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A r e m a r k  o n  a t h e o r e m  b y  F r o s t m a n  

By LARS LITHNER 

The origin of this  r emark  is a lecture held b y  F r o s t m a n  in Helsinki  1957 [2]. 
Le t  us in t roduce some defini t ions and notat ions.  
Le t  K be an  a rb i t r a ry  compact  set in the  eucl idean space R ~ and  let  ~ be a 

n u m b e r  such t ha t  0 < a < n. P u t  

I1~11~ - x "-= J J I  -ul 
where /x  is a d i s t r ibu t ion  of mass  in R = and where x and  y denote  points  in R ", x = 
(x 1 . . . . .  xn), y = (Yl, - . ,  Yn)- 

A is the  set of all  posi t ive  d is t r ibut ions  of uni t  mass on K,  t h a t  is, 

#>~o, #(K)=I ,  # (R" -K)=0 .  

Let  Ca (K) be the  capac i ty  of K of order  

1 
C~,(K) inf ]]g]f~ 

/xeA 

I t  is well known tha t  if C= (K) > 0 then  there exists  a uniquely de te rmined  dis t r ibu-  
t ion  g~ in A t h a t  satisfies 

4xeA 

/ ~  is called the  equi l ibr ium dis t r ibu t ion  of order ~ on K.  F r o s t m a n  [2] has set the  
p rob lem whether  these equi l ibr ium dis t r ibut ions  v a r y  cont inuously  with zr or not .  
Or, if ~ '~ f l  ( '~  means  " t ends  non-increasingly to") ,  is i t  then  t rue  tha t /x~ con- 
verges towards  a uniquely  de te rmined  l imi t  ? (Convergence here in the  weak sense, 

t h a t  is, ~t~ --> ,u is equ iva len t  to  f[a/u~, -+ f td lu  for all  cont inuous funct ions ] wi th  
compac t  supports . )  

I f  C~ ( K ) >  0, the  answer is yes. The l imi t  in this  case is /xp which is easy to  
p rove  [2]. On the  o ther  hand,  if C~ (K) = 0, C~ (K) > 0 for ~ > fl, then  the problem 
is no t  solved bu t  for special cases. F r o s t m a n  t rea t s  such a special case in [2] namely  
t h e  ease t h a t  ~'-~ 1 and  t ha t  K is a' curve in the  plane ( n =  2) which is rectifiable.  
H e  proves t h a t  in th is  ease ~u~ -+ P0 where P0 is the  d i s t r ibu t ion  in A for which the  
mass  which is s i tua ted  on an  arc is p ropor t iona l  to the  lenght  of t h a t  arc. 
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The aim of this  r emark  is to  prove another  special case which does not  contain  
the  case of F r o s t m a n  bu t  which in a certain sense extends his result .  

Let  us suppose t ha t  the  measure of K is greater  than  zero. We shall  prove 

Theorem. I[  ~ \~ 0 then #~ -+ t~o where fto is the distribution in A which has constant 
density. 

Proo/. I t  is ev ident ly  sufficient to prove t ha t  if /x~,,  ~ n ~ 0 ,  is an a rb i t r a ry  con- 
vergent  sequence, then  its l imi t  is ~0. P u t  

where 
K , ( x ) = C ~ l / r  ~: ' ,  r =  1 / ~ - - - + x 2 ~ ,  

denotes  the Four ie r  t ransform of [, t ha t  is, 

Hencc 

i t  

R,t t - -1  

R ,  (x) = C ~  It/2-" r -~ --~ 1 when ~',~0. 

This implies t h a t  Kffi --~ ~5 in the  d is t r ibu t ion  sense, d} is the  Dirac function.  P u t  

It # [1~ = C a Jl # t[~, t[ ~t tJ~ = f l/~ (x)I z d x. 
W ~  

Then we have 

I1~, II~. = f R. (~)I/~ (~)I'dx 

which is easily seen by Parseval's formula.  
Now l e t / ~ =  be a sequence which converges towards  a d i s t r ibu t ion  p '  (necessari ly 

in A).  Then we have 
A - ' ~  A t 

P~n (x) p (x) everywhere. 

By Fatou's lemma we conclude 

n ..4. 0 0  n ,-*, ~ r  , 1 ~  

Observing that #-n is a minimal distribution also with respect to the kernel K , .  
we get 
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[l~'l[~0< lim il~=~[l~= < Jim [l~0[l~ = 

Or, I1#' 11~ < II/~o 11o ~, 

B u t  /~o is the uniquely determined equlibrium distribution of K with respect to 
tbe kernel ~. This implies 

11/~o1[o= inf II/~11o (see [1]). 

Hence #'=/~o and the theorem is proved. 
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