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A remark on a theorem by Frostman

By LARrs LiTHNER

The origin of this remark is a lecture held by Frostman in Helsinki 1957 [2].

Let us introduce some definitions and notations.

Let K be an arbitrary eompact set in the euclidean space R" and let « be a
number such that 0 < g <n. Put

”2 ffdﬂ(x)y‘ilf i/)

where u is a distribution of mass in R” and where z and y denote points in R", x =

@y oo Xn)y Y= (Y, - 5 Yn)- .
A is the set of all positive distributions of unit mass on K, that is,

u=20, pK)=1, u(R"—-K)=0.
Let C, (K) be the capacity of K of order «

1

Co(K) = —— s
= nal

It is well known that if C, (K) >0 then there exists a uniquely determined distribu-
tion y, in A that satisfies

| e Il = inf 12t Ml
Hed

Ma is called the equilibrium distribution of order « on K. Frostman [2] has set the
problem whether these equilibrium distributions vary continuously with « or not.
Or, if &g (\ means ‘“‘tends non-increasingly to’’), is it then true that u, con-
verges towards a uniquely determined limit? (Convergence here in the weak sense,
that is, u, — u is equivalent to f fadp,— f fdu for all continuous functions f with
compaet supports.)

If Cp(K)>0, the answer is yes. The limit in this case is ug which is easy to
prove [2]. On the other hand, if Cs(K)=0, C,(K)>0 for a>p, then the problem
is not solved but for special cases. Frostman treats such a special case in [2] namely
the case that «\(1 and that K is a curve in the plane (n=2) which is rectifiable.
He proves that in this case y, — u, where y, is the distribution in 4 for which the
mass which is situated on an arc is proportional to the lenght of that arc.
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The aim of this remark is to prove another special case which does not contain

the case of Frostman but which in a certain sense extends his result.
Let us suppose that the measure of K is greater than zero. We shall prove

Theorem. If a0 then u, — p, where ug 18 the distribution in A which has constant
denzity.

Proof. Tt is evidently sufficient to prove that if u.,, o, 0, is an arbitrary con-
vergent sequence, then its limit is y,. Put

Kole)= Cal/r=e, r=Vai+ 1 a,

v_.} n n/2
6—21‘(2)/7: .

f denotes the Fourier transform of f, that is,

where

fa)=[e 22t f(£)dE, z&= D,
P f=1

&

This implics that K, — 8 in the distribution sense. 8 is the Dirac function. Put

Hence

R, (z)=Can r~% —> 1 when o (0.

luik, =Callul?, lpl=[la@pkdz
R*

Then we have
lullk, = [ Re(@)| i) 2da
B

which is easily seen by Parseval’s formula.
Now let 4,, be a sequence which converges towards a distribution x’ (necessarily

in 4). Then we have

fia, (¥) = @' (z) everywhere.

By Fatou’s lemma we conclude

lim || pte, Ik, = lim [ Re, ()| i, @ Pz > [ |3 @) Pdz=]u' 1}
n -0 n=>» o0 ) B

Observing that u,, is a minimal distribution also with respect to the kernel K,,
we get
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2 : 2 : 2
4" lo< Hm [l [, < Hm | pollf, =
n—>00 n—>c0

=lim [R,, (@)| @) [dz =@ de=|ui

- 0

Or, Il 18 <1 pro 13-

But y, is the uniquely determined equlibrium distribution of K with respect to
the kernel §. This implies

Hl o llo= ”lzlf 2 llo (see [1]).

Hence u' =y, and the theorem is proved.
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