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Entropy numbers of tensor
products of operators

David E. Edmunds and Hans-Olav Tylli

This paper estimates the entropy numbers of tensor products of operators,
mainly in a global sense. Let S€ L), (Ey, F1), T€ L), (E,, Fy) be operators between
the Banach spaces E;, F; (i=1,2). Here Lg‘fﬂ, denotes the quasi-normed operator
ideal consisting of the bounded linear operators with an I, ,,-summable sequence of
entropy numbers for 0<s<oo, 0<w<oo. The size of the sequence

(0.1) (en(S®aT))

is studied in the scale of the Lorentz sequence spaces for tensor norms «. Upper
and lower estimates for the parameters of this scale are obtained for the sequence
(0.1) for operators between special Banach spaces. We determine in Section 1 the
precise behaviour in the Lorentz scale under tensoring with respect to the Hilbert-
Schmidt tensor product of Hilbert spaces. Kénig [K1, Lemma 1] exhibited relative
to this problem the first examples of the instability of the entropy number ideals
under the projective tensor norm. In Section 3 some stability results are shown
assuming cotype 2 conditions on the spaces involved. We also compute bounds in
some cases for the instability in the Lorentz scale with the help of volume arguments.
The corresponding “local” problem of evaluating the individual entropy numbers
of 8&,T in terms of the entropy numbers of S and T is subtler. We establish in
Section 2 asymptotic bounds for the entropy numbers of tensored operators on the
Schatten trace classes ¢,(?).

We are indebted to A. Pelczynski for a helpful discussion concerning the ma-
trix projections of Lemma 2.3, to Th. Kiihn for a suggestion used in the proof of
Proposition 1.2 and to E. Saksman for discussing the proof of Lemma 2.5. The
second-named author acknowledges the financial support of the Science and Engi-
neering Research Council (UK).
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1. Prerequisites and the Hilbert space case

The n-th (dyadic) entropy number of a bounded linear operator S€ L(E, F)
between the Banach spaces F and F is

en(S)=inf{e>0:SBg C {zy,...,2x}+eBp,k<2" '}, neN,
where Bpg is the closed unit ball of E. The n-th approximation number of S is
an(S)=inf{||S—R||: Re L(E, F),rank(R) <n }.

The basic properties of these non-increasing sequences are contained in [P1]. It is
standard to measure the degree of compactness of S by requiring that they belong to
a Lorentz sequence space l; ,={z=(zn)€Eco:||z|sw <00} for 0<s< 00, 0<w<Lo0.
Here ||z 5,0 =00, n¥/*~1(z%)*)/* if w<oo while [|z||s 00 =Sup,>1 n'/°z*. The
sequence (z7,) stands for the non-increasing positive rearrangement of (z,). The
customary notation [° is also used instead of I, ;. ||-||s,.» is in general a quasi-norm
on l;,,. The entropy number ideals are thus

LE,(B,F)={S € L(E,F):0{,(S)=l(en(S)lls,w <0},
while the approximation number ideals are
LE)(E,F)={S € L(E,F):0{,(S) =|(an(S5))lls;w <00 }.

The sequence spaces [, ., (as well as also Lge,)u and Lg“z,) are lexicographically ordered

by inclusion (see [K2, p. 52]):

0<s<t<00,0<u,v< o0 imply that I, ., Cl;, strictly,
0<s<o0,0<w<uL oo imply that I, ,, Cl; , strictly.

A tensor norm « is a norm defined on the algebraic tensor product EQF for
all pairs (E, F') of Banach spaces that satisfies the additional properties

(1.1) alz®y)=|z|||ly]| forallze€E,yeF,
(1.2) NSQT: (E1@ Bz, o) = (Fi®@Fy, a) | < ||S|HT ||

for all operators S€ L(Ey, F1), T€L(FE,, F»). Here SQT is defined by linear exten-
sion of (ST )x®y=SzQTy for z€ E1, y€ E3 and (1.2) states that S®T induces a
bounded linear operator SRT: E1R0Es— F184,F» between the completions.
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The survey [DF] is a convenient reference for properties and examples of ten-
sor norms. There is a large supply of tensor norms on account of the connection
between finitely generated tensor norms and maximal normed operator ideals, cf.
[DF, Chapter 4]. For instance, there is a family o, 4 of tensor norms associated
with the ideals consisting of the (r, p, ¢)-integral operators. Let E and F be Banach
spaces. The projective tensor norm 7 (which coincides with o1 1) is

w(@)=int{ Y- il sl 2= 3 owi € BoF |

i=1 i=1

and the injective tensor norm is
n

st =sun{ 3w (02
i=1

for z=3"" ,2;®y, EEQF. We also use ||| and ||-||. instead of m and e. It is
known that e<a < for any tensor norm a.

If H and K are Hilbert spaces equipped with the respective inner-products
() and ("), then ag; is the completion of HQ K with respect to the inner-
product obtained by the extension of

(z®y, 2Qw) = (z,2)g{y,w)k for z®y,2Qw e HRYK.

The completion H®pK is called the Hilbert—Schmidt tensor product of H and K.

This paper mainly studies the behaviour of the entropy number ideals Lgi)u un-
der tensor norms «. More precisely, given 0<s< oo and 0<w <00, find the minimal
parameters (t,u) such that

S®aT € L) (E18aEz, Fi®aFy)

for all SEL{),(Ey, Fy), T€LE)(E,, Fy) and for the Banach spaces E;, F; (i=1,2),
usually in some restricted class of spaces. This is not always possible for all param-
eters of the Lorentz scale. For instance, the condition

S&:T € L) (1'&1, 12812

for all S,TeL{)(i!,12) is impossible unless 1/t<1/s—% [K1, Lemma 1]. In any
case, one always has t> 5 by €,(S®,T)>max{||T||e~(S), ||S|len(T)}-

The tensor product notation is convenient in connection with the double-
indexed product of the scalar-valued sequences z=(x,) and y=(ym), thus z®@y=
(ZnYm ) where (n,m)€N2. The simplest possible case of our problem, the Hilbert-
Schmidt tensor product of operators on i?, reduces to an analytic problem of the
Lorentz sequence spaces. Here a complete solution is available. We first state the
results in terms of entropy ideals and outline the (essentially known) reduction. The
resulting analytic problem is solved in Proposition 1.2.

:(a:’,y’)eBE/ X Bps }
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Theorem 1.1. Let 0<s<oo, 0<w<oo and S, TeL{%,(12).
(a) S@nsT €LY, (I*®sl?) for all S, T as above if and only if 0<w<s.
(b) If 0<s<w<2s, then

S®nsT € L) (I*®nsl?),

where u satisfies 1/u=2/w—1/s if w<2s and u=o0 if w=2s. This inclusion is the
best possible.

(¢) If 2s<w<oo, then L (12)®psLi(12) ¢ L (12 814sl2), but L, (12)&ns
L (12) C L, (281sl?) for all v>s, u>0.

Proof. If S€L{%),(12) then there are partially isometric operators Xo, Yy: [2—1?
according to the Schmidt representation theorem (see [P1, D.3.3]) with the prop-
erties that S=Y, D, X5 and D,=Y;SX,, where D; is the diagonal operator on {2
induced by the singular number sequence s=(s,(S)) of S. Factorize TELgi)U(lQ)
similarly through D; using partial isometries X; and ¥; on 2. After tensoring

en(5®hsT) = en((Y0®th1)O(Ds(@hsDt)o(Xg@thf)) < en(Ds@)hsDt)a

and conversely also en(Ds@)hsDt)gen(S@hsT). Hence it suffices to consider the
diagonal operator Dy&nsDy=Dig: on 12(N?) since [2@psl2=12(N?) isometrically.

Recall the asymptotic formula due to Gordon, Kénig and Schiitt for the entropy
numbers of diagonal operators on spaces with an unconditional basis. Let (e,) be
an orthonormal basis of {2 and let D, be the diagonal operator €n—0n€n, NEN,
whenever 0=(0,,) is a positive non-increasing sequence. Then

1/n
ex+1(Do) ~sup2™*/" (H Uj) ;

nz1 i<n

for all keN [GKS, 1.7]. In particular, D, € L{%, (12) if and only if 0=(0n)€Els With

equivalence of the corresponding quasi-norms. This is [GKS, 1.8] when s=w and

the general case follows in a similar fashion from a Hardy-type inequality for s ,:
If 0<w<oo and if 0<r<s then there is d, ., >0 such that

|G-

for all non-increasing positive (o,,) €l ., [P3, 2.1.7].
In particular, since also e, (S)=¢e,(D;) and e,(T)=e,(D;) for all n€N, one
concludes that S, T¢€ Lgf,zu(lQ) if and only if s=(s,(S)) and t=(s,(T")) belong to Ly

< drwllols,w

ERD)
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while S®p.T'€ Lgf;(ﬂ@hslz) if and only if s®t€l, (N?). The proof of Theorem 1.1
is completed by applying the following result concerning the size of the positive
non-increasing rearrangement of tensor products of sequences.

We require some facts from bilinear interpolation. The standard reference
for real and complex interpolation is [BL]. Let (Xo,X1), (Yo,Y1) and (Zg, Z1) be
compatible couples of quasi-Banach spaces such that Z; is r;-normed (0<r;<1) for
1=0,1. Suppose that T defines a bounded bilinear operator X; xY;— Z; for i=0, 1.
Let 0<f<1,0<q, g2<o0 and 1/r=(1—8)/ro+80/r1. The real bilinear interpolation
theorem due to Karadzov (cf. [K1, p. 89]) states that

T: (XO’ X1)0,Q1 X (YO’ Y1)0,q2 - (ZO, Zl)e,q

is bounded, where 1/¢=1/g;+1/¢g2—1/r if min{q,q2}>r and g=max{q1, ¢} if
min{qi, g2} <r. If the compatible couples consist of Banach spaces, then the complex
bilinear interpolation property says that 7" is bounded from (Xo, X1)s X (Y, ¥1)e to
(Zo, Z1)g for any 8€(0,1) [BL, 4.4.1]. Recall finally that the Lorentz sequence spaces
form a real as well as a complex interpolation scale of quasi-normed spaces:
Suppose that 0<sy<s; <00, 0<wy, wy <oo and that at least one of wg, wy is
finite. Then for any 6€(0,1) and O0<w<oco there is up to equivalent (quasi-)norms

(13) (lsoylsl)ﬂ,w :ls,wv

(lso,woa l81,w1 )9 = ls,ua

where 1/s=(1-0)/so+0/s1 and 1/u=(1—-6)/wo+0/w;. In the quasi-normed cases
of (1.4) we consider the extension of complex interpolation explained in [CMS].

We next evaluate the size of the doubly-indexed products on the Lorentz se-
quence spaces 5., in the unstable cases 0 <s<w<oo. The cases 0<w<s< o0 were
considered by Pietsch [P2]. The principle of uniform boundedness implies here that
lo.w®ls 0 Cli oo (N?) if and only if (z,y) —»z®y is a bounded bilinear operator from
s X s 0 £0 1p o (N?).

Proposition 1.2. Let 0<s<x and 0<w<oo.

(a) Ls,w®lswCls w(IN?) if and only if 0<w<s.

(b) If 0<s<w<2s, then lsw®lswClsu(N?), where 1/u=2/w—1/s, while
ls,2s®ls,23Cls,oo(N2)'

These inclusions are optimal in the scale of Lorentz sequence spaces.

(¢) If 2s<w<oo, then lguy®lsw@ls,0(N?), but ls4®Ls 0 Clyu(N?) for all
v>s and u>0.

Proof. (a)is in [P2, pp. 34-35]. The proof of (b) is based on a careful applica-
tion of real and complex bilinear interpolation.
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The cases 0<s<1, s<w<2s. Suppose that 0<s<1 and choose 0<sy<s<s;<1
as well as 6€(0,1) satisfying 1/s=(1—0)/so+6/s1 (the case s=1 requires minor
changes). Karadzov’s real bilinear interpolation theorem implies that @ is bounded
from (lsy,ls; 0,0 X (Isgs lsy )o,w t0 (Isg, s, )o,q(N?), where 1/g=2/w—1/s. This is
admissible provided 0<w<2s. Thus (1.3) yields that s, ®ls ., Cls(N?), where
1/u=2/w—1/s when s<w<2s, and that l; 2, ®l; 25 Cls 0o (N?) when 0<s<1.

The cases 1<s<w<2s. Observe to begin with that

(1.5) ls,0o®ls Cls.00(N?), 0<s<o00.

If s=1 then it suffices to verify that

card{(k,m) £k— 1}<n for all ne N,

whenever (£;)€!! is a positive non-increasing sequence with ||(&;)||1 <1. Indeed, fix
n€N and let Ny, ={k€N:{>m/n } for me{1,...,n}. Then

1>Z§k>2card{§k —>§k> }7:

:_Z(N —Nog1)r ZNT —card{(k m): gk;l;z

3|
N

The claim (1.5) for 0<s< oo is obtained by considering (££).
We next claim that

(1.6) ls,2s® 15,25 C Ly 00 (N?)

whenever 1<s<oo. In order to see this, take py, p1 and 0<0<1 satisfying 1<pg<
s<p1<oo and 1/2s=(1-6)/po=6/p;. Apply the complex bilinear interpolation
result to the bounded map

®:lpy X lpg,00 = lpo,OO(N2) and  ®:lp; 00 Xlp, ~ Iy 00 (N?)
obtained above in (1.5) and deduce from (1.4) and the choices of py, p; and 6 that
®: 10,26 X 15,20 = (Ip,00, Ipy 00 )6 (N?)

is bounded. Finally, the fact that (Ip; oo, lp,,00)8 Cls,0o (see the proof of [BL, 4.7.2])
establishes (1.6).
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Suppose next that 1<s<w<2s and let 8=(25—w)/s, whence 1/s=60/w+
(2(1-6))/w. Then ® is bounded from ly, /2 4 X Ly /2,1 t0 Ly /2,00 (IN?) and from Iy, X L,
to 1, (IN?) in view of (1.6). Complex bilinear interpolation implies the boundedness
of

&: ls,w X ls,w - (lw/2,ooa lw)B(Nz) - ls,u(N2)7

where 1/u=0/w=2/w—1/s. Note that lw/2,w and Ly 2 o are quasi-normed spaces
if w<2. In these cases the complex bilinear interpolation property remains valid
for the extension of complex interpolation considered in [CMS].

Optimality. Let x(m):(mém)), mEN, be the finite sequences

(m) { 2k/s if 29 <k <29t for some natural number j <m;
T, =

0, otherwise.

Pietsch [P2, p. 35] estimated that
H:L,(m) ”s,w ~~ ml/w’ ”‘T(m) ®m(m)”8’u > COTnl/s—i—l/u

with ¢y >0 independent of m. The assumption ls ., ® 1, . Cls ,(N?) for some u with
w<u< oo implies that there is a constant ¢>0 such that

||£L'(m) ®$(m) “s,u < C“z(m) Hg,w for m € N.

Hence 1/s+1/u<2/w.
(c) The sequences z(™) show as above that if lsw®ls w Cls 00(IN?), then there
would be positive constants ¢ and d such that

em'/? < ||z™ @z(™|[, o, <dm¥* for meN.

This is impossible if 2s<w<oo. The general inclusions ls,w®ls,wclt,u(N2) for t>s
and >0 are seen for instance from the proof of [K1, Proposition 1] for w<oo and
from Proposition 3.1.a below for w=o00.

2. Tensor norms on Hilbert spaces

The operator theoretic version of Sudakov’s inequality for gaussian processes
yields estimates for the entropy numbers of tensor products of operators between
special tensor products, one of which is the Hilbert-Schmidt tensor product 12&ysl2.

Let «, be the canonical gaussian probability measure on R"™ with density
function dyn,=exp(—1/2(3_;_; 2))dz1 ... dz,, for n€N and let E be a Banach
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space. The I-norm of the operator u: 1} — E is I(u)=(E||luz||? dy.(z))'/?, while one
defines I{u)=sup{l(uv):veL(17,1?), |v||<1,neN} for ueL(I?, E). The rotation-
invariance of 7, implies that
1/2
d7n>

(2.1) I(u)=sup <
n€EN

for ue L(I%, E), whenever (g;) is a sequence of independent normal gaussian random

variables on I3 and (e;) is any orthonormal basis of I (see [Pi2, p. 35]). The operator

version of Sudakov’s inequality (see [Kii, p. 54] or [Pi2, 5.5]) states that there is a

constant c such that for all Banach spaces E and all ue L({%  E)

(2.2) ll(en (u ))Ilzoo—supn/ n(u) <el(u).

jUe

Let (r;) be the sequence of Rademacher functions on [0, 1]; r;(t)=sgn sin(27¢)
for t€[0,1]. Recall that the Banach space E is of type p for some p with 1<p<2
if there is constant ¢>0 such that (E[| 327, ri(t)z;|? dt)1/2§c(2?:1 ||z;]/P)*/? for
all neN and all x4, ...,z, in E. If p>1 then there is also in this event d>0 with

n 2 1/2 n 1/p
(2.3) (E S g2 dP) Sd(Zuxjup) |
j=1 j=1

for all neN and all z1,...,2, in E, whenever (g;) is an independent sequence of
normal gaussian random variables defined on a probability space (Q,%,P), see
[TJ3, 25.1].

If E; and F; are Banach spaces and if S;€ L(E;, F) (i=1, 2), then the notation
Sla®ﬁ52 is used for the extension of S;®S whenever it extends to a bounded
operator from E1&,Es to F1®5F2 for given tensor norms « and 8. The Schatten
trace-class spaces are

ep(®)={S € L) |Sllp = | (sn(S)llp <00}

for 1<p<oo. The products 12<§cpl2 are actually induced by the tensor norm associ-
ated with the maximal ideal consisting of the (p, 2, 2)-absolutely summing operators
for 1<p<oo [P1,17.5.2]. This space equals I2®,1? for p=1 and the Hilbert—Schmidt
tensor product for p=2. Suppose that p satisfies 2<p<oc and that S, T are com-
pact operators on [2. One obtains after a tensoring of the Schmidt decompositions
of § and T that S®T extends to a bounded linear operator from c,(1?) into c2(1?)
precisely when D;®D; extends similarly, where s=(s,(9)) and t=(s,(T)). The
general Holder inequality for the trace-class spaces [P3, 2.11.23] provides a suffi-
cient condition for this;

(Ds®Dy)allz =[|DroacDsl2 <||Dsllull Dellvllallp
for all a€c,(1?) whenever u, v satisfy 1/u+1/v+1/p=13
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Proposition 2.1. Let 2<p<oo and assume that S,TeL',(12) with 0<r,
w<yp'. Then
Se, 1T € L) (18, 12, *&0sl?),

whenever S®T admits a bounded extension, with 1/t=1/r—1/p—3% and where 1/y=
1/w=1/p" if O<w<r and 1/y=2/w—-2/p'—1/r if r<w<2(1/r+1/p’)"1. The same
statement applies to

Shs®e,, T: P Bnsl® = 1’®e,, 1.

Proof. Schmidt decomposition of S and T as in the proof of Theorem 1.1 implies
that it is enough to consider the diagonal operators D,, D; on I? induced by the
singular value sequences s=(s,(S)) and t=(s,(T")). In order to apply Sudakov’s
inequality (2.2) we have to evaluate (according to (2.1))

1/2
Z GijSs 61®t €; > ZACN2 ﬁnite}.

Z(Dshs®cp/ Dt) = Sup{ (
(i,)EA

Here (gi;), (¢,7)€N?, is an independent sequence of normal gaussian random vari-
ables. One obtains from (2.3) that there is a constant ¢>0 with

2\1/2 ., 1/p’
(EH Z gijsie;Qtje; p,> | Sc( Z s¥ t?)
(

i,j)EA 1,J)EA

for all finite ACN?, since ¢, (12) is of type p’ by [TJ1, 3.1]. Thus (2.2) implies that
Dy, ®nsD: belongs to Lgi)x, whenever s,tel? .

The result extends to some other values of r and w with the help of a simple
factorization trick based on the Holder inequality. Let 0<r, w<2. For any positive
non-increasing sequence s=(s,)€l, ., there are positive sequences s'=(s, Vel and
s"=(slh)€ly y satisfying sp,=s,, s’ for allneN, 1/r=1/p'+1/z and 1/w=1/p'+1/y.
Let t=t't" be a similar factorlzatlon of t=(t,) €l 4. In order to apply Theorem 1.1
and the preceding IP'-case to the factorization

(24) Dsq,@hsDt :(Ds”@hsDt")o(Ds’c‘,@hsDt')

one distinguishes between the possibilities 0<w<r or r<w<2(1/r+1/p)~ 1. If 0<
w<r then 0<y<z and Theorem 1.1.a yields, after reordering with unitary operators
if necessary, that

Dscp @hsDt € L:(:::LOLS) L(e)

t,y
where 1/t=1/r—1/p—% and 1/y=1/w—2. The above inclusion follows from the
multiplicativity property of the entropy numbers and [P1, 2.1.13]. On the other
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hand, in the case r<w<2(1/r+1/p’)~! one clearly has 0<z<y<2z and hence, in
view of (2.4) and Theorem 1.1.b, that

DscpéhsDt € LSLGLSC),O C L(e)

t,u?

where ¢ is as above and with 1/u=2/y—1/r=2/w—2/p'—1/r. This completes the
argument for Scp@msT.

The statement concerning the matrix operators Shs<§>cp,T is seen from the
duality properties of the entropy numbers of operators with values in a Hilbert
space [TJ2].

We mention an example in the direction of [C1].

Ezample 2.2. Let s=(sx), t=(tx) be positive non-increasing sequences. If
s,tel”, 0<r<oo, then

Dr®nsDs € L)L (11871, PB1sl?),

u,r

where 1/u—1/r+; Moreover, there are sequences s€cy such that Dsﬂ®hst¢
(e)(11®ﬂl1 12®hslz)

Proof. There is an isometric identification I'®,I'=I'(N?) and D,,®nsD; is
identified with the diagonal operator Dg;: I1(N?)—1?(N2) taken with respect to
the natural symmetric basis (e;®e;). Let 0<w<oo and 1/u=1/r+3%. Then D,g;€

L), (11(N?),12(N2)) if and only if s®t€l,,, according to [C1, 3.1 and 3.2]. In
partlcular, Ds,,®hSDtEL,(f:)r whenever s,t€l".

For the second assertion consider s=(s;)€cy, s;i=1/log(k+2) for 2% <i<2k+1,

keN. According to (2.1) and the estimate from below in Chevet’s inequality
[Ch, 3.1] it follows that

n n
E E gmsls]ez@eJ

=1 j=1

n 1/2
> sup sup{ (Z ]x’(siei)|2> :z' € Bp
neN i=1

=s; sup E max s;|g;l,
neN 1<i<n

l(Dshs®ED l ®hsl _)CO®€CO) > sup E
neN

85€j

Co

where (g;;) and (g;) are independent normal gaussian random variables defined on
some probability space (2, X, P). It follows (for instance) from Sudakov’s inequality
for gaussian processes (see [Pi2, 5.6]) that there is a constant ¢>0 such that

1/2

E max s;lg

> Tt o\ EN;
1<ig2ntl |‘clog(n+2) n
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since {5;9;:1<i<2"*1—~1} forms an orthogonal set in L?(f2, P) by independence
and since ||s;g; —s;95l|12(a)=(s?+53)'/* whenever i#j. Hence I[(Dsps®.Ds) fails
to be finite and thus Dudley’s inequality [Pi2, 5.5],

lu)<e Z n"2e,(u)

(u: 12— E, E any Banach space) implies that (Dshs@ﬁst)':DM@hst¢Lgﬂ.

If (e;) is the standard unit basis of {2, then {(e;®¢;):(i,7)€EN?} constitutes
a Schauder basis for I>®,1? in the usual box order. Let D, D;:12—I? be the
diagonal operators corresponding to the positive non-increasing sequences s=(sy,)
and t=(¢,). In this case Ds®cht is the diagonal operator e;®e;—s;tje;®e;,
(i,7)€N?, on I28,,12. However, c,(I?) fails to have an unconditional basis whenever
p#2, (cf. [Pil, 8.20]) and thus the formula due to Gordon, Kénig and Schiitt [GKS,
1.7] for the entropy numbers does not apply as such to this concrete situation.

We next establish asymptotic bounds for the single entropy numbers of
Ds<§>c,, Dy. 1t is crucial that there are uniformly bounded sequences of finite-dimen-
sional projections on ¢,(I2) associated with the level sets of the non-increasing re-
arrangement of s®t. For this purpose ideas of Kwapien and Pelczynski [KP] are
required. Suppose that s=(s,) and t=(t,) are positive non-increasing 0-sequences.
Set

Ap(s,t)={(i,j)eN?:5;t; >1/r} and M,(s,t)=e;®e;:(i,5) € An(s,1)]
and let Q.(s,t) be the natural finite-dimensional projection
ZZa@jei@ej—» Z a;je;Qe;
L (4,9)EAR(s,1)
from c,(I%) onto M,(s,t) for any r€N. The matrix notation a=)_, 3", a; je;®¢; is
used for a€cp(I?), with the summation in the box order, i.e. as Y oo, D ivj=n 3i,j€®
e; where iV j=max{i, j}. We will often suppress (s,t) in the interest of brevity and

thus write A, M, and Q..
A result due to Macaev states that the main triangle projections T,

e;®e;, ifit+j<n+1,
Tn(el®6])={ ? 7

0, otherwise,
n€N, are uniformly bounded on ¢,(I%) when 1<p<oo,
(2.5) dp = sup ||Ty: cp(I%) — ¢ (1?)]| < o0,

neN
cf. [GK, II1.6.2].

The following lemma of a technical nature concerning the norms of irregular
triangular projections on ¢,(1?) has independent interest.
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Lemma 2.3. Suppose that p satisfies 1<p<oo. Then

(2.6) ap =sup{ [|Q-(s,1): cp(I*) = c,(1*)|| : s and t non-increasing,
’ positive 0-sequences, r € N } < co.

Proof. If p=2 then evidently a;=1, since cz(I?) is isometric to [2(IN?). Suppose
that r€N and take n€N with max{sit,, s,t1}<1/r. Let Py, stand for the con-
tractive box-projections on ¢,(I%) sending 35,37, a; je;®e;j t0 30,4 ey, ij€i®
e; when k,meN. It suffices to find uniform bounds on the % x k-matrices since
Py ra—a in ¢p(I?) for all a as k—oo. There is also no loss of generality in assuming
that n is large enough in order that

Ar(s,t) C D ={(i,5) eN*:i+j <n+1}.

We indicate how the uniform boundedness of the projections Q,(s,t) is reduced
with the help of uniformly bounded operations on c,(I%) to the unconditionality of
the Schauder decomposition (Py41,k+1— P,k )ken Of ¢p(1%) for 1<p<oo, which was
established in [KP, p. 67]. It is instructive to visualize the different steps on finite
matrices.

The sets A,=A,(s,t) obviously enjoy the following “convexity” property: if
(z,7)¢A,, then (k,[)¢A, whenever k>i and [>j. Let U, be the isometry
Ua(Picn Gi€i)=2_ ;< Gi€a(iy O I3 whenever a is a permutation of {1,...,n}. Set
w(k):ﬁ—}—l-k on {1,...,n}, whence 7~ '=n. The tensor property implies that

> aigei®e;

= (1d®Uﬂ) Z ai’j€i®€ﬂ-(]’)

(i.5)€A, (i.1)€A,
(2.7) < YD aigei®eng)
(1,4)€A,
< Z a;,jei Q€x(s) ||+ Z ;€ Qn(s) |-
(1.5) €D (+) (1,5)€A(~)

Here (as well as in the proof of 2.4 below) we delete for simplicity the subscript in the
norm ||-||, of ¢,(I2). Above A.(+)={(i,5)€A(s,t):(¢,7(j))€D, } and A, (—)=
{(,5) €A (s,t):i+7(j)>n+1}. We proceed to estimate the first term of (2.7).
Put Z/Sr(—i—):(id x7)Ar(+). The “convexity”property of A,(s,t)CD, implies that
there are finite sequences (i) and (sg) of integers satisfying:

51"(+):{(Za.7) E{la -~-,n}2 Tk Sjgrk+1—17
sp<i<nt+l—jfor k=1,..,m},
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where 1<r;<...<r, <[n/2]+1, 1<81<...<8, <n for some m=m(s,t)<[n/2]+1,
Tk —8k >0, 41 —1—5, >0 for all k and with

n+l—{rg—sk) >n+1—(rg+1—1-s%)

2.8
(28) >n+1—(rgs1—Sk41) fork=1,...,m—1.

There exists a pair (o, ) of permutations of {1,...,n} with the following prop-
erties:
(2.9) p maps the disjoint subsets {ry,rx+1,...,7x+1—1} increasingly onto the dis
joint sets (by (2.8)) {ry—sk, s +1—=8k, ...,7p+1—1—sg} for k=1,...,m—1 and
(2.10) o maps the disjoint subsets {n+1—(rg+1—1),...,n+1—r4} increasingly onto
the disjoint sets (by(2.8)) {n+1—(rgs1—1—sk),..,n+1—(rr—sx)} for
k=1,..,m—1.
The conditions (2.9) and (2.10) state intuitively that the pair (o, ) permutes any
“block” of the form

{G,7)ire<j<ret1—1, sp<i<n+l—j}

of ﬁr(—#) in D,, onto the corresponding block of equal size containing {(1, 7, —sg),

ey (1? Ter1—1 _Sk)}‘
This entails that

Y. aigei®en)

=1](U01®UH—1) D aieom®euniy
(4,4YEAL(+)
Y igeon®eu(y)

(i,7) €A (+)
(4,4)EAA(+) l

Tn(R”'Ic+1_1_3k77'k+1—1_3k —Rrk—Sk,?‘k—Sk) Z Z Q4,5€0(1) ®eu(ﬂ'(j))

<

i<n j<n
< a3 3t seoty Bepnnty ) <A |3 aeee,
i<n j<n i<n j<n

where R, ,=(id ®Uy)Ppsri—rn+1-r. The above inequalities follow from (2.5), the
tensor property and the unconditionality of the Schauder decomposition (Pyy1,k+1—
Py k)ren for c,(1%) [KP, p. 67]. K, is the associated unconditional constant.

The second term || 32; ;yen, () @i,i€®en(jll of (2.7) admits a similar bound.
This completes the proof of the lemma.

Let s=(s,) and t=(t,) be positive non-increasing 0-squences. We denote

mg =mg(s,t) =min{r € N: max{s,t1, 514, } <z}
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for >0 and put
L/#Ar(s,t)
b(n) = b(s, t)(n) = sup (2—n H Sitj)
reN (i:)EA(5,)

for neN. The function x—my(s,t) is clearly decreasing. Recall that the n-th
non-dyadic entropy number of S€L(E, F) is

en(S)=inf{e>0:5Bg C{z1,...,zn}+€BF,21,...,Tn € F }.
Evidently e,(S)=¢eqn-1(9).

Theorem 2.4. Suppose that p satisfies 1<p<oo, p#2. Then

1 ~
(2.11) a—pb(n) < en(Ds®c, D) < [3+2ap+2108(2mp(n—1)(1+21082my(n-1)))]
xb(n—1)(14+2log(2my(n-1y))

for all n>2 and for all positive non-increasing sequences s and t (the logarithm is
to the base 2). In particular,

~ 2
ent1{Ds®c,Dy) < byb(n) (log(mb(n)))

for some uniform constants b, <oo.

Proof. A standard volume argument, which is indicated for completeness, yields
the lower bound. Indeed, fix €N and consider the restriction (D;®D;)("=
Qr(Ds®c, Dy)m,: My — M,, for which

en((DS®Dt)(T)) S ”QT(Svt)”en(Ds®cht) S apen(Ds®cht)
according to (2.6). Suppose that A>e,((D;®D;)() and that
(D.®D;)" By, C{a1, ..., az2n }+ABuy,

for some a1, ..., azn € M,.. The evaluation of the #A,(s,t)-dimensional volume with
respect to Lebesgue product-measure entails that

vol((Ds® D)™ By, ) = | det((D, ®D;)™)| vol (B, )

— ( II sitj) vol(Big, ) < 2" A*A7 vol(Byy, ).
(i.J)€Dr
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Thus
L/#A,
A Z (2—n H Sitj) .
(6.9)EA,
The supremum over r gives the left-hand inequality of (2.11).

We proceed to establish the right-hand inequality. It is assumed that s;>0 and
t;>0 for all i€ since the argument simplifies if s or ¢ are finite sequences. Let
0<z<1. We want to determine the optimal choice of z by a volume argument as
in [GKS], but considerable complications arise due to the lack of unconditionality
in ¢,(1?). There is r€N such that 1/(r+1)<z<1/r. Let {ay,...,an} be a maximal
set of elements of (D,®D;)(" By with the property that

lla;—a;|| >2x fori#j.

Consequently
(Ds®Dy)" By, {ay,...,an}+2¢Byy, .
One has
(2.12) eN(Ds®c, D) <en(Qr(Ds®c, Dt))+I(id =Qr) Ds&c, Dy .

The right-hand terms of (2.12) are dealt with as follows. Observe first that
Qr(Ds®cht)Bcp(l2) = Qr(Ds®cht)Qchp(l2) - ap(Ds ®Dt)(T)BMT

because of (2.6). Hence en(Qr(Ds®., D)) <2apz.

The second term of (2.12) splits into 4 parts. Let a=)_, 3" a; jei®e; €cp(1?)
be an operator with finite matrix. Note that A,.=A,(s,t)C{l,...,m;}? by the
choice of m,=m,(s,t) and the mononicity of s and ¢t. Let AL={1,...,m;}?-A,.
Write

(id-—QT)(Dsé)cht)a: Z sitjai,jei®ej

(2.13) Z Z sitjaq Jez®eJ+Zs tjai je;®e;

i2me+1j>ma+1
+ E sitja; jei®e;+ E s;tja; je;Q€;.
11 (i.5)€A,,

The sum in I extends over (4,5)€N? satisfying 1<i<m, and j>m,+1, while the
summation in I7 is over (i,7) with i>m,+1 and 1<j<m,. The tensor property
and the monotonicity of s and ¢ imply that

Z Z sitja; je;Q¢€;

i>me+1j>ma+1

<max{sit; :4,j >mz+1}|a| <zlla|,
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while also

> sitja jei®e; || < s1tm,11lall <zllall

I
by the definition of m,. Similarly || Y";; sitja: je;®e;||<z[lall. The preceding in-
equalities hold for all a€c,(I2) in view of the density of the finite operators.

‘We require the combinatorial result formulated below in Lemma 2.5 in order
to estimate the remaining term of (2.13). Recall that a (finite) chain C' in N? has
the form

C= U A] X Bj,
i<r(e)
for some r(C)€N, where A;NA;=0 and B;NB;={ whenever i#j. The disjointness
of the supports of the corresponding operators leads to

< max

sitja je;Q¢€;
<1 (C) Z iljli,jEi D€

(imj)eAT'XBT'
<max{s;tj:(¢,5) €C }|all

E sitja; je;Qe;
(i,5)€C

(2.14)

for a=37, 3", ai je;®e;. The first inequality is seen from [K1, p. 87-88], while the
second one follows from

<max{ s;ty:(i,k) € A; xB; Hlal,

E Sitra; ke ey
(¢,k)EA; X B;

which is an immediate consequence of the tensor property.
According to the combinatorial result of Lemma 2.5 below one may partition
A} as U, <p(r) Om into chains (Cy,) with k(r)<log(2ms). Consequently

< Z Z 8itja; je;Q¢€;

m<k(r)' (4,§)€Cm
<log(2m.) max{ sit; : (5,7) € AL |
<log(2m; )2z al|

E 8itja; je;8¢€;
(i,5)€A;,

(2.15)

by (2.14). A combination of (2.13) and (2.15) leads to
(2.16) en(Ds®c, Dy) < (3+2a,-+2log(2m,))z.

Next we estimate N. The sets {a;+x B, }, i=1,...,N, are disjoint in M,
according to the choice of {ai,...,ax} in (D,®D;)") Byy.. Moreover,
{a1,...,an}+zBy. C (1+2||(Dy-1 @ Dy—1) | )N (D@ D;) ") By,

(2.17) o
C (1+42log(2my))(Ds @ D)\ By,
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Here (Dy—1®Dy-1)") =((Ds®D;){") ! stands for the diagonal operator on M, that
maps e;®e; to (sit;) 'e;Qe;. We have used in (2.17) the estimate

1
(2.18) |(Dy-1®Dy-1)7|| < 2log(2my)

This inequality is verified as follows. We have A, C D, , where Dy, partitions into
a union of at most log(2m,) chains (C,) according to [KP, p. 46]. This enables
us to argue as in the proof of Lemma 2.3. Let a:Z(i’j)eAT a; je;®e;€M,. One
obtains as in (2.7) that

|(Ds-1@D-)Pal| < || D" (sity) " aijei®en(;)

(i,5)€D,(+)

Z (sitj) " aijei®en(s) |
(1.5)€AR(-)

+

where the notations 7, A.(+) and A,(—) are those of the proof of Lemma 2.3. An
application of the pair (o, 1) of permutations satisfying (2.9) and (2.10) entails that

(sit;) " aijei®ex() l
(1,§) €D (+)

<

> (sits) T i ge0(i) Bepuin(sy)
(sit;) ™ @i 3ea (i) @epu(n(s))
(n(3),4)E(0 X (om) An(+)

(i,5)€A(+)
10g(2mw)

3 3 (sitj) ™ i jeo (i) @eu(n(s))

m=1  C,N(oXx(puom))Ar(+)

E a; j€;8¢€;

(i,7)EA,

<log(2m,) max{ (sit;) "' :(3,5) €A, }

1
<~ log(2my)| .

In the above inequalities we have used (2.14) together with the fact that the inter-
sections Cp,N(o X (pom))Ar(+) are also chains. The second term

Z (sitj) ™ aijei®en()

(1,5)EAA(—)

admits an analogous bound and thus (2.18) holds.
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The application of #A,(s,t)-dimensional product measure to (2.17) implies

then that
Nz#8r < (1+210g(2m,,))#AT( H sit])
(i,5)€D,

and thus 4A

1+21log(2 T

N< (_Lg(m’i”_)) H sit;.
z
(4,5)EA

Then N <2" at least if z satisfies

( H 1/#40r T
27" sitj) <b(n) < ——————.
(.7eb, 1+2log(2m,)

The latter inequality is equivalent to the condition
z—b(n)2log(2m,)—b(n) >0,

which is satisfied (at least) if z=>b(n)(1+2log(2ms(n))). In fact, then the condition
reduces to

log(zmb(n)) _log(2mb(n)(1+2 log(Zmb(n)))) >0,
and this holds since £—m,, is non-increasing.

The insertion of z=b(n)(1+2log(2m,))) into (2.16) produces the upper
bound of (2.11) for en+1(Ds®cPDt)=52n (Ds®cht)§sN(Ds®cht). The argument
is thus completed by the combinatorial Lemma 2.5 below.

Finally, the simpler bound

ent+1(DsBe, Dt) < bpb(n) (log(my(my))’

results from the monotonicity of z—log(my).

Lemma 2.5. Suppose that s and t are non-increasing positive 0-sequences,
meN and let r€N be such that A (s,t)C{1,...,m}2. Then it is possible to partition
{1,....,m}2~A,(s,t) into at most log(2m) chains.

Proof. We verify a general statement which only relies on the “convexity” of
the sets A.(s,t). Suppose that meN and that AC{1,...,m}? satisfies the property
(2.19) if (4,5)€{1,...,m}2—A, then (k,n)¢ A whenever (k,n)c{1,...,m}?, k>i and

n>j.

Claim. {1,...,m}?— A partitions into at most log(2m) chains.
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Let f(m) be the smallest natural number so that {1,...,m}?—A partitions into
at most f(m) chains for any AC{l,...,m}? for which (2.19) holds. It suffices to
verify that f admits the growth

(2.20) rm<i+1([5])

for natural numbers m>2, where [z] denotes the entire part of z. Indeed, since
f(1)=1=log(2) (logarithm to the base 2}, one gets from (2.20) that f(k)<log(2k)
for all keN.

We indicate an argument for (2.20), that also provides a procedure for ob-
taining a partition (not necessarily the most efficient one for a given set A). Sup-
pose that AC{l,...,m}? satisfies (2.19) for some m>2. Pick the largest possible
square contained in {1,...,m}?>—A with opposite corners (m,m) and (r,r). Let
C={r,..,m}x{r,..,m} be the first chain. Thus {1,...,m}>—{AUC}=A4,UA,,
where

Ay =({1,...,m}P2=A)n{r,..,m}x{1,...,r—1},
Ay =({1,...,m} -A)n{1,...,r—1}x{r,..,m}.

To continue, it suffices to partition A; and As separately into chains, since these
sets have disjoint projections in {1,...,m} and thus their respective chains can be
joined. We discuss the case of A;. Observe that the length of the smaller side
of the rectangle {r,...,m}x{1,...,r—1} satisfies min{m—r+1,r—1}<[m/2], since
otherwise m=(m—r+1)+(r—1)>2[m/2]+2>m+1. Moreover, note that A;=AN
({r,...,m}x{1,...,7—1}) satisfies (2.19) in this rectangle. Hence A; partitions into
at most f([m/2]) chains. In fact, by “shrinking” the sets involved if necessary, one
observes that partitioning A; is at worst as difficult as that of partitioning inside
corresponding squares having sidelength the smaller of the sides of the rectangle,
that is at most [m/2]. Finally, repeat this for A2 to get (2.20).

Remarks 2.6. We do not know if the upper bound of (2.11) is sharp. We
stress that the sequence (b(s,t)(n))nen has according to Theorem 1.1 the same
behaviour in the Lorentz scale l,.,, as the sequence s®t, which was determined in
Proposition 1.2 (see also Proposition 3.1.a below for the rate of decrease in the case
w=00). In fact, the sequence (b(s,t)(n)) is clearly obtained from the asymptotic
entropy formula [GKS, 1.7] for the diagonal operator D ®psD; on I2@pl2=12(N?),
if the orthonormal basis (e, ®e,,) is reordered to correspond to the rearrangement
of the sequence s®t.

The argument of 2.4 breaks down for p=1 (or p=00), since already

(1Tn: c1(?) = e1 ()] > clog n
by [KP, 1.2].
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3. General estimates

The results of Sections 1 and 2 are based on particular geometric properties
of Banach spaces not available in arbitrary tensor products. In this section we
first state some general consequences of the stability under tensoring of the re-
lated approximation number ideals. Moreover, volume comparisons yield instabil-
ity estimates. Better results are available for Banach spaces endowed with special
structure.

The behaviour of the approximation number ideals L%J under tensor products
was studied in [P2], [K1]. These ideals are almost tensor-stable in the sense that for
all tensor norms o and all Banach spaces one has S@aTeL,E?u) for all t>r and all

u>0 whenever S, T ELS?,Z,. We formulate below a more precise statement of tensor
stability up to logarithmic weights.
Let f,g:(0,00) x(0,00)—=R4 be the functions

v if0<w<1,

frow)y=3 1
——w-1, fw>1,
T

2(3—1), if 0<r<w< oo,
g(r,w)= r
0, otherwise.

Put M, (S)=#{i€N:2-D/7||S|| < s5:(5)<2~"/"||§||} when neN and S L{%), (12),
and set fn=Fn(S,T)=3} s men Mi(S)Mum(T) (with fo=0) for S, T€ L% (?). Thus
fr also depends on r.

Proposition 3.1. (a) Let 0<r<oco and 0<w<oo. There are c..,>0 such
that for all Banach spaces E;, F;, (i=1,2), all tensor norms a and all operators
SeL{(Ey, Fy), TELY)(Ey, Fy) one has

x© L w/r—1 (S@) T)w 1/w
n a
1 E AT T < 0@ (8)ol®) (T
(3 ) <n:1 (log(n+1))f(r,w) ) S Cp, Ur,w( )Ur,w( )
for 0<w<oo and
nl/r

—  4.(88.T) < ool (S)el® (T).
SUP (log(nr 1yyiri7r 4 (5€aT) S e (5)oris(T)

(b) If 0<r, w<oo then there are d, ., >0 such that for all tensor norms a on
2®12 and all S, TeL{%)(12),

ng(rw)
n=1 J=fn+1

o0 fn+l l/w
(3.2) (Z Ly jw/r-laxs@z’w) < dr ) (8)0) (7).
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Proof. The statements in (a) and (b) are straight-forward computational exten-
sions to arbitrary values 0<r, w<oo of [K1, Propositions 1 and 3], which is referred
to for the arguments. We indicate the proof in the case w=00 not considered by
Konig.

The numerical constants ¢y, cy,c2,... depend only on r in the following esti-
mates. Suppose that SEL(“) (E1, F1). There is according to [P3, 2.3.8] a norm
convergent expansion S=3 1o S in L(E1, Fy) satisfying rk(Si)<2* and

sup 28/ |[Sell < coo—(“) (5).

Decompose T'€ L%, (Es, Fy) similarly in L(Es, Fy) as T=32, Ty. Thus
$8.1-3" 3 8.
n=0k+Il=n
with convergence in the operator norm. Set h(n)=n2" for neN. Observe that

m—1 m—1
rk(z > S,@m) <> (n+1)2" <m2™ = h(m)

n=0 k+I=n n=0
for meN. The properties of the decompositions lead to

<|S T sEa|<> S isdim

ah(m) S®a

n=mk+l=n n=m k+l=n
o0
<cgol® (S)olel (T) Y (n+1)(27 /)™
n=m

An elementary calculation shows for z=2"1/" that

© m—1

Z (n+1)z" = m(m(l—m—(l—m)2)+1).

n=m

Consequently monotonicity together with the previous estimates entail that

nt/r ~
*R Togm iy (58eT)
kLT ~
:nsllé% h(m)gksglillr()m+1)—1 _(log(k+1))1+1/’" ar(S®.T)
h(m+1))Y/" ~
pS :}é% (log((h((m;_+)1)))l+1/r () (S®aT)
(A(m+1))1/"

< 102, (8)o {2 (T) sup

O do N (10g(h(m)+1))1+1/r m(2—1/r)m_1

< e300, (S)o L2 (T).
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This establishes claim (a) for w=o0.

Remarks 3.2. (a) L(ZU is stable on 12@,!? for all tensor norms « whenever
O<w<r<oo in view of (3.2). It is also evident that one cannot achieve better
than the result for [2®psl? in the cases 0<r<w. In fact, |A,(S)|<2en41(S) for
all SeL(E), E a (complex) Banach space, and for all neN by the Carl-Triebel
inequality [CS, 4.2.1]. Here (A,(S)) is the sequence of eigenvalues of S ordered in
decreasing magnitude and counting multiplicities. Thus one obtains at least the
behaviour of s®t since it is contained in the sequence of eigenvalues of D,®4,D;.
Clearly a similar statement also holds for tensor norms on spaces with unconditional
bases.

(b) The weighted inequalities (3.1) and (3.2) contain no general information on
the change under tensoring of the logarithmic parameter w in the Lorentz scale I, ,,
when O0<w<o0o. Indeed, let 0<r, t<oo and consider the quasi-normed weighted
Lorentz sequence spaces

zr,t<w)={w=(xn)el°°=||x||=(Z /(g )1/t<oo}.

Our weights w=(w,(r,t)) are w,=1/(log(n+1))” with 4>0. Then the identity
mapping from I, ;(w) to I, o fails to be bounded (compare the quasi-norms of the
sequence (z()), j€N, where 2’ =1 if 1<k<2/+! and 0 elsewhere).

The almost stability of the approximation number ideals is relevant under spe-
cial geometric assumptions. Recall that the n-th Gelfand number of S€L(E, F)
is

cn(S)=inf{||SIu|: M CE,codimM <n}, neN,

and that the corresponding ideal components LS,C,)‘,(E, F) consist of the operators
S with (¢,(S))€l, . The Banach space E is said to be of cotype g for 2<g<oc if
there is ¢>0 with (37_, |lz;(19)/9<c(B|| 37—, r;(t)z;]|* dt)*/? for all neN and all
Z1,...,Zn in E. Here (r;) is the sequence of Rademacher functions.

Theorem 3.3. Assume that E; and F; (i=1,2) are Banach spaces such that
E; is of type 2, F; is of cotype 2 and that F; does not contain IT’s uniformly. Let
r and w satisfy 0<r<oo, O<w<oco as well as 1/w>1/r+1. If SieLffZ,(Ei,Fi)
(i=1,2) then

518aS2 € L), (E180. B, F184 Fy)

for any tensor norm «. Moreover, there are constants c,., >0 with

(6) (Sl(g) S2) <ep. wa(e) (S1)o, (e) 2 (S2)
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for all S;e L) (E;, Fy).

Proof. Tt is a consequence of [C2, Theorem 5] that

(H cj(S))l/n <c(E;, Fy)en(S), neN,

Jj<n

for some constants ¢(E;, F;)>0 and for all S€ L(E;, F;) (i=1, 2}, since E; and F are
of type 2. The fact that F] is of type 2 for ¢=1, 2 follows from duality results, because
F; does not contain I’s uniformly (see [TJ3, 12.8]). Thus L', (E;, F;)C L, (E;, Fy)
for all 7 and w in view of [P3, 2.1.8]. On the other hand, L{%,(E, F)C L%, (E, F)
for arbitrary Banach spaces E and F by [CS, 3.1]. Thus LS‘f’Z,(Ei, F)=LY),(E;, F;)
(i=1,2) with comparable quasi-norms.

Recall next that the Gelfand and the approximation numbers of Se L(E;, F;)
are comparable under these assumptions on F; and F;. In fact,

en(S) < an(S) <cen(S)

for some constant ¢ and for all neN by Maurey’s extension theorem, see
[GKS, 1.4]. This entails in particular that here Lgf&,(Ei, Fi)ngﬁz,(Ei, F) (i=1,2)
with comparable quasi-norms for all » and w.

The duality of type and cotype yields further that E] (i=1,2) is of cotype 2
[TJ3, 12.8]. Suppose that S; EL(e) (E;, F;) (i=1,2). In this case

Sl@aSZ S Lg.?l)v(El&’?aEZa F1®QF2)

for all tensor norms & whenever r and w satisfy 1/w>1/r+1 on the strength of
[K1, Theorem 1]. Moreover, there is d,,, >0 with

(“) ) (8184 S2) < d. wff(a) (Sl)Uﬁ?&(SZ)

for all .5'1 and Sy. This entails the claim since L$ wC Lﬁ, in general, and cr(e) (S)<
Twarw(S) for some by ,, >0 and for all SEL(a) [CS, 3.1].

A standard procedure associated with essentially finite-dimensional properties
is to bound parameters by comparing suitable quantities. Volume estimates are
related to entropy numbers and they are used to find instability in the Lorentz
scale in some cases (cf. [K1, Lemma 1]). A systematic application of this idea
requires precise bounds on the volumes of the unit balls of finite-dimensional tensor
products. We commence by phrasing a principle of this kind.

4-935212 Arkiv for matematik
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Recall that the Schauder basis (e,,) of the Banach space E is 1-symmetric if

o) oo
§ Enar(n)en E Gp€n
n=1 n=1

for all signs e,,==1, all permutations 7 of N and all 3 .° | a,e, €E. Volumes vol(B)
will always be taken with respect to n-dimensional Lebesgue product measure when
B is a bounded subset of an n-dimensional (real) normed space. The notation a, by,
for positive sequences means that (a,) and (b,,) are uniformly comparable, that is,
cobn<an,<c1b, for all neN with constants cg, c; >0.

Proposition 3.4. Let o be any tensor norm. Suppose that (e,) and (fy) are 1-
symmetric bases of some Banach spaces and put E,=ley, ..., e,] and F,=[f1, ..., fn]-
Assume moreover that there is 8€[—1,1] satisfying

(vol(Bg, )™ ~nf (vol(Bg, ))*/™

and that both E, embed into E and F, embed into F uniformly complementedly.
Then the condition
S®aT € L) (E®o B, F& . F)

for all S,TGL&%(E,F), where 1/r>max{0, —3}, implies that there is a constant
c>0 satisfying

- 1/n?
(33) n2/t<V01(BEn®aEn)> " Scn?/’l‘+2ﬂ
®

for all neN.

Proof. Let P,: E— E, be quotient maps and let J,,: B, — E be embeddings such
that P,J,=idg,, sup, |[Pr||<occ and sup,, ||Jn]|<oo. Let Qn: F—F, and K,: F,,—
F be operators similarly related to the uniformly complemented copies of F,, in F.
Counsider Sp,=K,I,P,€L(E,F), neN, where I,,: E,—F, is the natural identity
i aiei— 3 aifie

Note first that the condition
S®aT € L) (E®oE, F&,F) for all §,T e L) (E, F)
implies the existence of ¢>0 such that

(3.4) o) (58aT) < calé)(8)o'e)(T)

yW W
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for all S,T. In fact, by passing to equivalent p-norms and by employing a similar
completeness argument to that of [P1, 6.1.6] it is verified that the bilinear operator
(8, T)— S®,T is separately continuous from L(e) X L(ew to L(e). This in turn entails
the boundedness of the operator by a general version of the Banach-Steinhaus
principle, see [R, 2.17].

The inequality (3.4) is tested by the sequence (S,). Observe that I,,=Q, S, J,
for neN. The uniform bounds on the norms of P,, J,, @, and K, yield, after
tensoring the factorizations of S, and I,,, that there are constants ¢, ¢’ >0 with
(35) o) (InBaln) < 0\ (SnBaSn) < o/ (010)(8n))? < (019, (I))?
for all neN.

Suppose that

(In@a )BE &.E. C {a1, ... a2T}+/\BFn®aFn

for r€N. Comparing n’-dimensional volumes we get

vol(Bp, g, £,) 2N vol(Br,g, 1)

2
A> 2—r/n2 <V01(BEn®aEn) )1/'”
- VOI(BF,L@&FH)

This lower bound for eT(In®aIn) leads to

1/u
o't(eg' n®a n (Z ,]U/t 1 'n,®a n)u>

j<n?

zao<1———2123 225) " (z)”

Qa j<n2

and thus

It is easily checked that (32, .2 5*/*~ 1)1/umyn?/t. On the other hand, 0% ()<
c1n'/™t8 whenever r satisfies 1/r>max{0,—3} in view of [S2, Theorem 7]. The
desired inequality (3.3) thus follows by combining (3.5) with the preceding estimates.

We apply (3.3) with E,=I} and F,=l}, 1<p<g<oco. It is known that
(vol(Blg))l/"zn_l/p for all 1<p<oco, cf. [S1, p. 395], and thus f=1/¢—1/p sat-
isfies the volume condition of Proposition 3.4. Let

2
12 <<,
2 p

hp)=1q 4
-, if 2<p< 0.
p
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Corollary 3.5. Assume that E, F are Banach spaces containing uniformly
complemented copies of I, respectively of I}, with 1<p<g<oo. Suppose that

S®aT € L) (E®oE, F8 ,F)

for all S,TeL{),(E,F) where 0<r<(1/p+1/q)~'. Then t>r in the following
cases:
(i) if a=m, then 1/t<1/r+3(1/q—1/p) for 1<p<q<2, while 1/t<1/r+3(3-
1/p) for 1<p<2<g<oo;
ii) if a=¢, then 1/t<1/r+1(1/qg—1) for 1<p<2<qg<oco, while 1/t<1/r+
. 2 2
3(1/g—1/p) for 2<p<q<oo.
Proof. Schiitt [S1, 3.2] showed that (vol(Bj.g ;n))/™ ~n*®)=1 and that
peTp
(vol(Bl;@,Elg))l/"zwn"h(i‘") for all p satisfying 1<p<oo. For instance, if 1<p<g¢<2
and if a=m, then by (3.3) there is ¢>0 with
n2/t+1/a=1/p < op2/r+2(1/9-1/p)

for all neN. Thus 1/¢<1/r+3(1/q—1/p) where 1/g—1/p<0. The other cases are
similar.

We finally use the argument of Proposition 3.4 in order to derive some bounds
related to Propostion 2.1.

Ezample 3.6. Suppose that 2<p<oo, 0<t<oo, 0<r<4p/(p—2) and that 0<
u<oo. If

Se, BT € L) (1280, 12, > Rnsl?)
for all §,T€L{(12), then 1/¢<1/r+1(1—1/p) and thus t>r.

Proof. Observe first that if 0<r<4p/(p—2), then S®T extends to a bounded
linear operator from c,(12) into cz(12) for all S,T€L{¥(12) in view of the remark
prior to Proposition 2.1 and [CS, 1.3.2]. Thus an argument similar to the one in
the proof of Proposition 3.4 provides a constant ¢>0 with

Ti5d(Se, BnT) < e () (8)0l(T)
whenever S, T€L{® (12) Let I,=id;p be the identity map. One obtains that there

is co>0 with .
(B, n)) /™
2/t vo cp(13) < 2/r
" ( vol(Blgz) ) = con

for all n€N since a( v w(I,)~n'/". The desired inequality follows from the estimate
(vol( c,,(lg)))l/" ~n-1/2-1/p for 2<p<oo, see [S1, p. 399].

In particular, one obtains 0<r<4p/(3p—2) if t=2. Unfortunately we do not
know whether the bounds exhibited in Proposition 2.1 are precise.
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