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0. Introduction

In [7] Richardson derived a mathematical model for describing Hele-Shaw flows
with a free boundary produced by the injection of fluid into a narrow channel.
This model can be represented in the following form (see also [3]): Given fo(z),
fo(0)=0, analytic and univalent in a neighbourhood of |z|<1, find f(z,t), ana-
lytic and univalent as a function of z in a neighbourhood of |z|<1, continuously
differentiable with respect to t in a right-sided neighbourhood of =0, satisfying

(1) ReG%-’tf(z,t)g—f(z,t)) 1 for|f=1,
(2) f(2,0)=fo(z) for || <L,
(3) £(0,8)=0.

With the results of Vinogradov—Kufarev [9] one gets the existence and unique-
ness of solutions which depend analytically on z and ¢ under the additional assump-
tion £,(0,t)>0. But the proofs in [9] are fairly complicated.

For this reason Gustafsson gave in [3] a more elementary proof of existence and
uniqueness of solutions of (1)—(3) in the case that fo(z) is a polynomial or a rational
function. In both cases the solution is of the same sort with regard to z as the initial
value fo(z). The restriction to rational initial values seems to be indispensable for
the used reduction of (1) to a finite system of ordinary differential equations in ¢.

The goal of the present paper is to give a simplified proof for a generalized
Hele-Shaw problem containing as a special case the above formulated problem (1)-
(3). This proof is based on the application of the non-linear abstract Cauchy—
Kovalevsky theorem which was proved by Nishida in [5]. Moreover, this theorem
gives uniqueness for solutions depending continuously differentiably on ¢.
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Theorem 1 ([5]). Let us consider the abstract Cauchy—Kovalevsky problem

(4) dw =L(t,w), w(0)=0

dt
satisfying the following conditions in a scale of Banach spaces {Bs, ||-||s}o<s<1 (4
family of continuously embedded Banach spaces {Bs, ||-|ls}o<s<1 is called a Ba-
nach space scale if for all 0<s'<s<1 the norm of the canonical embedding operator
II,—s || <1.) (C,K,R and T are certain positive constants independent of s', s,t):

(i) the right-hand side L(t,w) is a continuous, in t, mapping of
(5) [0,T]x{w€ B, :||wll; <R} into By forall 0<s' <s<1;
(ii) the continuous function L(t,0) satisfies
(6) L0 <K/(1-s) forall 0<s<];
(i) for all 0<s'<s<1, t€[0,T] and w1, w; belonging to {||w||ls <R} we have
(7) 1Lt w) = L8 wa)lsr < s—?gllwl—wzﬂ-
Under these assumptions there exists one and only one solution

w€ C'([0,a0(1~9)), BsJocs<1, [w(t)lls <R,

where ag s a suitable positive constant.

This theorem represents an essential tool for solving non-linear time-dependent
mixed problems for harmonic or holomorphic functions in the mathematical litera-
ture ([1, 2, 4, 6]). Our problem (1)—(3) is of such a type. We shall show that after
the reduction of the generalized Hele-Shaw problem to an equivalent problem for
w=(0f/0z)~1, which fulfills all the conditions (5)—(7) in suitable scales of Banach
spaces, the abstract theorem is applicable and yields immediately the main result
of [9] as a special case.

The result of Gustafsson [3] can be interpreted as a regularity result concerning
the corresponding structures of the initial value and the solution. A result of the
same type is derived at the end of this paper for (3f/8z)~! or (8f0/0z)~" belonging
to special classes of entire functions.
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1. Heuristic considerations and the derivation of a scale-type problem

Let us start with a generalization of (1) to

(8) Re(@%(z,t)%(z,t)) —g(2,7,1)

for all |z|=1 and ¢>0, where

(i) the real-valued function g=g(z,z,t) is continuous on {|z|=1}x[0,T] and
possesses a holomorphic extension from |z|=1 into a circular ring
(9) Ky={1/b<|z|<b}, b>1, foralltel0,T);

(ii) the function h=h(z,t) is continuous in t€[0, 7] and for each such ¢ analytic
in a neighbourhood of

(10) l2|<1, h(0,6)=0, h,(0,£)#0 for all ¢€0,T]
and
h{z,t)#0 for all (z,t)e{0<]|2| <1} x[0,T].

Setting h(z,t)=z and g¢(z,%,t)=1 in (8) we have the condition (1). The con-
dition (8) is equivalent to
'—_(z7t)

Re(h(:,t)%{' Z’“(%f“’”) =1%.

From the assumptions (3), (9), (10) and the univalence of f(z,t) in a neighbourhood
of {|z|<1} for all t€[0,T] we get the holomorphy of

-1
{;—{(z,t)(%) (z,t)/h(z,1)

in {|z|]<1}. Using (8) and the fact that every holomorphic function in {|z|<1}
with prescribed real part on {|z|=1} is uniquely determined by the value for the
imaginary part in z=0 we are able to formulate the additional condition

-2

o1 9(z, Z,t).

1 8f AN
2L —- t)=0.
(11) (5= 0(5) @o)on=o0
The application of the Schwarz formula leads to
of of 1 of|™*  _ Letzde
2 Gen-reng g [ (E] seant P

for |z|<1. For our further investigations we need the space H(G,)NC(G,), that is
the space of all complex-valued functions defined and continuous in G, and holomor-
phic in G,={|z|<r}. In the same manner we introduce the spaces H(G,)NC*(G,),
H(G-)NCY(G,) and H(G,)NCY*(G,).
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Lemma 1. Let us suppose that f(z,t)€C*([0,a0), H(G1)NC'(G1)) is for each
t€0,a0) a univalent function in |z|<1 and in G1x(0,a0) a solution of the problem
(8), (11), (2) and (3), and equivalently, of the problem (12), (2) and (3). Then
v(z,t)=(8f/82)"1€C*([0, ao), H(G1)NC(G1)) is a solution of

(13) %%—hTt(v)%-i—v%(hTt(v)) =0 for (z,t) € G1x(0,a0),
(14) v(z,0) =vo(2) = (0fo/02) ™ for 2€Gh,

where v(z,t)#0.
Here Ty(v) denotes the non-linear operator

(15) Ty(v) = o /8 _ @)Ps(e. )

_ otzde
271

0—z 0

Conversely, let us suppose that v(z,t)€C([0,a1), H(G1)NC(G1)) is a solu-
tion of (13) and (14) with v(z,t)#0 in G1x[0,a0). Then f(2,t)=[; (do)/(v(o,1))
belonging to C([0,a0), H(G1)NCY(G1)) represents a locally univalent solution of
(12), (2), and (3) and, equivalently, of (8), (11), (2) and (3) in G1x[0, ao).

Proof. Let f=f(z,t) as a univalent solution of (12), (2) and (3) satisfy the con-
ditions of this lemma. Then v=(8f/8z)" belongs to C'([0,a0), H(G1)NC(G1)).
Differentiating (12) with respect to z, one obtains with v=(8f/0z)~"

a(1 8(1/v) 19
G -htio) 2 -2 0wy =0,
and hence,
8 )
a—z—hTt(v)a—z+v52—(hTt(v)):0 with v(z,0) = (8fo/8z) .

Conversely, if veC ([0, ao), H(G1)NC(G1)) solves (13) and (14) with v(z,t)#0
in Gy x[0,a0), then 1/v belongs to C'([0,a0), H(G1)NC(G1)) and f belongs to
CY([0, a0), H(G1)NC'(G1)), where 8, f(z,t)#0. Hence, f is locally univalent. The
definition of f implies f(0,t)=0 for t€[0, ap). Furthermore,

o a_fon,
10 = [ 25 = [ e de=ule)=fol0)= fo2).

Thus the conditions (2) and (3) are fulfilled.
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If v solves (13), then the same reasoning as above gives

25 ((3))) -

For t€(0, ag) the term in the brackets is holomorphic in G;, hence,

a constant depending on ¢. Inserting z=0, this shows that k(¢)=0, hence (12) is
satisfied.
Finally from the holomorphy of (1/h)(8f/8t)(8f/02)~! we obtain (8) and (11).

Remark 1. An analogous statement is valid for f€C(][0, ap), H(G1)NCY*(G1))
and veCY([0,a0), H(G1)NC?*(G1)) instead of f€C([0,a0), H(G1)NCY(G:)) and
’UECI([O,ao),H(Gl)ﬂC(él)).

The lemma of equivalence just proved makes it possible to restrict ourselves
to the problem (13) and (14). This is a scale-type problem. Thus it remains to
show how we can interpret the problem (13) and (14) as a special case of (4) (see
Section 3).

There is a gap between Richardson’s mathematical model and Lemma 1. In
Lemma 1 we obtain in the converse direction merely the local univalence of f(z,1).
But the following statement holds:

Suppose, that

(i) the initial value fo(z) from (2) is an analytic and univalent function in
G,,r>1,

(ii) the family { f;(2)} of analytic functions belongs to C([0, T'|, H(G, )NC(G)),
r<r,

Then there exists a positive constant Ty(r') such that f;(z) is univalent in G, for
all t€[0, To(r")).

Using this statement the conditions

(i) univalence of the analytic function fo(z) in G;

(ii) ve CY([0, a0), H(G» )NC(G,)) with v(z,t)#0;
imply the univalence of f(z,t) for small ¢ in a neighbourhood of {|z|<1}.

In Chapter 3 we shall prove the existence of such functions v=v(z,t) as solu-
tions of a modified problem to (13) and (14).

2. About the action of an operator ft representing
a continuation of T; in some Banach spaces

Let v be in C([0,T], H(G,)NC(G,)) with r>1. Then T;(v) belongs to H(G1)
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for each t€[0,T]. But moreover T;(v) possesses an analytic continuation in a larger
domain depending on G, and K, from (9).

Lemma 2. For an arbitrary vEH(G,)NC(G,.) the image Ty(v) of the non-
linear operator T; applied to v can be analytically continued into G,, with
ro=min(b, 7).

Proof. From (15) we get

1 o+z do

Ti(v)=— 29(p, 8,
0= 5 | W@Fsle.an 2%

1 o+z dp

= v(e)v(1/8)g(0,1/0,t) —— — for all z€ G;.
277 o, VOV Da(@ /e ) o2 1

The assumption v€H(G,)NC(G,) and (9) guarantee that the kernel of the integral
is holomorphic in the set {1/ro<|g|<ro}\{z} for all t€[0,T] and z€G;. Conse-

quently,
o+z do

T0)= 5 [ @D 9l 1/0.0 7

for all zeG, and 1<a<rg. Obviously, the right-hand-side can be defined for all
2€G,, and T;(v) possesses an analytic continuation

~ 1 — o+z do
1 = — 1 = =
(16) Ti(v) = 5~ . v(e)v(1/8) 9(e,1/0,1) 0z o
belonging to H(Ga). Since Gry=U;4<;, Ga the operator T, maps H(G,) into
H(Gy,). For all z€G, we conclude T;(v)(2)=Ti(v)(z). Hence T,(v) represents an
analytic continuation of T;(v) for ve H(G,)NC(G,) into G,.

There arises the question whether it is possible to estimate the action of ﬁ
as a mapping of a Banach space B into itself. In the next lemma we shall give a
positive answer for the case B=H(G,)NC(G,), 1 <p<ro.

Lemma 3. (a) For every function v from H(G,)NC(Gp) the following esti-
mate connecting the norms ||v|,=supg, [v| and ||T3(v)|,=supg, |T¢(v)| holds:

IT:(v)ll» < C(p. 9)lIoll3,

where the constant C is independent of vEH(G,)NC(G,) and t€[0,T]. Moreover,
we obtain for all vi,vo€B with ||v1]lp, |lv2|lp <R the Lipschitz condition

ITe(v1) = Te(v2)llp < 2C(p, 9)Rl|v1 —v2p-
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(b} The family of operators {ﬁ(v)}te[O,T] depends continuously on t€[0,T).
This means

lim || T3, (v)—To, (v)|lp =0 for all ve H(GR)NC(G,).

t1—1a

Proof. (a) Let us remember that

Q-}-z dg

Tyv) = —— /6 _ w2 g(e,1/0,0) ¢

27

Using the holomorphy of v(g)v(1/2)g(e,1/0,t)(0+2)/e in {1/p<|e|<p}, we obtain
for all 2€8G,,p'—p, and t€[0,T]

= 1 — o+z dp
Ti(v)(2) = — v(o)v(1 ,1/0,t =
t(v)(2) = 5— o6, (0)v(1/2) 9(e,1/e )Q_z .
1 — o+z do
— v(g)v(l ,1/g,t)—— —,
277 Jovaco (0)v(1/2) 90,1/ )Q_Z .

where U,(z) is a sufficiently small neighbourhood of z contained in G,. From
Cauchy’s integral formula and a simple estimation it follows that

12 1 oN——— (1 o i \E¥/ptz

Zet¥ iv)g| =e*® Wot) ———
27r/ v(pe )v(p6 )g(pe ,pe ,>ew/p_zdso‘
+2|v 2)(1/2)g(z, 1/z,t)|

<ell? sup lo(2, 1/z,t);(2

(z,t)€{1/p<|z|<p}x[0,T]

T(v)()| <

lz|+1/p
2] - l/p)

for all z€0G,,. But the continuity of v in G, guarantees that the last inequality
remains valid for all z€ 8G,. Hence, by the maximum principle

ITe(0))lp = sup IT.(v)(2)| < C(p, )l

with
Cp,g)= sup l (z,l/z,t)|( p +1)

(z,t)e{1/p<|z|<p}x[0,T]

By (9) and 1<p<rg<b the constant C(p, g) is finite. The same reasoning leads to
the Lipschitz condition.
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(b) As in the proof of (a) one deduces

Iis(o)e) - Tu(w)allp < (24571 ) Bl /zi) =gl 1/ )] <o

for |1 —t2] sufficiently small and all 1<p<rg, taking into consideration the uniform
continuity of ¢ in {1/p<|2|<p} %[0, T].

Remark 2. Tt is possible to prove a corresponding inequality between ||v||,o and
IT4(0)llp.e, 0< <1, where |[v||,.o denotes the Hélder-norm of veH(Gp)NCY(G,).
The proof of | T3(v)|lp.« <C(p, @, 9)[|v]2  is omitted.

For proving a regularity result for (8f/8z)! in the sense of the results in [3]
the next lemma represents an essential tool. For the formulation of this lemma we

choose the following family {E,},~¢ of Banach spaces of entire functions:

{E,}r>0={veH(C): sgglv(z)e‘”z' | =1oll- <00} .o

Now we are choosing g=1 in (16).

Lemma 4. The operator

T(0)(2) = —— /a _en1/D 2 de

~ i

2€Gy,, a>1 arbitrary, maps E, into itself, where HT(U)HTS% exp(5r/2)||v||2.
Moreover, we obtain for all vi,ve€ E, with ||vy||r, ||v2]lr <R the Lipschitz con-
dition ||Ty(v1) — Ty (v2)|» < 22 Re®/2||vy — vz ).

Proof. Supposing v€ E, the above-defined function T'(v)(z) makes sense for all
z€C. This follows from the fact that v(g)v(1/9)(0+2) is holomorphic in C\{0}.
Hence T(v) is an entire function.

Now let us fix 2p€C with |20]|>2. Then as in the proof of Lemma 3(a) we
arrive at

d P
9%20 98 | oy (20)o(1/70)

271 0—20 @

T(v)(20) = /a (@D
1/b

for an arbitrary b>|zo|, and

0+20 do

- 1 -
T en) oxplrlzoD =gy [ o(@1/eeler /om0
0G1/p 0—%p 0

2mi
+20(z0)e " 170ly(1/%).
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But this leads immediately to
T(v)(z0)e™"1!| < 3 max |v(z)| max|v(z)e "*|e (120D
[T(@)(z0)e™"*!| < § max fv(z)| max|o(z)e™"|

9 —7|zo}
+2 max [o) (o)l

<3 max o(a) o]l

if one takes into account that

1
[0l +1/b [z0'+f S% for |z0| >2, b>0
2

|Zo|—l/b - |Z()|—

and (=1%o 1 for | 29| —b.

From the definition of ||v||, we obtain

max |v(2)| < ||v|l-e™? and max [v(z)| < ||v||€*".
l2|=1/2 z|=2

Thus it is possible to draw the following two conclusions:
|T(v)(zo)e“T|z°|| < %e"m”v”f for each zp € C with |zp| > 2,

and

[T(w)zo)e™"1%l] < max| T(w)(2)e e | < Hre™ /o],

for each 2p€C with |zg|<2.
But these conclusions yield ||T(v)||, < 1te5/2||v|2.
The same reasoning gives the Lipschitz condition.

In this section we introduced the operator T3(v) and studied some of its prop-
erties as for example the relation between T; and T;. The results obtained are useful
in examining the problem

v _
ot

ov 0

(17) hft(v)gz—-l—v&(hﬁ(v)) =0, v(z,0)=vo(z)=(8f0/82)"".

The restriction of a solution v€C([0,ag), H(G»)NC(G.)) of this problem to
(2,t)€G1 x[0,a0) represents a solution v€C([0,a0), H(G1)NC(G,)) of (13) and
(14).
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3. The problem (17) and (14) as a special case of (4)

To apply Theorem 1 to the problem (17) and (14), we only have to show that
the conditions (5)—(7) are fulfilled. The assumptions concerning f, and h guarantee
the existence of constants 1<rs<b and R>0 such that

R< |vo(2)| = [(8f0/02)"| in G,

and heC([0,T), H{(G,,)NC(G,)). For a fixed 1<r; <ry let us choose the Banach
space scale

{Bs; ”‘”s}0<s§1 = {H(GT1+S(7‘2—7‘1))mc(é'l‘]-‘rs(’l‘g—f‘l))7 sup |’|}0<s§1-

Grit+s(ra—ry)
Following Lemma 1 (v(z,%)#0) it is necessary to choose the sphere
{we By :||w||s < R}.

Introducing w(z,t)=v(z,t)—vo(z), this implies a homogeneous initial condi-
tion. Thus the problem (17) and (14) can be transformed to

(18) %—l; =Lo(t,w)= —(w+U0)(%(hf’t(w—l-vo))+hﬁ(w+vo)gg(w+vo),
(19) w(z,0)=0.

Lemma 5. The operator Lo satisfies in the above-introduced Banach space
scale {Bs, ||-||s }o<s<1 the conditions (5)-(7) of Theorem 1.

Proof. Every space B, forms a Banach algebra. Consequently, from Lem-
ma 3(a), vo€B; and heC([0,T], By) we conclude that hT,(w+wvg)€B, for all 0<
5<1 and all we B,. Using the result of Tutschke (8] that 8/9z is a bounded opera-
tor as the mapping of B, into B with ||0/0z||s—¢ <((rgs—r1)(s—s'))~! one obtains
Lo(t,w)€By for every (t,w)€[0,T]x {weBs:|lw|ls<R}. From Lemma 3(b) it fol-
lows that for a given we B, the term ﬁ(w—f—vo) depends continuously on ¢. But
this leads to limy, .y, || Lo(t1, w)—Lo(t2, w)||s =0 for all ¢;,¢,€[0,T] and all we B,.
This proves (5).

Let us further consider the difference

[:o(t, wl) —,Co(t, ’wg) = —(w1 —w2) 4 (hﬁ('wl +7)0))—(w2 +’Uo)% (h(ﬁ(wl +U0)

0z
“Tt(wz'f"l)o))) +h(ﬁ(w1 +vo)—1~}(w2 +v0))56;(w1 -f—’l)o)

~ 0
+hT(wa+vo)

Ez(wl—wg).



A simplified proof for a moving boundary problem for Hele-Shaw flows in the plane 111

Using

<2C(p, 9)(B+lvoll1)l|lwi—w2llp
p

for all wy,wa€H(G,)NC(Gp) with ||wi||p, [|wzll,<R and all t€[0,T] the following
estimates are valid in {Bs, || ||s }o<s<i:

0-e

T (wi+vo)lls
(s—8")(rz—m1)
Al llwz+volls
(s—5")(r2—r1)

1£o(t: w1) = Lo(t, wa)llsr < [lwr —walls|iRlx

1T (w1 +v0) — Te(wz +vo) s

llwi+volls

1Rl T (w1 +vo) = Ty (w2 -H)o)”sm

[|lwi w2l

(ra—r1)(s—5')

1B]l1 (R+|lvol11)?6C (r2, 71, 9)

+[1R 11| T (wa+v0) s

lw1 —ws|l2
T (s=8)(r2—71)

with 2,1
C(rz,ri,9) = sup |9(z, 1/z,t)|(2+r§+ )
(#1)€{1/ra<|z|<ra} x[0,T] ri—l
So, also (7) is proved.
Finally, in the same manner it can be verified that
0, ~ ~ 0
[1£o(t,0)||s = Uogz—(hTt(Uo))—hTt(Uo)E);vo ) <K/(1-s)

with a certain constant K independent of s and ¢. Hence also (6) is true, which
completes the proof of this lemma.

Now the application of Theorem 1 to the problem (18) and (19) yields one and
only one solution
weCt ([0’ aO(l _5))a H(Gr1+8(7‘2~r1))mc(érﬁ-s(m—n)))
rtargryy |W(Z:B)| <R for all t€[0, ag(1-s)).
But then v(z,t)=w(z,t)+vo(z) represents a solution
vE ct ([07 aO(l _s))7 H(Gh +-9(1"z—n))mc(éﬁ-i—s(m—n)))
of the problem (17) and (14) with supg

0<s<1
with supg

0<s<1

rba(ramrs) [v(z,t)| >0 for all &[0, ap(1—s)).
The coincidence of the operators T; and T; for all ve H(G1)NC(G1) guarantees

that the restriction of v(z,t) to C1([0,ao), H(Gr, )NC(G,,)) is a solution of (13)

and (14) with supg, [v(z,t)|>0 for all t€[0,a0). From this result together with

Lemma 1, the end of Chapter 1 and the equivalence of (12) with (8) and (11) we

get the following theorem concerning problem (8), (2) and (3).
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Theorem 2. Suppose that

(i) the real-valued function g=g(z,%,t) is continuous in {|z|=1}x[0,T] and
possesses a holomorphic extension into a circular ring Kp={1/b<|z|<b} for all
te[0,T);

(i) the function h=h(z,t) belongs to the space C([0,T], H(G,,)NC(G,)),
1<ry<b, G, ={|2|<r2}, where h(0,t)=0, h,(0,t)#0 and h(z,t)#0 for all (z,t)e
{0<|2|<1}x [0, T);

(iil) the function fo(z), fo(0)=0, is holomorphic and univalent in G,.,.

Then for every 1<ri<ry there exist a positive constant ag(r1) and a uniquely
determined function f=f(z,t), holomorphic and univalent in G,,, belonging to
C*([0,a0(r1)), H(Gr, )NCY(G,,)) and satisfying the conditions

Re( i 02 (20) =ote,20) o all ()€ {1l = 13 x(0,a0()
of

1
m(ﬁ——(z )= ( ))(O,t):O for t€(0,a0(r1));

f(2,0)=fo(z) for 2€G,,;
F(0,8)=0 for te€[0,ao(r1)).

As a conclusion from Theorem 2 we immediately get a statement concerning
the classical Hele-Shaw problem in the plane (h(z,t)=z, g(z, z,t)=1).

Corollary 1. Under the assumption that the function fo(z), fo(0)=0, is holo-
morphic and univalent in G,,, for every 1<ry<ry there exist a positive constant
ao(r1) and one and only one holomorphic and univalent in Gr, function

F=f(z,8)€C([0,a0(r1)), H(Gr, )NCY(G1,)) satisfying

(laf(z noL ( t)> =1 for (z,8) € {]z| = 1} x (0, ao(r1));

Im(laf(z VL )):0 for € (0, a0(r));

f(2,0)=fo(z) for z€G,,;
f(0,6)=0 for te[0,ao(r)).

Remark 3. In connection with the moment problem for holomorphic functions
Gustafson [3] studied the conditions

Re( 1T ) < POT onis
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instead of (1).

These conditions are special cases of (8), (9) and (10). The conditions (8)—-(10)
represent the most general conditions for a successful application of the non-linear
abstract Cauchy-Kovalevsky Theorem due to Nishida [5].

Remark 4. Comparing (11) (h(z,t)=z) with Gustafsson’s condition f,(0,t) > 0,
it is easy to see that this assumption leads to (11). Hence the solutions of Theo-
rem 2 for the classical Hele-Shaw problem coincide with the solutions constructed
by Gustafsson in [3]. On the other hand, since h(z,t)~h,(0,t)z as z—0, (11) is
equivalent to the representation f,(0,t)=exp(ia)exp(g(t)) if we additionally sup-
pose that h,(0,t) is real-valued (« is a real constant, g=g(t) a real-valued continuous
function). Thus, (11) really generalizes the condition f,(0,¢)>0.

Remark 5. From Theorem 1 applied to problem (18) and (19) one obtains
the estimate supg_ |(0f(2,t)/02)!|<[(0f0/02) " |lr, + R, where f=f(z,t) is the
solution from Theorem 2 and R fulfills ||(8f0/02) s, >R for all z€G,,.

Taking account of Remarks 1 and 2 and the result of [8] that the operator
8/0dz is bounded as a mapping of H(Gp)NC*(G,) into H(Gp )NC*(Gy); (¢ <p,
0<a<1 and ||0/8z|lp—p <C/(p—p')), we are able to prove a result corresponding
to Theorem 2 based on the scale of Banach spaces

{387 ” : ||s}0<SS1 = {H(Gr1+S(rz—r1))nCa (§T1+S(T‘2—T‘1))’ ” : ”&a}'

For in general a smaller interval t€[0, by) an upper bound for the Holder-norm
of (0f(2,t)/0z)~! in G, can be obtained by ||(0f5/02(2)) ||y, + R with the same
R as in the case of the supremum-norms.

4. About the coincidence of the structures

of (8fo/8z)~* and (8f(z,t)/8z)~1

Gustafsson proved in [3] that, if the initial value fo(z) is a univalent polynomial
or a univalent rational function in a neighbourhood of |z|<1, then the solution of
(1)—(3) is as a function of z of the same structure as fy(2), which means a univalent
polynomial or a univalent rational function. In the polynomial case this coincidence
of the structures can be expressed by the aid of the derivatives in the following form:

If 8fo/0z is a polynomial which has no zeros in a neighbourhood of |2| <1
then also 8f(z,t)/8z is a polynomial which has no zeros in a neighbour-
hood of |z| <1 for t from a suitable right-sided neighbourhood of ¢ =0.

Such a formulation cannot be deduced for the rational case from the results

of [3].
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Using (8fo/02)~! and (8f(2,t)/82)" the last statement concerning the deriva-
tives 0fo/0z and df(2,t)/0z gets a new formulation.

If (8fy/0z)"t=1/P(z), where P(z) is a polynomial without zeros in a
neighbourhood of |z| <1, then (8f(z,t)/82) ! =1/Q(z,t), where Q(z,1)
is a polynomial in z without zeros in a neighbourhood of |z| <1 for every
t from a right-sided neighbourhood of ¢ =0.

In the following we are interested in the proof of a result of the same type. For
this purpose, let us choose with arbitrary 0< sy <s2 the Banach space scale of entire
functions

{Bs, ” ' ||8}0<s§1 = {Esl+(32—31)(1—s)a “ : ||s1+(32—31)(1—s)}0<s§15
where the spaces E, were introduced in Section 2.

Theorem 3. In addition to the assumptions of Corollary 1 suppose that
(0f0/82)7" is an entire function belonging to Es . Then it is known that be-
sides the statement of Corollary 1, there holds (8f(z,t)/82)~1€C*([0,a0(s2)), Bs,)
with so>s1 and a certain positive constant ag(s2). In particular this means that
(0f(2,t)/02)7" is an entire function for all t€[0,ao(s2)).

(In [0, a0(r1, 82)), ao(r1, s2)=min(ao(s2), ao(r1)), both properties of f(z,t) are
fulfilled.)

Proof. It remains to prove the statement for (8f(z,t)/8z)~!, which follows
from the application of Theorem 1 to the problem (18) and (19), equivalently, (17)
and (14) with the scale {Bs, ||-|ls }o<s<1-

From Lemma 4 the continuity of Tt(v) as a mapping of B, into itself is clear.
Hence we only have to study the behaviour of the differential operator 8/8z and
the multiplication operator z- in the scale {Bs, ||-||s fo<s<1.

For the first let v be a function from E,. Applying Cauchy’s integral formula
in a small neighbourhood U,(zp) of a fixed point zg we obtain

2m o - Lz
ov % e %0 :i/ ’U(g)e {Q|e (Jel—=|za])
0 Q—ZO

5( ) 2

dy

with p=zg+aexp(ip). Using ||g|—|z0||§|g—zol this relation leads to

@(ZO)e—rizol

0z

<|vllre® /a.

With a=1/r we have ||0v/9z|,<er|jv||,. Hence 8/8z is a bounded operator from
E,., respectively, from B, into itself. In the second place let v be a function from
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E,.. Then it cannot be expected, that zv belongs to E,. For example, let us choose
v=exp(2z)€E,. Then

suplzezze_mz

|| > sup |z exp(2r) exp(—2z)| =00
z€C zERT

as r tends to infinity. But if we consider 2 as a mapping of E, into E,» with r'>r,
then

= —r'lz] ~rlz] —(r'=r)la] _1
vl =sagleve < gl g e < Gy
Hence the multiplication operator z- is a bounded operator in the scale {B, ||-||s}
with [|2v]ls <||vlls/(e(s2—51)(s=5"))-

As in Lemma 5 one proves that the oprator Ly from (18) satisfies the conditions
(5)—(7) from Theorem 1. The application of this Theorem to (18) and (19) with
the scale {Bs, ||*||s fo<s<1 yields the statement for (0f(z,t)/8z)"!. This completes
the proof.

Remark 6. Using the scale {B,, ||-||s}o<s<1 one can also get the univalence of
f(z,t) from that of fo(2). Let us suppose |(8fy/92)"!|>R>0 in G,, and fix the
sphere |[v—(8f0/02) 7 ||« < Rexp(-r2s;) around (0fy/82z)~'. Then the application
of Theorem 1 to the problem (18) and (19) leads to

[o(z,8) = (8f0(2)/02)Hls = 18] (2,8)/82) ' = (8fo(2)/02)"*||s < Re™"2%2.
But this means that

max |(8f(z,t)/0z)~* —(Bfo(z)/az)_l|e_(31+(32_51)(1's)|z|) < Re™T2%2,
r2

and

max |(01(2,1)/02) ™" = (8fo(2)/02) "} < R.

Hence df(z,t)/82#0 for all z€G,, and all suitable t€[0,ao(sz)). Then an
upper bound for ||(8f(z,t)/82) 7 s, is [[(0fo(2)/02) 7 ||s, + Re™T2%2.

But we point out that the restriction to the above-introduced sphere around
(8fo/8z)~! can reduce the interval of existence of the solution with regard to ¢ from
Corollary 1.

Note. The authors thank the referee for the information about a new reference
which gives more of the history and the physical background for equations (1)
till (3) and which also contains an up-to-date bibliography for it: S. D. Howison:
Complex variable methods in Hele-Shaw moving boundary problems, preprint 1991
(Mathematical Institute, Oxford OX1 3LB, United Kingdom).
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