same estimate holds for the original
operators MF.

Since 1/|s|=dp(d,) <h(¢,)<p, we can sum over all k>kg and obtain the desired
estimate for M. O
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Let us apply this result first to the case where the coordinates x are adapted to ¢,
possibly after a rotation of the coordinate system (z1,z3). Observe first that a linear
change of the coordinates (x1,x2) induces a corresponding linear change of coordinates
in R3 which fixes the coordinate xz3. This linear transformation is an automorphism of
R3, so that it preserves the convolution product on R?® (up to a fixed factor), and hence
the norm of the maximal operator M. We may thus assume that the coordinates are
adapted to ¢.

If we choose the weight s as in Lemma 2.4 of §2.4, then Proposition 7.1 immediately

implies the following result.

COROLLARY 7.2. Let ¢ be as above, and assume that, possibly after a rotation of
the coordinate system, the coordinates x are adapted to ¢, i.e., that h(¢p)=d(p). Then, if
the neighborhood Q0 of the point (0,0) is chosen sufficiently small, the mazimal operator
M is bounded on LP(R3) for every p>max{2, h(¢)}.

Remark 7.3. One can easily extend Corollary 7.2 as follows: If the neighborhood 2
of the point (0, 0) is chosen sufficiently small, then the maximal operator M is bounded
on LP(R3) for every p>max{2, h(¢pr)}, no matter if the coordinates are adapted to ¢ or

not.

Proof. Indeed, if the coordinates are adapted, then h(¢p,)=h(¢). So, assume that
the coordinates (x1,x2) are not adapted to ¢. Then the principal face of the Newton
polyhedron is a compact edge, so that the principal part ¢p, of ¢ is s-homogeneous,
where 3¢ satisfies the assumptions of Proposition 7.1. Since ¢p,=¢,., the result then

follows from this proposition. O

The result above holds even when the coordinates are not adapted, but then it will in
general not be sharp, since we have h(¢pr) >h(¢) (see [19, Corollary 4.3]), and in general
strict inequality holds.

For example, let ¢(z1,x2):=(z2—2%)?+27. Then we have ¢p,(z)=(xa—2%)%. The
coordinate system is not adapted to ¢, because d((ﬁ):%<27 where 2 is the multiplicity
of the root of ¢,,. A coordinate system which is adapted to ¢ is given by ya:=xs—x%

and y1:=z1. It is then easy to see that h(¢p)=2>2=h(e).

COROLLARY 7.4. If h(¢$)<2, and if the neighborhood Q of the point (0,0) is chosen
sufficiently small, then the maximal operator M is bounded on LP(R®) for any p>2,

also when the coordinates are not adapted to ¢.

Proof. If D?¢(0,0)#£0 then we have at least one non-vanishing principal curvature
at the origin, so that the result follows from C. D. Sogge’s main theorem in [36].
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Next, we consider the case where D?¢(0,0)=0. Then necessarily D3¢(0,0)#0, for
otherwise h(¢)>d(¢)>2. In particular, h(¢)>1. Denote by P; the Taylor polynomial of
degree 3 with base point 0 of the function ¢, so that P3=¢,,, if we choose s:= (%, %) If
h(P3)<2, then we obtain the desired estimate from Proposition 7.1. Assume therefore
that h(P3)>2. Then, by formula (2.6), P; must have a root of order 3. Thus, possibly
after rotating the coordinate system, we may assume that Ps(xy, zo)=cz3 with c¢#£0.

Now, we consider the Taylor support 7 (¢) of ¢. As T(d))C{(tl,tQ):%tl—l-%tg}l},
one easily checks that the subset

{(tl, tQ) . %t1+%t2 < ]_}QT((ZS)

of T(¢) contains at most three points, namely (4,0), (5,0) and (3, 1), all of them lying
below the bisectrix t1=t,.
Moreover, any line passing through the point (0,3)€7 (¢) corresponding to P3=cz3

contains at most one of these points. Thus, if
{(tl, tg) : %tl—l—%tz < I}OT(d)) + O,

then the principal part ¢y, of ¢ contains only two monomials, one corresponding to the
point (0,3) above the bisectrix and the other one corresponding to one of the points
listed above which lie below the bisectrix, i.e., ¢, is of the form daf+cz3, daf+cas
or drixs+cxy, with d£0 (note that these all satisfy d(¢pr)<2). We remark that these
correspond to the singularities of type Ej with k=6,7,8 in Arnold’s classification (see
[2] and [11]). Therefore on the unit circle ¢y, has no root of multiplicity bigger than 1,
so that the coordinate system is adapted to ¢, and thus h(¢)<2. The desired estimate
for M follows therefore in this case from Corollary 7.2.

Finally assume that
{(tr1,t2): tt1+ 1t < 1}INT(¢) = 2.

Then 7 (¢)C{(t1,t2): §t1-+3t2>1}, and hence h(¢)>d(¢)>2, which contradicts our as-

sumption. O

8. Non-adapted coordinates: Estimation of the maximal operator M

away from the principal root jet

In view of the results in the previous section, we shall from now on assume that the
coordinates (x1,x2) are not adapted to ¢, and that h:=h(¢)>2.
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Recall then from §2.5 that there exists a smooth function ¥=1(x;), the principal
root jet, defined on a neighborhood of the origin such that an adapted coordinate system

(y1,y2) for ¢ is given locally near the origin by
yr:=21 and yp:=xz2—1P(21). (8.1)

In these coordinates, ¢ is given by

o (y) == (Y1, y2+¥(y1))- (8.2)

The Taylor series expansion of ¢ is of the form
K
Pla)~ Y b, 1<K <o, (8.3)
=1

where we assume that all coefficients b; are non-trivial and where 1<m<ms<.... Recall
that K is finite in cases (a) and (b) listed below.

We first make the simple observation that, if m;=1, the linear change of coordinates
y1:=x1 and ya:=z3—bix]"

allows us to reduce to the case my>2 (cf. the corresponding discussion in the previous

section). In the sequel, we shall therefore always assume that
2<my<mg <.... (84)

We shall also only consider the region where x1>0, in order to simplify the notation.
The remaining half-plane can be treated in the same way.

Recall also from §2.4 that one of the following cases applies:

(a) m(¢") is a compact edge, and either »5 /s{ ¢N, or 35 /5{ €N and m(¢f,) <d(¢);

(b) m(¢*) consists of a vertex;

(c) m(¢*) is unbounded.

Here %= (5, 3)=5" denotes the principal weight in case (a).

We recall from Corollary 3.2 that in case (a), if a=2s23 /37 =33 /¢ €N, then there
may be at most one point y™ €S} for which 8% 2 (y™)=0 for 2<j<h. If such a point
y™ exists, we shall perform the following convenient modification in our definition of :

%y le, Y =cp(yh)®. We

Denote by ya=cpyf the corresponding real root of 8% o

shall then define ¢ by

K
¥(zq) ::Zblxinurcp:r‘f. (8.5)
=1
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Notice that the corresponding change of coordinates leads again to adapted coordinates,
and that the corresponding principal face w(¢*) is a compact edge lying on the same line
as in the previous coordinates, or a vertex.
This modification allows us to assume that in case (a), with a€N, for any point
yYe Sy with 390,
ol “\(y°)£0  for some 2< j < h. (8.6)

8.1. Preliminary reduction to a sr-homogeneous neighborhood

of the principal root zo=>b1z7"" of ¢p,

Recall from the construction of adapted coordinates in §2.5 that since the coordinates x
are not adapted to ¢, the principal face 7(¢) is a compact edge of the Newton polyhedron
of ¢, so that it lies on a unique line st;+2to=1, where 0<sr; <3, and
2 _ my = 2.
3!
Moreover, if ¢, =¢,. denotes the principal part of ¢, we have m(¢p,)>d(Ppr ), and m(épr)
is just the multiplicity of the principal root byz]" of the s-homogeneous polynomial ¢y, .
All other roots have multiplicity less than or equal to d(¢p:).
This already indicates that the function ¢ will indeed be small of “highest order”
(in some averaged sense) near the curve zo=1(z1) given by the principal root jet (even
though ¢ need not vanish on this curve!), so that the region close to this curve should
indeed give the main contribution to the maximal operator.
In order to localize to a »-homogeneous region away from the principal root jet, put,

in a first step,

To—bix"
Ql($1,$2) ¢Q<211>7

€1 lﬂlnl
where €; >0 is a small parameter to be determined later, and set

A0 fy) = /Rz flyr—tzr, ya—twe, ys—t(1+d(x1, 22))) (1_Q<x2—b1x7f“>)n(m) dz.

511'?11
By M!=¢ we denote the associated maximal operator.

LEMMA 8.1. Let e1>0. If the neighborhood Q) of the point (0,0) is chosen sufficiently
small, then the maximal operator M~ is bounded on LP(R3) for every p>h(¢)=:h.
Moreover, if N(¢) is of the form (v1,h)+R2, with vy <h, (case (c2) in §3), then

the same statement holds true for the mazimal operator M in place of M1~
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Proof. We can argue exactly as in the proof of Proposition 7.1. Using the dilations
Op (21, x2) =07 (21, x2):=(r**a1,r*225), r>0, we can dyadically decompose the operators

A% ~% into the sum of operators A¥, which, after rescaling, are given by

(TFAFT) f(y,ys) =27 K1 / flyr—tzr, yo—tae, ys—t(1+¢" (21, 22)))
R2
x (1@<W))n<5m>x<x> da.

E1Tq

All roots of ¢p, lying in the domain of integration have a positive distance to the princi-
pal root byz]"", and hence have multiplicities bounded by the distance d(¢p,) (cf. Corol-
lary 2.2), so that we can again estimate the associated maximal operators M* by means
of Proposition 4.5 (applied possibly in a rotated coordinate system) and obtain the first
statement.

To prove the second statement, assume that N(¢®)=(v1,h)+R2, 11 <h. Then the
Newton polyhedron of ¢® intersects the line s¢1t1+3eto=1 in the single point (v1,h),
so that ¢2(y)=cy} 'y, with c#£0. Then ¢, (z)=cx}" (x2—b1z]")", which implies that
h(¢p,.)=h(¢%)=h, and we see that in this case we can argue as in the case of adapted

coordinates by means of Proposition 7.1 to verify the second statement of the lemma. O

8.2. Further domain decompositions

In view of Lemma 8.1, we may and shall from now on assume that the Newton polyhedron
of ¢® has at least one compact edge “lying above” the principal face, i.e., that one of the
cases (a), (b) or (c1) from §3 applies.

Furthermore, we have reduced considerations to a narrow s-homogeneous domain
near the curve za=>b12]"", of the form |zo—biz]""|<e12]"", where €1 >0 can be chosen
arbitrarily small. Since ¢(x1)=b1z]" 4 terms of higher »-degree, choosing 2 sufficiently

small we see that we are left to estimate the contribution to M of a domain of the form
|z —1)(z1)| <erai™. (8.7)

In order to apply the results from §3, let us assume for the time being that ¢ is
analytic. Recall then our choice of the index A and the number a=ay=s /5] >m,
(cf. (3.6)) from that section, so that the principal part of ¢ is s*-homogeneous of
degree 1, in the case where the principal face is a compact edge 7.

As a major step in the proof of Theorem 1.2 we shall in the sequel narrow down the
domain (8.7) to a small »*-homogeneous neighborhood of the principal root jet of the
form

|z —t(z1)| <exxi™. (8.8)
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More precisely, we fix a cut-off function o€ C§°(R) supported in a neighborhood of

the origin such that o=1 near the origin, and put

oo(x1,x2) := Q<$2—¢($1)>7 g9 > 0.

€0£Elf

Recall that n is a smooth function supported in the neighborhood €2 of the origin, define

averaging operators

A g0)i= [ fn-torintoan -t oo ) (1-0( 220 ) o)

gox?
and consider the associated maximal operator M2, Our goal will then be to prove
the following result.

PROPOSITION 8.2. Let £0>0. If the neighborhood 2 of the point (0,0) is chosen

sufficiently small, then the mazimal operator M=¢ is bounded on LP(R3) for every

p>h(¢).
Moreover, if the principal face w(¢*) is a vertex or unbounded, then the same holds

true for M in place of M1~

In order to prove Proposition 8.2, we shall decompose the difference set of the do-

mains in (8.7) and (8.8) into domains D; of the form
Dy:={(x1,22) :e1z]" <|za—9(z1)| < Nyz{'}, 1=lo,..., A,

which, when expressed in terms of the coordinates y, are s!-homogeneous, and the in-

termediate domains
El = {(xl, xg) :Nl+1$(1”+1 < |l‘2—’¢(l‘1)| < &‘ll‘(lll}, l: lo, ceey )\—1,

and
Ejp—1:={(z1,22) : Niya§"* <l|zo—t(a1)| <eraf™}.

Here, the £;>0 are small and the N;>0 are large parameters to be determined later, and

lo>1 is chosen such that
a;<my forl<ly and a;>my forl>1,. (8.9)

To localize to domains of type D;, we put

(w1, @) = (m_w(m))—g(@_m), I=lo, ..., \, (8.10)

a aj
Nz g
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and set

A% f(2):= . f(z1—tay, za—txe, z5—t(1+ (a1, 22))) o1 (z)n(x) dz,

with associated maximal operator M¢:.

Similarly, in order to localize to domains of type Ej, we put

(1, 22) 1= (“2_1”(‘51)>(1—g)(”52_¢(“)>7 I=1lg, ., A—1,

gzt N, gi+i
. 1 (8.11)
L o —1p(x1) wy—(x1)
7'1071(5E1,(E2) =0 513371“1 (1_9) N, %0 s
o1
and set

Al f(z):= /]R2 flz1—tay, zo—txo, z5—t(14+¢(z1, 22))) 1 (2)n(2) dz,

with associated maximal operator M.
Notice that it suffices to control all the maximal operators defined in this way in
order to prove the first statement in Proposition 8.2.

8.3. The maximal operators M@

LEMMA 8.3. If the neighborhood Q of the point (0,0) is chosen sufficiently small,
then the mazimal operator M9 is bounded on LP(R?) for every p>h(¢).

Proof. In view of (8.10), the change of variables (8.1) transforms the integral for
A? f(z) into

Al f(z)= /R? f(zi—tyr, 22 —t(y2+9(y1)), 23— t(1+0" (Y1, 92))) of (y)n“ (y) dy,

Qﬂy%@( y2 >Q< v2 )
! Nyt eyt

n*(y) :==n(y1, y2+¥(y1)).

with

and

We recall that the s!-principal part ¢4, of ¢ is »!'-homogeneous of degree 1 and of is

»!-homogeneous of degree zero with respect to the dilations

1 ) )
55-(91&!2) :6:{ (yl,yQ):: (rxlylarx2y2)7 r>0.
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Decomposing ¢*=¢%, +¢y as in (2.2), where ¢ consists of terms of »!-degree higher
than 1, we dyadically decompose the operators A¢' into the sum of operators A¥, with

associated maximal operators M*, given by

Aff(z) =27 /R [ =127y (27 gy (27 ),
23— (1427 % (y1, 92))) of ()1 * (64— y) X (y) dy,
with
O* (y) == 0% () + 2502 (05w ).

Notice that 2¥¢2(0,_,y)=0(27%) in C*°, for some £>0, so that this term can be

considered as a perturbation term. Rescaling by means of the operators
T f(z, 23) == 2k|xl\/pf<5ék (2), 23),
we obtain

(TFAFT®) f(2) =27+ /R2 flar—tyr, 2 —t(y2+9" (1)), 23— t(1+27 56" (41, 12)))

x o (y)n (05-xy)x (y) dy.

Here,
¢k(yl) ::2xékw(2—xikyl) :O(Q(xé—xllml)k) in C,

since ¢(z1)=byz" +o(x"*). Applying the change of variables x1:=y;, T2:=y2+1*(y1)
to this integral, we eventually arrive at

(TFAPT?) f(2) =275 | flo1—tay, 2o —taa, 23—t (1427 F R (21, 20 —F (21))))

R2
xij(z1, xo—Y*(21)) dr,
(8.12)

with
ii(y) :==x(W)af (Y)n* (6h-ry).

Since

1> sh—3dkmy = 3¢l (aj—my) >0

(cf. Lemma 3.1, (3.3) and (8.9)), we can no longer argue as in §7 by means of Proposi-
tion 4.5 in order to estimate the corresponding maximal operators. However, we shall see
that we can make use of Corollary 4.6 in combination with Proposition 2.3, if we choose
£:=27F ap. =% and §:=se, — sl mi =15l (a;—m1) in Corollary 4.6.
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Indeed, assume first that for every point y° in the support of xo{ the following holds

true:
There exists some j with 2 <j <dj(¢2%,) such that 8%(;5‘;{1 (y°) #0. (8.13)

Then, by means of a partition of unity argument, we may reduce ourselves to a sufficiently
small neighborhood of any such point °, and after applying Corollary 4.6 we may proceed
exactly as in the proof of Proposition 7.1 in order to show that M is bounded on LP
for p>dp(¢2,).

Now, if I <A, this assumption holds true, in view of Corollary 3.2 (i) , and dy, (9%, ) <h,
so that we are done.

Thus, assume that [=\. If either 7(¢®) is a vertex as in case (b), or an unbounded
face as in case (cl), then we can argue as before in view of Corollary 3.2 (ii).

We may thus assume that 7(¢%) is a compact edge (case (a)). Recall that then
dn(¢%2)=1/|5*|=h and ¢2, =¢%.. If a€N, then (8.13) is again satisfied in view of (8.6),
so we are left with the case where a¢N.

From Corollary 3.2, we know that in this case there is some 1<j<h such that
o ¢ (y°)#0. If j>2, we can argue as before.

We are left with those points y° in the support of yo$ for which 3; gr(yo)zo for
every 2<j<h but 82¢;r(y0)7é0. Given such a point ¢°, we need to control the contribu-
tion of a sufficiently small s*-homogeneous neighborhood of it to the maximal operator,

i.e., the maximal operator associated with averaging operators

AV f(z) = /RQ flz1—tyr, 22— t(y2+9Y(y1)), 23 —t(L+6" (y1, y2))) 00 (¥)1° (v) dy,

Y2 —cyy
0,0(y) :=@(1>,

€0yt

with

where £9>0 is sufficiently small and c€R is such that yJ=c(y?)¢. Changing coordinates,
we find that

A;’Uf(z) ::/]R? f(zl—txhzz—txg,z;:,—t(1+¢(x17x2)))g<$2_z/}(ml))ﬁ(x) dz,

8093‘11

where

K
P(z) =Y (1) +cxd = Z bz +cxf.
1=1

Notice that 2<m <...<mg <a, where a is rational. Moreover, if we put

O (y) = d(y1, Y2+ (1)),
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then
(6" )pr (Y1, y2) = Ppe (Y1, y2+cyf).

Therefore, the homogeneity of (qBa)pr and our assumption ngbgr(yo);éo imply that

02(6)pr (1,0) 0.

Corollary 6.4, applied to ¢ in place of 1) and ¢® in place of ¢* then implies that the
associated maximal operator is LP-bounded, if p>1/|5c*|=h.

This completes the proof of the lemma. O

8.4. The maximal operators M™

LEMMA 8.4. If the neighborhood 2 of the point (0,0) and €; are chosen sufficiently
small and Ny sufficiently large, then the mazimal operator M™ is bounded on LP(R?)

for every p>h(g).

Proof. (I) We begin with the case lp<I<A—1. Since the domain E;, when viewed
in y-coordinates, is a domain of transition between two different homogeneities, namely
the ones given by the weights s and s/*! (at least if />1), we shall apply an idea from
Phong and Stein’s article [31] and decompose it dyadically in each coordinate separately,
and then rescale each of the bi-dyadic pieces obtained in this way.

By the change of variables (8.1), we can write

ATFG) = [ | et st () 2=t 16" )7 () ()

a Y2 Y2
= 1— —_—
T Q(ayi“ ) e (Nmyi”“ )
and n as before (cf. (8.11)).

with

Consider a dyadic partition of unity Y ;- xx(s)=1 on the interval 0<s<1 with
x€C§°(R) supported in the interval [1,4], where yx(s):=x(2"s), and put

Xng(ZL’) = Xj(xl)xk(xQ)a J,keN.
We then decompose Aj' into the operators

AP f(2) = /}R2 flzr—tyr, 22— t(y2+1(y1)), 23—t (L+6" (y1,y2))) 71" (¥)n" (v) X % (y) dy,

with associated maximal operators M7F.
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Notice that by choosing the neighborhood 2 of the origin sufficiently small, we need
only consider sufficiently large 7 and k. Moreover, because of the localization imposed

by 7, it suffices to consider only pairs (j, k) satisfying
aj+M<k<a15—M, (8.14)

where M can still be choosen sufficiently large, because we have the freedom to choose
g; sufficiently small and N;;; sufficiently large. In particular, we have j~k.

By rescaling in the integral, we have

APFF(z)=2797F [ flz—t277y1, 20—t (2 P yo 00 (277 1)),

R2
23— t(1+¢* (277 y1, 27 y2))) 7 () * () x (y1) x (y2) dy,

with

w0 = i )00 (g ) PO )

ei2k iy Nppr 2oy

Notice that, by (8.14), all derivatives of 77** are uniformly bounded in j and k.

The scaling operators
TIE f(2) := 20HR/P £(27 21 9% 25, 23)
then transform these operators into

(T~ R APRTIR) f(2) =279 7F /2 Flzr—tyr, z2—t(ya+07* (1)),
R
23—t (1" ()77 ()" (y)x (1) x (y2) dy,
where
$*(y) =" (279y1, 27 y2) and (1) :=2"p (27 ).
Notice that
YE =02 ™) in C*°.
Applying the change of variables x1:=y1, zo:=y2+17"*(y;) to this integral, we even-

tually arrive at

(T—j,—kALkTLk)f(z) —9 i~k f(z1—tay, zo—tas,
R2 (8.15)

23—t (14" (w1, 22— (21))) 7 ()0 * ()X () d,
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where
TR () = 7R (g, oo — 9P (21)), 9P (@) i=n(27 w1, 27 wy)
and

Xj’k(@ = x(z1)x(22 —7/fj’k(ff1))-

We next determine éj’k, up to an error term. To this end, notice that if y; ~1 and
ya~1, and if re [u]’ then r(2_jy1):c/‘f2_aﬂjy‘f“+O(2_E(j+k)) in C*, for some £>0. In
view of (8.14), we thus get that

—ca27 I (y + 02750 M), if p <,

_ » —c027 Wl (y* +0(27M)), if p=1,
2 hyy—r(270y)={ " (3/17M 2=) oy
275 (2 +0(271)), if p=1+1,
27k (yy +O(270HR)Y)), if > 1+1,

with M as in (8.14). Multiplying all these terms, we then see that
¢ (y) =27 AITHBR) (gl O(27CM)), (8.16)

for some constant C'>0, where A; and B; are given by (3.2) and M can still be chosen
as large as we wish.

Observe that since [<A—1, we have B;>B)_1>19 +N[A], and similarly as in the
proof of Lemma 3.1, it is easy to see that we must have I/2+N[>J >2, and hence B;>2.
This implies that

03 (yiyst) ~1,

and that A;j+ Bjk>2k, so that 28—717 < C2(Ai+Bik)/2 and hence
Yk = O((27 A+ Bik) ) =1/2)

in C*°. We can therefore argue in a similar way as in the previous subsection and apply
Corollary 4.6, with e:=2~(47+B5%) and m=2, to obtain that

IMPE fll, < C2ATHBR DIk £,

whenever p>2, provided j+¥k is sufficiently large.

Summing all these estimates, we thus have that
M fll, <CINFllps

where
J= Z 9(Aij+Bik)/p—j—k

(4,k)
arj+M<k<ai41j—M
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Assume now that p>h(¢). As h(¢)=d(¢*)=dn (%) =dn(9%11), and since, by (3.4),
dh((ﬁiHl)i(Al+al+1Bl)/(1+al+1), we have
A
S 1+az+1Bl_
14+ai4q
This condition is equivalent to

A B
(1—l>+al+1<1—l) >0. (8.17)
P P

Similarly, since the mapping a—(A4;+aB;)/(1+4a) is increasing, we may replace a;41 by

a; in this estimate and also get

(1-‘2) +a (1—3;) >0. (8.18)

In order to estimate J, let us write k in the form k=0a;j+(1—0)a;4+1j+w, with 0<0<1
and |w|<M. Then

Ajj+B A B
j_i_k_uz (1_l>j+(1_l>k
p p p

([0S0l e (5 e ()

In view of (8.17) and (8.18), this shows that there exists a positive constant ¢>0 such
that

_ Ajj+ Bk

+k > g7,

provided j is sufficiently large. It is now clear that J<oo, so that the maximal operator
MT™ is bounded on LP whenever p>h(o).

(II) We now consider the case [=Ip—1. This case can be treated in a very similar way
(formally, it is like the previous case, only with a;,_1 replaced by mj>a;,—1). Indeed, in

this case (8.14) must be replaced by the inequalities
mij+M <k<a,j—M,

from which one derives that (8.16) remains valid, with I=Ilp—1. From here, we can

proceed exactly as before. O

In order to prove the second statement in Proposition 8.2, we assume that we are in
case (b) or case (c1) from §3, so that the principal face of N'(¢%) is either a vertex or un-
bounded. Recall from Corollary 3.2 (ii) that then dj,(¢%,)<h and 95¢2,(1,0)#0. Since,
by the first part of Proposition 8.2, what remains to be controlled is the contribution
to the maximal operator M given by a domain of the form |zo—1(z1)|<eox{, where g
can be chosen as small as needed, we can thus argue as in the estimation of the maximal
operators M@* by means of Corollary 4.6, provided that p>h and p>d;(¢%.), i.e., that
p>h. This concludes the proof of Proposition 8.2.
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8.5. Reduction of the smooth case to the analytic setting

We shall now show how the estimates for the maximal operators in the preceding sub-
sections can be established also for more general, smooth finite-type functions ¢.

To this end, let us first outline a small modification of our approach for analytic ¢:

Recall from §2.5 that the function ¢ is a polynomial, except for the case (c), in
which the principal face of the Newton polyhedron of ¢® is an unbounded half-line L of
the form ¢ >v1, to=h, with vy <h, provided the algorithm described in that subsection
does not terminate. Assume the latter is the case. Then we have seen that there is some
Ky such that for k> Ky, the principal part of the function ¢, constructed from ¢ in the
kth step of the algorithm is of the form (2.17), i.e.,

(Dk))pr(T) = e (w2 —bpyra] ™ )" for every k > K.

Suppose now that we stop our algorithm at the kth step, where k> Ky will be assumed
to be sufficiently large, and write é::qb(k). Let us then put

k
P(x1) = Z by,
=1

Then ¢ arises from ¢ by means of the change of coordinates y;:=z1, yQ::wg—in(ml)
in the same way as ¢® arises from ¢ by means of the change of coordinates y;:=x1,
ya:=x9—1(x1), only that 1[1 and the corresponding coordinate transformation will be
polynomial. We shall call such coordinates almost adapted. The Newton diagrams of ¢®
and gg are the same, except that the unbounded horizontal edge L of Ny(¢?) is replaced
by the compact edge Ly:=[(v1,h), (v14hmii1)] in Ng(@), whose slope 1/my; tends to
zero as k—o0. Moreover, for <)\, the s!-principal parts of ¢ and gzNS associated with the
edges “left to the principal faces” will also coincide (cf. the discussion in §3).

Therefore, if we work with gg in place of ¢%, most of our previous arguments carry
over verbatim. Indeed, a look at the proofs of Lemma 8.1 and Proposition 8.2 shows
that only the second part of Lemma 8.1, which concerns the case (c2), requires some
modification. However, it is still true that the Newton polyhedron of g?) intersects the
line s¢1t1 4 322t2=1 in the single point (v, h), provided we choose k so large that the line
Ly, has a slope smaller than the slope of the line st +x5t2 =1, which we may assume.
From here on, the proof of Lemma 8.1 proceeds as before.

Assume now that ¢ is only smooth and of finite type in place of analytic. In the
case where the principal root jet ¥ of ¢ is not polynomial, we work with almost adapted
coordinates for ¢ as explained before, where we choose k> K so large that the argument
in the second part of Lemma 8.1 still works (notice that the proof of this lemma works
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for smooth functions ¢ as well). In all other cases, we use adapted coordinates, and write
g?) in place of ¢ and 1[1 in place of ¥, too.

Denote by P, the Taylor polynomial of degree n of ¢ centered at the origin. Since
we are now working with a polynomial change of coordinates, we may choose the degree
n so large that the Newton polyhedra of ¢ and P,, as well as of (;3 and ]3" coincide, as do
their faces and corresponding principal parts. Here, ]5n denotes the polynomial obtained
from P, by means of the change of coordinates y;:=x1, ygizl’g—il;(lil), which is just
what we get in the kth step from Varchenko’s algorithm when applied to P,, provided
again that n is chosen large enough.

Since ¢ is a small perturbation of P, near the origin when n is large, it is then clear
that the estimations of the operators M#" in Proposition 8.2 work in the same way for ¢
as for P,,. Moreover, there exists a constant ¢>0 such that if R;; is a dyadic rectangle
on which z1~277 and zo~2"%, then the remainder term ¢— P, is of order O(Q_C(j"‘k)")
in C*(R; ). We may thus apply our previous approach to the polynomial P, in place
of ¢ and choose n so large that the contributions of the remainder term ¢— P, can be
considered as negligible errors for the estimations of the operators M™ associated with
¢ (compare the order O(2~U+5)") with the order of ¢7** in formula (8.16)). In this way,
also the proof of Proposition 8.2 extends to ¢.

9. Estimation of the maximal operator M near the principal root jet

In view of Proposition 8.2, we may and shall from now on assume that the principal face
of N(¢*) is a compact edge (case (a)).
What remains to be controlled is the contribution to the maximal operator M given

by a domain of the form
|xe —1(z1)| <epx§, with 21 >0, (9.1)

where £9>0 can be chosen as small as we need. More precisely, in view of Proposition 8.2,
what remains to be proven is that the maximal operator M2 associated with this domain
(defined already by (6.1) in §6) is bounded on LP(R3) for every p>h=~h(¢).

Now, if there is some 1<j<h such that 3% or(1,0)#0, then this can be proven in
exactly the same way as we had proven the second statement of Proposition 8.2, provided
2<j<h. And, if j=1, then we can argue as in the last part of the proof of Lemma 8.3
by means of Corollary 6.4.

The proof of Theorem 1.2 will therefore be completed once we have verified the

following result.
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PROPOSITION 9.1. Assume that w(¢*) is a compact edge and that
o pr(1,0)=0for every 1<j<h.

If the neighborhood Q of the point (0,0) and e¢ are chosen sufficiently small, then the

mazimal operator M@ is bounded on LP(R3) for every p>h.

Since the proof of this proposition will be entirely based on the oscillatory integral
estimates from §5, we recall some notation and observations from §6:

M?9 is the maximal operator associated with the family of Fourier multipliers
e J(t€), t>0, with

J(€) = /R

At this point it will be convenient to defray our notation by writing ¢ in place of

ei(§1r1+§2¢(11)+52$2+§3¢a(f))g( x2 )"7(1') de.

2 eox$
+ 01

¢®, and s in place of »®*=x", and x for the adapted coordinates y. Then

GEY

where g is a smooth bump function as before, and where the following assumptions are
satisfied:

ei(fli’l+f2’¢'($1)+§2$2+§3¢($))Q( x2a ) n(x) dx, (92)
2+ E0T7

Assumptions 9.2. The functions ¢, ¥ and 7 are smooth and have the following
properties:

(i) Y(x1)=brz™ +2 7 g(x1), where by €R\ {0} and where ¢ is smooth;

(ii) ¢ is of finite type, ¢(0)=0 and V¢(0)=0;

(iii) the coordinates x are adapted to ¢, and h=h(¢)=d(¢)>2;

(iv) the principal face 7(¢) is a compact edge, and the associated principal part ¢p,
of ¢ is s-homogeneous of degree 1, where 0<sr1 <s5<1 and a=sr5/2; >m1>2;

(v) n is a smooth bump function supported in a sufficiently small neighborhood Q

of the origin.

Moreover,
A pr(1,0)=0 for every 1<j < h. (9.3)

Notice that the domain (9.1) now corresponds to the domain

|z2| < eoxf. (9.4)
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9.1. Further domain decompositions under hypothesis (9.3)

We first observe that our assumptions imply that ¢p.(1,0)#0. For, otherwise by (9.3)
x2=0 would be a root of multiplicity N >h. On the other hand, since the coordinates x
are adapted to ¢, we must have N <h, a contradiction.

We can thus write

¢pr<xlal‘2):‘/I"2BQ(I17LE2)+C$?’ with 6#07

where B>1, and where Q is a »-homogeneous polynomial such that Q(z1,0)=bz{, b0,
so that Q(z1,0)#0 for x1>0. Without loss of generality, we shall assume that c=1.
Notice that B>2, since 02¢pr(1,0)=0, and then our assumption (9.3) implies that in
fact

B>h>2. (9.5)

We also remark that n=1/3¢; >3/, >m;.

In order to understand the behavior of ¢ as a function of xg, for x; fixed, we shall

decompose

qb(xl,:vg):¢(x1,0)+9(x1,x2), (96)

and write the complete phase @ for J(£) in the form

®(z,8) = (§30(21,0) +&§171+E2¢0 (1)) +(30(1, T2) +E272). (9.7)

Notice that

¢(1,0) =27 (14+0(21)), (1) =027 (1+0(21)) and (21, 22) =25 Q(x1, 72),
(9.8)
where 0,, denotes the s-principal part of 6.

Now, by means of a dyadic decomposition and rescaling using the s¢-dilations {0, },>0
we would like to reduce our considerations as before to the domain where x;~1. In this
domain, |z3|<1, so that 0,.(z)~xFQ(z1,0). What leads to problems is that the “error
term” 0, ,:=0—0,., which consists of terms of higher s-degree than 0,., may nevertheless
contain terms of lower zy-degree I;< B of the form ¢;z5 27, provided n; is sufficiently
large. After scaling the kth dyadic piece in our decomposition by d,-+ in order to achieve
that z1~1 and |z2|<ep, such terms will have small coefficients compared to the one of
2B Q(x1,z5), but for |z5| very small they may nevertheless become dominant and have
to be taken into account.
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Bi=B

n—m; n
Figure 1.

9.1.1. Outline of the stopping time algorithm

To deal with this problem, consider the Newton polyhedron A/(#). Since the Taylor

support 7 (0) arises from 7 (¢) by removing all points on the ¢;-axis, we have
N(920) = (0, —1)+N(6). (9.9)

Let us put

1

7
x :=3x and a;:=a=—F
1

Then, by (9.8), the point (g, B) is the right endpoint (A;, By) of the face
71 :=[(Ao, Bo), (A1, B1)]
of the Newton polyhedron N(6) of 6 lying on the supporting line s}t; +sito=1. Note

that possibly (Ao, Bo)=(A1, B1).
It is also clear from the construction of 6 that

N(O)N{(t1,t2) : ta = B1} =N(¢)N{(t1,t2) : ta = By }. (9.10)
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We next describe a stopping time algorithm oriented at the level sets of 020 which
will decompose our domain (9.4) in a finite number of steps into subdomains, whose
contributions to our maximal operator will be treated in different ways in the subse-
quent subsections. Some features of this algorithm will resemble Varchenko’s algorithm
(see §2.5), and it will stop at latest when we have reached a domain containing only one

root of 920 (up to multiplicity).

Case A. N(0)C{(t1,t2):t2 =B}
Then no term in 6 has lower xzo-exponent than B; =B, and we stop at this point.

Case B. N(6) contains a point below the line to=B;.
Then the Newton diagram Ny (#) will contain a further edge

Vé = [(Ala Bl)7 (AIZa Bé)]
below the line to= By, lying, say, on the line s»it; +3t,=1 (see Figure 1). We then put

2
*
i = (2,%2) and ay:= —37 where clearly as > a;.
”
1

Notice that a;€Q. We then decompose the domain (9.4) into the domains
Eq:={(z1,x2) : Nox(? < |z2| <e127'}
(a domain of “type E”) and
Hy:={(z1,x2) : |x2] < Noz{?},

where Ns will be any sufficiently large constant and e1:=¢g.

In the domain F,, which is again a domain of transition between two different
homogeneities, we stop our algorithm. It will be treated later be means of bi-dyadic
decompositions.

The s2-homogeneous domain Hy will be further decomposed as follows: We first

notice that the s2-homogeneous part (926),,2 of 20 will be associated with the edge
(0, =1)+75=[(A1, B1 - 1), (43, By~ 1)]

of the Newton diagram of 9260 and it is »2-homogeneous of degree 1—s¢2. Observe also
that, in view of (9.9), we have that (026),.2=02(0,,2). Decomposing the polynomial
tr>(920),.2(1,t) into linear factors and making use of the »*-homogeneity of (926),.2, we

see that we can write

(020),2 () = coriay® " [ (w2 —c§ai®)"™,

[e3%
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where

By :BéJang‘ and A= Aj+as an‘,
[e3% [}
with roots ¢§ € C\ {0} and multiplicities n§ >1. Let us assume in the sequel that
Ny > max |c5].
[0

By Ry we shall denote the set of all real roots ¢F€R of (920),2(1,t), where we
include also the trivial root 0 in the case where B, —1>0.

We shall need to understand the behavior of the complete phase function ®(zx,§)
in display (9.7) on the domain Hy. Now, after dyadic decomposition with respect to
the s2-dilations and rescaling, we have to look at (13(2_%%k.%'1, 2_”31%27{) in the domain

where x1~1 and, say, |22| <Ny. We write
(2 kg 2 kg, £) =27 \D (2, 5),
where

D (z,8) :=2P (1+vg(x1))+s121+S2br12]™ (1+wg (1))
—I—Q(Jffn_l)k(@}g (ml, xg)—ng)k(l‘l, $2)+82$2)

and again A\:=¢3 (assumed to be positive),

S1:= 2"3(”_1)]“5*1, So 1= 2(1_"5)165—2 and Ss:= Z”f("_ml)k% — 9(e (n—ma)+s3 —1)k

S92.

The functions vy, wy, and 6, are of order O(27%%) in C* for some §>0.
In the estimation of the corresponding oscillatory integral, the worst possible case

arises for the z1-integration when |sq|~|Sa|~1, so that

|sg| ~ 2 (G (nmma) g~k (9.11)

Fix now an arbitrary 2>0. For any point d in the interval [— N, N3] denote by
Do(d) the s»2-homogeneous domain (inside the half-plane z;>0)

Dy(d) :={(x1,x2) : |ze —dx{?| <e2]?}

(a domain of “type D”).
Since we can cover the domain Hy by a finite number of such domains Dy (d), it will
be sufficient to examine the contribution of each of the domains Do (d).
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Case B (a). If 32 (n—my)+335 <1, then we have |s2|>¢>0 in (9.11). In this case, it
will be possible to control the corresponding oscillatory integrals if €5 is chosen sufficiently
small, and we shall stop our algorithm with the domains Ds(d).

Indeed, if »3(n—my)+#3<1, then |sp|>>1, which will allow for an integration by
parts with respect to x2 in a similar way as we argued in the first case of the proof of
Proposition 6.3.

The worst possible case will actually arise when s (n—m;)+s»#3=1 and when in
addition d¢ Ra, i.e., when (020),.2(1,d)#0, which will indeed lead the “degenerate Airy-
type” integrals of §5.3.

Case B (b). Assume that s (n—my)+33>1, so that |s3|<1 in (9.11).
(i) If d¢ Ra, then (920),.2(1,d)#0 and |s2|<1, so that again one can integrate by
parts with respect to xs, and again the algorithm will stop.
(ii) Finally assume that d€ Ra, so that (920),.2(1,d)=0 and |s2|]< 1. In this case, we
introduce new coordinates
y1:=mx1, Y2:i=mr2—da]?,
and denote our original functions, when expressed in the new coordinates y, by a sub-
script “(2)7, e.g.,
b2 (y) = B(y1, Y2 +dyi?).

Correspondingly, we define 65 by

b2y (Y1, y2) = d2) (y1,0)+0(2y (),

and so on. Observe that in general we will not have 62 (y)=0(y1,y2+dy;?), but it is
true that

D202y (y) = 920 (y1, y2+dy;”).

Notice that this s»2-homogeneous change of coordinates will have the effect on the
Newton(—Puiseux) polyhedron that the edge v4=[(A1, B1), (4%, B5)] of N'(#) on the line

32t +x5ta=1 will be turned into a face

Y2 = [(A1, Bl)7 (AQ, BQ)]

of N'(f(2)) on the same line, with the same left endpoint (A;, By) but possibly different
right endpoint (Ag, By) (which may even agree with the left endpoint), where still By >1.

Notice that B> Bs, and that the domain Ds(d) corresponds to the domain where
ly2| <e2y7? in the new coordinates y.
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In case B (b) (i), which is the only one where our algorithm did not stop, we see
that by passing from ¢=:¢(1) to ¢(2) and denoting the new coordinates y again by x, we

have thus reduced ourselves to the smaller s?-homogeneous domain
a
|z2] < eqxf?

in place of (9.4).

We observe also that since the s=s!-homogenous part of our change of coordinates
Y1=21, Ya=2—dx]? is given by x1, 2, i.e., by the identity mapping, the Newton poly-
hedra of 6(1) and 63 will have the same »'-principal faces and corresponding principal
parts. This implies in particular that still

b2 (21,0) =27 (1+0(x1/"))

for some rational exponent r>0. Moreover, since as>ai;>m1, also the new function

Y(9)(21):=1(21)+dx]?, which corresponds to 1 in the new coordinates, will still satisfy
v (@1) =biaf" (14+0(;").

Replacing ¢p=¢1) by ¢(2), »! by 32 and By by By, we can now iterate this procedure.
Notice that already the function ¢(3) will in general be a smooth function of z3 and some
fractional power of z1 only, so that from here on we shall have to work with Newton—

Puiseux polyhedra in place of Newton polyhedra, etc.

Ezample 9.3. Let ¢(z1, 22):=a7+28 + 2027 ™™ and ¥(z1):=2]", where we assume
that B>2 and n/B>my>2. Then the coordinates (z1,x2) are adapted to ¢. Here we
have

d(21,0) =27, O(x) =28 taoa?™™ and 0,4 (z) =0, () =22,

whereas

0,02 (2) = 2B 4™

Since obviously »%(n—m;y)+#2=1 and (920),.2(1,0)=05(0,.2)(1,0)#0, we see that the
“degenerate Airy-type” situation described in case B (a) applies to d:=0.

9.1.2. Details on and modification of the algorithm

If we have applied this procedure L—1 times (where L>2), we are left with a finite
number of domains of type D within the half-plane z; >0 of the form

|22 —r(21)| Sepzy” 742 (9.12)
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(in our original coordinates from Assumption 9.2), where 7, can be chosen small and

where r is of the form
_ 7. %o . %o . ) Ajo...51—2
r(z1) =dj,x,"° +dj, j, Ty ot djy g )

with jo:=2. Here, the exponents are rational and satisfy ax=a;, <aj,j, <..-<aj,..j5_>
and each dj, . j, is a real root which has been chosen in the [th step.

The complement of the union of these domains has been decomposed into domains
of type E and D on which the algorithm had stopped in a previous step.

In order to defray the notation, let us fix one of these functions r and its correspond-

ing domain (9.12), and then write

L
r(x1) = Z djay’,
j=2
with as<as...<ar. We are thus looking at the domain

|zo—r(z1)| <epzi™. (9.13)
Correspondingly, in this way we will have recursively constructed a sequence
d=dq), b)) - )

of functions, where ¢;) is obtained from ¢_1), for [>2, by means of a change of coordi-
nates y;:=x1, y2:=r2—d;x7". Then ¢(;) arises from ¢ by the total change of coordinates

r=5()(y), where
!
y1:=x1 and yg:= 1:2—2 djzy,

j=2

i.e., pqy=¢°s(;), and correspondingly 6;) is defined by
by (Y1, y2) = by (y1,0)+0(1 (y),
and so on. Notice that in general we do not have 6;)=0-s(;, but
829(5) = 82908(1) = 82¢08(l).

For the functions ¢;)(z1,0) and ¢(l)($1)=¢($1)+zé<:2 djz}’ we then still have

by (21,0) =P (140(21’7)) and gy (1) = bz (14+0(z)'")) (9.14)
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(Ao, Bo)

Figure 2.

for some rational exponent r>0.
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To be more precise, for each choice of 7(z1) our algorithm will produce in the (I—1)-st

step domains of type D of the form

-1
xo— Y d;zt —dz®
2 1 1

=2

Dl(d) = {(.%‘1,.%‘2) :

a
<€zm11}7

and a transition domain of type E of the form

-1

.
To— E dj.’l?lj

E_q1:= {(.%‘1,.’132) ZNl.’L‘(lll <
j=2

ap—1
<11y }

when expressed in the coordinates x of Assumption 9.2. It will stop on F;_;.

As for the domains Dj(d), notice that like in passing from =60y to (), in each

step when passing from 6;_q) to 6y we replace a face v =[(A;_1, Bi—1), (4}, B))] of

the Newton-Puiseux diagram Ng(f_1)) by a new face v;=[(Ai—1, Bi—1), (A, By)] lying

on the same line as +; (possibly degenerating to a single point) of N (6 ;)), so that the

Newton—Puiseux diagram Nd(ﬁ(l)) will in particular possess the faces

11 =1[(A0, Bo), (A1, B1)], ... v =[(Ai—1,Bi-1), (A, By)],
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where B;>1 (see Figure 2). Indeed, the Newton-Puiseux diagram Ng(6(;—1)) will have,
besides the edges 71, ...,7—1, in addition an edge v;=[(Ai—1, Bi—1), (4], B])] lying on a
unique line

}{lltl +J{ét2 = ].,

where a; =3, /3. Otherwise, N'(6_1)) would be contained in the half-plane to>B;_;
and the algorithm would have stopped earlier.

Finally, if 92(0(;_1)), denotes the »!-homogeneous principal part of 02(0(1—1)) cor-
responding to the edge ~y/, then the algorithm will also stop on D;(d), unless d is a real
root d; of 92(0;—1)) (1, ) and s¢} (n—mq)+35>1.

If the latter is the case, then we are left with the domain D;(d;) at the end of step
I—1 (where d; is one of possibly several roots). When expressed in the coordinates y
defined by the change of coordinates s, it is »!-homogenous and given by ly2|<ex?".

We note that

Bi>2By>..2B>1 and mi<a=a1<as<...<a. (9.15)

In particular, the descending sequence {B;}; must eventually become constant (unless
our algorithm stops already earlier).

Our algorithm will always stop after a finite number of steps, since eventually we
will have s} (n—m; )+ <1 because a;—oc.

This is rather evident from the geometry of the Newton-Puiseux polyhedra N'(6;),

but let us give a precise argument:

We first claim that there is some fized rational number 1/r such that every a; is a

multiple of 1/r.

In the analytic case, this follows easily from the Puiseux series expansions of roots
of 026, but we can give a more direct argument.

The polynomial 95(0(;—1)),. is s'-homogeneous of degree 1, and so we may write it
as

0a(b(1-1))r (@) = cay g [ (@)t
o

Since the z2-degree of this polynomial is bounded by By, putting N:=)_ nf*, this implies
that a;€(1/N)N, where N< By, which implies the claim. In combination with (9.15),
this proves that a;— oo.

Assume now that our algorithm did not terminate. Then we could find some minimal
L>1 such that B;=Bj, for every [> L. This implies that By, >2, since for By, =1 we had
Na(0(1))C{(t1,t2):t2>B}, and we would stop. Moreover, from 1=s¢} A+ 3, B;>23¢}
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we conclude that scb < % But then clearly

n—m 1 n—m
xll(n—ml)—kzéz}fé(l—k " 1><<1—|— P 1)§1
! 1

for [ sufficiently large, and so our algorithm would eventually stop, contradicting our
assumption.

This argument also shows that the number of steps Ly —1 after which the algorithm
will stop everywhere in € can be chosen to be independent of the choice of roots d; along
the way. The domains of type E and D that we shall produce by this algorithm up to
step Lo—1 will then cover 2, so that it will suffice to study the contributions to our
maximal operator of each of these domains.

Assume from now on that we have fixed a choice of roots d; when passing along
our algorithm. We then choose L>2 with L<Lg so that the algorithm will stop for this
choice of roots at step L—1.

Next, in the case where Bi=DBj{1=...=B; for some j=1, we will modify our

stopping time argument as follows:

We shall skip the intermediate steps and pass from ¢(;) to ¢ ;) directly, decompos-
ing in the passage from ¢y to ¢4;) the domain {(z1,x2):|xe|<ez)'} into the bigger
transition domain

E]:={(x1,22): Nigjzi'™ <|ma| < gz}

and the »!*7-homogeneous domain
Hi, i ={(z1,22) : |wo]| < Nigjai'™},

where N;y; will be any sufficiently large constant.
We may and shall therefore assume that the sequence {B;}; is strictly decreasing.
Now, if the domain on which we stop our algorithm is of type E, then it is a transition

domain

l

s
To— E djarlj

Jj=2

N

L

)

E = {(ml, x2): Nt <

<€thllz}’ 1<

when expressed in the coordinates x of Assumption 9.2, where the case [=L arises only
if N'(0z)) is not contained in {(t1,t2):t2>Br}.

When N (01)) C{(t1,t2):t2> B}, so that our algorithm stops because of this inclu-
sion (cf. the discussion of case A in §9.1.1, only with §=6(;) replaced by (), then the
algorithm will stop on the whole domain where

L

a;
To— E dj$1J

Jj=2

a
<epxy®
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which remained after the previous step. We shall then replace Ej by the ”generalized”

transition domain (which is at the same time »”-homogeneous)

L

a
To— E dj$1]

Jj=2

B ::{(xl,:rz):

a
<€Lx1L},

where formally ap 1 =00.

And, if we stop on a domain of type D, then it is of the form

Dl+1(d) = {(xh.’l?g) :

!
To— E djx‘fj —dac'fl“’ g™ }, 1<I< L,
=2

which is s»!'T!'-homogeneous after applying the change of coordinates r=s(;(y), where
|d| < Ni41, and where
s (n—my) b <1,
in the case where d=d;;1 is a real root of 92(0(;)),+1(1,-) (cf. the discussion of cases
B (a) and (b) in §9.1.1).
The case [=L can here only arise if N'(61_1)) is not contained in {(¢1,%2):t2>BL};

moreover, in this case there is no real 100t of 92 (01,))ser+1 (1, +) if sef ! (n—my )+ 565 T > 1,

since otherwise the algorithm would not stop at step L—1.
The contribution to the oscillatory integral J(&) of a domain Ej, after changing to

the coordinates y given by s(;) in the integral, can be put into the form

J(E) = /R " * 005y 7 (y) dy,

2
+

where 7] is again a smooth bump function supported near the origin,

Q) (y,€) = (£300) (Y1, 0) + &1y +Ey (Y1) + (€30 0y (1, y2) +E2y2),

Y2 Y2
= 1—o) —2_
()= o 22 ) 1-0) (522 )

if N'(f1)) is not contained in {(t1,t2):t2>B;}, and

. Y2
nli=o( 2,
1

if N(H(l))c{(tl,tQ):t2>Bl} and [=L. As we have seen, the latter case corresponds to
the domain E7.

and where
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Similarly, the contribution of a domain D;11(d) is of the form

Je+(6) :=/ e POWO () o1 (y1, y2 —dyy ™) dy,
R

2
+

where

Ql+1(y) = Q<y2)
ey

At this point, it will again be helpful to defray the notation by writing ¢ in place of
¢y, 0 in place of 6;), ¢ in place of ¢;), etc., and assuming that ¢, 1) and 6 satisfy the

. . 2 .
following assumptions on R%:

/r

Assumptions 9.4. The functions ¢ and n are smooth functions of x} and xo, and

1) is a smooth function of xi/ " where r is a positive integer. If we write

(1, 72) = P(1,0)+0(21, 22),

then the following hold true:

(i) the Newton—Puiseux diagram Ny(6) contains at least the faces
71 =[(A0, Bo), (A1, B1)], ..., m=I[(Ai—1,Bi-1), (A, Bi)],

where B;>By>...> By, so that v, is an edge, if j>1, and B;>h>2, and in the case
where N(0) is not contained in {(¢1,t2):t2>B;}, it contains the additional edge

V1 = (A1, B1), (Al41, Byl
The face v; lies on the line x{tﬁ—x%ﬁzl, where 3! =5, Putting aj::x%/x{7 we have
a=a1<..<a; <aj41<....
(ii) We have
—n 1/r 151 1/r
¢(21,0) =27 (1+0(x,7")) and  P(a1) =bray" (1+0(2,")),

where n=1/3¢1> 35 /3c1=a>m; >2.

With these data, we define the phase function
O(x,8) := (§30(w1,0) +&121 +E9 (1)) +(£30(21, 22) +Ea222),

and the oscillatory integrals

Q= [ | eI n(wn () da

T
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and
Je (€)= / () 0rr (w1, w2 —day™) dr,
R

where again 17 denotes a smooth bump function supported in a sufficiently small neigh-
borhood €2 of the origin, and 7; and g;41 are defined as before.

The maximal operators corresponding to the Fourier multipliers %3 .J™ and e?¢s Joi+1
will again be denoted by M7 and M9+1 | respectively.

In view of our previous discussion, and since we have h(¢(y)=1/|x|=h for every I,

what remains to be proven is the following result.

PROPOSITION 9.5. Assume that the neighborhood Q2 of the point (0,0), and £; and
€141 are chosen sufficiently small and N1 sufficiently large. Then the following hold
true:

(a) The mazimal operator M™ is bounded on LP(R3) for every p>1/|s|;

(b) The mazimal operator M@+1 is bounded on LP(R3) for every p>1/|3|, provided

zi“ (nfml)JrzéH

<1 in the case where d=d;11 is a real Toot of 020,.+1(1, ).
10. Proof of Proposition 9.5
10.1. Estimation of J™

Let us first assume that N () is not contained in {(¢1,%2):t2>B;}, so that

T2 xI2
=o| — | (1— — .
Tl(fﬂ) Q(Elfﬂill)( ‘Q)(Nl+1xl;l+l>

Arguing in a similar way as in §8.4, we consider a dyadic partition of unity > r_ xx(s)=1
on the interval 0<s<1 with x€Cg§°(R) supported in the interval [%, 4], where

Xk (s) = x(2"5),
and put again
Xi.k(@) = x;(x1)xk(22),  j,kEN.

Then
T=Y"Tik, (10.1)
gk
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with @; (2, £):=®(2 721,27 F25, £), and where the functions 7; ; are uniformly bounded

in C*°. The summation in (10.1) takes place over pairs (j, k) satisfying
aj+M<k<a17—M, (10.2)

where M can still be choosen sufficiently large, because we have the freedom to choose
e; sufficiently small and N, sufficiently large. In particular, we have j~k.
Moreover, our Assumptions 9.4 on the Newton—Puiseux diagram of 6 imply exactly
as in §8.4 that
0 (x) =27 HITED (clizt 4027 M)

for some constants ¢;#0 and C'>0. Notice also that B;>B;;1>1 here, so that B;>2,

and that we are here only interested in the domain where
€Ty~ 1~ 9.
In combination with our further requirements in Assumptions 9.4 we then obtain

;o (,€) = 277"y (14v;(21)) +277™ E2bra™ (1wj p(21)) +277 €10
+27 IR G (af ey fu g (21, 22)) +27 o,
where the functions v; x, w;x and u; are of order O(279U+F)) respectively O(27M),
in C* for some 6>0.

Remark 10.1. More precisely, the functions v;x, wjr and u;; depend smoothly

on the small parameters 6;:=2"7/" and 65:=2"%, respectively d5:=2"™ and vanish

identically for 61 =§2=0, respectively d3=0.

Assuming again without loss of generality that A\:=&3>0, we may thus write
®; 1 (2,8) =2"7"\F (2, 5,0),
with

Fj(z,s,0) =z (140 5(21)) + G227 (1+wj k(21)) + 5171
—|—a(clx’14‘xQB‘ +uj(r1, x2)+5222),
and

5 ::Q(n—m% 82::2Alj+<31—1)k%2’ 52::2(n—m1>jb1%2, o0y = g AI-B

(10.3)
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LEMMA 10.2. Under the Assumptions 9.4, the following hold true:

(a) The sequence {1/3*},, is increasing and the sequence {1/x5*},, is decreasing;

(b) Given any constant N >0, we can choose the constant M in (10.2) so large that
the following holds for all j and k satisfying (10.2):

j k
L N<A+BE< = —N.
4! 5
In particular,
' k
L {N=nj+N<Aj+Bk<——N.
P sl n2
Proof. Statement (a) is evident from the geometry of the Newton diagram of 6. It

follows also from the identity (4.4) in [19], according to which

1 A A, _
7m:7m+Bm: B 1+Bm—1a
P G, Cm,

1

—m Apm+am By = Am—1+am B,
1

since the sequence {a, }, is increasing.

Statement (b) is a consequence of (a) and the identities above. O

Since B;>1 and n>m4>2, in combination with Lemma 10.2 we see that
o1, |&|l<As1], &< A|sz], and also [€3] < A|S2|. (10.4)

PROPOSITION 10.3. If M in (10.2) is chosen sufficiently large, then the following

estimate
T k()| < Cllnlles@e) 277 (1427 1¢)) T3 (1+27 o) 1[¢]) /2 (10.5)

holds true, where the constant C does not depend on j, k and &.
Consequently, the mazimal operator M™ is bounded on LP(R3) for every p>1/|sx|.

Proof. We first notice that B;>2, so that 93 (z{2z2")~1.

As in the proof of Proposition 6.3 we shall distinguish several cases.

Case 1. |s1]+]S2|<1, or |s1|+]|S2|>1 and |s1|<|S2| or |s1]>]S2].

Here, an integration by parts in x; yields
Jie(§) =027 (1427 A1+ [s1]+1S2]) 7,

which implies (10.5) because of (10.4).
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Case 2. |s1]|+]S2[>1 and [s1]|~|Sa].

Since m;>2, we have 9% (xz]")~1. Therefore, if sy is fixed, with |ss| <1, in view of
Remark 10.1 we can apply Proposition 5.2 in a similar way as in the proof of Proposi-
tion 6.3, with A replaced by 27 \(|s1]|+|S2|), and obtain

|756(€)] C2797F (1427 ALt s +]S2]) T2 (1427 oA(L+]s2]) "2 (10.6)

In fact, the proposition even shows that this estimate remains valid under small
perturbations of sy, so that we can choose the constant C' uniformly for ss in a fixed,
compact interval.

On the other hand, if |s2|>>1, we can obtain the even stronger estimate where the
second exponent —% is replaced by —1 by first integrating by parts in zo and then
applying the method of stationary phase in x;.

Observe at this point that if |£1|+[&2|= A, so that [€]~|&1|+|Ez2], then by (10.4),

|s1]+[S2| > 1.
Notice also that |s;|~|Ss| implies, by (10.3), that 1~2~(m1=1i|&,|/|£;], and hence

1] < |&2]-

Thus, if |£1]+|&| >\ and |s1|~|Ss|, then [£|~]|&2|, and since |s2|A>>>|Es], we see that
(10.6) implies (10.5) in this case, as well as of course in the case where |&1 |+ (62| <A We

are thus left with the next case.

Case 3. |s1]+]S2|~1 and |&1]+|€2| <A, and hence ||~ .

Since n>my, it is easy to see that in this case the polynomial
p(z1) =2 +Sebia]™ + 5121

satisfies |p”(z1)|+|p" (21)|#0 for every m1~1. Therefore, if we fix some point z§~1,
then we can either apply Proposition 5.2 or Proposition 5.3 if we localize the oscillatory
integral J; ;,(€) by means of a suitable cut-off function to a small neighborhood of 29 and
translate coordinates, and finally obtain, by means of a suitable partition of unity in a

similar way as in the previous case, that
|k (6)] <C277 7R (1427 N) "3 (1427 o N (14 s2])) "2,

and hence (10.5). Note again that this argument first applies for fixed s1, s and S, but
since Propositions 5.2 and 5.3 allow for small perturbations of parameters, the estimate

above will hold uniformly in s;, sy and Ss.
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Next, observe that we may replace the factor (1+2"" ¢, 1[¢[)*/2 in (10.5) by
(14270 €)1/,
for any sufficiently small >0, which leads to

| ;1) < Cllnll s mey 2~ ~Fond/ oAt Bik)(1/6F€) (1 4 |¢|)=1/2=¢
< Ol csmey2 R /3 gk/22)(1/6F€) (1 4 |¢))=1/2 ¢

since Lemma 10.1 shows that A;j+ Bjk<k/s<k/se.
Lemma 6.2 then implies that the maximal operators M7* associated with the mul-

tipliers J; ;. can be estimated by
M, < GRS 11349 |,
for every sufficiently small e>0 and p>2.
Observe that for p=1/|3|, we have

2 2%1+%2 2
== =—(1 >1,
3:1p 3 3( +a)

so that for p>1/|s| sufficiently close to 1/|s¢|, we have

Z 2—j—k22j/3%1p2(k/%2;0)(1/3+6)< Z 9—i—k92j/3s1pgk/3se:p+e

aj+M<k j<k/a
k>M

< Z 9(2(1+a) /3—5—1)k/a—k-+(s1+52) /352 k+ek
k>M
_ Z 9(c=6/a)k.
E>M
(10.7)

where §>0 depends on p. Choosing ¢ sufficiently small, this series converges, so that
M is bounded on LP. For p=o0, the series converges as well. By real interpolation, we
thus find that M™ is LP-bounded for every p>1/|s|. O

The case where N (0) C{(t1,t2):t2>B;} can be treated in a very similar way, if we
formally replace a;+1 by co. Indeed, in this case we have 7(z):=p(x2/12{"), so that
condition (10.2) has to be replaced by

aj+M <k (10.8)
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Moreover, in this case we obviously have
0 1(x) :2—(Azj+sz)xQBz (Clez+0(2—6(.j+k)))

for some §>0. Therefore, if B;>2, we can argue exactly as before and see that Proposi-
tion 10.3 remains valid (notice that in (10.7) we only made use of (10.8)).

What remains open at this stage is the case where B;=1. It turns out that here the
oscillatory integrals J; 1, (§) may possibly be of degenerate Airy type. We shall then need
more detailed information, which we shall obtain be regarding M™ rather as a maximal

operator of type M#?  which will be treated in the next subsection.

10.2. Estimation of Je+:

We now consider the maximal operators M@+! in Proposition 9.5 (b). It will here be

convenient to change to the s!*'-homogeneous coordinates
e N —d al+1
Y1:=21, Y2:=T2—aATy .

This change of coordinates has the effect that we can assume that d=0. The Newton—
Puiseux diagram of 6 in the new coordinates will still contain the edges 1, ...,y;, but the

edge v, =[(A41, B1), (A;,. 1, B, )] may change to an interval [(A;, By), (Aiy1, Bi41)] on

the same line !™'t; + 5t t,=1, possibly with a different right endpoint (A;;1, Biy1),

which may even coincide with the left endpoint (4;, B;), so that this face may even
degenerate to becoming a single point.

l

Simplifying the notation by writing s’ :=s!"1 and a':=3 /] =a;;1, we shall then

have to estimate the oscillatory integral J(§)=J2+(§), with

J(€) = /R

corresponding to the domain

: T
eZ‘I’(Lg)n(x)g(g,;a,) dz, (10.9)

2
2 1

|'T2| <6/56(11/5

where ¢’=¢;11>0 can still be chosen as small as we like, under one of the following
assumptions:

(i) 020,.(1,0)=0, i.e., Bjy1>2, and s (n—mq)+x4<1;

(ii) 020, (1,0)£0, i.e, Biy1=1, and s’ (n—mq)+xh#1;

(iil) 020, (1,0)#£0, i.e, Bip1=1, and ' (n—mq)+sh=1.
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The most delicate case is (iii), which will lead to degenerate Airy-type integrals. No-
tice that the second condition in (iii) just means that the point (n—mq,1)=(A;+1, Bi+1)
belongs to Ny(9).

We shall denote the maximal operator associated with the Fourier multiplier €3 J ()
by M'.

Observe at this point that the oscillatory integral J™ for the still open case where
B;=1 can be written in the form (10.9) too, with s’:=3, and hence a’=q; and (A;, B;)=
(Ay41,Bj+1), and since B;=1, it will satisfy assumption (ii) or (iii). Notice that here
necessarily 1>1.

We shall therefore in the sequel relax the condition a’>a; and assume only that
a'>a; in the case where (A;, B;)=(A;+1, Bi+1) and B;=1. Then, as in the proof of

Proposition 6.3, we can decompose
J=> "I (10.10)
k=ko

by means of a dyadic decomposition based on the s/-dilations &. (21, 2):= (1" z1, 172 x5),

where the dyadic constituent Ji of J is given, after rescaling, by

n =2 [ Hw( oL )n(éé—kx)x(x) dr,

!
R2 (SR

where again A\:=¢3 is assumed to be positive, and where
Dy (z,8,0) =27 (1+ve(x1))+s121+S2b127" (1+wk (1))
+0(0:0 (71, 22) + 0y, 5 (21, T2) +5222),
with

51::2x1<n—1>k%1, 52::20—%;%%2’ 52;:2z1<n—ml)k%2, o= g 1= 2AN Dk

(10.11)
In particular, we have
Sy = 20 (n=mi) -k (10.12)

Moreover, since s} <s1=1/n, we have »](n—1)>0 and »{n—1<0, and as
1= J{llAH_l —|—J{IQBH_1 > %é,

we have 1—,>0. We see that if Q is chosen sufficiently small so that ko>>1 in (10.10),
then

|O'|<<1, |£1|<</\|31|, ‘§2|<<>\|82‘ and also |£2‘<<A‘SQ| (1013)
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Recall that 6, denotes the s’-homogeneous part of . The functions vk, wy, and 0,y
are of order O(27¢) in C°° for some £>0, and can in fact be viewed as smooth func-
tions v(x1,0), w(zy,d) and 0,.(z, ), respectively, depending also on the small parameter
§=27F/" for some positive integer >0, which vanish identically when §=0.

Notice again that in our domain of integration for Ji(§), we have
z1~1 and |19 <é,

and clearly |M'f|<3°72, |[MFf|, if M* denotes the maximal operator associated with
the Fourier multiplier €3 J(€).

The following proposition will then cover Proposition 9.5 (b) as well as the remaining
case of Proposition 9.5 (a). The constants l,, and ¢,, will be as in Theorem 5.3. We
remark at this point that clearly

5 <Im<i. (10.14)

PROPOSITION 10.4. If ko in (10.10) is chosen sufficiently large and €' sufficiently
small, then
[T (€)] < Cllnlls a2 oo, 1+ e9) (2| g ) =172 (10.15)

for some meN with 2<m< By, some constant ¢>0 and every sufficiently small €>0,
where the constant C' does not depend on k and &.

Consequently, the mazimal operator M’ is bounded on LP(R3) for every p>1/|x|.
Proof. We proceed in a similar way as in the proof of Proposition 10.3.

Case 1. |s1]+]|S2|<1, or |s1|+]S2|>1 and |s1|<|S2| or |s1]>>]S2].
Here, an integration by parts in z; yields

| k(€)] < C27 P F (1427 A (Lt |1 +]Sa]))

which implies (10.15) because of (10.13).

Case 2. |s1]+|S2|>1 and |s1|~]|Sa|.

Observe first that for any z9{~1, the polynomial P(x3):=0,(2{,22) has degree
deg P>2. Indeed, this is clear under assumption (i), since B;y;>2, and under the as-
sumptions (i) and (iii) it follows from B;>2, respectively B;_1>2 in the case where
B;=B;11=1. Clearly also deg P<B;.

Therefore, if |s2|<1, we can argue in a similar way as in case 3 of the proof of

Proposition 6.3, and obtain by means of Proposition 5.2 that

|6 (€)] < C27 1 F (14277 % X (14 |51 |+ 9o ) /2 (142751 o M (1+|s2])) "™ (10.16)
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for some m with 2<m< By, provided &’ is chosen sufficiently small.

On the other hand, if |s2|>>1, we can obtain the even stronger estimate where the
second exponent —1/m is replaced by —1 by first integrating by parts in xo and then
integrating in ;.

Now from (10.13) we deduce as in the proof of Proposition 10.3 that if |£1]|+|&2| = A,
so that |£]~|&1|+]|&2|, then we have |s1]|+|S2|>1, and |s1|~|S2| implies that |;]<|&a].

Thus, if |£1]+|&| >\ and |s1|~|S2|, then [£|~]|&2|, and since |s2|A>>>|Es], we see that
(10.16) implies (10.15) in this case, as well as of course in the case where |£1|+]&2| <A,
provided ¢ is chosen small enough. We are thus left with the next case.

Case 3. |s1]+]S2|~1 and | |+]&| <A, and hence €]~ .

Since n>my, the polynomial p(z1): =z} +Sab1x]"* +s121 satisfies
Ip" (z1)|+|p" (x1)] #0 for every z1 ~ 1.
But, if either |s;|<|Sa| or |s1]|>>|S2]|, then all critical points of the polynomial
P+ Sabra" +s121

will be non-degenerate, so that we can argue exactly as in case 2. We shall therefore
assume that
|s1|~[S2|~1.

Now, under assumption (i), we have 926, (29, 0)=0 whenever 29~1, whereas |s2| > 1,
by (10.12), so that

82(0,{/ +82$2)($(1), O) = 0s0, (x(l), 0) +S9 7é 0. (1017)

The same is true also under assumption (ii), for then either |sq|>1 or |s3| <1 (by (10.12)),
whereas 920, (29,0)#0, and it also applies in case (iii), provided |sg|>1 or |sa|<1.

In these cases, we shall first integrate by parts in £ and then apply Lemma 5.1 from
811, which is a useful variant of van der Corput’s lemma, to the xi-integration, which

leads to the estimate
|J(6)| < C27 17 Ik (1 272amk \)=1/3(1 o=k g\ (14 |s5])) L.

By replacing the second exponent —1 by —¢—¢, we see in view of (10.14) that this
implies (10.15).

We are thus left with the case where assumption (iii) holds true, and where |sa|~1.
Fix 29~1. Then 8102(0,. +s2w2) (29, 0)#£0, since 0,/ (z1, 22)=coz] "™ 2o+ O0(x3), where
co#0.
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Assume first that (10.17) holds true. Then we can again argue as before, provided we
introduce in our formula for Jj(§) an additional smooth cut-off function a(x;) supported
in a sufficiently small neighborhood of z9.

So, assume next that da(6,.+saz2)(2?,0)=0. Since the degree of the polynomial
P(13):=0,. (29, 22) satisfies B; >deg P>2, after shifting the x; coordinates by x{, we can
apply Theorem 5.4 and obtain estimate (10.15) for some m with 2<m< By, if we again
introduce a cut-off function a(z;) supported in a sufficiently small neighborhood of 9
into Ji(§). Recall here that the functions vy, wy and 6, are smooth functions v(z1,9),
w(xy,6) and 6,(z,8), respectively, depending also on the small parameter §=2"%/" for
some positive integer r >0, which vanish identically when §=0.

The estimate (10.15) then follows by decomposing Ji(£) into a finite number of such
“localized” integrals by means of a partition of unity.

Next, in order to estimate the maximal operator M’, observe that (10.15) implies

that for any sufficiently small €>0 we have
|Jk(£)‘ < CH77||C3(R2)27‘%,‘k2x1nk(1/2+6)2<17%1n)k(lm+66)(1+‘€|)71/275-

Recalling that 1—{n>0 and l,,, < by (10.14), we thus see that there is some §>0 such
that

[Tk (&) < C||77||CB(R2)2_%2_‘%/|k2(1+%in)k/4(1+|§D_1/2_87

provided ¢ is sufficiently small. Lemma 6.2 then implies that
IM" L < C270k2 kgt e £,

for every p>2. Notice that

1+xn 1
<. 10.18
M| ST (10.18)

Indeed, we have t:=sjn=s] /3 <1 and s} >3- by Lemma 10.2, so that

I4+xn 14t o 1+t
2| 20mt+d)  20t+)

The latter function is increasing in ¢, so that we may replace ¢ by 1 and obtain (10.18).

The estimate (10.18) shows that the norms of the maximal operators M* sum in k
when p>1/||, which concludes the proof of Proposition 10.4, and hence also the proof
of our main result, Theorem 1.2. [
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11. Uniform estimates for oscillatory integrals with finite-type

phase functions of two variables

In this section we shall provide a proof of Theorem 1.9. We shall closely follow the proof
of Theorem 1.3, which did already provide uniform estimates for the Fourier transforms
of surface carried measures g/(-i}(f) for the contribution by the region near the principal
root jet. Notice that the assumption ¢>0 that we had made for the estimation of the
maximal operator M had only been introduced for convenience and was not needed for
the estimations of oscillatory integrals. Without further mentioning, we shall use the
same notation as in the various parts of the proof of Theorem 1.3.

We may assume that 2°=0 and that S is the graph
S={(w1, 22, p(x1,22)) : (1, 22) €N}

of a smooth real-valued function ¢€C>° () of finite type defined on an open neighbor-
hood €2 of the origin in R? and satisfying

#(0,0)=0 and V¢(0,0)=0.

We then have to prove the following result.

THEOREM 11.1. There exist a neighborhood QCR? of the origin and a constant C
such that for every n€Cg® () the following estimate holds true for every £ER3:

/ ei(£3¢(m7w2)+5111+52$2)n(x1,xg)dx <C||77||03(1R2)(1+|f|)_1/h(¢)10g(2+|§|)~ (11.1)
R2

We note that the van der Corput type Lemma 5.1 will play a similar role for the
proof of Theorem 11.1 as Corollary 4.6 did for the proof of Theorem 1.2.
By decomposing R? into its four quadrants, we may reduce ourselves to the estima-

tion of oscillatory integrals of the form

J(€) ::/ ei(§3¢(“’I2)+51m1+§2“)7}(x1,xg)dx.
R

2
+

Notice also that we may assume in the sequel that
|§11+(&21 <0]&5],  and hence [§] ~ (&3], (11.2)

where 0<d<1 is a sufficiently small constant, since for |£1|+|&2|>d|¢3| the estimate
(11.1) follows by an integration by parts, if 2 is chosen small enough. Of course, we may
in addition always assume that |£]>2.
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If x is any integrable function defined on 2, we shall put
Q)= [ et n iy oy )y (o) d
R4)?

The case h(¢)<2 is contained in [11] (here, estimate (11.1) holds true even without

the logarithmic term log(2+]¢|)), so let us assume from now on that
h=h(¢) > 2.

Following §7 we shall begin with the easiest case where the coordinates = are adapted
to ¢. In analogy with the proof of Proposition 7.1 we then decompose J(§) :Zf:ko Ik (§),
where

Jk(g) ::/ ei(§3¢($)+51£v1+52w2)n<m)xk(x) dx
(Ry)?

- /< e G G, )
Ry

and where y is supported in an annulus D. Moreover, as in the proof of Corollary 7.2

we can choose the weight » according to Lemma 2.4 such that 0<sr <z <1 and
1
m =dn(¢s) <h(¢s) =h.

Then, as in the proof of Proposition 7.1, given any point 2°€ D, we can find a unit
vector e€R? and some meN with 2<m<h(¢,.)=h such that 0™, (2°)#0. For k>ko
sufficiently large we can thus apply Lemma 5.1 to the zs-integration in Ji(§) near the

point z°. By means of a partition of unity argument, we then get that

|J/€(§)| < C“n|‘CS(R2)2_k|X‘(1_’_2_kf|€3|)_1/7”
< CHUHC’3(R2)2ik/h(¢)(1—|-27k|§|)*1/h.

The estimate (11.1) then follows by summation in k.
Assume next that the coordinates x are not adapted to ¢. In a first step, we then
decompose J(&)=J1791(&)+J9(€), where g is the cut-off function introduced in §8.1

which localizes to a narrow s-homogeneous neighborhood
|ze—bra"t| <epai™

of the curve xo=byz7".
The oscillatory integral J1=91(£) can be estimated in a similar way as in the case of
adapted coordinates by means of Lemma 5.1 (cf. also the proof of Lemma 8.1).
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Moreover, if N'(¢*)=(v1,h)+R2, with vy <h (case (c2) in §3), we recall from the
proof of Lemma 8.1 that ¢,,(z)=cx}* (z2—b12]"* )", which implies that h(¢,.)=h(¢%)=h,
and we see that in this case we can again apply Lemma 5.1 to the xs-integration in order
to see that also J21(&) satisfies (11.1).

We may and shall therefore from now on assume that the Newton polyhedron of ¢
has at least one compact edge “lying above” the principal face, i.e., that one of the cases
(a), (b) or (c1) from §3 applies. Finally J2(£) remains to be considered.

In analogy with Proposition 8.2, in the next step we prove the following result.

PROPOSITION 11.2. Let £9>0. If the neighborhood Q of the point (0,0) is chosen
sufficiently small, then the oscillatory integral J1=90(§) satisfies estimate (11.1).

Moreover, if the principal face w(¢*) is a vertex or unbounded, then the same holds
true for J(€) in place of J'~2 ().

Let us again first assume that ¢ is analytic. To prove the first statement, we decom-
pose the corresponding domain as in §8.2 into the domains Dy, [=ly, ..., A, which become
s!-homogeneous in the coordinates y defined by (8.1), and the transition domains Fj,

I=lp—1,...,A\—1. Accordingly, we decompose

A A—1
JOE) =Y TN+ Y T,

1=lo 1=lo—1
where g; and 7; are the cut-off functions defined in (8.10) and (8.11).

Estimation of J9(§). In analogy with the proof of Lemma 8.3, after applying the
change of coordinates (8.1) and performing a dyadic decomposition as before, only with
the weight s replaced by the weight s, we find that J& (5)2221,60 Ji (&), where

Jk(f)ZQ_klxll/ ei(27k§3¢k(y)+27k“l1§1y1+27kké52924-27“552111’6(?41))

m2
x 0 (1)1 (93— y)x (y) dy,

with ¢*(y), ¥*(y1), etc. defined as in §8.3.

By means of Corollary 3.2 (i) and (ii) we have seen in the proof of Lemma 8.3 that
(8.13) holds true if I<A—1, or if =X and if the principal face 7(¢*) of the Newton
polyhedron of ¢* is a vertex (case (b)) or unbounded as in case (c1) in §3. In these cases
we can thus estimate Ji(€) by means of Lemma 5.1 applied to the ys-integration and a

partition of unity argument and obtain

Tk ()] < Cllmllcs @2 H7 (1427 |&]) ~1/dn(@%0)
S 0”77”03(]1@2)27]“/}1(‘15)(1+2*k|£‘)71/h.
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The case where [=\ and where 7 (¢%) is a compact edge (case (a)) remains to be consid-
ered. Again, if a=s /5, €N, then we may assume that (8.13) holds true in view of (8.6),
so assume that a¢N. We are left with those points y° in the support of x 0% for which
9302.(y°)=0 for every 2<j<h but 0262 (y°)#0; all other points y° can be treated as
before. However, in this case the estimate (11.3) is an immediate consequence of Corol-
lary 6.4, if we apply a change of coordinates to a small »*-homogeneous neighborhood
of 4° as in the corresponding part of the proof of Lemma 8.3.
By summing over all k, we see that J¢ (&) satisfies estimate (11.1).

Estimation of J™(§). Following §8.4, we decompose
TE)=_Tin(8),
g,k

where summation takes place over all pairs j, k satisfying (8.14), i.e.,
aj+M<k<ayj—M, (11.3)

with J; x(€) given by

J; k(&)= /]Rz ei(fma(y)+51y1+5292+52“/’(yl))7-ﬁ(y)n“(y)xﬁk(y) dy

:2—j—k/ (€@ ()2 Qv +2 oyt (27T 01)) 200k () ik
R2

T (y)x (y1)x(y2) dy.

Here, we have kept the notation from §8.4. Assume first that ¢ is analytic. Then, by
(8.16),
¢ (y) =27 WITEO (el + O(27M))

for some constant C'>0, where A; and B; are given by (3.2) and M can still be chosen

as large as we need, and where
A
9y yy ") ~ 1.

We can thus again apply Lemma 5.1, with m=2, to the ys-integration in J; (&) and

obtain

| 75,6 (E)] < Cllnll s mey2 I ~F (1427 AT+ BR) g5y =1/2
~ C||nllcs a2~ TR (1+27 AItBR) gy =1/2,

Then
[T < Clinllos ey (Jg' (§)+J(E)),
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with

J(‘)rl(g):: Z 2_(1_Al/2)j—(1—31/2)k‘£|—1/2’
(4,k)€Io

JRE= > 2

(k) elo

where Iy and I, denote the index sets
Io:={(j,k) eN?: Ajj+Bik <log|¢| and a;j <k <aj115}

and
Lo :={(j, k) €N?: Aj+ Bik > log [€]}.

These estimates can easily be summed in j and k& by means of the following auxiliary

result.

LEMMA 11.3. Let 0<ai<as and by,by >0 with by+by>0 be given. For v>0, con-
sider the triangle A :={(t1,t2)€ (R )%*:a1t1<ta<ast1 and bit;+bata<v}, and denote by
(0,0), vX;1 and vXs2, with

1

1
=—(1 d Xoi=—(1
1 b1+a1b2( 7a1) an 2 ( 762)7

bl +agb2

the three vertices of A.. Assume that p=(u1, p2) ER? is such that

(a) If u-X2>0, then
/ e“'tdtheW‘Xz;
A

~

(b) If p-X2=0, then
/ el tdt < Cry;
A

~

(c¢) If pn-X2<0, then

/ eMtdt < C,
A

N
where the constant C' in these estimates depends only on the a;, the b; and p.
Similarly, if we put By:={(t1,t2)€(Ry)%:art1 <ta<ast; and bit;+bata =7}, then
the following holds true:
(d) If p-X2<0, then
/ ettdt < Cev X,
B

~
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Proof. Let us change to the coordinates (1, x3) given by
(t1,t2) = (z1+22, @171 +a272).

In these coordinates, Ay, X; and X, correspond to

A»y = {(1’1, CEQ) S (R+)2 : (bl +a1b2)x1+(b1 +a2b2)m2 < ’y},

~ 1 ~ 1
Xi=(———0) and Xp:=(0,——),
! <b1+a1b2 ) . ? ( b1+a2b2)

respectively. Moreover, pu-t=p-xz, where /1-)21 </1-)22, ie.,

3! fo2
bl+a1b2 b1+a2b2'

(11.5)

Now, in case (a) we have fio>0, so that, because of (11.5),

/

ettt dtzC’/ e dg
i,

~

H2

< geﬂzﬁ/(bﬁrazbﬂ
M2
C

:Te
2

C - v/(bit+aib2)
— L gf2v/(bi+asbz) / e(fir—fiz(br+a1bz)/(b1+azbsz))z: dzy
0

Y Xo
b

where C' depends only on a; and as.

In case (b), we have fio=0 and fi; <0, so that a similar estimation as before leads to

/ et dt < Cry,
A

~

and case (c) is obvious, since here fi, fi2 <O0.
The estimate in (d) is obtained in an analogous way as to the one in (a). O

To estimate J;' (£), we put u::(%Al—l, %Bl—l), a1:=ay, ag:=ay4+1, b1:=A;, bj:=B;
and y:=log |£| in Lemma 11.3. Then

1 1

-~ (@) and Xo=——(1,a121),
! Az+asz( 2 ? AH‘MHB[( +)

and (cf. also the discussion in §3)

1 1+ay 1 1 1 1+a; 4 1 1
Xy=o— =~ and pXp=so - _ -
o=y AitaBr 2 dy(¢y) Hrtr=y AitaaBr 2 dy(¢s,,)
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Since dh(g?),{l)<dh(q~$,{l+l), we see that condition (11.4) is satisfied. Comparing the sum
in JJ'(§) with the corresponding integral and applying Lemma 11.3, we thus find that

|51 < ClE| ™ log €] < CJE| ™M log(2-+€)),

if p-X9<0, and

. _ 1 1 —1/dn(Gaeyy,)
U’@N<CK|”2wp<bmﬂ<—~)><Cwl”h 1),
0 2 dh(¢%l+1)

if ;- X5>0. Since dh((ﬁ,{lﬂ)éh((ﬁ), this shows that JJ'(§) satisfies the estimate (11.1).
Similarly, in order to estimate J7! (), we put p:=(—1,—1) in Lemma 11.3 (d). Then
,u~X2:—1/dh(ém+l)<0 and - X1 =—1/dp (¢, ) <pi- X2, so that we obtain

(6 < Cenp (togle (~—+— ) ) <clel /.

1
dn ()
In combination, we have seen that all J™ (&) satisfy the estimate (11.1).

In order to prove the second statement in Proposition 11.2, we assume that we are
in case (b) or case (c1) of §3, so that the principal face of N'(¢?) is either a vertex or un-
bounded. Recall from Corollary 3.2 (i) that then ds(¢%,)<h and 85¢%,(1,0)#0. Since,
by the first part of Proposition 11.2, what remains to be controlled is the contribution to
J(€) given by a domain of the form |ze—(z1)|<eox{, where £y can be chosen as small
as needed, we can thus argue as in the estimation of J¢* by means of Lemma 5.1.

We have thus completed the proof Proposition 11.2, at least when ¢ is analytic.
However, the case of a general finite-type function ¢ can again be reduced to the analytic
case along the lines of §8.5. Notice here that we have only made use of the van der Corput
type Lemma 5.1 and Proposition 6.3, and the estimates in these results are stable under
small perturbations of the phase function by error terms vanishing to sufficiently high
order at the origin.

In view of Proposition 11.2, we may and shall from now on assume that the principal
face of N (¢*) is a compact edge (case (a)). What remains to be estimated is the contri-
bution of a small domain of the form (9.1) to J(§), i.e., we are left with the oscillatory
integral Je0(¢) which, after a change of coordinates, is given by (6.2). With a slight

abuse of notation, we shall therefore adapt the notation from §9 and write

ei(élwl+52¢($1)+525E2+53¢'(w)) 0 ( x2a > n(x) dz,
E0x7

T =rme)= [

2
R+

where here ¢ and 1 satisfy the Assumptions 9.2.
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We may also in this context assume that condition (9.3) is satisfied, since otherwise

we can obtain the desired estimate for J(£) again by means of Lemma 5.1 applied to the

xo-integration in J(§), provided that 7>2 in (9.3), and by means of Proposition 6.3, if

020pr(1,0)#0, since h>2. However, under these assumptions we have derived estimates

for J(£) in §9 and §10, and what remains to be shown is that these estimate are sufficient

also in order to establish (11.1).

To this end, we apply the domain decomposition algorithm of §9.1 and are left with

the estimation of the oscillatory integrals J™ and J2+! defined in that subsection.

We begin with J™(§)=>_, ; Jjx(£), where J; is as defined in §10.1 and where
summation takes place again over the set of indices j and k satisfying (11.3). Observe

that, according to our discussion in §9.1, we have here that 31 =1/n, 3/ >2 and
w1 A1+ B1 =1,
where By=B2>3 (cf. (9.5)). This implies that s, <3, and hence
%1<% and zggé.

From Proposition 10.3, we then conclude that

| Tk ()] < Clinllosma) 2777 (1+27" €))7 (1+a,l]) 72,

and hence
1Tk (O < Clinllcsr2y2 7 * 1+2*j2*(Azj+1sz)%2‘§|%1+%2 :
Then
[T Clinllcs me) (T (§)+TZ(€)),
where here
JHE)= Y, 2T AR and R (9= Y 2707

(j7k)610 (]ak)eloo
with index sets
Io:={(j, k) EN?: j+(A1j+ Bik)ser <logy(€]) and arj <k < a4}

and
I :={(j, k) €N?: j+(Arj+ Bik)sey > logy(|¢]*1)}.

As j<k/a; and k<clog|| in Iy, summing first in j and then in k, we obtain that

I (E)| <C Z 2((Al/al+Bl)z2—1)k|§|—|x\:C Z 2(%2/xé—l)k|£|—|%|.
k<clog |¢] k<clog, (€]
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But, by Lemma 10.2, 3¢5 /3¢5 <1, so that |J]' (£)|<C|¢| 71 og |€].
Similarly, since (A;j+ Bik)s# <k (cf. Lemma 10.2), we have that j-+k>log,(|¢|1#!).
Putting r:=j+k, we thus see that

JZEI<C >0 2 < g og ).

r2log, (€]11)

Since |»|=1/h(¢), we thus see that J™ () satisfies estimate (11.1).

What remains to be considered are the J¢+1 (), respectively the oscillatory integrals
J(€) given by (10.9), which we decompose according to (10.10) into J(£§)=3"72, Jk(§).
By Proposition 10.4, we have

7;{' —lm C; 7;{'77, — —€e
| T6(€)| < Clnllosgzy 2~ Thar,, Im e (2=ink g |)=1/2=2/2

for every sufficiently small >0, where l,,, <%, and by the definition of Ji(§) in §10.2, we
also have |Ji (&) <C||’I7||C«3(R2)2_|%,|k. Putting this in the definition of o, we get that

| T6(€)] < Cllnll s mzy 277 ¥ (10, Pa =ik 2 g 1/2) 1
< COllnllosge)2 1% (1427 (Hxamk/2)¢))=1/2
< C|nll s rey2™ 1 * (1427 (Hzamk/2|g )=l

because 1/|s|=h(¢)>2. Moreover, by (10.18), we have (1+2sn)|s|<|5|, so that

>o 2 kplmik g -l < Ol log e,
k<log ||

and

Z 2717k < O|g| 21 1/ (oein) g =1l

k
2(1+xin)k/‘2>‘£‘

This shows that also J(&) given by (10.9) satisfies estimate (11.1), which completes the
proofs of Theorems 11.1 and 1.9.

12. Proof of the remaining statements in the introduction

and refined results

In this section, we shall prove the remaining results and claims that have been stated in
the introduction.
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12.1. Invariance of the notion of height h(z?, S) under affine transformations

We assume that 2°=(0,0, 1)=:e3 and T,o ={(z1, ¥, 73):23=0}=:V, and that our hyper-
surface S is the graph

S={(x1,x2, 1+ ¢(x1,22)) : (x1,22) €N}

of a smooth function 1+¢ defined on an open neighborhood Q of 0€R? and satisfying
the conditions
#(0,0)=0 and V¢(0,0)=0.

Consider an affine linear change of coordinates F:u+sw+Au of R? which fixes the
point 2, i.e., F(e3)=e3, and so that the derivative DF(2°) leaves the tangent space
T,0S invariant, i.e., A(V)=V. Here, A€GL(3,R) and weR? is a fixed translation vec-
tor. We then denote by B:=A|y the induced linear isomorphism of V. If we decompose
w=v+pesz, with v€V and p€R, and write elements of R? as (x,z3), with #€R?, then

from w+ Aeg=e3 one computes that
F(z,23)=(Bx+(1—x3)v, u+(1—p)xs).
Then
F(S)={(Bz—¢(x)v,1+(1-p)¢(x)) : (x1,22) € Q}.

Notice that 1—pu=#0, since F' is assumed to be bijective. By our assumptions on ¢, the
mapping ¢: x—y=Bx—¢(x)v is a local diffeomorphism near the origin with ©(0)=0, and

we can write F'(S) locally as the graph of the smooth function

146(y) == 1+(1—p)p(e ' (y))-

Since h(¢)=h(), we see that h(z°, S)=h(z, F(S)), which proves the invariance of our

notion of height h(z°, S) under affine linear changes of coordinates.

12.2. Proof of Proposition 1.7 and Remark 1.11 (a), and remarks on the

critical exponent p=h(z°, S)

We are first going to prove Proposition 1.7. As outlined in the introduction, we may

assume without loss of generality that the hypersurface S is given as the graph
S= {(xh xg, 1+¢(.’E1, 1'2)) : ($1, 1'2) S Q}

of a smooth function 1+¢ defined on an open neighborhood € of (0,0) €R? and satisfying
the conditions
$(0,0)=0 and V¢(0,0)=0,
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and that 2°=(0,0,1), so that the affine tangent plane 2°+7,05 is {(x1, 2, x3):23=1}.
Then dp zo(x)=|¢(x1,x2)|, so that we have to show that for a neighborhood Q2 of the

origin, one has

/Q 16(2)| VP (14 [V (2)|2) /> dir = oo,

or equivalently

/Q ()|~ d = o (12.1)

whenever p<h(¢). Moreover, if ¢ is analytic, then we need to show that (12.1) holds
also for the critical exponent p=~h(¢).

To this end, observe first that we may reduce ourselves to the case where the coor-
dinates x are adapted to ¢ by applying the change of coordinates (8.1) (cf. [41] and [19])
to the integral in (12.1). Recall that then one of the following three cases applies:

(a) m(®) is a compact edge, and either sy /361 €N, or s¢5 /301 €N and m(dpr) <d(9);

(b) 7(¢) consists of a vertex;

(¢) 7(¢) is unbounded.

Moreover, in this case we have h(¢)=d(¢,,), where w(¢) denotes again the principal
face of the Newton polyhedron N (¢) and ¢,, the principal part of ¢ (cf. (2.1)).

First, we consider the cases (a) and (b), where the principal face of the Newton

polyhedron of ¢ is a compact set.

PROPOSITION 12.1. If the principal face 7($) of the Newton polyhedron of the func-

tion ¢, when expressed in adapted coordinates, is compact, then (12.1) holds for every
p<h(¢9).

Proof. As in the proof of Corollary 7.2, we can choose a weight s=(5r1, 52) such

that ) )
ho)= [l Gatimn)

where 0< s, <25 without loss of generality. Then the s-principal part ¢,. of the function
¢ is a weighted s-homogeneous polynomial of degree 1.

We may also assume that s and s are rational numbers. Then we can find even
positive integers ¢; and g2 and a positive integer r such that ¢y =r/q¢; and sa=r/qs.

The quasi-norm N (x):=(z{* +2%)'/" is then »-homogeneous of degree 1 and smooth
away from the origin. Denote by X:={(y1,y2):0(y1,y2)=1} the associated “unit circle”,
and let (y1(6),y2(0)), 0<0<1, be a smooth parametrization of ¥. We can then introduce

generalized polar coordinates (o, #) for R?\ {0} by writing

=0y (0) and x9:=0"ys(6), o0>0.
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It is well known and easy to see that the Lebesgue measure on R? then decomposes as
dz1 dzy = 0*1=  dp d~(0),

where dy(f) is a positive Radon measure such that [, dy(#)>0. Let us also assume
without loss of generality that Q={(z1, z2):0(x1,x2)<e}, where €>0.

If we now decompose ¢=¢,.+ ¢, as before into the s-principal part ¢,, and the
remainder term ¢,, and express ¢ in polar coordinates ¢(p, 0):=p(0* y1(9), 0*2y2(0)),
then

#(0,0) = 0(9»(1,0)+ (0, 6)),

where ér(g, 0)=0(g°) for some 6>0 as o—0. In particular, also gzgr(g,H) is bounded,

which is all that we need. By passing to these polar coordinates, we obtain

_ ¢ do ~ ~ _ € dpo
1/h(¢) _ 1/h(¢)
/Qlﬂé(x)l dx /0 . /E|¢x(1,9)+¢r(9,9)| d7(9)20/0 =

In the last inequality c is a positive constant and therefore the integral diverges. This

proves the proposition. O
Case (c) where the principal face is unbounded remains to be considered.

PROPOSITION 12.2. Assume that the principal face w(¢) of the Newton polyhedron
of the function ¢, when expressed in adapted coordinates, is unbounded.

(i) Then (12.1) holds for every p<h(®).

(ii) If ¢ is assumed to be analytic, then (12.1) holds also for p=h(p).

Proof. We first prove (i), so assume that p<h(¢$). Here, we can apply a similar
reasoning as in the proof of case (c¢) in Corollary 7.2. The principal face 7(¢) is a
horizontal half-line, with left endpoint (v1, N), where v1 <N=h(¢). Notice that N>2,
since for N=1 we had v; =0, which is not possible given our assumption V¢(0,0)=0.
We can then choose » with 0<r; <3z so that the line ¢t +s5to=1 is a supporting line
to the Newton polyhedron of ¢ and that the point (v1, N) is the only point of A(¢) on
this line. Moreover, we can choose s/ as large as we wish, so that we may assume
that

ﬁ <h(9).

Then the se-principal part ¢,. of ¢ is of the form ¢,.(z)=caz}'zd, with c¢#£0, and it is

p<

»-homogeneous of degree 1.
By passing to generalized polar coordinates as in the proof of Proposition 12.1, we
then see that

_ c do ~ ~ _
Liorrar= [ 2 [16.0.01+6. (0007 ar00)
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where again ¢, (g, ) is bounded. Since 1/p—||>0, we conclude that the last integral
diverges.

In order to prove (ii), observe that if ¢ is analytic, then there exists a non-trivial
analytic function f near the origin so that ¢(z1,xs)=x f(21, x2), where again N=h(¢).
Then, for sufficiently small £>0, we have

dx1dzs >/E dxs € dxq
o |é(a1, 22) 170 7 | Jao| J_. [f (21, 2) /N

Obviously the last integral diverges. O

Remark 12.3. If ¢ is a finite-type smooth function and the principal face is a non-

|71/h(¢>

compact set then the integral fQ |p(x) ) dz may be convergent.

An example is given by the function ¢(z1, zo)=x34e %1 "

considered by A. Tosevich
and E. Sawyer in [23]. Here we have h(¢)=2, and the associated integral converges
whenever 0<a<1. Correspondingly, it has been shown in [23] that the maximal operator
associated with the hypersurface z3=14z3+¢~*1 " is L? bounded whenever 0<a <1 and
unbounded for p<2 (the latter statement follows of course also from Proposition 12.2).

However, if a>1, then it is unbounded whenever p<2.

We have thus obtained a confirmation of Iosevich—Sawyer’s conjecture for analytic
hypersurfaces [23], and for smooth finite-type hypersurfaces we have a partial confirma-
tion of the conjecture. The conjecture remains open when p=~h(¢) in the case where the
principal face of ¢ is unbounded in an adapted coordinate system.

Let us finally indicate how to prove Remark 1.11 (a) (see also [27] for an analogous
argument). We assume that 2°=0, and that S is locally given near 0 as the graph of a
function ¢, where ¢(0,0)=V¢(0,0)=0

Consider again first cases (a) and (b). Similarly as in the proof of Proposition 12.1
we can choose a weight s such that ¢p,=¢,. and d(¢)=1/|3|=1/(3¢1+5¢2). Then define
for r>0 the function f.€S(R?) by

Fr=x ()R (22 )R (%),

where x is a Schwartz function such that ¥>0 has compact support and x(0)=1. Since

O(r*1xy, 172 29) =1 (¢, (21, x2)+O(r°)) for some £>0, where ¢,, vanishes at the origin,
one easily sees that, for r sufficiently small,

/|fr‘29d027“|%‘ // |fr(r"1x1,rmxg,qﬁ(r’“xl,rmxg)ﬂzdac1da:2zr‘”‘.
s R?

On the other hand, it is easy to check that || f,||z»(rs) ~r(H12D/P 5o that an estimate of
the form | f||p2(s) <C||f|| zr(rs) would imply that /2 <r(1+1D/¥" for every sufficiently
small r, and hence p'>2(1+1/|3|)=2(1+d(¢)).



PROBLEMS OF HARMONIC ANALYSIS RELATED TO HYPERSURFACES 267

In case (c), we choose s similarly as in the proof of Proposition 12.2 such that
1/]s|<d(¢) is arbitrarily close to d(¢). Arguing then as before, we find that necessarily
' 22(1+1/|3]) for every such s, and hence again p’ >2(1+d(¢)).

12.3. Proof of Theorem 1.12

By means of a smooth partition of unity consisting of non-negative functions, we may
reduce ourselves to the situation where g is supported in a sufficiently small neighborhood
of some given point z€S. Without loss of generality we may then assume that z=0, and

that our hypersurface S is the graph
S={(z,¢(x)):x €}
of a smooth function ¢ defined on an open neighborhood € of 0€R"~! and satisfying

the conditions
#(0)=0 and V¢(0)=0.

Then the Fourier transform @'(0, .., 0, A) of the surface carried measure g do in direction
of the unit normal to S at z=0 is an oscillatory integral of the form

I = [ ey
Rn—1
where 0<neC§°(£2). By (1.9), we have in particular that
|J(AN)| < C(1+|\))™7  for every AER, (12.2)

where 3>0. Crucial for us is the next result, which can be found in a discussion on
p-539 in [32]. We remark that related connections between the oscillation index and the
function of y defined by the integral in (12.3) played a crucial role already in the classical
work by Varchenko [41] (see also [3]).

LEMMA 12.4. (Phong—Stein—Sturm) If (12.2) holds true, then

/ |p(z)| " "n(z) de < oo (12.3)
Rnr—1
for every v<1 such that v<p.

Theorem 1.12 is now an easy consequence of Lemma 12.4. Indeed, by Remark 1.6
it suffices to prove the estimate (1.10) only for affine tangent planes H=2z+T,S5 to S,
where z€.S is sufficiently close to the support of p. For these, the previous reasoning
applies, and since then dp(x)=|¢(x)|, we see that (1.10) is an immediate consequence of
Lemma 12.4.

Remark 12.5. By the same reasoning, Lemma 12.4 also shows that if z€ S, and if
0<B€eB(z,5) and y<min{l, 5}, then ye€(z,S).
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12.4. Proof of Corollary 1.13

Note first that always h(z°,5)>1. We first assume that h(z%, S)>1. If we had

1
> b0, 5y

then we could choose some p>1 in this case such that

B> E > L .
p~ h(z%5)

Then Theorem 1.12 in combination with Proposition 1.7 would imply that p<1/3, a
contradiction.

The case where h(z°,S)=1 remains to be considered. We may again assume that
S is given as the graph of a smooth function ¢, with ¢ satisfying (1.3) and 2°=(0, 0, 0).
Assuming without loss of generality that the coordinates are adapted to ¢, it is then easy
to see that the Hessian matrix D?¢(0,0) is non-degenerate. The asymptotic form of the
method of stationary phase then shows that y<1=1/h(¢)=1/h(z°,S).

12.5. Proof of Theorem 1.14

Let S be a smooth, finite-type hypersurface in R3, and let €S be given. Notice first
that Theorem 1.9 implies that

1
0
x,8) > ——.
Pl 52 i 5)

Moreover, by Corollary 1.13 we have 3,(x°,S)<1/h(z°,S). Indeed, since its proof
was based on Proposition 1.7, which made only use of the affine tangent hyperplane at
the point 2°, with the same arguments restricted to these tangent hyperplane we even
obtain that )

B 9) < gy

In combination with (1.12) these estimates imply that

5u(x0,5):5(x0,5):m<1. (12.4)

Observe next that if 5B, (20, 5), then by Theorem 1.12 and (12.4) we have 3<1,
and then 3—e€¢€, (2%, S) for every sufficiently small e>0. This implies that

Bu (2, 9) < yu(a, 9),
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and hence, by (12.4) and (1.14),

1

h(z9, S) é'yu(xo,S) g'}/(xovs)- (12.5)

Finally, if ye€(2?,9), then putting p:=1/v in Proposition 1.7 yields 1/y>h(z°, S),
and hence y<1/h(z",S). This implies that v(2°, S)<1/h(z",S), and in combination
with (12.5), we also get that

(. 5) = (e, 8) = 1.

This concludes the proof of Theorem 1.14.

Acknowledgement. We wish to express our gratitude to the referee whose comments

and suggestions were most helpful.
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