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0. Introduction

It is well known that the complex analytical properties of a real submanifold M in the
complex space C” are most accessible through consideration of the complex tangents
to M. The properties we have in mind are related to the behavior of holomorphic
functions on or near M and to the behavior of M under biholomorphic transformation.
The case in which M is a real hypersurface is most familiar, while much less is known
for higher codimension. In this paper we consider the critical case of a real n-
dimensional manifold M in C", which we also assume to be real analytic. At a generic
point M is locally equivalent to the standard R"” in C". However, near a complex
tangent M may aquire a non-trivial local hull of holomorphy and other biholomorphic
invariants.

We begin with the simplest non-trivial case, which is a surface M>cC? with an
isolated, suitably non-degenerate complex tangent. Here one already encounters a rich
structure and non-trivial problems. In coordinates z;=x;+iy;, j=1,2, M may be written
locally as

R(z, 2) = —25+q(z;, Z))+ ... =0,

q=y+z,7,+y2, 0<y<co.

The z;-axis is tangent to M at the origin. M, or more precisely, this complex tangent is
said to be elliptic if 0<<y<1/2, hyperbolic if 1/2<y, or parabolic if y=1/2. We shall prove
the following theorem.
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THEOREM 1. Let M be a real analytic surface in C* with an elliptic complex
tangent at a point p with 0<y<1/2. Then there exists a holomorphic coordinate system
(21, 22) in which p=0, and M has locally the form

x, = 2,2, +T(x) (2{+22), y,=0,

where T = y+06x5, =+1, s€Z*, or [=y (s=x). The quantities v, 0, s form a complete

system of biholomorphic invariants for M near p.

A consequence of Theorem 1 is that the local hull of holomorphy of M near p is
precisely the real analytic 3-manifold-with-boundary M: x,>z, z,+T(x,) (z2+72), y,=0.
M is the union of a one-parameter family of ellipses, the boundaries of which are the
curves on M gotten by setting x,=c>0. Another consequence is that such an M always
admits the biholomorphic involution corresponding to (zq, 22)—(—21,22). It is interest-
ing to note that M is locally equivalent to an algebraic surface.

We also have the analogue of Theorem 1 in the n-dimensional case. This theorem
will be reduced to a seemingly unrelated problem, namely that of a normal form for a
pair of involutions 7,7, which are holomorphic mappings in a neighborhood of a
common fixed point p in C2. They are subjected to biholomorphic mappings v keeping
p fixed, by replacing z; by w“tjw. We ask for a classification of the pairs of (1,, 15),
and more generally of the group generated by the 7;, under the pseudo group of
biholomorphic mappings near p.

Taking &, # as coordinates in C?, p as the origin and the linearized maps drj|, as

dr: (&, m—> @0, A7'E) with A =A7"=4%0
we can state our result as follows:

THEOREM 2. If |A|*1 then there exists a biholomorphic mapping vy near the origin
with y(0)=0, taking the two given holomorphic involutions t; into

vy € ) (A ED 7, AEDT'E)
where

A =A;'=A+6En)y, 6=1,0,5=1.

For our application we will have to consider these holomorphic involutions z; in
conjunction with an antiholomorphic involution ¢ describing the reality condition and
satisfying

T1Q = 073.
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This leads to a finer classification of (z;,7;) under the group of biholomorphic map-
pings y which commute with @. In particular, we will have 4 real or |A|=1 in corre-
spondence to the elliptic or hyperbolic quadric.

In Theorem 2 we had to rule out that 4 lies on the unit circle. Actually, if |i]|=1, A
not a root of unity, one can still find a formal power series expansion for ¥, but in
general one has to expect divergence of these series. This is a *“small divisor problem’’
as one encounters it in Celestial Mechanics. The product ¢=1, 1, is the crucial map
which has to be normalized. Its linearization at the origin dg|o has the eigenvalues
A%,A72

However, in celestial mechanics one restricts oneself to area-preserving map-
pings, and the analogous equivalence problem was studied by G. D. Birkhoff [3]. In our
case the area-preserving property is replaced by the condition

‘P‘] =nn= Tl_l‘P"i

which corresponds to ‘‘reversible’’ systems of differential equations. Mappings of this
nature which can be represented as a product of involutions actually also played a role
in Birkhoff’s study of the restricted three body problems (2].

In case A is not on the unit circle one has no difficulty of small divisors but the
corresponding convergence proofs are not straightforward. We apply here a refinement
of the majorant method as it was developed for area-preserving mappings in [12] and
(11].

One may be led to the involutions 7,,75,0 of Theorem 2 by the problem of
characterizing intrinsically the trace f on M of a function g holomorphic in a neighbor-
hood of M. The key to this is to complexify M. Replacing Z by independent complex
variables w in the equation for M gives the complex analytic surface

M= {(z, w)EC* R(z, w) =0, R(w, z) =0}.

If the natural projections m,(z, w)=z, 7,(z, w)=w are restricted to P, then f and g are
related by f=gou,. For y#0, x, and x, are two-fold branched coverings. The covering
transformations t,, 7; are holomorphic involutions on i fixing the origin. The condi-
tion for,=fis an intrinsic characterization of the restriction of a function holomorphic
in z. It is a discrete analogue of the local characterization [9] by H. Lewy of the
restriction of a holomorphic function to a strongly pseudo-convex real hypersurface.
corresponds to the tangential Cauchy-Riemann operator, and the mapping ¢ is a
discrete version of the Levi-form. In the elliptic case ¢ can be embedded in a flow ¢/, ¢



258 J. K. MOSER AND S. M. WEBSTER

complex. The orbits of this flow intersect M precisely in the curves bounding the above
mentioned analytic discs.

If the surface M is elliptic, then A is real, A#+=1, and the origin is a hyperbolic fixed
point of ¢ in the sense of mappings. In this case we have a satisfactory theory. If M is
hyperbolic, ¢ is elliptic. The subtleties of the theory of elliptic mappings, e¢.g. small
divisors, make the theory of hyperbolic surfaces much more difficult.

Previously it was known to Bishop [4] that y is a biholomorphic invariant. He also
proved in the elliptic case the existence of a one-parameter family of analytic discs with
boundaries on M2cC? near the complex tangent p. Hunt [7] investigated further the
regularity of M, the union of these discs. In [8] it was shown that M is a C* manifold-
with-boundary for 0<y<1/2, and that the discs are unique. In [1] Bedford and Gaveau
consider hulls of holomorphy from a global viewpoint.

In section one of this paper we discuss the connection between surfaces and
involutions. In fact, we show the equivalence of certain complex surfaces I with
suitable pairs of involutions 7,,7,. We dicuss thoroughly in section 2 the quadric
surfaces, which correspond to pairs of linear involutions. Here the basic phenomena
are clearly revealed. Section 3 deals with pairs of non-linear involutions on a formal
level, and section 4 contains the convergence proof for Theorem 2. In section 5 these
results are applied to derive the normal form for the manifold M.

In section 6 we discuss hyperbolic surfaces. In particular, we show divergence of
the transformation into normal form for an example, using ideas previously developed
for area-preserving Cremona transformations [10].

1. Surfaces and involutions

Let M be a smooth real analytic surface in C2. It may be described locally by two
independent real equations or by one complex equation,

M:R(z,2)=0, R(Z,2)=0, dRAdR=*0, (1.1

where R is a power series in z=(2,2,) and Z. We wish to investigate the local
properties of M under the pseudo-group of local biholomorphic transformations

2 =f@), 7 =f2.

We assume that the point z=0 lies on M. By interchanging R and R we may assume that
the holomorphic linear term in R is non-zero. After introducing this linear function as a
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new z, variable, we may assume that M has the form z,=pZ,+¢gZ,+... and after a
further transformation we achieve g=0, so that

22=pH1+F(z1Z)), F=0(z;]»). 1.2)

If p#0 we may introduce new coordinates z' by z;=pz;+F(z},23), 21=21. M then goes
over into the totally real plane z5=2Z]. Hence, M has no invariants near such a point.
We henceforth assume that p=0, so that the z;-axis is a complex tangent to M at the
origin. M is then given by z,=azj+bz, 7, +cZ+.... We make the non-degeneracy
assumption that »+0. Then by a quadratic change of z, we may achieve b=1, a=é=y.
A rotation of z; makes 0=<ty. The surface M is now assumed to have the form

H= F(Zp Z-l) = Q(Zp 2_1)+H(Zl’ Z—l),

: (1.3)
q=y4+z,7,+yZ, 0sy<ow, H=0(zP).

The non-negative number y is a biholomorphic invariant of M first considered by
Bishop [4]. The complex tangent is elliptic if 0<<y<1/2, parabolic if y=1/2, or hyperbolic
if 12<y<e>,

For our investigation it will be necessary to characterize those real analytic
functions on the surface M which are the restrictions of functions holomorphic in some
neighborhood of M. This is facilitated by complexifying M. We replace 7 by independ-
ent variables w=(w,, w,) in (1.1) and define a smooth complex analytic surface I in
C* by

M:R(z,w)=0, R(w,27)=0.
Complex conjugation (z, Z)-+(Z, z) goes over into the anti-holomorphic involution
oz, w)=(w, 2).
More generally we consider a complex surface
IM:R(z,w)=0, S(z,w)=0, dRAdS=*0,
passing through the origin of C* under the wider group of transformations
=), w =gw). (1.4)

Such an I comes from a real surface McC? if and only if o=, and such a
transformation is induced by a holomorphic mapping of C? if and only if f(z)=g(z). (The
bar indicates complex conjugation of the coefficients only in the series g.)



260 J. K. MOSER AND S. M. WEBSTER

There are two invariant projections on C*, m,(z, w)=2z, 72(z, w)=w. They are
related by m,=cm, 0, where ¢ denotes complex conjugation. We denote the restrictions
of m; and m; to IR by the same symbols. The real and imaginary parts of z; may be
taken as coordinates on M, and (z,, w,) as coordinates on J. A real analytic function
J=f(z1,7Z;) on M may be continued locally to a function f=f(z;, w;) holomorphic on Ii.
The original function is the restriction of a holomorphic function if and only if the
extended function f satisfies f=gos; for some function g=g(z) holomorphic in z.
Similarly f'is the restriction of an anti-holomorphic function if and only if the extended f
satisfies f=gom,, g=g(w). fis real if and only if fop=cf.

The possible linear structure of I is more varied. To describe it let P,={w=0}
and P,={z=0} denote the z and w coordinate planes, and P denote the tangent
complex two-plane to I at the origin. There are four possibilities;

(1) P is totally real: dimPnP,=dimPnP,=0,

(2) P is partially holomorphic: dimPnP,=1,

(3) P is partially anti-holomorphic: dimPnP, =1,
(4) P is complex: dimPnP,=dimPnP,=1.

We shall study IR only in a neighborhood of a point at which its tangent plane P is
complex (type (4)). Generically through such a point there exist a curve C, of points at
which the tangent plane is of type (2) and a curve C, of points at which it is of type (3).
Locally IR is given by

L= F(Z], w]) = ((I+H)(Z|» wl)
w, =Gz, w,) = (Pp+K)(z), w,).

(1.5)
The quadratic terms g and p are both assumed to have a non-zero z; w,-term, and so
may be put into the form
S 2 — 52 2
q = az;+zw,tawi, p=bzi+z,w +bwi,

via a transformation (1.4). The product ab is invariant under (1.4). If ab+0 then by a
substitution (z;, w,)>(az;,a”'w,) we may achieve a=b=y€C. y is then invariant up
to sign.

We now assume that

P=q=yzi+z,w,+ywi, y#*0. (1.6)
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In this case, when restricted to IR, the projections
(21, w) = (21, F(z1, wy),  72(21, wy) = (wy, Gz, wy))
are locally two-fold branched coverings. The branch locus of x, is given by

2, = F(z, wy), le(zl, w,) =0,

which is a smooth curve in the (z;,z;)-plane since lewl((),('))=2y=i=0. Likewise, the

branch locus of 7, is a non-singular curve in the w-plane. The equation w=w’ or
q(Zi, wl)_q(zlv wl) = K(Z], wl)—K(Zi’ wl)

together with (1.5) generally have a unique solution z’'#z. By the implicit function
theorem they define a local self-mapping of It

’

1
3= —11—7 w,+h(z;, w,)

4E 1.7
w; = wy,

which is an involution, tf=id. Similarly z'=z or F(z;,w})=F(zy,w;) and (1.5) deter-
mines a second involution

3=z
7,

?

wy= ——:7z,—w,+h2(z,,w,). (1.8)

7 and 7, are the covering transformations for =z, and &,, 7, 1.=m,, 77;=7,. The
fixed point sets of 7, and 7, are the curves C, and C, mentioned above. If I satisfies
the reality condition, then 1, p=pr1,.

We may now characterize the trace f on I of a function g(z) holomorphic in z.
Since f=goum,;, we necessarily have for,=f. Conversely, suppose f=f(z,,w,) is analyt-
ic in (z,,w;) and invariant under 7,. There then exists a single-valued function
g=g(z1,22), defined and holomorphic on the base of the branched covering 7, away
from its branch locus, satisfying f=gom,, or f(z;,w,)=g(z,,F(z;,w,)). Since g is
bounded it Extends to be holomorphic in a neighborhood of z=0 by the Riemann
extension theorem. We may also say that the functions z, and F(z,,w,) generate the
algebra of r,-invariants. The condition for,=f characterizes the trace on ¢ of a
function holomorphic in w (anti-holomorphic in a neighborhood of M).
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The mapping ¢=1; 72,

i=—(=y )z 4y w

2

» (1.9)
wy=-y z;—w+...

is also very important for the study of the surface M. It has the origin as an isolated
fixed point. We shall see in section 2 that this fixed point is hyperbolic if M is elliptic
and elliptic if M is hyperbolic.

The condition for,=f is an analogue of the tangential Cauchy-Riemann equations
on a real hypersurface in C”. In fact, such an analytic M>*"~'cC”" yields, upon
complexification, IM?"~'=C?". The two projections ;,7,: M**~!—C" each have
rank n and (n—1)-dimensional fibers. The tangents to the fibers of 7; are spanned by
the n—1 independent complexified tangential Cauchy-Riemann operators. A function
on P27~ 1 annihilated by these operators is constant on the fibers of 7; and so comes
from a function holomorphic in z alone. In the case n=2, there is only one independent
tangential vector field P of type (1,0). By complexification, (P, P) goes over to (P, Q)
on I3, We consider the flows

Y =exp(tP), y;=exp(tQ)

with ¢ complex. They commute when [P, Q]=0, which implies that the Levi-form of M
vanishes. Thus the commutator ¢*=r,7,7;'r;' may be thought of as a discrete ana-

logue of the Levi-form. Under the assumption that the linear part of @ is not nilpotent,
we shall derive a normal form for M in section 3. This may be compared to the normal
form in [5] for a non-degenerate real hypersurface.

To further emphasize the importance of 7, and r,, we next wish to show that two
suitable such involutions defined and holomorphic in a neighborhood of and fixing the
origin of C? give rise to a surface I in C*. Let the coordinates of C? be denoted by
X=(x, y)’, and suppose

1. X' =T, X+h(X), h;=O0(XP),

' (1.10)
T}=1, hery=-Th, j=12.

For each j we assume that the 2 by 2 matrix T; has a (—1)-eigenspace of dimension one,
and consequently a one-dimensional (+1)-eigenspace. Let the eigenvectors be denoted
by Uj+, vi. We further assume that each of the pairs of vectors (vy,vy), (7, v3), (U7, U])
is linearly independent. After a linear change of coordinates (x,y), we may assume
v; =(1,0) and v; =(0, 1)/, and so
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-1 ¢ 1 0
R R SR

The other two independence conditions are equivalent to ¢;%0, c,+0. More explicitly
we now have

.x’ =—x+c,y+fi(x,y)

Ty =yrg(x,y) w12
X =xtgy(x,y)

T,
2 y =sz—)’+f1(x,y),

where the fj, g; are of second order. We define four new functions by

Zy=y+yor,=c,x+f)(x,y)
L=y y0T,=C;xy=y +yf(x,y) w13
wy=x+xo0t,=c,y+fi(x,y) )

w, = x-x07, = ¢, xy—x*+xf,(x, y).

Clearly, (x, y)— (z, w) defines a map of rank two. If we use the first and third equation
to eliminate x and y, then the image is seen to lie on a surface

=o'z w,—c;wi+ ...

w,=c; 'z w,—c; 23+ ...
This can be put into the form (1.5), (1.6) by a transformation (1.4). It is clear that 7, and
72, by fixing the functions w and z, respectively, are the involutions induced by this
embedding. Since (w,, w,) and (z,, z2) generate the functions invariant under 7, and 75,

respectively, it follows that any other such regularly embedded surface realizing the T;
is equivalent to this one via a transformation (1.4). We have proved the following.

PROPOSITION 1.1. Every analytic surface (1.5, 1.6) gives rise to an intrinsic pair of
involutions (1.12). Conversely, every such pair (1.12) are the intrinsic involutions of
some surface (1.5, 1.6) in C*.

Note that the two (+1)-eigenvectors (v],v;) are dependent precisely when c, c,=4.
This is the parabolic case, corresponding to y=%1/2 in (1.6).
An anti-holomorphic involution ¢ fixing the origin in C? has the form

0: X' =PX+k(X), k=0O(XP)

PP=1, k(o(X))=-PkX), (1.14)
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the last two equations being equivalent to o>=id. The fixed points of g are the solutions
to the system X=p(X), which in view of the conditions (1.14), is equivalent to a single
equation (1.2) with p#0. If this surface is transformed into R°’cC?, then ¢ may be
put into the form g(x,y)=(%¥). The change (x,y)~s(x+iy, x—iy) gives the form
o(x, y)=(y, x). If the involutions (1.10) also satisfy 7, 0=gt, for ¢ in this form, then
zop=w, and (1.12) gives rise to a real surface (1.3) in C2.

Next, we consider a real analytic n-dimensional manifold in C". Generically, such a
manifold M is totally real and so locally equivalent to the standard R” in C*. We shall,
however, study M near a point p at which it has a complex one-dimensional holomor-
phic tangent space. We use the following coordinate notation

2=(2,2 2,)s 2, = X, +iy,, 2sas<n-1
(1.15)

X=Xy, 00y X,
The Greek indices a, 8, o will generally have the range from 2 to n—1 throughout this
paper. These coordinates are initially chosen so that p is the origin, the z;-axis is the
holomorphic tangent space to M at p, the (zy, x)-space is the real tangent space T, to M
at 0, and z,=0 is the complex envelope, T,+iT,, of this real tangent space. We may
then express M locally as a graph

2,=F(z,%;,x)

(1.16)
Ya =f;,(Z|, Z-px) =fa(z-|» Z]sx);

where F,f, begin with quadratic terms. Those in F have the form q+q,+q;,

q =azi+bz z,+cz},

9= Z aaval+bava|,

q,= z Cap X Xp-

As in the two dimensional case we make the non-degeneracy assumption that b+0, and
even that b=1, a=c=y, 0sy<x,

Further simplification of F, f, is made as follows. To eliminate the second term in
q; we make the change z,—z;+L A,z,. Consideration of g(z;+L A,z,) shows that
we must solve

2¥Aq+A,= —b,
A +2yA, = —b,,
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which is always possible if y#1/2. The remaining terms in g, and ¢, are eliminated by
the change z,+2,—X (a,2421+Co82a2p). Next we eliminate the quadratic terms in
Ja» which have the form g,+¢1,+¢2q,

qa = aa Z%+ba zl Z-l+aa Z-f, ba = Ba’
41, = 2Rez CapXp 21>
92 = Z CopoXpXgy Copo= éaﬂa.

The z; Z;-term in g, is removed by z,+>z,+ib, z,. With this term zero, the remaining
quadratic terms are removed by z,—z,+2i L c,5 252+ L € o, 25 2,+2ia, zn.
From this point on we assume that M has the form (1.16) with
F =q(z,,2)+H(z,, Z;,%), H=0(z]’),
fi=h21, 2, 0= ho(2,,2, %), hy,=O(z]), (1.17)

5 1
q =7z§+5121+72f, 0sy<om, ‘y*?’

Before continuing let us examine the locus N of those points near the origin at which M
has a complex tangent. We set r’=F—z,, r*=f,—Y,, and

_ 3,

(2,25 2,)
the Jacobian determinant. Then N is given by (1.16) together with A=A=0. In view of
(1.17) A==(i/2)""2(Z;+2yz;)+.... The condition y+1/2 allows us to solve A=A=0
explicitly for z; and Z,: z;=y(x), Z,=v(x). Thus if y%1/2, then N is a totally real (n—2)-
dimensional manifold lying on M.

Now we complexify the manifold M by replacing Z by w in (1.13) to get a complex

analytic n-dimensional submanifold I in C*,

2,=F(z;,w,,x), 2x,=z,+w,
w,,=13‘(wl,z,,x), (1.18)
2, w,= 2if (2, wy, %) = 2if (w,, 2, X).
We note that these equations imply

Za =xa+lfa(zlywlyx)

Wq = Xg—if (21, Wy, X). (1.19)

18 —838283 Acta Mathematica 150. Imprim¢ le 15 ac0t 1983
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The variables (z,, w;, x) will be used as complex coordinates on JI®. The two projec-
tions 7,(z, w)=z and m,(z, w)=w, when restricted to I have the form

72y, Wy, X) = (2y, X, +if (2, W, x), F(z;, w), X)),

nz(zla w]’ x) = (wh xa—ifa(zla w],x)’ F(wl 1] 21 ’ x))'
Since I comes from a real submanifold M, the reflection o(z, w)=(w, Z) preserves N
and induces the anti-holomorphic involution o(z;, wy, x)=(,, Z;, X)-

Again the case y=0 is exceptional, so we assume that 0<y<oo, y31/2. We define a
holomorphic involution 7,(z, w)=(z’, w’) on I by w=w’, which amounts to the equa-
tions

q(zi, w)—q(z1, wy) = Hwy, 21, x)— H(wy, 21, x')

Xoq—iha(z1, Wy, x") = Xq—iha(z1, Wy, X).
By the implicit function theorem we get

7= -zl_%wl+K+(zl’ wy, Xx)
T, w=w, (1.20)

x,=x,+L (2, w,,x),

for certain functions K, L, of second order. The condition tf=id gives Kor,=K,
L,otr,=—L,. From 7,=p1, 0, we have
Z; = _Z]
[ 1 %
T W= _7Z|_w|+K(w|,pr) (1.21)
x,=x,+L (w,, z,,x).
7y is a two-fold branched covering with covering transformation 7,. To find the branch
locus consider the Jacobian determinant
024,24, 2,)
a(sz» wl) ’
where z,, z,, are given by the first equations in (1.18) and (1.19). Since

O(A, x,+if,)

0)= A, (0) =2y,
3wy, x5) 0)= A4, 0)=2y
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A =0 and the first equation in (1.19) can be used to eliminate (w,, x) in the first equation
of (1.18). This shows that the branch loci of 7; and m,=cm 00 are smooth analytic
hypersurfaces in z- and w-space, respectively. The same argument as in the two
dimensional case shows that an analytic function f=f(z,, w;, x) is the trace on I% of a
function holomorphic in z if and only if for,=f. Thus the study of the rn-manifold M
also leads to consideration of a triple of involutions (7, 72, 0).

2. Quadrics and linear involutions

In this section we consider the case in which M"cC" is the quadric Q,

. Z,,=Q(ZI,Z-|)E(IY(Z|,Z-1),
"y,=0, 2<as<n-1,

2.1

q,=y5+z, 4, +yz, 0sy<w
q.=7+12.

The coordinates are as in (1.15). This will be a prelude to the study of the general
manifolds of section 1. The cases y=0, 1/2, » are exceptional and enter the discussion
only in a minor way. We also consider the complex quadrics

zn = wn = q(Zl, w])’

Vo =w, 2x,=(@4w,), 2.2)

where g=gq, is of the same form, but with y complex. £, may come from a Q, by
complexification.

The projections m,(z, w)=z, 7,(z, w)=w restricted to £, are given by the quadrat-
ic mappings

n](zly w]r x) = (Zl’x’ ‘I(Zp w]))’

7t)(zy, wy, x) = (wy, x, g(z,, wy)).
If y=0, then z; collapses the lines z;=0, x=const. to points and is otherwise one-to-
one. If y+0, then m; and =&, are two-fold branched coverings having as covering
transformations two linear involutions 7, and 7,. The w-planes cut £, in the point-

pairs of the involution 7,, while the z-planes cut £, in those of 7,. Letting
X=(z;,w,,x)" be a column coordinate vector we have, as in (1.20, 1.21),

L0 =TX, T} =1, j=1.2, @3)
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where
-1 -yt 0 0 0
T,=[ 0 1 of T,=|-y! -1 of, I=1I_,. (2.4)
0 0 1 0 0 1

These formulas are also valid for y=. Each 7; has a one-dimensional (—1)-eigenspace,
so is a reflection in a hyperplane E;. The cases y=%1/2 correspond to E;=FE,. If y=
then a (—1)-eigenvector of 7; is a (+1)-eigenvector of 75, and conversely. Aside from
these exceptional cases E=FE|NE,, the space of points fixed by both z; and 75, has
dimension n—2, and 7, and 7, have no other common eigenvectors. The plane F: x=0 is
invariant under both 7, and 7,. If Q, is the complexification of Q,, then £, carries the
linear anti-holomorphic involution ¢(z;,w;,x)=@2,,7;,%) and g7,=7,0. @ preserves
both F and E, and E=N+iN where N is pointwise fixed by ¢. N is the locus of points at
which Q, has a complex tangent.

We now turn to the theory of a pair of holomorphic involutions on C", which we
assume to be given in the form (2.3). First we consider the case n=2. The complex 2 by
2 matrices T; are assumed to satisfy

2 _ = =
T!=1, detT+1=trT,=0.

Also, we require that T, and T, have no eigenvectors in common. The mapping ¢=1, 1,
has the matrix form

X)) =X, O®=T\T;, detd==*1. (2.5

LEMMA 2.1. Let the linear transformations t,,7, ¢ on C? be as just described.
Then g is diagonalizable with distinct eigenvalues u,u™", u*=*1. If (e,, e) is a basis for
which

@le) =ue,, @le)=u"'e,

then

t(e)=A"e,, Ti(e) =Ae

where A, A, '=u. The eigenvectors (ey, e) may be chosen so that A,=A;'=A, A*+1, and
are determined up to (ey,e))—(ae,, tae,) or (e, ex)—>(ezey). tro=12+1"2% is an
invariant of 11, 1,.

Proof. Let v be an eigenvector of ¢ with eigenvalue u. Then

V) =1172(V) = v, or T(V) = ury(v) = uePTL(v).
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Thus 7,(v) is also an eigenvector of ¢ with eigenvalue u~!. 7,(v) and v are independent,
since a relation cv=r1,(v)=ur,(v) would imply that v is a common eigenvector of both 1,
and 7,. If y=u~", then ¢=id, or 7,=+1,, which again implies a common eigenvector.

Relative to the basis e,=v, e,=1,(v), 7, and 7, satisfy the above relations with 1;=4,

A,=1. The change of eigenvectors of ¢, (e, e,)—(aeq,Be;y), results in AjHﬂ}.ja”‘.

Hence, we can arrange that A,=1;'=1, A*=u. We must then restrict to a=+8. Q.E.D.

Now suppose that 7; and 7, satisfy or,=7,0, for some linear anti-holomorphic
involution g, o%=id,

oX)=PX, PP=1 PT,=T,P.
Again let v be an eigenvector of ¢ with eigenvalue u. Then, since pop=1,07,=0,

o(v) = po(uv) = Ago(v),
so that o(v) is an eigenvector of ¢ with eigenvalue 4~!. Hence, either
) u=4a,
or
(i) pa=1.
Suppose u is real and let e,, e, be eigenvectors of ¢ as in Lemma 2.1. Since 4! is
the eigenvalue x4~ ! and p?=id, we have

ole)) =aez, olex)=a""e,.

From gt,(e;)=T1,0(e,) we get
AIZZ ada =1,
It follows that
y=l,l{' =ad,1,)fl>0. 2.6)

The change (e;,e;)—(ae;,Bes) results in (a,i)—(aaf~',fi;a™"). To make a=l1,
A142=1 by such a change, we require

B=ada, aB =14,

The second condition is (a/@)®>=a’4;A,=al,(al,)”". Since this last term has modulus
one, such an a exists. with this normalization, 1,=1;'=41=1. We must now restrict to
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B=a, a®>=4°. If we arrange that A>0, then we must have f=a=a. By interchanging e,
and e, we may take A>1.

Now suppose uji=1, so that ¢ has eigenvalues u=g"" and x~'. Then o(e))=ae;,
and similarly, o(e;)=be,. From o?=id we get aa=bb=1. The above change of eigen-
vectors results in (a, b)—>(Gaa™',8bB"). Therefore we can choose e;,e, so that
a=b=1. Now we must restrict to a and B real. The relation o1(e;)=720(e;) gives
Z1=4,. Hence by choice of real a and 8, we can make 1, 4,=1. Thus, 4,=4;'=1, 11=1.
We can arrange that Re A>0, then we must restrict to $=a=a. By interchanging ¢ and
e; we can make O<argA<m/2.

We introduce coordinates (&,7) by X=£&e,+ne,, where (e,e;) are the above
chosen eigenvectors of ¢. We have proved the following.

LEMMA 2.2. Let 11,75, ¢ be as in Lemma 2.1 and suppose that ov,=1,0 for some
linear anti-holomorphic involution o. Then there exist linear coordinates (&, 1) in which

u(&m=0nA7'8), wE n=0A""n1). 2.7

Also, either

() o&n)=01,& and A=A>1,o0r
(i) o &, =7 and Adl=1,0<argi<nl2.

2.8)

Such coordinates are determined up to (€, n)—(aé, an), a=a.

Next we consider two linear holomorphic involutions 7, 7> on C*. We assume that
each 7; is a reflection in a hyperplane E; and that E,+E,. Let E=E,NE, and v; be a
(—D-eigenvector of T;, j=1,2. We also assume that E, v}, v, spanC”.

LEMMA 2.3. (a) Let 1,75 be involutions on C" as just described. There exist
complex linear coordinates §,n,5=(Ls, ..., §,) in which

&N D=4 4780, j=12. 2.9)

They may be so chosen that A,=A;'=A and are then determined up to replacement by

(a&, zan, B, a€C, BEGL(n—2,C), or by (n, &, ©).
(b) If also ot,=7,0 for a linear anti-holomorphic involution @, then these coordi-
nates can be further specialized so that either

(l) Q(E! n, C):(ﬁ, év C_) and 1> 1, or
(i) o(&, 7, 0=(,7,8) and Ai=1,0<argi<m/2.

(2.10)
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They are then determined up to replacement by (ag, an, BY), a€ER, BEGL(n—2,R).

Proof. (a) Let F be the space spanned by v, and v, so that C"=F®E. We claim
that F is invariant under both 7, and 7,. Since r, v;=—v,, consider

T1U, = avy+Pv,+w, weEE.
We must show w=0. Since r?=id,
v, = —av,+B1 V4w = (B—1) av, +f2 v+ (B+ D w.
If w+0, then (v(, v,, w) are independent so §=—1, and a=0. This implies that
7 (v~ jw) = —(v,— Jw),

hence v,—w/2=cv;, which contradicts independence. Hence, w=0, and 7,(F)=F. A
similar argument shows that 7,(F)=F. Let 1/ be the restriction of z; to F. Then
detrj=—1, and by the condition on v,,v, and E,t{ and 75 can have no common
eigenvector. Hence, we may apply Lemma 2.1 to 1}, 75, to get basis vectors e;, e; of F.
We let e3, ..., e, be any basis of E, and (&, 5, {) coordinates relative to ey, ..., e,.

(b) We first show that o leaves E invariant. If 7;w=uw, then 7;0(w)=0(w) follows
from 7,0=01;, hence o(E)=E. Let N be the totally real fixed point set of ¢ on
E,E=N+iN. Choose the coordinates { on E so that g: {— . We next show that F is
invariant under g. To see this note that

7y o(F) = o1 F) = o(F)
72 o(F) = o1(F) = o(F).

Hence, o(F) is invariant under both 7, and 7,. Relative to a basis compatible with the
decomposition g(F)®E=p(F)®o(E)=C" it is easy to see that dett/=—1, where
7;=T}o¢). So 7/ has a (—1)-eigenvector u; in o(F). By the assumption made on 7,75,
we must have u;j=cv;. It follows that u,, u, are independent and o(F)=F. We now apply
Lemma 2.2 to i, 75. Q.E.D.

Given involutions 7;,7;,¢ as in (2.7, 2.8) in canonical coordinates (&, 7, )
A,=47 =1), we shall construct a quadric Q,. For this we must construct the ‘‘holo-

morphic’’ coordinates z and the ‘‘anti-holomorphic’’ coordinates w. Linear combina-
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tions of the , are invariant under both 7; and 7,. Aside from these the most general
linear functions invariant under 7, and 7, respectively, are

4= b(/1§+77)

w, = a(§+An),
where a and b are complex constants. We should also choose z; and w; so that ¢

corresponds to (zy, Wy, x)— (0, Z;,%). If A=4 we need a=b, while if Al=1 we need
aA=b. Thus for the two cases in (2.10) we take

2 =b(iE+n)
D w, = bie+any
7y =b(E+)
W = biE+in)

The quadratic functions invariant under both 7; and 7, are linear combinations of &z

and &, &g.
We want to choose b so that g(z;, w,) is a multiple of &7, for some ¢ of the form

(2.1). In case (ii) this requires that
b*A%+b%1% = b*+ B

Taking bb=1, we get b*=1"2,
Hence, in both cases, we arrive at

z, = iA " (AE+),
w, = —i}._”z(§+/177), (2.11)
=W, =x,=¢,.

It follows that

g=z,w,+¥(Z+w) =y '(1-4y") &n,

y=(G+A")">0. (2.12)

We define

Z=w, =y '(1-4") &n. (2.13)
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71, T2,0 are the involutions induced on the surface (2.12, 2.13). We may write the
relation between y and A as

yAl—A+y=0. 2.14)

If A%+1 is real, (2.14) has two distinct real roots, 4, A~!. It follows that y<1/2 and the
surface is elliptic. If AA=1 and 0<Re A<1, then y=(1/2) (Re )~ '>1/2 and the surface is
hyperbolic.

Conversely, given 7, and 7, with the matrices (2.4), we can use (2.11) to define the
canonical coordinates (£,%,%). We only have to find A. A2=u is an eigenvalue of
@=1,7,=1,07,0. In terms of matrices ®=T, T,=T, PT, P=(—T, P)?, where T, are
given by (2.4) and

0 0
P=11 0.
0 i

S O -

The eigenvalues of —T, P are given by (2.14) together with A=—1.

The mapping (2.11), (2.13) has an interesting geometric interpretation. In the
elliptic case the relation w,=z; corresponds to n=&. Under (2.11) the ellipses
q(z1,Z,)=c>0 are mapped to the circles ££=c¢'>0. In fact (2.11, 2.13) maps Q, to Q.
In the hyperbolic case the relation w,=z, corresponds to §=&, n=+#. The hyperbolas
q(z1,Z1)=c are mapped to the standard hyperbolas §n=c’. @, is mapped to Q. by
(2.11, 2.13). Of course, (2.11, 2.13) is not holomorphic in the usual sense.

The linear map ¢=1, 13,

P& 7,8 =W u"'n,8)

leaves fixed the linear space §=1=0, i.e. z;=w,;=0. As mentioned above this is the
complexification of the space of those points on Q, having complex tangents. When
n=2, ¢ has an isolated fixed point which is hyperbolic (u>0) if Q, is elliptic, and elliptic
(u4iz=1) when Q, is hyperbolic. ¢ may be interpolated by the flow

@&, n,8)=(e"E, e "1, L), 2.15

where e’=u, ¢p'=¢, and either
i) v=v
or

(i) v+v=0.
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¢ preserves the family of complex conics énp=const., i.e. g(z;, w)=c, on £,. If ¢ is
real the complex conic meets Q, in a real conic, which may be degenerate. ¢ does not
preserve Q, since o~ 'gpo=¢ '#q, if y*o. If we allow complex ¢, then ¢'o=p¢ ™" in
both cases. Thus ¢ commutes with g precisely when ¢+¢=0. The orbits of ¢’ on Q, for
t+1=0 are the real conics. The infinitesimal generator is a vector field on Q, tangent to
these curves.

As mentioned in section 1, g?=[1y,7,}=id is a direct analogue of the vanishing of
the Levi-form on a real hypersurface. Among the quadrics O, this happens only when
y=o, Q, is the intersection of two Levi-flat hypersurfaces Re(z,—2z})=Imz,=0. A
weaker condition is that ¢ should be nilpotent. This happens precisely when 4 is a root
of unity and causes difficulties for the normal form in section 3. The eigénvalues of ¢
are multiple precisely when u==+1. It is an interesting fact that ¢ is diagonalizable
(p=-1) for u=—1, i.e. y=, while for u=-+1, i.e. y=1/2, ¢ is not diagonalizable.

Finally, we make a remark on the automorphism group of Q,, y=+0,1/2, 0. It is
clear that the holomorphic map

leza(zn’za)zl’ a=a, ba=6a’
7, =dz,,2,)z, a=+0,deth *0, (2.16)
2,=b,(z,, 25, forz=0,

preserves ,. Via the mapping (2.11) this corresponds to

(& 1,8 (aln, O, alEn, O)n, bu(n, 0) La),

which is an automorphism of the set of involutions 7,, 75, 0. In the next section we shail
use this to show the most general self transformation of Q, is of the form (2.16) where a
and b, are arbitrary real formal power series, if ¥ is not exceptional.

3. The formal theory of a pair of involutions

The considerations of section 1 have led us to a pair of holomorphic involutions 7, 7,
defined in a neighborhood of a fixed point on a complex manifold I%. In this and the
following section we assume P=C", with coordinates x, y, 2=(2,), 2<a<n—1, and that
the origin is the fixed point. We now ask for a new coordinate system &, 7, {=(§,) in
which 1;,7, take a particularly simple form, a so-called normal form. We shall first
discuss the normal form in the realm of formal power series on a purely algebraic level.
Later, in the next section, we discuss the question of convergence. The case in which
7, and 7, are intertwined by an anti-holomorphic involution ¢ will also be considered.
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One may proceed directly with the mappings z;; however, we shall base our analysis on
the mapping ¢=t,1,. As in the linear case (section 2) we shall normalize ¢ and then
show that this forces a normalization of 7, and ,.

By the results of section 2 we may take 7; of the form

x'=Ay+p(x,y,2)
v ¥ =Axtqxy,2), j=12. G.1)
2= 2,H1,(x, ¥, 2)

Then ¢ has the form

x'=ux+f(x,y,2)
@ ¥ =uy+gx,y,2) (3.2)
2, =2, h,(x,y,2)

where u=1,4;'. Here p; q; r;,f g h, are formal power series vanishing to second

order at the origin. We subject these mappings to the group &' of formal transforma-
tions which agree with the identity to second order. Such a y € &' has the form

X = U(E: . C) = €+u(§’ n, C)
ypry=V(En O =n+tvEn ) (3.3)
= W(Er n, C) = C+W(§, n, C),

where z, w, W are (n—2)-vector valued and u, v, w begin with quadratic terms. We call
Y normalized if the power series u,v,w do not contain terms of the form
Erpd Eipi*t, or E/nl, respectively, for any jEZ*. Any formal power series
p=p(&, n, {) may be decomposed as

p= > pEND, pEMY=D > puEnitk.

s== i~j=s KI=0
We shall say that p, has type s. The normalizing conditions on 1 may be expressed as
u1=0, v_ =0, w,=0. (3.4)
LEMMA 3.1. Any p €®' can be uniquely factored into
Y =100,
where Y, is normalized and & has the form

0:(&,n, 8 (a&, Bn, t+y),
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where a, B,y are power series in § and the product En. If y is convergent, so are Y,
and 4.

Proof. We may define such a, 8, y by

U=an, )& V_1=pEnOn, Wo=E+y(&n, ), (3.5)

and form o0 as in the statement of the lemma. Since the transformation
p>pla&, By, E+7) commutes with the projections p+—sp; it follows that yo=ywod~ ! is
normalized. Conversely, any such decomposition g, d forces (3.5) so 6 and y, are
unique. It is also clear that if 1 converges, so does ¢ and hence also . Q.E.D.

LEMMA 3.2. Let 1), j=1,2 be two formal involutions given by (3.1) with u=41,2;'

not a root of unity. Then there exists a unique normalized transformation y as in (3.3)
such that relative to the coordinates (§,1, §)

§=Am £ = ME
yplogoy: 1 =A'E j=1,2; ¥ leyiin'=My; (3.6)
g=¢ ¢=¢

where M=A,A;' and the Aj=A;+ ... are formal power series in & and the product &y.

Proof. We proceed by induction on the homogeneous degree in all variables of the
terms in w"'tjw. We assume that 7; has been transformed so as to have the form (3.6)
modulo terms of order m and higher by a unique choice of the terms in y of order less
than m. It will suffice to show that the term of order m in ¥ can be chosen uniquely so
that ™~ 'z;y has the form (3.6) modulo terms of order m+1. Thus assume 7; has the
form

x'=Ay+p+...
1 (Y = A 'x+gpt .., j=1,2 (3.7)
' =z4r+ ..

where A;=A/(xy, z) are polynomials of degree <m—1, p;, g;, r; are homogeneous poly-
nomials of degree m=2, and the dots indicate higher order terms. Using rf=id and

noting A;7,=A;+O0(m), we get

Aqix, y, D+pfAy, A ' %, =0, j=1,2,
rxy, D+rdy, A% =0, j=1,2. (3.8)
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It follows that @ has the form

x'=Mx+a+ ...
@: 3y =M 'y+b+... (3.9
Z'=z+c+ ...

where M=A, A;' and q, b, ¢ are the homogeneous polynomials of degree m given by

a(x,y,2)=2,q,x,y, 2)+p,(4, 5, 4;'x, 2)
b(x,y,2) = A7 'pyx, ¥, 2)+q,(A, ¥, 27 'x, 2) (3.10)
cx,y,2) =ryfx,y, 2)+r(d,y, A7 'x, 2).

Now let i have the form (3.3, 3.4) in which u, v, w are homogeneous polynomials of
degree m. We shall choose u, v, w so that =1~ '@y has the form given in (3.6) modulo
terms of order m+1, and then show that automatically the y~'7;y also have the form
in (3.6) to the same order. Let ¢ be as in (3.9) with M=M and a, b, ¢ homogeneous of
degree m in (£, n, §). Since M(xy, z)=M(&n, §)+O(m), comparison of terms of degree m
in y@=qy gives

u(ug, u~'n, §)—puE, n, ) =(a—a)(& 1, o)

vé, 'y, )~ 'v(E, n, §) = (b—b) (&, 1, ) G.11)

wué, 1™, O)—w& 1,5 = (=& (& n, ).

We wish to make a,=0, for s*1, b,=0, for s+—1, and é,=0, for s+0, where s indicates
the type. This leads to the equations

wW-wu,=a, s+l
@w-u Yo, =b, s*+-1
w-DHw,=c,, s*0,

which clearly can be solved for u;, v, w, since by our assumption no power of u is
unity.

For the exceptions just made the left hand sides vanish, forcing
ag=ay, b_,=b_,, é=co
The normalization (3.4) makes the solution unique. Hence, we can achieve that
a=A(xy,2)x, b=B(xy,2)y, c=C(xy,2) (3.12)

by a unique choice of the terms of order m in v, if ¥ is normalized.
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We next show this actually implies ¢=0 and r;=0, j=1,2. To see this let 7,15, ¢
temporarily stand for the linear parts of these mappings. By (3.12) we have
Ct1=C1,=C. The third equation in (3.10) is equivalent to

r2+rlrz=C, r1+r212=C.

(The second relation follows from an application of 7,.) The second equation of (3.8)
gives respectively for j=1, 2,
R==rn, Nne=-—nt.
Hence,
r—rig=r—rn=C
or
rn—rip=2C.

Since u is not a root of unity, this last relation implies that the terms of type s¥0 in r
vanish. Therefore r;7,=r,. By (3.8) r;=0. It follows that r,=—C is of type 0, so must
also vanish. We next want to show that

pilx,y, 2)=Pi(xy,2)y, qj(x,y,2)=Q;lxy,2)x. (3.13)

To see this we write the first two equation of (3.10), taking into account (3.12), in the
form

A,9,4p, 1,=xA, A'p,+q,7,=yB.
We also write the first equation in (3.8) as
a=-4'p1, @=-4'pT
Eliminating g, and g, we get

P1—Up2=A2yA, p2—p19=4,yB,

where we have used (xA)z,=A,yA. Eliminating first p, and then p, and using
(xA)op=uxA, we get

P1—upy @ = y(Ay A+ui, B)
P2—up2@ =y u"'A+2 B).
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Again, since u is not a root of unity, these equations imply that p; and p, are of type
s=—1 in (x,y). Thus the first equation in (3.13) holds. Eliminating p, and p, via
Pi=—A;q;7; gives
a—#"'q 9 =x(@'AT'A+2;'B),
@170, ¢ =x(A;'A+4; 'uB).
These imply that g, and ¢, are of type s=+1. Hence, (3.13) is proved.
Returning 7;, ¢ to their original meanings, we may write (3.7) as
x'=(AFP)y+ ...
7y =N\ +Q)x+ ...
=z+ ...,
where the dots indicate terms of order m+1 and higher. The relations (3.8) and (3.13)
give
-1 — P —
A7 P+2,0,=0, j=1,2,
which imply that
(A+P) (Aj’l +Q) = 1+0(m).

If we replace A; by A;+P;, then we have achieved (3.7) with the degree m replaced by
m+1. By induction we can achieve the form (3.6) for v~ 'z; with a unique normalized
. The form of y~ '@y follows, and the lemma is proved. Q.E.D.

In view of the applications we wish to make to surfaces we consider the case in
which 7, and t; are intertwined by one of the linear anti-holomorphic involutions o

(i) olx,y,2) =0, %, 2),

(i) ox,y,z)=(%,7,2). (3.14)

We have the following lemma.

LEMMA 3.3. Suppose that the t,,7t, of Lemma 3.2 also satisfy ot\=1,0, Where g
is one of the anti-holomorphic involutions (3.14). Then the transformation ¢ satisfies
yo=pvy, and the factors A, A, are related by

(i) AyEn, D =AxEn, D",
(i) A(&n, Q) =Axén, ).
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Proof. Let 1} denote the normal forms (3.6) so that yr¥=7,9, j=1,2. We have
(eyo) (ot)0) =(07;0) (0y0)- By the special form (3.14) of ¢ it is easy to see that gy also
has the form (3.3) with the normalization (3.4). Also, gr}"g is of the form (3.6). By the
uniqueness part of Lemma 3.2 it follows that pyo=1 and consequently gtfo=rt}. This
gives the condition on A, and A,. Q.E.D.

THEOREM 3.4. Let 1ty and 1, be two involutions as in Lemma 3.2. Then there
exists a transformation vy in &' taking 1, and t, into the form
Yl En D (A, ATIE D)

YLy O (AT, AL D), (3.15)

where A=A+..., ReA>0, is a formal power series in § and the product &y. The most
general transformation of the t; into this normal form is y ©o0 where

0:(&, 1,0 (r&n, D&, r&n, On, f(&n,0), (3.16)
and r(0,0)%0 and f is invertible. If in addition ptr,=1,0, where g is given by (3.14), then
yo=o0y and rEn, §)=#&n, §), f(&n, D)=F(En, §). A satisfies

(i) AEn, &) =AEn, D),
(i) A&n, OAEy, D=1,

according to the form of o.

Proof. By the linear theory we may assume A,=4;'=A, Rei>0. Consider the

mapping
&1, 8-> WEn, OEVEN D', D),

which preserves &7. It commutes with g if

@i vw=lI,
or

(i) v=17.
Its effect is to preserve the form (3.6) while replacing A; by Ajv‘z. We can make

A Ay=1 by choosing

vi=A A, (3.17)
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If o is given by (3.14 i), then A; A,=1, so there is a fourth root v satisfying v=1. If ¢ is
given by (3.14 ii), then A;=A, and there is a real fourth root. Let ¢, €®" be a
transformation of the 7; into normal form z}* We factor y;=y(©0 as in Lemma 3.1. It

is easy to check that the transformation 0 takes normalized involutions into normalized
involutions. So ¥, 6t¥=1,1,0, or Y (87}~ )=1;3,, implies Y=y and Ot}=7}6 by the

uniqueness statement in Lemma 3.2. This last relation gives

AflaBtn, t+y)B=aA(én,b), j=1,2.

Since A;A;=1, we get a*=p%. The restriction ReA>0 forces a=f=r, and we set
f=t+y(En, 0. If v, € @' its linear part has the form resulting from Lemma 2.3. This
proves the theorem. Q.E.D.

Let Q, be one of the quadrics (2.1) with y=+0,1/2, . We shall say that Q, is an
exceptional hyperboloid if A given by (2.14) is a root of unity. Necessarily y>1/2. If y is
a formal automorphism of Q,, it induces on £}, a mapping y satisfying

YL =159y, Yo =o90y.

By the theorem v is of the form (3.16) with r and freal. Passing to z, w coordinates via
(2.11), (2.13) we get a mapping of the form (2.16). Hence, we have

COROLLARY 3.5. Suppose that y+0,1/2,® and that Q, is not an exceptional
hyperboloid. Then the most general formal automorphism of Q, is of the form (2.16).

The normal form for ¢ lends itself to showing that ¢ can be embedded in a flow ¢*
with ¢'=@, ¢°=id; ¢"**=¢" 0@, We discuss this question for n=2, since the varia-
bles ¢ are uninteresting for this problem. In the realm of formal power series a mapping

@&, W+, u" ')

with x4 not a root of unity can always be embedded in such a flow; moreover if
op=¢~'o we have p@p'=¢ ‘0 and the embedding is essentially unique. The freedom is
determined by the choice of logu alone.

The existence of such an interpolation follows at once from the normal form

@: (& M (ME M 'y)
by defining the formal power series

N(&n) =logu+log (u™"'M)

19838283 Acta Mathematica 150. Imprimé le 15 aott 1983
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where the second term is a series without constant term. Thus the embedding is given
by
@' (&, M (e™NE, e~ Mp).

If u is real, and a posteriori positive, we have M=M and can define N as a real series. If
|#)=1 we have MM=1 and we have in N a series with purely imaginary coefficients, i.e.
we have in the two cases

(i) N=N,
(i) N+N=0.

This implies o¢'=¢ ‘0 in both cases.
This flow is generated by the t-independent vectorfield

§=NEnE n=-NEnn

which preserves the function &n.

We note that ¢’ is holomorphic if the transformation into the normal form con-
verges. This fact will be of importance in section S in the description of the boundaries
of analytic discs as orbits of these flows.

To establish that ¢’ is uniquely determined by ¢ and the choice of log # we note that
¢’ has to commute with ¢ and therefore is of the form

@' (&, ) —>(alEm &, BEmm)
by our previous considerations. This corresponds to a differential equation of the form
E=AGmE n=BENn. *)
We claim that A+B=0. If this were not the case we would have
A+B=clén)’+..., c*0
for some s=1 and therefore
(En)'=(A+B) n=cEn)*'*.
By integration of this formal differential equation we find

Em @) = Ep+etEn)y i+ ...
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For =1 we see that ¢ would not preserve &, a contradiction. Hence A+B=0 and &7 is
a constant for the differential equation (*) which can be integrated to

@ (&, m) > (e™E e~ p),

i.e. e*=M, A=logM, proving our claim.

There is another way to define ¢’ which goes back to G. D. Birkhoff [3]. If « is not
a root of unity one shows inductively that the iterates ¢/, j=1,2, ... of ¢ can be written
in form

@ E e (uf§+2fd(§, 79, w7+ D g fE, n,u’))
d=2 d=2

where f,, g4, the homogeneous polynomials of degree d in &, 5, have coefficients which
are polynomials in x’ and u™ of degree <d. By replacing u/ by u'=e'"®* one obtains
the formal series for ¢. It was a fundamental observation of Birkhoff that—at least in
the case of area preserving mappings—the series for ¢° will in general diverge for non-
integer ¢ even if @ and hence ¢/ converges. In fact, in the case of area preserving
mappings, the convergence of the transformation into normal form occurs precisely if
this embedding can be achieved with convergent ¢‘. The relation

pog' =g o0

shows that ¢’ commutes with g precisely if +¢=0, i.e. if ¢ is purely imaginary. This will
imply that ¢ for t+¢=0 gives rise to a flow on the real analytic manifold M” (see section
35).

4. Convergence

In general the transformation 3 of Lemma 3.2 taking the pair of involutions 7y, 77 into
the normal form (3.6) does not converge even if 7, and 7, are given by convergent
series. However, the following result gives a sufficient condition for convergence. It is
proved by a majorant argument along the lines of the argument given in [12] and {11] for
hyperbolic area preserving mappings.

THEOREM 4.1. Let the involutions t,t, be given by (3.1), where pj, q;, r;,j=1,2,
are convergent power series. If |A\|#|1,| then the normalized transformation y and the
factors Ay, A, of Lemma 3.2 are given by convergent power series.
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Proof. We make use of the following notations. Let f(x), g(x), ..., h(y) be power
series in some variables x and y. If f(x)=Ya;x’ (multi-index notation) then
f*(0)=L |aj]¥. Also, f<g means that g has non-negative coefficients b;, and |a,|<b,,
for all 1. Note that if f;<g; and h,<h, then I, (fy, f>,...)<hxg1, g2, ...), if f;, g have no
constant terms.

Our argument will be based on the fact that y, given by (3.3, 3.4), transforms ¢,
given by (3.2), into the normal form ¢, given in (3.6). The relation y o g=@ oy gives the
functional equations

U(ME’ Mﬂl’?, C)_/‘U(Sr /0 C) =f(U) v, W)
V(ME, M ™', O~ 'V(E, 1, 8 =g(U, V, W) @.1n
W (ME, M ™', )~ W (&1, 0)=h (U, V, W).

We decompose these equations by equating terms of the same type s, —o<s<+», (see
the definition before (3.4)),

(M=) U, = [f(U, V, W),
M=)V, = [g(U, V, W), 4.2)
(M —1)(W,), = [h(U, V, W)],.

By interchanging 7, and 7, if necessary, we may assume that |1,|>[4,|, i.e. |u[>1. M~!
is a formal power series with constant term x~ ', [u~'|<1. Let P°=(M~'—x~")* and
P=|u|"'+P°, so that M~ '<P.

We next prove the following relations.

C

1—cP%

(Mo =)~ < SEZ, k=0, 1, s+k, 4.3)

where the constant ¢ is independent of s. We first take c=(1—x*)"! and assume s+0.
We also note that [u[“><V]u] whenever s+k and s+0. For s=1, we have
(M’—u")"= M—s(l _IukM—s)——l
=M Z wkM—S)j

Jj=0

<P D (uP)

< (VI Py Y, (VI Py
<(1=-V|P)™".
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Thus (4.3) hold for s=1 with c=|u|(V]u]-1)"". Now let s=—¢<—1. Then
M=y = —p K —p M)

=Y ey

Jj=0

<Jul™ 2% ™y’
<>, (VRIPY = W (1~ VF P

a=0

Hence, (4.3) holds for s<—1 if c={u/>2(u|"2—1)"".
From (4.2), (4.3), and (3.4) we get

U-£= D U= (M-u) ' [fU,V, W),

s¥1 s$+1

Uuv, *
=1 cP° LA w)J*.

This gives the first of the three relations

u=U_§<1 f*(U*) V*l W*)1
—cP°
=V-p< *(U*, V*, W), 4.4)
v T cP°g(
w,= W,—§, <——= hXU*, V*, W*).
&, - P° al

The second two are proved similarly. If we set s=—1 in the second equation of (4.2),
we get

M~ =Yy =1[(U,V, W),
from which follows
POy <[g(U,V, W]* <g*(U*, V*, W*). 4.5)

Since f, g, h, converge and begin with quadratic terms we have a relation

I N-%) <G ++ ’ =
f.8h, (xygza> G(1) 1

4.6)
—c,t
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for some c¢;>0. Now we set y={,=& and define the power series W(&) by

n=-1
EW(E) = u*+v*+ D, wi+P.

a=2

Note that W(0)=0. From (4.4), (4.5), (4.6) we get

EW < (1 ”CW+1) G(Y),

where
Y=U*+V*+ > W*
=n§+u*+v*+z w}
< E(n+W).
Hence,
W< c, cl§(n+W)2

I—c, W 1—c, &n+ W)’

for a suitable constant c,. It follows that the series W(£) is majorized by the solution
X=X(£), X(0)=0, of the cubic equation

X(1—c;X)(1—c1 E(n+X)) = ¢y e E(n+ X,

which is analytic near £=0. It follows that u, v, w converge when £=7n={, have some
non-zero value, and hence in a neighborhood of the origin. From the convergence of
the map y it follows that A, and A, converge.

It is clear that the v given by (3.17) converges if 7, and 7, are given by convergent
power series.

COROLLARY 4.2. Let the holomorphic involutions t,,7, be as in the above
theorem. Then the transformation ¢ and the factor A in (3.15) are holomorphic.

5. Normal form for surfaces

In this section we use the results of section 3, 4 on the normalization of the involutions
71, 72,0 to transform the surface M"cC” into a normal form near a suitable complex



NORMAL FORMS FOR REAL SURFACES IN C? 287

tangent. Let (£,,7,,(,) be the normal coordinates on the complexified surface
IM*=C?". Then we have

Ee =Ny Ee=AL'n,
T = A;IE*’ Tyl Y e = Ay 8y
Ce=2Cx Ex=20x

where A=A, (&, 7. &x)=A+ ... and in the two cases
D) 0 M4 &4) = (s é*» C—*)’ [\* =A,
or

(i) 0w 4 64 = Ex T4 §0)y Ay Ay =1.
We still have the freedom to replace (&, 7., &4) by
Ev=rE nme=m, C,=¢, (5.1

r=r(&n, ), leading to A(&n, D=A(&nr, ).
Of course, also &, can be reparametrized, but we will not make use of this fact, and
determine r in such a way that the surface is in a simple normal form.

THEOREM 5.1. Assume that M" is a real analytic surface in C" given by (1.16,
1.17) with 0<y<1/2, i.e. in the elliptic case. Then there exists a biholomorphic transfor-
mation near the origin taking M" into the implicit form

‘xn =z z-|+r(xn’ xa) (Zf+z_f)

¥n=0 (5.2)

¥,=0 (@a=2,3,...n—1)

where T=T'=y+....
Proof. As in the linear case (section 2) we introduce

21 =iATVHAE+)
wy = —iA"VYE+Ay)
za= wa=xa=Ca-

These are equations on I. The third equation means that z, is the extension of ¢,
holomorphic in the original z’s, and w, is the extension of {, holomorphic in the
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original w’s. Hence, the (z,, w,) are independent functions in the ambient space C2".
The same computation as in section 2 gives

Z w1+r|(§”r C) (Z%""w%) = A('S”r C)

where
I,=A+A"Y"!
_A=ATH L
A= A—H\’T&? = ([7'=4r) .
We set

n=w,= A(Eﬂ» 8.

Note z; are 7,-invariant, while w; are ry-invariant and therefore they are holomor-
phically or antiholomorphically related to the original coordinates zj‘.’. Because of the

choice of the linear terms we have in
—_ 0 0
zj—-ﬁ.(z )—zj+

_ 0
w;= gw’) = wl+ ...

a biholomorphic change of coordinates in C?”. Because of the reality conditions we
have w;=cz,00 and g{(z%)=f(z%. Hence %>z defines a holomorphic coordinate
change in C".

Now if we eliminate &7, { from

Xp = A(Eﬂ’ C), Xa = Ca
and set

r(xnr xa) = rl(g"’ C)y
we obtain (5.2). Q.E.D.

In the hyperbolic case, if u is not a root of unity we find the same normal form if we
admit coordinate transformations given only by formal series, since, in general, we
have to expect divergence.

Assuming convergence we read off several important facts about M. First M
admits the holomorphic involution (z,, Za, Z,)~>(—21, Za, 2»). Also, M lies in the linear
space Imz,=Imz,=0. An (n—1)-real parameter family of complex lines cut M in a
family of disjoint real analytic curves. In the elliptic case, where convergence is
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guaranteed, these are closed real curves bounding linear analytic discs on z,=c,=¢g,
Z,=c¢,=¢,>0, bounded by the ellipses

Ch =2y Z_1+F(Cn’ Ca) (Z%+Z-% .

These discs sweep out a (n+ 1)-dimensional real analytic manifold M with boundary M.
This M is the local holomorphic hull of M. There are no other analytic discs € in C”
with boundaries on M near 0. Indeed, the functions Imz,, Imz, vanish on the
boundary of €, hence identically on €. Thus z,, z,, are real constants on €, and so €
lies on the discs given by z,=cq, 2,=Cp-

In the hyperbolic case, provided we have a convergent transformation i into
normal form, this argument shows that there exists no analytic disc with boundary on
M" near 0. _

Next we make use of the transformation (5.1) to further simplify the factor I'. We
distinguish two cases: In the first I, is independent of &, 7., hence T is independent of
x,; in this case no further simplification is achieved. In the second case we write

FuCutte, E0) = }’(Ct)"’E YlCa) (S 74"

ks

where y,(£,)%0; y(0)=y. The integer s is a biholomorphic invariant. Since there are
points &, with y({,)#0 near 0 we may assume that y,0)+0 and will choose
r=r§, N4 §,) in (5.1) so that T has the form

'=yx,)+0x;, 6==*1. 5.3)

Indeed, since I'(x,, x,,) is obtained by elimination of & from
x,=A(n, §) = ([7'-4) &y
T(x, x,) =T(&n, x,) =T (Enr*, x;)
we have to solve the equation
TL(Enr?, xq) = y(xg)+OA®

or with {,=x,

[T3'EnP .0~ 4T (Enr, D)) = 67" Talénr®, -1 = 677 D y,,, PilEn).

Jj=0
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We choose d==1 so that dy~5(1—4y%)*y,(0)~'>0; recall that the coefficients of ', are
real. Taking the (2s)*" root of both sides we can solve for a real r by the implicit
function theorem. The function r is determined up to sign. Thus we have achieved the
form (5.3) for I

We may still apply a real invertible transformation Z—f£(8); f(&)=F(), f(0)=0 to
simplify y(). For example, if =0 is a regular point we could achieve y({)=y+Z,, or
y(x,)=y+Xx5. Thus, generically M” has the form

X, =2, +(y+x,£x3) (2+2), y,=y,=0, forn=3
X, =27, +(yEtx) (}+7D), y,=0, forn=2. (-4)

For n=2 the automorphism group of M? consists only of (z;,22)~>(*2y,22)
provided that A is not a root of unity and y,+0, i.e. in case that the normal form does
not represent a quadric. This follows readily from our formal considerations.

We recall that the involutions 7; map I into itself, hence also ¢ and ¢, defined in
section 3 map I into itself. However, in order that ¢ maps M, the fixed point set of g,
into itself, we need that ¢ and ¢ commute. As was shown at the end of section 3 this is
the case for purely imaginary r=io. In the elliptic case the orbits of ¢°, o real, are the
closed curves which bound the analytic discs.

It suffices to prove this in the normal form. Since ¢ preserves &7 as well as £, it
follows that the orbits lie on

Ca=ca; EM=cp,
where c,, ¢, are real constants, ¢,>0. Hence we have
Za=Cq=W,; 2,=constant

which proves the claim.

6. Further remarks

(a) Exceptional hyperbolic surfaces. We consider a surface M in C? given by (1.3) with
y>1/2, H=h+ik. We assume that the associated mapping ¢ on I is such that ¢’(0) is
nilpotent,

Am=1,0%%1, j<m.
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We shall show that M can be holomorphically flattenend to order m and in general to no
higher order. For this it suffices to consider transformations of the form

Li=21, ZL=2+B(z,2), 6.1)
where B(z,, z2) is polynomial without constant or linear terms. Restriction to M yields
Z=q+H+B(z1,q+H)=q+H,

so that Im B(z;, g+ H)=k—k. Suppose that k and k begin with terms of degree n<m. We
shall choose a holomorphic polynomial B(z,, z;) of weight n (weight of z;=j, j=1,2) so
as to annihilate the terms of degree # in k. This amounts to solving an equation of the
form

ImB(Zliq) =k’ (62)

where k is a real homogeneous polynomial of degree ». This is a problem on the quadric

Q,.

Complexifying gives

1 1 5
EB(ZI’ q(zl’ wl))—EB(wl’ q(zly wl)) = k(zp w])’

which implies that k can be decomposed into the sum of a homogeneous polynomial of
degree n invariant under 7, and one invariant under 7,. We pass to the (&, n)-coordinate
system by the linear change (2.11). The most general such polynomials invariant under
7y and 7, are

fi= >, af&inie gy,
jsni2

and

fi= 2 bE AV E ),

j<nl2

respectively. The real polynomial k has the form

n
= n=jpJ = ¢,
k Z &7, =g,

Jj=0



292 J. K. MOSER AND S. M. WEBSTER

so that fi+f,=k reduces to

a+b.=c, 0<j<n/2,
YT J 6.3)

A Va2 b=, ;, 0<j<nl2.
For 2j<n these equations have a unique solution a;, b; since the determinant does
not vanish because of A2*~¥%1. Conjugating (6.3) we find b;=4; since ¢;=¢;, AA=1. For

2j=n the two equations agree with the single equation
a j+ bj = Cj.
We choose the solution

a=>b;= —;— ¢
so that again b;=a; holds, since ¢; is real. Thus f;=£; is the trace of a function (1/2/) B
holomorphic in z;, z; which gives the solution of (6.2). ‘

The first instance in which (6.3) may not be solvable is n=m, j=0. If A"=—1, we
have the compatibility condition c,=—c,. For example, k=7c—05=§'"+77"' cannot be
written as such a sum f,+f;. We set 4,,=¢”™™, and by (2.14) y,,=(1/2) sec (n/m). In
particular y,=1, y4=1/\/7. The corresponding surface is (via (2.11))

2= V42 G+ Y TR A=) (<A 2= 2) "+ +A4, 2. (6.4)

The imaginary part of the right hand side cannot be made to vanish to higher order.
If A"=+1, we may take k=§"—n".
For y=y3;=1, a simpler example of a surface which cannot be flattened to third
order is

2, =4z, 4+ 8 +2,2,(z,— ). (6.5)
This can be seen by examining (6.2) directly in (z;, Z;)-coordinates.
(b) Divergence in the normal form. When y>1/2 is not exceptional, the results of

section 5 show that the surface M can be formally transformed into a real hyperplane.
However, as mentioned before the transformation will in general diverge. Rather than
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prove a general theorem to this effect, we shall give an example of a surface in C2
which cannot be holomorphically flattened. This surface will be of the form

g =(kz)+yZ) &,
" k(z)) = 2+ ko(zy), (6.6)

where kg is a holomorphic polynomial in z; beginning with a term of order =2.

If M could be transformed into the hyperplane Im7,=0, then this could be
accomplished by means of a transformation of the form (6.1) with B=yz3+0(|z]). Let
G(z1,71)=q(z1, Z1)+... be the restriction of z,+B to M. Then G(z;,7;) is also the
restriction to M of Z,+B. Consequently, the complex function G=G(z,, w;) on M is
invariant under both 7, and 7,, and so Go @=G. Furthermore,

dG=gq, dz,+q, dw,+...

is non-zero in a deleted neighborhood of z;=w,=0. We shall show that if 12<y<wo,
y#l/ﬁ, then & can be chosen so that ¢ admits no such (non-trivial) invariant function
G in any neighborhood of the origin.

One readily sees that

T,: (Zp w]) - (_Zl_)’_lk(w|): wl),

T5: (Zp w]) — (Zl, _wl—y_lk(z|)),

Zi=~z,—y kW) | z=—z~y kW)

& wy = _wl—‘y_lk(zl)’ . w,= —w;—y_'k(z|)'

6.7
In particular both @ and ¢! are polynomial mappings (so called Cremona transforma-

tions) of the form
g=c®+... | [y=0+..
@: , @

w;=0+... w,=cw®+...

where d=degk and the dots indicate terms of lower degree in (z,,w,) or (z},w}). The
n-fold iterates of ¢ and ¢ ' are of the form

) Z=c, 2"+ .. . 7,=0+...
(p : ’ ‘p : _ (26)" ’
w;=0+... w,=¢,w” + ...

where c,#+0. A fixed point p of ¢*" satisfies ¢"(p)=¢ "(p), so is a solution to the pair
of polynomial equation

c, 2+ =W+ . =0.



294 J. K. MOSER AND S. M. WEBSTER

The leading terms show that these two polynomials have no common factor. By
Bezout’s theorem @*” can have at most (20)%” fixed points.

From (6.7) we see that dziAdwi=—dz;Adwi=dz;Adw,, so that the Jacobian
determinant of ¢ is identically one. Consider the holomorphic vector field

3 3
XG= Gwl—gz—l— Z]g{;‘;.
If Go@=G, then X;; is invariant under ¢: dp(X5)=Xg. This follows from the chain rule
and the fact that @ is area-preserving. Therefore, if p is a fixed point of @** then so is
every point on the orbit through p of the flow exp tXs. If dG(p)=0, then this orbit is
locally a smooth holomorphic curve. ¢*” would then have a continuum of fixed points,
which is impossible. It follows that if we can choose k(z;) so that every deleted
neighborhood of the origin contains a fixed point of ¢", for some n, then M cannot be
holomorphically flattened. ‘

To achieve this last property we shall appeal to the Birkhoff fixed point theorem.
This theorem applies to area-preserving transformations of the real plane. We must
therefore choose a k with real coefficients so that @ leaves invariant the plane of real
1, w;. We shall, in fact, take k(z,)=z,+yz+... a polynomial with real coefficients so
that

2= =Dz +y ' wHf+0@)
o, -
w,= -y lzl—wl+g’

where

f=y'gd+w+y'z)’, g=-7.

If we subject this to the coordinate change (2.11), we get

CE=2%-IVI -1 (f+8)+0@)
@ 7' =A"+iV A (A =1)"" (f+Ag)+0®@),

where
AM+g =6 IV AVEn+...

Frig=6GN TV e+ ... ©6.8)

Here the dots indicate the other cubic terms. If A%+ *£1, i, i.e. y*1/2, 1/V 2, o, then
these other terms can be removed by a further coordinate change which does not alter
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the two coefficients shown in (6.8). (See [11] §23 (18), p. 158.) Hence, ¢ can be
transformed into

r— 12 1
E=V(+iatméro) 6y o

# n' = A" 1—iakn) n+0(4) Vai-1

Actually, the case A>=+i i.e. y=1/V'2 does not have to be excluded since the
relevant terms #°, £ in Af+g, f+Ag, respectively, have zero coefficients.

By Birkhoff’s theorem [11], p. 174, for each sufficiently small neighborhood U of
the origin in the plane of real z,, w, there exists an integer n such that ¢?” fixes a point
different from O in U. In particular, we have proved the following proposition.

PROPOSITION 6.1. If 1/2<y<o, then the hyperbolic surface
o 5 4523
=2, 4ty vz

cannot be transformed into a real hyperplane by means of a (convergent) biholomor-
phic transformation.

This shows that the formal transformations, which for 1 not a root of unity, |1|=1,
exist, must be divergent. This example shows also that divergence can not be avoided
by inequalities of the type |4 —1|=c|j|™" for all j=1. Incidentally, the periodic orbits of
@, as well as its invariant curves, do not have any geometrically significance since they
do not lie on M but only on its complexification IR.

(c) The case y=0. Here one can apply the formal theory of [5], section 2. We state
without proof some of the results of this theory for surfaces in C2. M has the form

H= Z-|+Re h(Z|)+Z| 24 H(Z], Zl)

M. .
hz)= D ¢z, k=3,4,5,.., .

=k

The integer k, which is the degree of the lowest pure Z,-term, is a biholomorphic
invariant. M is formally equivalent to the quadric Q¢: 2=z, 7, if and only if k=o.
Otherwise, M may be formally transformed into the form

5,=27,7+Z4+Z%+Re D, a;2’.
J>k

The complex numbers g; are not absolute invariants, since this normal form is still



296 J. K. MOSER AND S. M. WEBSTER

subject to the action of the (formal) automorphism group of Q,. This group can be
shown to be made up precisely of those transformations of the form

2;—x, b(x,)

=6 1-b(x,) z,

x5 = G(x,) G(xz) Xy,

where G and b are arbitrary complex formal power series with G(0)+0. There are
probably infinitely many real valued invariants in the case y=0.

One still has the projections sr; and 7z, on the complexified surface 3. The case in
which M is formally equivalent to Q, is characterized by 7, (or m,) being locally one-
to-one except for collapsing an analytic curve to a point. Otherwise (k<o) each 7; is a
k-fold branched covering.

References

[1]1 BEDFORD, E. & GAVEAU, B., Envelopes of holomorphy of certain 2-spheres in C2. To
appear in Amer. J. Math., 105 (1983).

[2] BIRKHOFF, G. D., The restricted problem of three bodies. Rend. Circ. Mat. Palermo, 39
(1915), 265-334. (In particular p. 310 and p. 329.)

[3] — Surface transformations and their dynamical applications. Acta Math., 43 (1920), 1-119.
(In particular p. 7.)

[4] BisHoP, E., Differentiable manifolds in complex Euclidean space. Duke Math. J., 32
(1965), 1-22.

[5] CHERN, S. S. & MOSER, J. K., Real hypersurfaces in complex manifolds. Acta Math., 133
(1974), 219-271.

[6] FREEMAN, M., Polynomial hull of a thin two-manifold. Pacific J. Math., 38 (1971), 377-389.

{71 HunT, L. R., The local eavelope of holomorphy of an n-manifold in C". Bol. Un. Mat.
Ital., 4 (1971), 12-35.

[8] KENIG, C. & WEBSTER, S., The local hull of holomorphy of a surface in the space of two
complex variables. Invent. Math., 67 (1982), 1-21.

[9]1 LEwy, H., On the local character of the solutions of an atypical linear differential equation
in three variables and a related theorem for regular functions of two complex variables.
Ann. of Math., 64 (1956), 514-522.

[10] MOSER, J., On the integrability of area-preserving Cremona mappings near an elliptic fixed
point. Boletin de la Sociedad Matematica Mexicana (2) 5 (1960), 176-180.

[11] SIEGEL, C. L. & MOSER, J. K., Lectures on Celestial Mechanics. Springer, 1971. (In
particular, p. 166fT.)

[12] S1eGEL, C. L., Vereinfachter Beweis eines Satzes von J. Moser. Comm. Pure Appl.
Math., 10 (1957), 305-309.

Received June 1, 1982



