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1. Introduction

Imagine a one-dimensional monochromatic film, infinitely extended along a straight line,
and a one-point signal emitter attached to an infinite rail running parallel to the film,
which sends light signals to the film. An emitted signal is recorded on the film, and
we may think of the result as a real-valued Borel measurable function on the line. The
recording process is assumed reversible, in the sense that if a signal is received, and
afterwards the opposite signal is received, the net result is zero. We may move the
emitter freely along the rail, and there is a volume dial on the emitter, which permits us
to vary the amplitude of the signal, and even reverse it. Suppose the emitter is equipped
with a single signal. A natural question is what kind of images can be obtained if the
emitter is placed in several positions along the rail and the signal, modified by adjusting
the volume dial, is emitted from each of these positions. An interesting subquestion is
that of determining which signals may be used to approximate every conceivable image.

When we translate this model to a mathematical setting, we need to define the
distance between recorded images. The usual way would be to take the square root of
the integral along the film of the square modulus of the difference of the two images,
that is, the L2 metric. Should the sensitivity of the film not be homogeneous, a weight
function can be used to express the degree of inhomogeneity.

The above described model is a physical interpretation of translation invariance in
function spaces on the real line. This area was initiated in the early 1930’s by Norbert
Wiener, Arne Beurling, Izrail Gel'fand, and Laurent Schwartz, and a multitude of beau-
tiful papers were produced by them and their followers between 1930 and, say, 1960.
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2 A. BORICHEV AND H. HEDENMALM

A number of difficult problems remained. In this paper, we solve one of them. To give
the flavor of results obtained in the time period 1930-1960, we describe the contents
of Theorems A and B stated below. They are concerned with the spaces of (equiva-
lence classes of) square Lebesgue integrable complex-valued functions on the real line
R, L?(R), and on the half-line R, =[0, +oo[, L?(R,). First, we need some terminology.
The translation operator Tj: L?(R)— L?(R) associated with the real number z is defined
by the formula
T.f(ty=f(t—z), teR.

We consider L?(R.) to be the norm closed subspace of L2(R) of functions equal to
0 on the negative half-axis R_=]—00,0[. The right translation operators T,, z€R,,
then act on the space L?(R,), which makes it natural to study the closed subspaces
of L?(R,) that are invariant with respect to all of them. The Fourier transform of an
L?(R) function f is given by the formula

o0
3f(m)=/+ e f(t)dt, zeR, (1.1)
—o0
with the usual convention of how to interpret this integral in case it is not absolutely
convergent; by the Plancherel theorem, §f€L?(R). The Fourier image of L?(R,) is
known as H2(C_), which can also be described as the subspace of L?(R) consisting of
those functions whose harmonic extensions to the lower half-plane C_ via the Poisson
integral formula are holomorphic. One frequently thinks of the elements of the space

H?(C_) as being holomorphic functions on C_ rather than square integrable functions
on R.

THEOREM A (Wiener [30], Ditkin [7]). Every closed translation invariant subspace
of L*(R) is determined by a Lebesgue measurable set ECR, in the sense that the subspace
coincides with the set of all functions whose Fourier transforms vanish on E.

An inner function on C_ is a bounded analytic function on C_ whose (nontangential)
boundary values on R have modulus 1 almost everywhere. The inner functions on C_
are isometric multipliers on H2(C_).

THEOREM B (Beurling (3], Lax [23]). Every closed right translation invariant sub-
space of L*(R,) is either the {0} subspace, or determined by an inner function q on the
lower half-plane C_, in the sense that the subspace coincides with the set of all functions
whose Fourier transforms belong to ¢H?(C_).

Theorem A incorporates, among other things, the L? analog of Wiener’s classical

theorem on the completeness of translates of a given collection of functions in the space
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L*(R). Theorem B, or perhaps more accurately, the corresponding statement for the unit
disk, has been vital to the development of operator theory. Theorem B easily answers
the question of when the right translates of a given collection of functions in L2(R.)
span a dense subspace of L?(R.,). The L' analog of this question was solved by Bertil
Nyman in his 1950 thesis [25]. We note that for fe L}(R.), its Fourier transform §f, as
given by the formula

+o0
5f(2) = /0 et (1) dt, zeC., (1.2)

is continuous and bounded throughout C_, holomorphic in the interior C_, and vanishes
at infinity.

THEOREM C (Nyman). Let & be a collection of functions in L'(R,). Then the
right translates T, f, with 0Kz and f€S, span a dense subspace of L*(R,) if and only
if

(a) for each z€C_, there exists an f€S with §f(z)#0, and

(b) there is no interval [0,¢], 0<e, such that all functions in & vanish (almost
everywhere) on it.

Let us say that w: R, =[0, +00[—]0, +00] is a weight function on R, if w is contin-
uous, the function logw is concave on R, , and

logw(t)=o0(t), ast— +oo.

With this definition, every weight function w has t—w(t+z)/w(t) bounded on R,, for
each z€R,. In fact (Proposition 4.3), one can show that

w0 w(s+t) Sw(s)w(t), s,teR,. (1.3)

The above property implies that right translation is a bounded operation on the weighted
L? spaces LP(R, ,w) which we are about to introduce. For weight functions w on R, and
for a real parameter p with 1<p<+oc, the space LP(R,,w) consists of all (equivalence
classes of) complex-valued Lebesgue measurable functions f on R, for which

+oo 1/p
||f||LP(w)=</O If(t)[”w(t)”dt) < +00;

here, ||-||zr(,) defines a norm on LP(R,,w) which makes it a Banach space, and for
p=2, a Hilbert space. Observe that since 0<w(0)<w(t) on R, LP(R,,w) is a subspace
of LP(R, ), and as a matter of fact, the imbedding LP(R,,w)—LP(R,) is continuous.
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The space LP(R,,,w) is a subspace of L!(R, ) automatically for p=1, and for 1<p<+oo0,
this is so, provided that

+o0
/ w(t) " dt < +oo, (1.4)
0

where p’ is the conjugate exponent to p (1/p+1/p'=1), by using Holder’s inequality. The
reason why this question is of interest is that the condition that L?(R, ,w) be contained
in L}(R,) assures us that the Fourier image of a function in LP(R,,w), as defined by
(1.2), is continuous and bounded on C_, and vanishes at infinity. It is clear without any
additional condition that § f is holomorphic in the interior C_ for f€LP(R,,w).

A key interest of Beurling was the notion of quasianalyticity, in the many shapes
this concept took following the initial work of Arnaud Denjoy and Torsten Carleman.
According to Beurling’s classification, a weight function w on R, is said to be non-

+°° log w(t)
———=dt< ,
/0 1+¢2 oo

and quasianalytic if the above integral diverges. The relevance of the concept of quasi-

quasianalytic if

analyticity is better understood in the context of weighted LP spaces on the whole real
line. Let & be the symmetric extension to R of the weight function w, so that &(t)=w(|t|)
for all t€R, and consider the space LP(R, &) of all (equivalence classes of ) complex-valued
Lebesgue measurable functions f on R for which

400 1/p
Nl e @) = (/ |f () |PD(¢)P dt) < 400.

-0

The Fourier transform on this space is given by formula (1.1).

THEOREM D (Paley-Wiener [26], 1<p<+00). Let w be a weight function on R,
satisfying (1.4) if 1<p<-+oo, with symmetric extension & to all of R. Then the space
LP(R,w) contains a nonzero element having Fourier transform with compact support if
and only if w is non-quasianalytic.

For a simple proof of the above result in the case p=1, which easily carries over to
general p, we refer to Garth Dales’ and Walter Hayman’s paper [6, p. 143]. Theorem D is
the key element in the standard proof of the following extension of Wiener’s completeness
theorem, Theorem E (a). We note that, by (1.3), the spaces L'(R,,w) and L'(R, @) are
Banach algebras when supplied with convolution multiplication, and that the same holds
true for general p, 1<p<+oo, if we add some slight regularity conditions on w. Let us
say that a collection of functions & in L!(R) has the Wiener property if for each z€R
there exists an f€& with Ff(z)#0. Moreover, let us say that a collection of functions
S in LP(R,®) is translation complete in LP(R, @) if the translates T, f, with z€R and
f€6, span a dense subspace of LP(R, ).
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THEOREM E (1<p<+0o0). Fiz a weight function w on R, meeting condition (1.4)
for 1<p<+o0.

(a) (Beurling [2], p=1) If w is non-quasianalytic, then each collection & in
LY (R, &) which has the Wiener property is translation complete in L'(R,d).

(b) (Domar [9]) If w is quasianalytic, then there exists a collection & in LP(R,w)
with the Wiener property which is not translation complete in LP(R,®).

There is another way to prove Theorem E (a) which does not explicitly use Theo-
rem D, but instead employs a function-theoretic device, known as the ‘log-log’ theorem;
see for instance [17, pp. 142-143]. The log-log theorem seems not to be well-known to a
wide audience, so we present here a version of it. Evsel Dyn’kin showed in [12] that it
should be thought of as a dual formulation of Theorem D. An account of who did what

pertaining to the log-log theorem can be found in [10].

THEOREM F (Carleman, Levinson, Sjéberg, Wolf, Beurling, Domar). Let M:]0,1]—
[e, +00[ be a continuous decreasing function, and suppose f is a holomorphic function in
the strip

Y1) ={2€C: -1<Imz <1},

which there obeys the growth control
|f(2)| S M(|Imz]), z€X(_1,. (1.5)

If the function M satisfies

1
/ log log M(t) dt < +o00,
0

then the function f must be bounded throughout ¥(_; 1y. If, on the other hand, the above
integral diverges, then there erists an f, satisfying (1.5), which is unbounded on X(_; 1.

In a paper from 1964, Vladimir Gurarii and Boris Levin ([16], see also [14]) extended
Bertil Nyman’s theorem (Theorem C) to the context of L'(R,,w), where w is non-
quasianalytic. The result is described below.

THEOREM G (Gurarii-Levin). Let w be a non-quasianalytic weight function on R,
and suppose G is a collection of functions in L'(R_,w). Then the right translates T, f,
with 0<z and f€G, span a dense subspace of L'(R,,w) if and only if

(a) for each z€C_, there exists an f€& with F f(2)#0, and

(b) there is no interval [0,g], 0<e, such that all functions in & vanish (almost
everywhere) on it.
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The main technical vehicle for proving Theorem G, the way Gurarii and Levin did
it, is the log-log theorem (Theorem F). It comes in naturally at a particular stage of the
proof, where a certain function

+o0
My(z) = / e~tu(t)dt, 0<z<+oo,
1]

appears, and one uses heavily the fact that the integrals

+oo
/ log w(t) @t
0

1412

and .
/ loglog M,,(t) dt
0

converge simultaneously. So, for a while, it seemed reasonable to suppose that the natural
extension of Theorem G to quasianalytic w should be false, just as Beurling’s theorem
(Theorem E (a)) failed for quasianalytic weights w. But the apparent need of the log-log
theorem to control the growth of analytic functions was an illusion, as shown by the
theorem below, the proof of which constitutes the bulk of this paper. We note that the
regularity condition imposed on w entails that LP(R.,,w)CLY(R,).

The function 8(p) appearing in the theorem is defined as follows: 8(p)=3-1/p for
1<p<2 and 2<p<+o0, §(2)=1, and 6(1)=3.

MAIN THEOREM (1<p<+c0). Let w be a weight function on R,, such that
logw(t)—(8(p)+€)log(1+t) is concave, for some fized €, 0<e. Let & be a collection
of functions in LP(R,,w). Then the right translates T, f, with 0<xz and f€S, span a
dense subspace of LP(R,,w) if and only if

(a) for each z€C_, there exists an f€& with Ff(2)#0, and

(b) there is mo interval [0,8], 0<6, such that all functions in & vanish (almost
everywhere) on it.

The smaller you can get 6(p), the less regularity is required of w; thus, the sharpest
result is obtained for p=2.

One of the basic ingredients in the proof of the Main Theorem is the fact that
we are able to successfully model the Fourier image of LP(R,,w) as a fairly concrete
space of asymptotically holomorphic functions (see §§2 and 3). The term asymptotically
holomorphic function is used here to mean a function of a complex variable whose 0
derivative is controlled (by some kind of weight function), and frequently quite small,
near a prescribed set. The concept of asymptotically holomorphic functions originates
with Dyn’kin [11] (see also [12]). We should like to mention at this point that in the
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works of Sergel Bernshtein and Beurling one can trace ideas closely linked to the notion
of asymptotic holomorphicity.

In [15], Gurarif conjectured that our Main Theorem should hold for p=1.

The organization of the paper is as follows. In §2, we assume 1<p<+oc, and
identify the Fourier image of LP(R,,w) with the space QP(C_, o) of Cauchy transforms
of elements of a space of densities £7(%,0). We explain the details in the special case
p=2. The elements of the space £2(X, o) are Borel measurable complex-valued functions
g in the strip =R x]0, 1[, subject to the norm condition

1 . 1/2
Il = (3 [lote+iPou dody) <o

where o:]0,1}—]0, +oo[ is continuous, and ¢~2 is in L'(]0,1[). The Cauchy transform
of g £2(%, o) is the function

1 [ 9(2)
¢ =— | ==dS5(2), eC._.
9(¢) =~ T2 (2), ¢
The space Q?(C_,0) of Cauchy transforms then coincides with the Fourier image of
L?(R,,w), provided the weights w and o are related by the identity

1 e~ 2ty —-1/2
w(t) =woa(t) = (2/ ——dy) e 0, +ool.
o o(y)?

In §3 an analogous model is developed for p=1. It should be mentioned that Dyn’kin, in
his unpublished 1972 Leningrad thesis, found a related isometry construction for weighted
12 sequences on the positive integers. In §4, we study what classes of weights w correspond
to certain given classes of weights o. In §5, we reformulate the Main Theorem, discuss
the analogies with our previous paper [5], and derive an important corollary describing
all closed right translation invariant subspaces of LP(R,,w) whose Fourier transforms
have no common zeros. The topic of §6 is to reformulate translation invariance for closed
subspaces as invariance with respect to convolution with cut-off exponentials ey, with
A ranging over the upper half-plane C,. In §7 we introduce the concept of multipliers
on space of densities. In §§8 and 9 we study how conditions on the weight ¢ influence
properties of the space QP(C_, o), such as when it is a Banach algebra under pointwise
multiplication of functions.

8§10 is devoted to the topic of what we call the resolvent transform, which has its roots
in early work by Carleman, Gel'fand, and Beurling. The resolvent transform PR¢ of an
element ¢ of the dual space LP'(R+, w™1) is essentially the usual Laplace transform. We
assume ¢ annihilates all right translates of &, and study when R¢ extends to an entire
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function. The plot is to show in later sections that $R¢ satisfies estimates that together
with the fact that it is entire force it to vanish identically. Initially, we carry out our
manipulations in the operator algebra on a quotient space. Later on (more precisely, in
Proposition 10.8), a convolution algebra assumption is made on L?(R ,,w). The resolvent
transform method was used by Gurarii and Levin in their proof of Theorem G. It is
sometimes possible to get resolvent transforms of dual elements to extend analytically
although the underlying space lacks a Banach algebra structure (see [19]).

We next describe a procedure for estimating the resolvent transform, which we call
the holomorphization process (8§12 and 13). Given a function f€QP(C_, o), which does
not vanish identically, one constructs another function g€ QP(C_, o) such that fg extends
analytically to a region slightly bigger than C_. This is done by solving a particular
0 equation. The method resembles to some extent what Alexander Volberg [29] did
for asymptotically holomorphic functions in his proof of the celebrated result that the
logarithm of an L! function on the unit circle T is summable, provided its negative
Fourier coefficients decrease quasianalytically rapidly. The proof of the Main Theorem
is then brought to a conclusion in §14.

A number of technical results concerning moment problems are contained in Appen-
dices A and B.

At the time when Gurarii and Levin wrote their paper, it was not clear that the
resolvent transform technique works also for quasianalytic w, in the sense that it turns
the completeness problem into a question involving entire functions. This point was later
(in 1975) clarified by Yngve Domar [8]. Still, even after Domar’s contribution, people
were not able to stretch the validity of Theorem G beyond the border of quasianalyticity.
In retrospect, we can say that the reason why Gurarii and Levin stop there is that they
use too little of the information available about the size of the resolvent transform.

2. The isometry construction: 1<p<-+4oo

Throughout this section, we fix a p, 1 <p<+oc, and write p’=p/(p—1). Let o be positive
and continuous on ]0, 1], and satisfy

ot

We associate with ¢ the weight function Wo,ps

we p(t) = (2 /(; 1 -Z—(%; dy)_l/pl, t€[0,4o00]. (2.2)
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By Proposition 4.1 (§4 is independent of this one, as it is based on results from Appen-
dices A and B), logw,,p is concave and increasing on [0, +00{, and has

logweyp(t) =0(t), ast—+oo. (2.3)

Let ¥ be the strip
Y={z+iyeC:0<y<1},

and write dS for area measure on C,
dS(z)=dzdy, z=uz+iy.

The space LP(X, o) of pre-densities consists of all (equivalence classes of) Borel measur-
able complex-valued functions g on ¥ meeting the integrability condition

1/p
llgllm(z,a)=(2 / |g<t+iy)|pa(y>*'ds<t+iy>) < too.

For p=2, this is a Hilbert space. The density space £P(Z,0) is the image of LP(X%, o)
under the operation of taking the Fourier transform in the variable ¢. More precisely, if
gy denotes the function gy (¢)=g(t+iy), then ‘

§(z+iy) =Fgy(z), z+iyel, (2.4)

is a general element of £7(X, ). For almost all y, 0<y<1, g, belongs to LP(R), so
that, for 1<p<2, Fg, makes sense as a function in L”'(R), by the Hausdorff-Young
theorem. The norm on £°(X, o) is the one that makes the mapping g—§ an isometry.
The Plancherel theorem states that for L? functions ¢ on the real line, the norm identity

[ Twewra=n [ leopa

— 00 — 00

holds, so for p=2 we may use this to rewrite the norm on £?(X,0), and the result is

1/2
il = (3 [l otmapas@) (25)

For 2<p<+o00, it is necessary to interpret (2.4) as expressing a tempered distribution on
C supported on the closed strip %, so that for test functions ¢ on C,

(0.9) = /E Sy (D)g(t+iy) dS(t+iy), (26)
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where o, (t)=¢(t+iy), as expected. By Hélder’s inequality,
e, < [ 30, a(t+in)|dS(t+iy)
’ 7 l/p’
<([Bes0row  aserin) 27)
>
1/p
«( [laterinpowraserin)
b3

(2.6) makes sense for all ¢ in £7 (3,0~ 1), this space being defined analogously (here,
o71=1/0). The first factor on the right hand side of (2.7) is estimated as follows,

, , ) Vody
)P o(y) " dS(t+iy) < su o /_
L Beuor o) asain < su el | 505

thus, by (2.1), the integral on the right hand side of (2.6) is summable for test functions ¢
in §(C), the space of C™ test functions on C which, along with their partial derivatives,
decay more rapidly than [z| ™™ near infinity, for all n=1,2, 3, .... The above distributional
interpretation of (2.4) for 2<p<+oc extends to the general case 1<p<+o0, and for
1<p<2 it coincides with our earlier interpretation of it as a Borel measurable (and, in
fact, locally integrable on X) function. The Cauchy kernel is the function

C(z,Q)=m""(-2)"", 2,(€C, z#(;

we write Cy(z, {)=C(z+1ty, (). The Fourier transform of the function Cy(xz, {) with respect
to the z variable is

Ky(6:¢) = —2iexp(—t(y+i¢))H(~t), y<Im, 08)
YT 2iexp(—ty+iC)H(E), Im¢<y, :

where H is the Heaviside function,

1, 0<t,
H(t)=
0, t<0.

The Cauchy transform of a density g is the holomorphic function in the lower half-plane

€0 =(C(,019) = [ Ky(t,Oglt+iv) dS(t-+iy)

® (2.9)

2 [ exp(-tly+iQ)alt+iv) dS(t+iy), CeC.,
R, 10,1
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which satisfies the inequality

€3(0)] <2 /R o[ PO dS i)

1/p
< (2 [ latripey dS(t+iy>)
R+X]0,1[

o dS(t+iy) )1/ 4
(2] o et - m) TP

_ 9 [l dy 1/p
<||9“2P(2,a)(57/0 W) <+o00, (€C_.

If the density g is a genuine function on ¥, as is the case for 1<p<2, its Cauchy transform

(2.10)

may be computed as follows (one needs to be careful with the convergence of the integral
for p#£2),
1 .
¢§(C)=;/ —g—(z—)dS(z), ¢eC._. (2.11)

z¢—2
We write QP(C_,0) for the space €LP(X,0) of Cauchy transforms of functions in
£P(X,0). It is a Banach space of holomorphic functions in the lower half-plane C_,
when equipped with the norm

IRllgr(c_ 0y =inf{llgllzr(z,0) : g€ £7(2,0), €g=h}.
THEOREM 2.1. The Fourier transform § maps LP(R,,w,p) isometrically onto
QP(C_,0).

For the proof, we introduce the operators ®? and &, as follows. Given an f€
LP(R,,wsp), associate to it the pre-density function

9lf, pl(t+iy) = —io(y) P f(t)wo,p(t) exp(—typ'/p), t+iy€Z, (2.12)

(we agree that f(¢)=0 for ¢<0, so that the right hand side vanishes for ¢<0) and the
density function
OF f(z+iy) =§lf, pl(z+iy)
+o0 (2.13)
f

= —io(y)™" (H)wo,p(t) exp(~t(iz+yp)/p)) dt, z+iyeX.
0

For 0<y<+00 and 0<a<+o0,

+o0

+oo , , » » 1/p
| Olnale) expl-tupfp) de < ( JARICIT dt)

/'

+oo0 1
X (/ t°? we p(t)? exp(—tyq) dt)
0

+co , 1/1”
Ry ( / £97 s 5(8)7 exp(~tyg) dt)
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holds, where g=p'(p' —1)=(p')?/p, so that with the notation,

+oo
&(p, o, y) = / t°P wep(t)? exp(—tyq) dt, (2.14)
0

this results in an estimate of the nth partial derivate with respect to = of the density
function P f(z+iy),

n o b,n, 1/pl .
0227 <« B g 2=abiveD (219

The function &(p, , y) is finite for 0<y, by (2.3). By the same token, ©? f(z) is contin-
uous on the half-open strip %,

Y={z+iyeC:0<y<1},

and of class C'™ in the x variable. In fact, if we write

+o0 ,
AP f(z)= —i/o exp(itz) f(H)wo p(t)P dt, z€C,,

which represents a holomorphic function in the upper half-plane, the expression for the
density ©F f becomes

DP f(z+iy) = o(y) P A f(—(z—iyp'/p)), zT+iy€eZ.

LEMMA 2.2. The operator ©P maps LP(R,,wsp) isometrically into £P(X,0), that
18,
+o0o
| 1wty at=2 [ 1ol plt+in)Potu) dS(e+iv)
0 s
holds for all fELP(R,,ws p).

Proof. By the definition (2.2) of the weight ws », we have
2 [[lalf.pl(t+n)Po(u) ds(e+iv)
=2 [ o0 IO (OF expl(—p'ty) dS(t+it)
b

= [0 o0ner (wester's [ ZEE 4y

= 1o my wnp)
The proof is complete. O

Densities of the type D f for some f€ LP(R,,w,,p) will be called canonical densities,
and by Lemma 2.2, they form a closed subspace of £°(X, o).
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LeEMMA 2.3. The operators €DP and § coincide on LP(R,,we.p), that is, €DP f(z)=
§f(z) holds on C_ for all fELP(R,,weyp)-

Proof. A computation based on the definition of D?f and the expression (2.9) for
the Cauchy transform reveals that

CDP () = €glf, pl(C) =2i / exp(—t(y+i0))glf, pl (t-+iy) dS(t-+iy)

R+><]0,1[

+o0o pl , ,
=2 [ [ expty+i0)ot) " F(thon 0 exp(—tup/) dy
0 0
400 g1 , 1 e—typ'
=/0 /0 exp(—itQ)wo,p(t)" f(t) (2/0 W@) dt
4o
—_ /0 exp(=it¢)f(8) dt = F(¢), C€C.,

which completes the proof. O
Given an element § of £°(X, o), its extraction is the function
1
Eg(t)=2i / exp(—ty)g(t+iy)dy, teld, +oof, (2.16)
o ‘

where ¢ is the pre-demsity associated with §. For 1<p<2, § is a function, and the

extraction may be written as

£t = /E exp(it2)i(2) dS(z), € [0,+o0o],

s

where one has to be a little careful with convergence of the integral. By Holder’s in-
equality,

1
£3(1)] < 2 / e~ )g(t+iy)| dy
0

1 o—typ' 1/p’ 1 1/p
< 2/ —,dy) (2/ g(t+iy |poy”dy) , tel0,+ool,
(2] & [la+inPow) 0, +ool

and if we use the explicit formula (2.2) giving w, ,, we arrive at the norm control
+o0 +oo pl
| ieatopeaserase [ [ laeripoty ayar
0 0 0

1 o0
<2 /0 | latrinpotr tdy =131
— 0

We formulate this result as a lemma.
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LEMMA 2.4. For every §e£P(X,0), we have £GeLP(R,,w,p), and the mapping
£:8P(%8,0)>LP(R,,wyp) i3 a contraction: NEGN Lo Ry w0 ) SNl 2o (5,0)-

The relevance of the extraction operator is due to the following fact.

LEMMA 2.5. The operators FE and € coincide on £P(%,0), that is, FEG(2)=Cg(z)
holds on C_ for all Ge £P(X, o).

Proof. Let g be the pre-density associated with §. Then, by the definitions (2.9)
and (2.16) of € and €&,

+o0
3EH(C) = /0 exp(—itC)E4(t) dt

+o00 pl
=2 [ [ ewp(-tly+iNg(trin) dydt=eg(¢), CeC.,
0 0
as asserted. O

Proof of Theorem 2.1. We will use the results of Lemmas 2.2, 2.3, and 2.4, freely,
without particular reference. The mapping €: £P(X,0)—QP(C_,0) is norm contrac-
tive by definition. Hence F=C€DP is contractive L?(R,,w,,)—QP(C_,0). Take an
heQP(C_,o); by definition, this means that there is a ge£P(3,0) with €g=h. If
we put f=£GeLP(R,,w,,) and Go=DPf€LP(X,0), then Ff=FEG=Cg=h and Cgy=
COPFEG=FEg=nh. In particular, h belongs to the Fourier image of LP(R,,ws.p). More-
over, ||goller(z,0)<||gllcr(x,0), Which implies that ||hllgr(c_,0)=|lollgr(z,0)- Note that
f=E&go since both sides have the same Fourier transform, and thus

I fllze(Ry wo.p) S G0l gr(z,0) = IPllgr(c_ o) = 15 fll@ric_ o)
The proof is complete. o

The global Cauchy transform €. of a density § is the extension of €g to all of C,
which for p=2 (and for 1<p<2 also, if there are no convergence problems) takes the
form

€.g(0)=1 L g—(_% ds(z), (eC,

wherever the integrand is summable (this happens area-almost everywhere). For general
p, 1<p< 400, this corresponds to putting

€.3(0) = / Ky (t, Q)a(t+iy) dS(t-+iy)
=2i/ exp(—t(i¢+y))g(t+iy) dS(t+iy) (2.17)
U(¢)

9 / exp(~t(i¢ +y))g(t+iy) dS(t+iy), C€C,
V(¢)
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where U({)=R, x(]Im¢,1]N]0,1[) and V(¢)=]—00,0[x(]0,Im¢]N]0,1[). To properly
interpret €. § as a tempered distribution, we need to know that it is a well-defined function
area-almost everywhere, and that it belongs to a reasonable space of locally integrable
functions on C. For 1<g<+00, let us agree to say that a Lebesgue area measurable
function f on C is in L (C) provided that

sup / F+Q1 dS(C) < +oo,
z€CJD

where D is the unit disk, with the usual agreement to identify functions that coincide
with the exception of a set of area measure 0.

LEMMA 2.6. For ge£P(Z,0), we have €,ge L. (C).
Proof. By (2.8) and Hoélder’s inequality,

+o0 . \/P +o0 i/p
|0 t+zy|dt<( I’Cy(t,C)l”dt) (/ |g(t+z‘y)rpdt)

—o0 —o0

2(p'ly—Im ¢]) =1/ llgyllLe(r)s

so that, by (2.17),
1
|€*§(C)I</EIICy(t,C)g(tJriy)ldS(Hiy)<2/ @'ly—Tm ¢))"7 |lgy | Lo (m) dy-
0
If R is a square with side length 1, then

/ ly=Im¢|/"'dS(¢) < 2p,
R

and consequently,

/ €.5(O1dSO <C) [ gy llrw dy
R 0

<ow( [ 1 E(f/yT)/ (f oyl gy ) dy)l/p

1 d:l/ 1/p'
—Colilson( [ %)
Ol ([ 7o

where C(p)=4p(p')~'/#". The assertion is now immediate, in view of (2.1). O

So far, we have only defined the global Cauchy transform €, on spaces of functions
or distributions supported on the closure of ¥. There is, however, no reason for doing so
in general; for instance, if ¢ is a test function in S(C), we may define

Cop(z) = = / z(cg ds(C), =€C,
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and observe that 0¢€.p(2)=€,0¢p(z)=¢(z) holds on C. In particular,

0y(2) = pla-+iy) =~ /C Cy(z, C)Be(¢)dS(0),

so that
Foy(t) = - /C Ky (1, 0)3(C) dS(C). (2.18)

PROPOSITION 2.7. If GELP(X,0), then f=C.GeLL (C), and 8f =g, in the sense of
distribution theory. On the other hand, if f€ L. (C), and its distributional derivative O f
belongs to the space £P(X,0), then there exists a constant B(f) such that f=8(f)+C.0f

holds area-almost everywhere on C; in particular, the restriction to C_ of f—B(f) belongs
to QP(C_,0).

Note. One should think of 5(f) as the value of f at infinity.

Proof. That f=¢€,geLl (C) for ge £P(X, o) was demonstrated in Lemma 2.6. We
proceed to check that 8f=g. For test functions ¢ on C, we have, by (2.18) and Fubini’s
theorem,

(¢.0€.9) =~(8p,€.3) =~ | €.3(0)3p()dS(C)
C

= /)D Sy (t)g(t+iy) dS(t+iy) = (v, ),

as claimed.

We turn to check the third assertion, which states that if fe Ll (C), and its distri-
butional derivative f belongs to the space £7(X, ), then f—€,0f equals a constant
almost everywhere (dS) on C. By what we have done so far, it is clear that the function
¢=€,0f belongs to L. (C), and has dp=0f. The difference ¢— f is then an entire
function in L. (C), which of course must be constant, by the mean value property and
Liouville’s theorem. If we denote this constant by B(f), the claim is verified. O

For ge £°(3, o), the restriction of €,g to C_ coincides with the earlier introduced
Cauchy transform €g. Thus, according to Lemma 2.3, the operator §% =€, DP supplies a
canomnical generalized Fourier transform. We shall obtain an explicit expression for % f.
For 0<y<1, write

e—p'ut

1
_ P’ _
qg,p(t,y)—2w0,p(t)/y @) du, teR,,
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and put ¢, (¢, y)=1 for y<0, and g, p(t,¥)=0 for 1<y. The function g, , is continuous,
and has 0< gy p(t,y)<1 for all (t,y)€R, xR. Moreover, for 0<e<y and 1<0<p’, we
have the crude estimate

top(t,y) =0(e™*), t— +oo, (2.19)

uniformly in y, if £ and 6 are fixed.

PROPOSITION 2.8 (1<p<+0). In terms of the function ¢, p, the canonical gener-
alized Fourier transform on LP(R,,w, ) is given by the formula

32 f(2) = €D f(2) = / e (1) goplt. Im2) i, 2€C\R.
0

Proof. Let o(t)=1/0(t) for 0<t<1, and set p(t)=0 elsewhere on R. If we write
z=x+1y, we have for 1<p<+o0, in the sense of distribution theory,

- . —itz 3 itz O
D.(e7 g p(t,y)) =e tzaz%,p(t» y)= %ze e gqu,p(tv y)
= —ie™ " w, , (1) o(y)P e~V (220)

= —ie" "y, (1) o(y)Pe PP, zeC.

For an f€LP(R,,wyp), let F2f denote the function given by the expression involving
do,p, 50 that what we need to check is that F2f=€,D?f. The function DPf is, as an
element of £P(Z, o), a tempered distribution on C with support contained in £, and
€. DPfeLl (C), by Proposition 2.6. The density DP f is furthermore a locally bounded
function in C, (it is declared to vanish off I), making €,D? f continuous on C,, due to
local elliptic regularity. Since €,D? f is automatically holomorphic in C_, we see that it
is continuous on C\R. Now suppose temporarily that f has compact support, so that
SEFEL>(C)NC(C), by the properties of g, ,. Using the identity (2.20), summability,
and Fubini’s theorem, one quickly verifies that, in the sense of distributions,

0.32f(2)=DPf(z), z€C,

holds. By Proposition 2.7, §2f=¢€,DP?f, as claimed. In fact, this identity holds pointwise
on C\R, because there, at least, both functions are continuous. To get the identity for
general f€ LP(R,,ws ), we use an approximation argument. So, let {f,}. be a sequence
of compactly supported functions in LP(R,,w, ), converging in norm to an arbitrary
fo€LP(R,,ws,). Estimate (2.19) assures that 2 f, =3~ foo as n—+o00, uniformly on
compact subsets of C,. On the other hand, by general Fourier analysis, it is clear that

2-945205 Acta Mathematica 174. 1mprimé le 20 janvier 1995
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we have uniform convergence on compact subsets of C_ as well. The same of course

happens for the operator €,D?P, which finishes off the proof. O

The dual space of bounded linear functionals on LP(R,,w, ) may be identified with
L”'(R+,w; »), the space of functions ¢ on R, satisfying

+o0 , , 1/p’
10l Lor, wity = ( /O ()P wo p(t) P dt) < +o0,

with the dual action

~+oo
(f.0)= | 1O, fELP(R,,wop), $ELF (R, w,}).

The resolvent transform of a ¢€L”'(R+,w; 11,) is the function

+o0
Re(z) = —i /0 exp(itz)o(t)dt, z€C,, (2.21)

which is holomorphic in the upper half-plane C,. It is a transformation of Fourier-
Laplace type, and will prove invaluable for the proof of the Main Theorem.
For 2€ C\R, let

dE(t) =exp(—itz)gy,p(t,Im2), t€R,,

so that (f,#?)=FLf(z) for feLP(R,,wsp). One then has

+o00 , , , 1/p'
||¢>£||L,,/(R+,w;;,)=( | e gty P antny dt) . z=atiy,

and this is thus the norm of the point evaluation functional. In view of this observation,
the following is immediate.

ProOPOSITION 2.9. For feLP(R,,wsp) of norm <1,

B2 £ < IF2FC+im)lsr ) < I6Bl L, wet)
— sup{|32h(2)|: he LP(Ry,wop), IBllioro sy <1}, z=z+iyc C\R.

Remark 2.10. The norm on FL'(R) is the one that makes the Fourier transform ¥
an isometry LY(R)—FL}(R).

The relations between the various mappings occurring in this section are illustrated
in the following two commutative diagrams; HP(Z, o) is the closed subspace of canonical
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densities in £°(%, o), which is the image of LP(R,,w, ) under D?, R is the restriction
operator f— f|c_, P is the projection £°(%,0)—HP(X,0) which makes the diagram
commute, and = is used to indicate the identity mapping, provided it commutes both
ways. For p=2, P is the orthogonal projection £2(Z, o) —»H2(Z, o).

LP(R,,w,p) <5 £7(3,0) <2 ¢, £7(5,0)

' | |

HP(S,0) <—E— £°(8, 0) — 22> €, £7(T, 0)

y y |

Qr(C_,0) Q*(C_,0) Q"(C.,0)

HP (8, 0) =——==HP(E,0) =—=H"(Z,0) —=—=Q?(C_,0)

g o e H

LP(Ry,we,p) =— LP(R., wep) —=> €, HP(3,0) —E> QP(C_, 0)

] ! | |

QP(C_,0) QP(C_,0) QP(C_,0)=—=0@"(C_,

3. The isometry construction: p=1

Let o be a positive strictly decreasing C? function on ]0, 1], with limit o(y)—+o00 as
0<y—0. Suppose, furthermore, that its logarithm y—logo(y) is strictly convex, in the
strong sense that its second derivative is positive throughout ]0, 1]. Put

we,1(t) =inf{exp(ty)o(y): 0<y <1}, (3.1)

which then has a concave logarithm log w, 1, and has the limit w, 1(t)—+00 as t—+o0.
By the general properties of the Legendre transform, we may recover o from wy 1,

o(y) =sup{exp(—ty)wo1(t):teR,}, 0<y<l (3.2)

We assume, moreover, that o(1)=1 and ¢'(1)=0; as a consequence, wy1(0)=1. The
function y,(t) is defined by the equality

wo,1(t) = exp(tys (t))o(yo (t)); (3.3)

one then computes that y,(t)=(logws,)'(t), which is a decreasing function on R,.
The inverse function of y,(t) is denoted by ¢, (y), and one finds that t,(y)=—0'(y)/o(y).
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The functions ¥, and ¢, are of class C!; y, is strictly increasing on R, , and #, is strictly
decreasing on ]0,1]. By assumption, ¢(1)=1 and ¢’(1)=0, so the image of ]0, 1] under
ts is R, and accordingly, the image of R, under y, is ]0,1].

Let M(R) be the set of all finite complex-valued Borel measures on R. Given
pEM(R), we write ||u||r(r) for the total variation of u.

If w is a weight function on R, (in the sense used in the introduction), we consider
the space M(R,,w) of all Borel measures u supported on R, =[0, +o0[, subject to

ume%@=/ w(t) dlp|(t) < +oo.
R,

It is a Banach space with the above norm, which contains L!(R.,w) as a closed subspace
in a canonical fashion: an L! function f is mapped onto the measure f dt.

Let M(Z) be the set of all finite Borel measures on the half-open strip $=Rx]0, 1],
normed appropriately:

Iblaasy = [, i)
Every measure g in M(X) may be decomposed (see, for instance, [24, pp. 595-618])

du(t+iy) =dp, (t) dv(y), t+iyel, (3.4)

where v is the finite positive Borel measure on ]0, 1] obtained by setting v(E)=|u|(R X E),
and the mapping y— pu, is Borel measurable and well-defined almost everywhere (dv) as
a mapping from )0, 1] into the closed unit ball of M(R). If u is a probability measure,
iy is the conditional distribution of ¢ for fixed y. The space M(f), o) of pre-densities is
the subspace of M(Z) consisting of those Borel measures 4 on ¥ with finite norm,

an@m=2éa@mwuww<+w.

The density space £1(, o) is defined to be the image of M(Z, o) by the Fourier transform
in the variable ¢. More precisely, if u€ M(2, o) and p has the decomposition (3.4), then

dil(z+iy) =Fuy(z) dzdu(y), c+iyel, (3.5)
is a typical element of £!(X,0), where

S,uy(x)=/ exp(—itz) du,(t), z+iyex,
R

which is bounded and continuous in the x variable. The elements of £!(¥, ) are thus
Borel measures on ¥. The norm in £!(¥,0) is defined to be the one induced by the
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pre-density space M(%,0): &l er(5,0y=Il1ll p($,0)- Since they are Borel measures on
¥, the elements of £! (f), o) are naturally distributions on C; as in §2, this is compatible
with defining the action of 1€ £'(X, ) on a test function ¢ €S(C) to be

(o, ) = /E Sy (t) dult+iy).

Again as in §2, the right hand side expression makes sense for a larger class of ¢ than
those in S(C). The Cauchy transform is defined on £1(%,0) by a formula analogous to
(2.9),

Q) =(C(+,C), i) = / Ky (1, ¢) du(t+iy)

® (3.6)

=2z'/ exp(—t(y+i¢)) du(t+iy), (e€C_.
[0,+00] x]0,1]

This definition involves a choice of how the Borel measure p, acts on the Heaviside
function H. The Cauchy image €i of ji is a holomorphic function in the lower half-plane
C_, because the integral defining it converges absolutely for all (€ C_, since

lea(0)] <2 /

d
exp(—t(y—Tm ) dlul(t+) =2 | 1)
[0,+00[ x]0,1]

10,1 y—Im(¢

”““M(f),a)
S inf{(y—Im()o(y): 0<y <1}

Write Q*(C_, o) for the image €£'(, o) of £1(%, o) under the Cauchy transform €. It
is a Banach space of holomorphic functions in the lower half-plane C_, when supplied
with the norm

Ikl e o) = f{llgll o150y : 9 € £ (5,0), €g=h}.

THEOREM 3.1. The Fourier transform § maps M(R,, wy,1) isometrically onto

Q'(C.,0).

As in §2, the first step is to introduce the operators D! and £. Given a measure
EEM(R,,ws1), let £ot, be the measure on ]0, 1] defined by

£oto(E) =£(t-(E)),

for Borel sets E. Consider the pre-density measure

AulE)(t+y) = 5 exDluto () dbo(t—to (D) dlEete)w), tHiYES,  (37)



22 A. BORICHEV AND H. HEDENMALM
and the associated density D*¢=j[¢],

digé)(z+iy) = 51; exp(yto (y)) exp(—its(y)z) dr d(€ots)(y), z+iy€eX.

The measure p[¢] has norm

11lEll acs,o) = / o(y) exp(yto () dbo(t—t5(y)) d(I€]ote ) (y)
- /] . a(y) exp(yta(y)) d(€]ot,)(y)
_ /R (9o () exp(tye () dI€](£)

- / o1 (8) dIEN(E) = €l My o
R,

thus £— p[€] is an isometry M(R,, w,yl)ﬁM(i), o), and D! is an isometry M(R,w,,1)
—£Y(%,0). By (3.6), the Cauchy transform of D¢ is

eale](¢) = 2i / exp(—t{y+i)) dulé] (t+iy)

[0,400[%x]0,1]

- / exp(—(y-+iC) +yto (v)) db(t—t, (1)) d(Eoto ) (y)
[0,4+00[x ]0,1]

- / exp(=ito (1)0) d(€ta) )

0,

= [ exp(-it0)de() =3¢(0), ¢eC.

Given a pre-density u€ M(%, o), let £[u] be the Borel measure on R, which assigns
the mass

EuB)=2i [ exp(~ty)disy(8)dv(y) (3.8)

Ex]0,1}

to a Borel set E. The extraction of the density i€ £!(%, o) is then £i=£[u], which is an
element of M(R,,ws1) (use (3.2)):

Vel tcR o 1) = /R won (£) dIE][1)(8)

+

<2 / exp(—ty)wo (£) dluly (t) dv(y)
R+ X ]0,1]

<2 / o(y) dluly (£) () = |l aacs.0.
R4 x]0,1]
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By inspection, the Fourier transform of £[u] coincides with €,

3elul(C) = / exp(—it¢) delp(t)

Ry

=2 [ exp(~itg—ty) dusy (1) dvly) =€i(0), (EC-.
Ry

Let us gather these observations in a proposition.

PROPOSITION 3.2. The following assertions are valid.

(a) The mapping D' is an isometry M(R.,,wy1)— £, 7).

(b) For each e M(R,wo,1), €DE(2)=FE(2) holds on C_.

(c) The mapping £ is a norm contraction £(X,0)— M(R,,ws1).
(d) FE=€ as mappings £1(X,0)—Q(C_,0).

Proof of Theorem 3.1. Mimic that of Theorem 2.1. O

We need to extend the Cauchy transform to a global one, denoted €,. As was the
case with the usual Cauchy transform, there will be some degree of arbitrariness in our
choice, due to the fact that we are dealing with measures, not functions. For pe M(%, o),
put

€. i1($) =2i/ exp(—t(i¢+y)) du(t+iy)

v (3.9)

~2i [ expl—tlic+y) dult+i), CEC,
14(9)

where U(¢)=R, x(]Im¢,1]n]0,1]) and V(¢)=]—00,0[x(]0,Im¢]N]0,1]). It is clear
that this defines a bounded Borel measurable function on C, and that in fact

1€l Lo (o) < tll a0 (3.10)
holds.

PROPOSITION 3.3. Ifi€£Y (X, 0), so that f=C, € L°(C), then Of =], in the sense
of distribution theory. On the other hand, if feLl (C), and its distributional deriva-
tive Of belongs to the space £'(X,0), then there exists a constant B(f) such that f=
B(f)+€.0f holds area-almost everywhere on C; in particular, the restriction of f to C_
belongs to Q1 (C_, o).

Proof. Analogous to that of Proposition 2.7. (|

By Proposition 3.2, the operator §.=¢,D! supplies a canonical generalized Fourier
transform. It is given by the formula stated in the proposition below.
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PROPOSITION 3.4. The canonical generalized Fourier transform on M(R,,ws 1) 15
given by the formula

3L(x) = €. DYE(2) = / e di(t), z=z+iyeC,

[0,to ()
where we agree that t,(y)=+o00 for y<0, and t,(y)=0 for 1<y<+4oo. It is thus a

bounded Borel measurable function on C. If the measure £ in M(R,,w,,1) is absolutely
continuous with respect to Lebesque measure, then §.£ is continuous on C.

Note. The interval [0,0[ is the empty set, and an integral over the empty set is 0.
Hence §+£(2)=0 for 1<Im z.

Proof of Proposition 3.4. Since 0<t,(y) always holds, the measure p[{] in (3.7)
places no mass on the set V() occurring in the definition (3.9) of €, /({), and thus

€.alél(Q)=2i /U © exp(—t(i¢ +v)) dul€](t+4y)

-/ exp(—ito (4)0) d(Eoto)(y) = —T0)
]Im ¢,1]N}0,1]

(0.t (y)[
The boundedness and continuity mentioned follow from direct inspection. O

The space L'(R,,w,,1) will be identified with the closed subspace of M(R,,ws,1)
of measures that are absolutely continuous with respect to linear Lebesgue measure.
The dual space of bounded linear functionals on L'(R,,ws,1) may be identified with
L*(R,,w, 11,), the space of functions ¢ on R, satisfying

160l g oty = €5 5uD{I0(0) /o (1) t € R} < oo,

with the dual action
+00
(fro)= f)o)dt, feL'(Ry,ws1), $€ LR, w;y)
0

The resolvent transform of a ¢€ L(R,,w, }) is the function

Ro(z)=—i /+ooexp(itz)¢(t) dt, 2€C,, (3.11)

which is holomorphic in the upper }?a.lf-plane C,.
For zeC, let
¢i(t) =exp(—itz)g,,1(t,Im2), teR,,
where g,1(-,y) is the characteristic function of the interval [0,%,(y)[, so that (f,¢.)=
F1£(2) holds for feL'(R,,ws,1). One then has, with z=z+iy, that ¢! =0 for 1<y <+oo,
and
”¢i”L°°(R+,w;,ll) =esssup{e™/wy1(t): 0<t <to(y)} =1, —oo<y<l,

so the norm of the point evaluation functional is either 0 or 1. Just as in the previous
section, the following is immediate.
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PROPOSITION 3.5. For feLY(R,,ws,1) of norm <1,

IF:f (D) < IFfC+i)llgrary) <1, z=z+iyeC.

4. The class of weight functions of type we

Fix a p, 1<p<+00, and write p’=p/(p—1), with the usual convention that p'=o0c if p=1.
The continuous function o:]0,1]—]0, +oo[ satisfies (2.1) if 1<p<+4o0, and for p=1, it
is assumed to be strictly decreasing and have a strictly convex logarithm, as in §3. It
is then of interest to know which weights w on R, are of the form wg p, but since this
question has a complicated answer, and we actually are only interested in the spaces
LP(R,,w), we shall be equally happy to know for which w we have w=w,,. Here, we
use the notation f>g, and say in words that f and g are comparable on R, if f and g
are two functions on R, with values in [0, +00[, which satisfy

Cif(t) <g(t) < Caf(t), teR,,

for some constants Cy,Cs, 0<Cq,Ce<+00. One easily convinces oneself that given two
different weight functions w; and w, on R, the spaces LP(R,,w;) and LP(R,,w;) are
the same (and the associated norms equivalent) if and only if wq=ws.

We first treat the case 1<p<-+o0o. Let 20 denote the collection of all continu-
ous (weight) functions w: R, —]0, +00[ which are increasing, have limit w(t)—4o0 as
t—+00, and possess a logarithm logw which is concave, and satisfies

logw(t)=o0(t), ast— +oo.

PROPOSITION 4.1 (1<p<+00). If 0 is as above, then w, p belongs to 2. If, on the
other hand, w is in 20, then a o can be found such that w, p=w.

Proof. Let us start with having a o, and try to prove w,,€28. Since, with the
notation of Appendix B, and du(z)=dz/o(z)",

wop(t) = 2Fau(P't)) /7, teR,, (4.1)

holds, and Fy, belongs to U in view of Proposition B.1, the assertion that w5 is in 20
is immediate from the definitions of the classes U and 2.
We proceed to the case when we have an w, and seek a 0. Let the function F be
defined via
w(t)=(2F@t)"V?, teR,, (4.2)
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and use Proposition B.1 to produce a p€P of the form du(t)=p(t)dt, where ¢ is a
continuous positive real-valued function on ]0, 1], for which Fy,<F. The choice o(t)=
@(t)~1/7" then does the trick. O

For a fixed real parameter s, 0<s<400, let 20, denote the set of all weights w in 20
with the additional property that the function ¢— (1+t)*w(t) is in 20. In particular, 2o
coincides with 28. Recall from Appendix B the definition of the sets B, with 0<s<+o00,

of fractional integrals of positive Borel measures in ‘B.

PROPOSITION 4.2 (1<p<+0o0). Fiz a real parameter s, 0<s<+oo. If o is such
that 07" is in Papr, then there exists a weight Ty, in W, such that Ty p=<wsp. On the
other hand, if an element w of 2 is given, then there ezists a o with o“”leiﬁspr with
the property that wy p=w.

Proof. If we start out with o, we put g:a‘p', which is assumed in 9B,,/, and note
that
wop(t)=(2F,(p't))""/7, teR,, (4.3)

which is (4.1) specialized to the present situation. Let F, be as in Corollary B.4, and
define W, , by the identity

Bop(t) = (2F,(0't)) "7, teR,.

Corollary B.4 tells us that F,<F, »y hence Wy p<ws p, and that F, 2 €Uy, hence W, , €2W,.

We next deal with the case when we begin with an w, and look for a 0. Let F
be related to w via (4.2), so that weV, entails F€Y,, . Proposition B.5 provides us
with a function p€PB,, such that F,<F, so if we put o:g"l/p/, we get wy p=w. This
completes the proof. O

It is time to formulate an assertion about weights in 20, which we mentioned without

proof in the introduction.

PROPOSITION 4.3. Suppose w€B; this is so if w is of the type ws,p, by Proposi-
tion 4.1. We then have the inequality

wOw(t+z) L w(t)w(z), tzeR,.

Proof. By definition, v(t)=logw(t) is increasing and concave on R,. In particular,
V'(t) decreases with ¢, so that

v(t+z)—v(t)= wy'(t+s)ds< z1/'(3)ds:u(z)—-I/(O),
0 0



COMPLETENESS OF TRANSLATES IN WEIGHTED SPACES ON THE HALF-LINE 27

from which the claimed inequality
wOw(t+z) <w(ilw(z), t,zeR,,

is immediate. O

Recall the notation
+o00 ,
&(p, o, y) = / % wep(t)? exp(—tyq) dt, (4.4)
0
from §2, where g=p'(p'—1)=(p')?/p. As a function of y, 5(p, @, y) is strictly decreasing,

and has 0<&(p, a, y) <+oo for y€]0, +o0[, because w, , €2 (Proposition 4.1).

PROPOSITION 4.4 (1<p<+00). Given s and a, subject to the restraints 1/p'<
s<+00 and 0K a<+00, there exists o constant C=C(s,0,p,a), 0<C<+o0, such that if
o7 is in Pspr, then

&(p, o, y)l/”l <Co(y)?, O<y<l,

where ¢q=(sp'/p+a+1/p")/(s=1/p").
Proof. With the notation of Appendix B,
Wop(t) = (2F, - (P’t))_l/p', 0<t < +oo,

so we see that by substituting u=p't,
’ 7 +w 7 I3
3(p, o, y) =27 /P(p/) P / u®? exp(—uyp'/p)F,-p (u) PP du, 0<y<+oo.
0

The assertion is now an immediate consequence of Proposition B.8. |

Consider the related functions (0<r<+00)

{ 6(p,y) = [y exp(—pty)wo,p(t)P dt, 0<y < +oo, (45)

5(p,my) = [ exp(—tyrp ) wo »(H)P dt, 0<y< +oo,

which, as functions of y, are strictly decreasing, and have values in 0, +oo{ for 0<y <400,
because w, €20 (Proposition 4.1). They have similar estimates.

PROPOSITION 4.5 (1<p<+o00). If s has 1/p' <s<+oo, there exist two constants
C=C(s,0,p) and K=K(s,0,p,1), 0<C, K <+00, such that if o isin Psp, then
&(py)/P<Co(y)*, 0<y<l,
a(p,my)P <Ko(y)?, 0<y<],
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with a=(s+1/p)/(s—1/p') and B=(rs+1/p')/(s—1/p).
Proof. Analogous to that of Proposition 4.4. o

We turn to the case p=1. If we do not make any additional regularity assumptions
on o, the relationship between ¢ and w,,; is sufficiently well understood in §3. To
treat regularity conditions on the weights o and w,,1, we proceed as follows. Start with
an we,, where s has 0<s, replace it with @€20, in C?, having @x=w, @(0)=1, and
w'(0)=1, and put

o{y)=sup{e ¥&(t): teR,}, O0<y<l. (4.6)
This ¢ then has all the properties requested of it in §3; we mention here that in particular,
o(1)=1, and ¢'(1)=0. By the definition (4.7) of we,1, and standard properties of the
Legendre transform, w, 1(t)=&(t) holds on all of R,. To study the functions y,(t) and

t,(y) considered in §3 more closely, introduce temporarily the notation a(t)=logwe 1(t)
and B(y)=logo(y), and note that these functions are connected via

{ a(t) =inf{B(y)+ty : 0 <y <1} = By (t)) +tys (1), @)

By) =sup{a(t)—yt: t € R, } = a(ts (¥)) —yto (y)-
By differential calculus,
{ Yo(t) =/(t),
te(y) =—F'(y),

so that since the functions y,(t) and ¢,(y) are inverse to each other by definition, it
follows that

o' (=6'(y)) =,

B/ (1)) =—t.

Differentiating once more, we get

B"(y)=~(" (=8N~ (4.8)

LEMMA 4.6. In the above context, the following estimates hold:
(a) 0<ts(y)=—-0'(y)<e-a(y)'/*, y€l0,1],
(b) —(e?/s)o(y)*/° <t (y)=-B"(y)<0, y€]0,1].

Proof. Since wy1=w0€eW,, we have a(t)=slog(1l+t)+ao(t), where g is concave,
and has o (t)=0(t) as t--~+00. Moreover, since a(0)}=0, ap(0)=0, and thus, by concavity,

OS/O(aé(r)—a{](t))dT:ao(t)—ta{)(t), teR,.
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We conclude that
s(log(1+t)—t/(1+t)) < aft)—td/(t), teR,,
and since B(y,(t))=p(c/(t))=a(t)—ta'(t), that

e~ (1+1) < exp(B(y»(1))/5),

or, equivalently,

1+t5(y) < e-exp(B(y)/s)- (4.9)
Assertion (a) is immediate. Furthermore, assertion (b) follows from (4.8), (4.9), and the
inequality o (t)<—s(1+t)72. O

PROPOSITION 4.7. If we €2, for some s, 0<s<+00, then
+o0
5(1,y) = / e~y 1 (t) dt < €T (s)o(y) 1, 0<y< L.
0

Proof. The assumption on w,; should be thought of as
a'(t)<—-s(1+t)7%, teR,. (4.10)

The integrand is exp(—ty+a(t)), and by (4.7), it attains its maximum value o(y)=
exp(B(y)) at t=t,(y). By (4.10), the function t— —ty+a(t) is strictly concave, and one
easily derives the estimate

—ty+a(t) < B(y)+s (log(l—i—t)—log(l—i—ta(y))— %‘;EZ;) , teR,.

When the integrand is replaced with the exponential of the right hand expression, one
arrives at

+o0
| expl-tya(t) dt< T 1+ ta)otw)
0
whence the assertion follows by invoking (4.9). O

We now formulate three equivalent ways of expressing quasianalyticity. A proof is
essentially contained in Beurling’s paper [4].

PROPOSITION 4.8 (1<p<+00). Suppose o is unbounded and decreasing. Fiz a real
number §, 0<6< 1, with the property that e<min{c(8),(p,6)}. Then the following three
conditions are equivalent:

(a) foﬁ log log o(t) dt < +00,

(b) f(f loglog 6(p, t) dt<+oo,

(©) [ (logw,p(t))/(1+4?) dt < +o0.
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5. The Main Theorem on completeness of translates in LP(R_, w)

We shall now reformulate the Main Theorem from the introduction in terms of the weight
classes 20, of §4, and derive a corollary from it. First, however, we need the following
lemma.

LEMMA 5.1 (1€p<+0o0). Fiz an a€[0,+oo[, and a weight w in the class W intro-
duced in §4. Denote by LP([a, +00[,w) the subspace of LP(R,,w) consisting of all func-
tions that vanish (almost everywhere) on the interval [0,c[. Then the image T, LP(R,,w)
of LP(R,,w) under the right translation operator T, coincides with LP([a, +o0o[,w).

Proof. By Proposition 4.3, the image of LP(R,,w) under T, is contained in
LP(R,,w), and hence in L?([@, +00o[,w). On the other hand, since the weight w increases,
the left translation operator T-, is norm contractive L?([a, +oo[,w)— LP(R,,w). That
does it. a

The following statement is an equivalent formulation of the Main Theorem (see §1).
The condition weW,; requires not only that logw(t)—slog(1+t) be concave, but also
that it tend to +o00 as t—+oc. What allows us to say that the two formulations are
equivalent is that the prescribed intervals of s and ¢ are open.

THEOREM 5.2 (1<p<+00). Putf(p)=2+1/p for 1<p<2 and 2<p<+oo, 8(2)=1,
and 0(1)=3. Suppose weWW, for some s, B(p)<s<+oo. Let G be a collection of elements
in L*(R,,w), and denote by T,(S) the set of all (finite) linear combinations of right
translates T f, z€R.,, of elements f€S. Then T,.(6) is dense in LP(R,w) if and only
if

(a) the functions in F(&) have no common zeros in C_, and

(b) there is no §, 0<8, such that & is contained in LP([6, +oo],w).

We obtain this theorem by proving a corresponding approximation statement in the
context of the spaces QP(C_, o), for weights o satisfying 1/ JP'E‘BSPI. In view of Theo-
rems 2.1 and 3.1, proving an approximation theorem for the space QP(C_, o) (suitably
modified for p=1) is equivalent via the Fourier transform to proving one for the space
LP(R,,wsp), where w, , is connected with ¢ as in §§2 and 3. Moreover, from §4 we
know that the requirements 1/ UT’IE‘BSPI and w€2W, correspond.

In an earlier paper [5], we studied certain spaces Q(C_, w), which are similar to the
spaces QP(C_, o) investigated here. They were defined as spaces of bounded holomorphic
functions in the lower half-plane, having extensions to the whole complex plane that
are bounded and asymptotically holomorphic in the sense that their & derivatives are
controlled by a weight function w. It is possible to regard each such space Q(C_,w) as
consisting of Cauchy transforms of a space of densities ¢ satisfying a weighted uniform
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norm condition
lp(2)| < C(p)w(Imz), z€C,.

In the setting of the present paper, the function w corresponds to 1/0. Our space
QP(C_,0) is defined as the image under the Cauchy transform of the density space
£P(%, o), which contains unbounded functions. This difference causes us some difficulty,
but it is not too serious. What we actually need is that the image €, H?(%, o) under the
global Cauchy transform of the space H?(X, o) of canonical densities (see §2) consists of
sufficiently smooth functions. ,

It is easy to derive from Theorem 5.2 the following consequence, which at first glance
seems much stronger. All one needs to do, however, is to apply a couple of translation
operators, together with Lemma 5.1.

COROLLARY 5.3 (1<p<+0o0). Suppose that the weight w is as in Theorem 5.2,
and that we have a collection & of elements in LP(R,,w) whose Fourier transforms
lack common zeros in C_. Then the closure of T,(6) in LP(R.,w) coincides with the
subspace LP([a(S), +o0[,w), where a(G)=sup{a€|0, +oo[: SCLP([a, +o0[,w)}.

6. Translation invariance versus convolution
invariance in the space LP(R,,wq p)

Fix a p, 1<p<+oo, and write p’=p/(p—1), with the usual convention that p'=oo if
p=1. The function o:]0,1]—]0,4o00[ is continuous, and satisfies (2.1) for 1<p<+oo,
and the requirements of §3 for p=1. The related weight function w,,, on R, as defined
in §§2 and 3, belongs to 28, that is, it is increasing to +00, has a logarithm log ws , that
is concave, and satisfies

log we,p(t) =o0(t), ast— +oo.

Our aim is to show, for closed subspaces of LP(R,,w, ), the equivalence of right trans-
lation invariance and invariance with respect to convolution with the functions ey, for
A€ C,, which are defined in the proposition below. We shall see that we can do this
without making any additional regularity assumption on o.

PROPOSITION 6.1 (1<p<+0). For A€C_, the function
ex(t)=—iexp(irt), teR,,

is an element of LP(R,,we p), with norm &(p,Im A\)Y/?, where G is given by (4.5). More-
over, every function in LP(R,,wsp) can be approzimated in norm by finite linear combi-
nations of the functions ex, A€C, . Denote the Fourier transform of ey by Ex. We then
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have Exe€QP(C_,0) for AeC,, and the explicit formula

Ex(z)=(A-2)"1, zeC_.

Proof. We noted in §4 that, on its interval of definition, §(p, - ) is strictly decreasing,
and has image contained in ]0, +o0o[. It is clear by (4.5) and the definition of the norm
in LP(R,,wsp) that ey has norm &(p,Im \)}/?, so we immediately obtain that ey€
LP(R,,wsp) for A€ C,. The formula for E) is obtained by a straightforward calculation.

We now check the statement on approximation. Suppose that the functional ¢€
LP(R,, w; ) annihilates all e, with A€ C,.. Because of the way we defined the resolvent
transform, this means that R¢(A)=0 for all AeC,. But then ¢=0, by the uniqueness
theorem for Laplace transforms. By duality, the functions ey, with A€ C,, must span a
dense subspace of LP(R,,wsp). ad

We need an upper estimate for the norm of the translation operator T, (z€R,), on
the space L?(R,,w, ). For p=1, the translation operator T, also acts on M(R.,w, 1),
TE(E)=£((E—z)NR, ), where E—z={teR:t+z€E}.

PROPOSITION 6.2 (1<p<+o0). For z€R, and fELP(R,,wsp), we have the in-
equality

+o0 » wa,p(fl:) P ptoo »
/0 (T2 £ (8P (1) dts( ) /0 F(O)Pws p(t)7 dt.

wo,p(0)

For measures (e MR, ,ws1),

+oc

+o0
/0 wor(t) diTutl(®) < 222 [0, () digl(t).

wo,p(0) Jo

Proof. The assertion is an easy consequence of Proposition 4.3, if we note that

+oo +oo
/ 1T, £(6) s p(8)P dt = / |F(8) o p(t+2)? dt.
4] 0

This also works for measures, which completes the proof. 0

Now we set Q5(C_,0)=FLP(R,,w,p). We note that, for 1<p<+oo, Q5(C_,0)
coincides with QP(C_, o), but that Q3(C_, o) is a proper closed subspace of Q*(C_, o).
The statement corresponding to Proposition 6.2 on the Fourier transform side is as
follows.
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COROLLARY 6.3 (1<p<+o0). For zeR, and f€QP(C_,0), the function
Mmf(z):e_izz'f(z): ZEC_,
belongs to Q°(C_,0); in fact, we have

Wop(
IMa gm0 < 222D | fllonc. s s€R..
"-’am(o)

(This follows from the identity M, Fg=3FT,g.) Moreover, if f€QL(C_,0), then M, f
also belongs to Q4(C_, o).

The above result permits us to estimate the norm of the operator of multiplication
by E) on QP(C_,0).

PROPOSITION 6.4 (1<p<+00). For AeC,, multiplication by the function E) is a
bounded operator on QP(C_, o), which for p=1 preserves Q4(C_, o), and we have in fact

+o0
18 lgric o <mp@ ([ e unp0) Wlgric
Swop(0)"H(ImN) V7 5(p, Im A /p) P | fllgric_ oy, fEQP(C,0).
Proof. The first inequality is immediate from the identity
e .
Exf(z)= —i/ M, f(2)-e®*dz, z2€C_, (6.1)
0
and the estimate of the norm of M, obtained in Corollary 6.3; analogous formulas work

for measures. The second estimate results from an application of Holder’s inequality. O

We now state the promised result on the equivalence of translation and convolution
invariance for closed subspaces.

PROPOSITION 6.5 (1<p<+0o0). Let & be a collection of elements in Q5(C_, ).
Denote by J,,,(G) the closure of the set of all (finite) linear combinations of functions of
the type M, f with f€& and z€R,, and by J.(S) the closure of the set of finite linear
combinations of functions of the type Exf, with \eC, and f€&. Then J,(6)=J.(6).

Remark 6.6. If Q5(C_, o) is a Banach algebra when supplied with pointwise multi-
plication of functions, it follows from Proposition 6.1 that J.(&) equals the closure of
the ideal in Q4(C_, o) generated by G.

Proof of Proposition 6.5. Let us first show that J,,(&) is contained in J.(&). Given
f€6 and zcR , it suffices to approximate M, f by elements of J.(&). By Corollary 6.3

3945205 Acta Mathematica 174. Imprimé le 20 janvier 1995
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and Proposition 6.4, the operator of multiplication by the function M, E;, is bounded
for 0<a. Moreover, if 0<a<g, and T is the line '={A€C:ImA=21a}, oriented from
the right to the left, the identity

: —izA
M, Eia(z)~ M. Eip(2) = 5 /F (ZETﬂ_/\i)z;ﬁ—_ijx(z) i,
where the integral is norm convergent in the space of multipliers on QP(C_,o) (use
Proposition 6.4}, shows, by approximation with Riemann sums, that M, E,;,f— M E;sf
belongs to J.(&). But if we let §—+00, F;s tends to 0 as a multiplier, by Proposition 6.4
and the fact that 6(p,t)—0 as t—-+o00, so we arrive at the conclusion that M, E;,f€
Je(S). We would now be done if we could show that

l(iaEia~1) Mo fllgo(c_ oy =0 85 0<a— +oo. (6.2)

We shall in fact prove that (6.2) holds for general f€Q}(C_, ), not just members of &.
Since we know M, is a bounded operator on QP(C_, o) (Corollary 6.3), and a simple
calulation based on (4.5) reveals that &(p,z)=0(1/z) as x—+o0, so that by Proposi-
tion 6.4, the multiplier norm of iaF;, remains bounded as a—+00, it suffices to obtain
(6.2) on a dense set of f in Q5(C_,0). By Proposition 6.1, finite linear combinations
of the functions Ey, with A€ C,, span a dense subspace of Q}(C_,o), so we shall be
content to check that {6.2) holds for f of the form f=Fj, with AeC,. Since the norm of
E, in QP(C_,0) is &(p,Im A)'/? (Theorems 2.1 and 3.1, Proposition 6.1), and 6(p,t)—0
as t—+o00, we have that

o A
E; -
ta— A o(2)

iaE;o(2)Ex(2)—Ex(2)= Ex(z)—0 asR,2a— +oo,

i—A
in the norm of QP(C_,s). By applying the operator M, to both sides, we arrive at (6.2)
for the function f=F).

We now check that J.(S) is contained in J,,(&). It suffices to show that for A€eC,
and f€ &, the function E) f may be approximated with finite linear combinations of M, f.
This, however, is possible by relation (6.1), if we use Riemann sums to approximate the
integral. O

7. Multipliers on spaces of densities

A C* function ¢ on C is said to be a multiplier on £P(3, o), provided that pge £P(X, o)

whenever §€ £P(X, o), and a norm estimate holds:

lledllgr o) SC@NTNlgr(s,0)- (7.1)
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In the special case p=2, the norm on £P(%, o) is given by identity (2.5) in terms of the
modulus of §, and thus (7.1) holds for all p€L>®°(X); in fact, L°°(X) is the space of
multipliers on £2(X, ). For other p, no such simple characterization holds. What one
would need is a description of the convolution multipliers on L?(R): the space () of
multipliers on £P(%, o) would then consist of functions ¢(z+iy) that for fixed y, 0<y<1,
are Fourier transforms of convolution multipliers on LP(R), with norm uniformly bounded
in y. On the other hand, we do not really need a complete description of convolution
multipliers. We make use of the following simple observation.

LEMMA 7.1. For ue M(R), the space of finite complex-valued Borel measures on R,
and fe LP(R), the convolution

+o0
px f(z) = fz—t)du(t), z€R,

is in LP(R), and ||p* fll o) <l mw) | fll Lo r). Moreover, M(R) is a convolution
algebra, that is, for p,ve M(R), uxve M(R), and lexvl mer) < el ey 1My -

This result is well known.

Introduce the space 9(X) of all functions pe L>®(X) with the following properties:
for almost all y, 0<y<1, the function ¢, (z)=¢(z+iy) belongs to the Fourier image of
M(R), and y—, is a Borel measurable uniformly bounded mapping ]0, 1[ - FM(R),

llellosy = esssup{lloyllg mem) : 0 <y < 1} < 4o0.

Define the space M(2) as follows: p€MM(E) means that ¢ is a Borel measurable bounded
function on 3, such that y— @, is an everywhere defined Borel measurable uniformly
bounded mapping 0, 1]— FM(R),

lelloncs:y = sup{lleyllzmem) : 0 <y <1} < +oo.

By Lemma 7.1 and the well-known fact that the Fourier transform turns convolution
into pointwise multiplication, and vice versa, it is clear that the functions in () are
multipliers on £P(%, o) (for 1<p<+o0), and that the functions in 9t(2) are multipliers
on £1(¥, ). However, for 1<p<+4o0, there are plenty of multipliers on £°(%, o) which
do not belong to M(X).

We note that this way of multiplying elements of 9U(%) with densities coincides with
the usual multiplication of functions, if the density is a sufficiently well-behaved function.
This follows from Lemma 7.2 below. Define L. (R) to be the space of all (equivalence
classes of) Borel measurable complex-valued functions f on R for which

1
sup/ |f(z+1)| dt < +o0.
z€R JO
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LEMMA 7.2 (1<p<+o0). If feLP(R) and ge L}(R), and the Fourier transform
S f is an element of L (R), then §(f*g)=Ff-Fg€ L (R).

The proof is an exercise in distribution theory.

8. Smoothness properties of canonical densities
and their Cauchy transforms: 1<p<+oo

Throughout this section, 1<p<+oo, and o:]0,1]—]0,+o0[ is continuous, and satisfies
(2.1). The weight w,, is related to o by formula (2.2). We note that w, €20, by
§4. In this section we study how smoothness properties of the functions in the spaces
QP(C_,0) and LP(X, o) vary with the weight ¢. For instance, we want to know when the
functions in QP(C_, o) extend continuously up to the real line, and when the product of

two functions in QP(C_,0) remains in Q?(C_,0).

PROPOSITION 8.1 (1<p<+00). If the condition

/1 dt < too
o to(t)”

holds, then the functions in QP(C_, o), initially defined in the open lower half-plane C_,
eztend continuously to the compactified lower half-plane C_U{oc}, and assume the value
0 at oo.

Note. (a) The above condition may be phrased in terms of w, ,:

/+°° a2 /1 dt
o wop(t)” P Jo to(t)

(b) The condition of the lemma is fulfilled if 1/0?" belongs to Pap, 1/p' <s<400
(notation as in Appendix B).

Proof. If e £P(X) has compact support in X, its Cauchy transform extends analyt-
ically to C_U{oo} with value 0 at 0. For a general §€ £P(X, o) we have, by inequality
(2.10),

_ 1 dt 1/p
€I <l ( [ i) <o €€

Approximating § in £P(X,0) by densities with compact support, we get the desired
result. O

We study when the space of canonical extensions (see §2) to C of the functions in
QP(C_,0), denoted €, HP(Z,0)=FLLP(R,,ws,p), is contained in L>°(C)NC(C). Here,
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C(C) is the Fréchet space of continuous functions on C, with the topology of uniform con-
vergence on compact subsets. The following lemma explains what properties of H?(X, o)
we should look for. The functions in the space L4(X) are tacitly assumed extended to C
by declaring them equal to 0 on C\X.

LEMMA 8.2. Let q satisfy 2<g<-+oo. If he L4(X), then €,.he L>(C)NC(C), and
there is a constant C(q), 0<C(g)<+0o0, such that

[€hll L (cy SC@ Nl Lace)y, he€LIE).
Proof. The integral defining €,h is
h
Q*h(z):/ Q) dS(¢), z€C,
22—

.and it is absolutely convergent, because of the estimates (¢’ is the dual exponent to g¢:

1/g+1/q'=1) »
/ [f—(f—g{dS(c><||h||Lq@>( [ ",

as() _ [ _dSE)

z l2=C7 e ¢ LT

and

< 400

The last estimate holds because of symmetry, and because 2<g<+00 is equivalent to
1<¢’'<2. This shows that €,h is bounded, and that the uniform norm estimate holds.
To see that €.h is continuous, consider a translate T5,€,h(z)=C€.h(z2—n) of €,h, where
neC. Computations analogous to those we have performed already show that T,,€,h is
close to €.k in L*®°(C) if 5 is close to the origin. This demonstrates that €,h is in fact
uniformly continuous on C. O

Recall from Appendix B the definition of the sets P,, with 0<s< 400, of fractional
integrals of positive Borel measures in 3. The easiest estimate of the size of canonical
densities is the following; it shows that they are bounded provided U”’IE‘BHPI.

PROPOSITION 8.3 (1<p<+00). If 0=7 belongs to Psp for some s, 1/p' <s<+o0,
we have for feLP(R,,wsp)

|DPf(z)| <Co(lmz)™", z€X,

where r=(s—1-1/p")/(s—1/p"), and C=C(s,0,p, f) is a positive constant.

Proof. The assertion is immediate from Proposition 4.4 and (2.15), with n=0. O
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Our next result provides L? norm estimates of canonical densities. For 1<g< 400
and r real, the space L%(X,0") consists of all (equivalence classes of) Lebesgue area
measurable functions f on ¥ with the function f(z)o(Im z)" in L9(X). The norm of f in
this space is the L(Z) norm of f(z)o(Im z)" (in §2, we multiplied by 2!/? to make the

isometry work).

PROPOSITION 8.4. Suppose o is such that c~P belongs to Psp for some s, 1/p' <
s<+o00, and that g and r are two real numbers, subject to the conditions max{p,p'}<
g<+o0 and
1-2/q (8.1)

0<r<i- .
" s=1/p'

We then have the estimate

17 fllaz,om) SCNfllLemy wo,y  fELP(RL,wop),

where C=C(s, 0,p,q,7) is a positive real constant which does not depend on f.

Proof. We begin by remarking that with the notation as in §2,
D f(z+iy) =glf, pl(z+iy), z+iyel,

where
glf. pl(t+iy) = —ie~ PP f(R)w, ()P [o(y)P . t+iy€eT;

recall that the tilde stands for taking the Fourier transform in the variable ¢t. An appli-
cation of the Hausdorff-Young theorem [28, p. 178] shows that (2<q)

197 £(- +i)l| Lary = I8 9LF, PI(- +i8) | cary < @m) VN glf, A1 +it) | Lo,

where ¢ is the dual exponent to ¢: 1/g+1/¢’=1. By applying Holder’s inequality (with
three factors), we get

oo oo a/d
[t sesinass 2o ([ el o) e i
0

- (y)r' e
2m * ¢/p=1( poo tup'R 'R q/p' -1
<o ([ VOParsora) - ([7e 0 a)
0

= 2| f 18P, ) 3Py By o (y)? Framep

< [ e Pt ot) 7
0
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where R=(1/p—1/q)/(1/p'—1/q), and & is as in (4.5). Proposition 4.5 supplies us with
an estimate of &, so that (8.2) condenses to

| owrimesariplds
o oo (8.3)
<Oy 00 [ O g 07 o) P

where C=C{s,0,p, q) is a positive constant, and
1-2/q
A=q(r-1 <0,
q(r +8—1/p’)

by assumption (8.1). Since a"’le‘,Bsp/ C%P1, o is decreasing, and the exponent A is <0,
a(y)*<o(1)A, so that if we introduce another constant,

C= %C(s,o,p, q)cr(l)A,

we may therefore obtain from (8.3) the simpler estimate

/°° o(y)" D f(z+iy)| dx

N (8.4)
<O 2 / €| £ (1) P p ()7 o (y) P dt,

On integrating (8.4) with respect to the y variable, we get

/ o(Im 2|07 £(2)|7 dS(2)
x

<Ol lTory o, 2 /0 /0 e (O (0P o(y) P dtdy
— Ol o,
The proof is complete. O
In view of Lemma 8.2, Proposition 8.4 has the following corollary.
COROLLARY 8.5 (1<p<+oc). Suppose that (T_plemsp’ with max{1/p,2—3/p}<s.
We then have €, H?P(Z,0)CL>*(C)NC(C), and
182fl=(c) SClf Loy wopyr  FELP(Ryswop),
holds for some constant C=C(s,0,p), 0<C<+o0.

Proof. Pick g>max{p,p’} very close to max{p,p’'}. Proposition 8.4 (with r=0)
then asserts that DPLP(R,,w,p)C LI(X). In terms of norms, we have the corresponding
inequality

1% fllzes) CNfllerry wop)s  fELP(Ry,wop),
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for some constant C=C(s, g, p, q), 0<C <+o00. The assertion of the corollary now follows
from Lemma 8.2. O

Recall the definition of the space 9M(X) in §7. The next result follows from Corol-
lary 8.5 and Proposition 2.9.

COROLLARY 8.6 (1<p<-+00). Suppose that o7 € P,y with max{1/p,2—3/p}<s.
Then the restriction of FEf to T is in M(X) for fELP(R,,wsp), and

||Sff||sm(2) < C||f”[,p(R+,w,,,,) ’ f € LP(RM“)U,P)’

for some constant C=C(s,0,p), 0<C<+00.

To handle multiplicative properties of the spaces @P(C_, o), we need to know when
Leibniz’ rule applies in the sense of distribution theory.

LEMMA 8.7. Let Q be a domain in the complex plane, and let f,ge C(Q) be functions
whose O derivatives, Of and dg, taken in the sense of distribution theory, belong to
LL (). Then fOg and gof are also in L} (), and Leibniz’ formula holds: 8(fg)=

fOg+gOf. Both sides of this identity are to be interpreted in the sense of distribution
theory.

Proof. Smooth up f and ¢ by convolving them with a C° approximate convolution
identity. Then apply Leibniz’ rule to the smoothed up functions, and make an appropriate
passage to the limit. Interpreted in the sense of distribution theory, this yields the
result. g

We now deal with the multiplicative properties of the spaces QP(C_, o).

PROPOSITION 8.8 (1<p<+00). Suppose that a_pleﬁps,,/ with max{1/p,2—-3/p}<s.
Then if f,gcQP(C_,0), we have fge@RP(C_,0), and moreover, there exists a constant
C=C(s,0,p), 0<C<+00o, such that

”fg”Qp(c_,o) < C“f"Qp(C_,a) ||9||Qp(c_,g) .
It follows that QP(C_, o) is a commutative Banach algebra under pointwise multiplication

of functions.

Note. We consider the more general definition of a Banach algebra with the norm
of a product bounded by a constant times the norms of the factors.

Proof. By Theorem 2.1, we can find functions ¢, € LP(R,,ws ) with Fp=f and
FY=g which have the same norms as f and g in Q?(C_, o), respectively. The functions
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f+=%%¢ and g.=F%¢ then provide extensions to the whole complex plane of the func-
tions f and g (see §2), which are bounded and continuous (Corollary 8.5), and satisfy
Of.=DPpecLP(L,0) and Hg,=DPYeLP(X, 0). By Proposition 8.4, 8f, and dg. belong
to LI(X) for some g€ )2,+o00[. By Lemma 8.7 (with Q=C), 8(f.g.)=f+09.+9.0f., and
consequently, 9(f.g.)E€LP(E, ), in view of Corollary 8.6. An application of Proposi-
tion 2.7 shows that fg is in QP(C_, o), and it is easy to verify that the claimed norm
inequality holds. ]

If we recall the well-known fact that the Fourier transform turns convolution into
ordinary pointwise multiplication of functions, Proposition 8.8 has the following conse-
quence, in view of Theorem 2.1.

COROLLARY 8.9 (1<p<+00). Suppose o“”'e‘ps,,f with max{1/p,2—3/p}<s. Then
if f,9€LP(R,,wo,p), we have fxge LP(R,,w, ), and moreover, there exists a constant
C=C(s,0,p), 0<C<+o0, such that

”f*g”Lp(RJﬁwa,p) < C”f”[,p(RJr,wa'p) ”gllLP(R+,w,,p) .

Remark 8.10. It is possible to arrive at the conclusion of Corollary 8.8 in a more
elementary way, as we shall see. By Proposition 4.2, the assumption a‘ple‘ﬁspf, for
some s, 0<s<+00, entails that there exists a weight @ in 25, with @=<w, p.

Claim. For 1/p’ <s<+oo, there is a constant C, 0<C <400, such that
@ Pxo?)2)<Calz)™™, z€R,.

To this end, note that w(t)=(1+1¢)*w,(t), where &, €], so that what needs to be checked
is

/” (142)°7 Ty ()P dt
o (1+z—1)

£ < R,.
P (14+4)5P' B (x— )P W (2)P SC, zeR,

By Proposition 4.3, &,(0)&s(z) <@s(z—t)w,(t), and consequently, it is sufficient to verify

that .
z (1+z)%? dt
<C, ;
/O Atz v isg7 SO 7R

if we change the value of the constant C' by multiplying it with &, (O)F”. This is very easy
to check, if we use that 1/p’ <s<+o00; notice the symmetry of the integrand, and split
the integral at the middle point %x O

Since wq,p <, the assertion of Corollary 8.9 follows from the above claim and the
following lemma.
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LEMMA 8.11 (1<p<+o00). If a weight functionw on R, satisfies (w"”*w_”,)l/p' <
Cw™! on R, then

I|f*g||LP(R,+,w) < C||f||Lp(R+,w) !lglle(R+,w) v [r9eLP(Ry,w).
Proof. By Holder’s inequality,

P
w(z)? dz

[T o@reera= [ | [ sta-v ay

<[ eer(f @Tdf’—y))/

x ( [ 110Pla-prorae—y dy) dz

+o0
+o0

+oc pz
<cr / F @) Pw(y)lg(z—y)Pw(z—y)? dy dz
0 0
:Cp”f”ip(RJr,w) |lg||11:p(R+,w) J

as claimed. u

Remark 8.12. By Proposition 4.2 and Lemma 8.11, the assertion of Proposition 8.8
actually holds for all s, 1/p’ <s<+oo. The point with the approach chosen here is that
with the excessive regularity condition, we know that the reason why QP(C_,0) is a
Banach algebra is that the canonical extensions to C of the functions in QP(C_,0) are
sufficiently smooth.

We need to identify the maximal ideal space of the algebra QP(C_, o); however, since
this algebra lacks a unit, it is preferable to consider instead the unitization Q2(C_, o) of

Q*(C_,0).

PROPOSITION 8.13 (1<p<+00). Suppose o“”le‘Bspf for some s, 1/p' <s<+o0, so
that QP(C_,0) is a Banach algebra. Then the mazimal ideal space of the unitization
Q?(C_,0) of QP(C_,0) coincides with C_U{oo}, in the sense that every nontrivial
complex homomorphism 7: QE(C_,0)—C has the form

T(f)=f(20), feQi(C.,0),

for some 20€C_U{oo}.

Proof sketch. Check first that a nontrivial complex homomorphism is a point eval-
uation on the functions Ey, A€ C,. Then use Proposition 6.1 to show that it is a point

evaluation on all functions. O
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Remark 8.14. Some condition on o is needed to ensure that QP(C_, o) is a Banach
algebra. To illustrate this point, take o(t)=1, so that Q?(C_, o) becomes the Dirichlet
space, which contains unbounded functions, and hence is no Banach algebra, yet 072 is
in PBo, for all s, 0<s<%.

9. More on smoothness properties

The parameter p has 1<p<+oo (p’ is the dual exponent), and w,,, and o are as in §§2
and 3.

As in §8, we study canonical densities, that is, elements of
HP(Z,0)=DPLP(R,,wsp),
and their global Cauchy transforms. This time we want to get more smoothness than
that which is needed to have a Banach algebra structure.
PROPOSITION 9.1 (1<p<+00). Suppose c™P is in Pspr for some s, 1/p' <s<+o0.
Fiz 6y and 61, 0g=1—(s—1/p')7L, 6.=1-2(s—1/p')"1. Then the estimates
1D fll Lo (5,0%) < Cll fll Lo R4 w0 )5
1007 f || oo (2,001 ) S Cllf L2 (R wa )
hold, for some positive real constant C=C(s, o,p).
Proof. The assertion of the proposition follows from (2.15) and Proposition 4.4. O

For feL'(R,,w,,1), we identify the function with the corresponding absolutely
continuous measure, and thus write D' f for the density associated with the measure

fod,
D (i) = 5- exp(te (v) exb(—ito (W)z)foto WL, (1)), a+iy €.

By (3.3), this may also be written as

o' fa+in) = 22D e it ()o) foto I W), ative S
io(y)
For p=1, the following result is helpful.

The analog of Proposition 9.1 for p=1 is obtained through an argument slightly
different from what was used for 1<p<+oo. The space L®(R,ws,1) is needed, which
consists of all Lebesgue measurable functions f on R, subject to the norm condition

1fll oo (R wo,1) = €8SSUP{wo,1 ()| f(B)| : tERL} < +00.



44 A. BORICHEV AND H. HEDENMALM

PROPOSITION 9.2 (p=1). Suppose w, 1€, for some s with 0<s<+oo. Then,
with 8p=1-2/s and 6,=1-3/s, the following estimates hold, for feL'(R,,ws1)N
LOO(R+)w0',1)’

“:le”Lw(E,o'gO) < C”f”L""(R+,Wa,1)’
102D fll oo (5,001) S C fll Lo Ry 000)»

where C=C(s,0) is a positive real constant.

Proof. Note first that by the definition of the density D! f, we have for integers
n=0,1,2,...,

0D f(z+iy) = (~ite(y)" D f(z+iy)

AT ‘
= S et () ot (9) exp(—iato (1)t (W) £, (),
2i0(y)
so that )"t @)
: to(y)" It (y :
102D f(z+iy)| < jw“f”Lw(RJr,u,,l), T+iy €Y,
at least almost everywhere. The assertion now follows from Lemma 4.6. O

LEMMA 9.3 (p=1). For each f€L'(R,,w,1), the restriction to ¥ of Fif is in
M(X); in fact, T2 lones) <IfllLrRawon)-

Proof. This follows from Proposition 3.5. a

As in §6, the space Q}(C_, o) is the Fourier image of L' (R, ,w,,1), which is a proper
closed subspace of Q1(C_,0).

PROPOSITION 9.4 (p=1). When equipped with pointwise multiplication of functions,
the space Q(C_,0) is a commutative Banach algebra with unit, and Q}(C_,0) is a
closed ideal in it.

Proof. The space M(R,,ws,1) is a convolution algebra, because w,; is sub-
multiplicative, by Proposition 4.3. Moreover, L'(R,,w, 1) is the closed ideal of all
absolutely continuous measures in M(R,,ws1). The result follows by taking Fourier
transforms. |

Remark 9.5. It is possible to obtain the assertion that Q3(C_, o) is a Banach algebra
by working with canonical extensions, as in §8.

We identify the unitization Q1(C_, o) of Q3(C_, o) with the subalgebra of @Q*(C_, o)
generated by Q3(C_, o) and the constant functions.
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PROPOSITION 9.6 (p=1). In the sense of point evaluations, the closed lower half-
plane C_ is an open subset of the mazimal ideal space of Q*(C_,c). Moreover, in the
same sense, the mazimal ideal space of QL(C_, o) is C_U{oo}.

This result is well known.

10. Holomorphic continuation of the resolvent transform

Let p be in the interval 1<p<+o0, p’ be the dual exponent to p, and w, , be related to
o as in §§2 and 3 for appropriate weights o.

The resolvent transform of an element ¢ of the dual space to LP(R ., w, ), identified
with the weighted space LF (R, w; ) on R, was introduced back in §§ 2 and 3 (relations
(2.21) and (3.11)):

Rp(A) = —i /0 +ooexp(it)\)¢(t) dt, AeC,. (10.1)

The function ¢ defined by relation (10.1) is analytic on the upper half-plane C,, and
by the uniqueness theorem for the Fourier transform, it vanishes identically if and only
if $=0. The idea to use such a transform to gather information about the structure of
closed ideals in a Banach algebra goes back to Arne Beurling, Torsten Carleman, and
Izrail Gel'fand [13]; as far as we know, Gel’fand has the earliest paper using this method,
and he also has, in a simple special case, the elegant way of getting the analytic con-
tinuation which was later rediscovered by Yngve Domar [8]. Beurling’s and Carleman’s
contributions have been more influential, and what we refer to here as the resolvent
transform is frequently called the Carleman transform in other research papers.
In terms of the bilinear form

+oo
(fr9)= f()g(t) dt,

0

we may rewrite (10.1) as

Ro(A)=(er,9), AeC,, (10.2)

with ey as in Proposition 6.1:
ex(t)=—iexp(iXt), teR,.

For 1<p< 400, the Fourier transform maps LP(R,,w, p) isometrically onto QP(C_,0),
by Theorem 2.1. As a consequence, the functional ¢ on LP(R,,w,,) corresponds to
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a bounded linear functional ¢ on Q?P(C_,0), and in terms of bilinear forms, we write

~

(§f,9)=(f,#). We may thus write (10.2) as

iR(IS(A) = (E>\a ¢>, A€ C+a (103)

where E)(z)=Fex(z)=(A—2z)7!, as in Proposition 6.1. For p=1, the Fourier transform
maps M(R,,,we,1) isometrically onto Q!(C_, ), by Theorem 3.1. Extend the functional
¢ to all of M(R,,w, 1) by declaring (¢, ¢) =0 for measures £ that are singular to the linear
Lebesgue measure. This extended ¢ then corresponds to a bounded linear functional qg
on QYC_,0) via (F£,$)=(£, ¢), and (10.3) holds for p=1 as well. We intend to study
resolvent transforms %R¢ of mean-periodic functions ¢, that is, functions in the annihilator
of a non-zero, closed, right translation invariant subspace of L?(R,,w, p). In particular,
we investigate the possibility of holomorphically extending fR¢ across parts of the real
axis. The purpose is to show that under certain conditions, 8¢ is an entire function;
we shall later show that R¢(A)=0, which by the uniqueness theorem for the Laplace
transform implies that ¢=0.

Consider a closed, right translation invariant, nonzero subspace I of LP(R,,we.p),
other than the zero subspace {0}, and assume that ¢€L”'(R+,w;’ 5) annihilates I. In
other words, J=F(I) is a closed (nontrivial) subspace of Q}(C_, s), invariant under the
operators M,, z€R,, which were introduced in Corollary 6.3. It is a consequence of
Proposition 6.5 that J is then also invariant under multiplication by the functions Ej,
for A€ C, . Introduce, for every A€ C, the function

A—2z

- s
1—z

A(z)=14+(A—0)Ei(2)= 2€C_,
and note that it is clear from this formula and Proposition 6.4 that A is a multiplier on
QP(C_, o), which for p=1 preserves Q3(C_, o), for every A€ C. Again by Proposition 6.4,
A, is invertible as a multiplier provided that A€ C,, if we use the identity

-

INORES Z:l—(A—i)E,\(z), 2€C_.

Now, E)\:AXIE,- for AeC,, so that relation (10.3) may be written as

Since we know J is invariant under multiplication by the function E;, it makes sense to
consider the operator Ax[J]:Q?(C_,0)/J—QP(C_,0)/J, as given by

AU+ =Arf+Jd, feQP(C_,0).
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The condition that ¢ annihilates I is equivalent to the requirement that qAS annihilates J,
which permits us to think of ¢ as acting on the quotient space QP(C_,o)/J. We are now
in a position to extend the definition of the resolvent transform via the formula

Ro(N) = (A Ei+J),8), AeQ(J), (10.5)
where (J) denotes the invertibility domain for A,[J], that is, the set of A€ C for which
the operator A,[J] is invertible.

PROPOSITION 10.1 (1<p<+0o0). The set Q(J) is open, and it contains C,.

Proof. Since A itself is invertible as multiplier on Q?(C_, o) for A€ C,, it is evident
that Q(J) contains C,. We proceed to show that Q(J) is open. To this end, suppose
Mo €Q(J), so that Ay [J]~! exists. We shall show that there exists an £, 0<¢, such that
if A€C has |A—Xo|<e, then AeQ(J). Let E;[J] denote the operator QP(C_,c)/J—
QP(C_,0)/J that multiplies the cosets by E;. Then, if

e llAx I BN < 1,

we have the identity
AA[J] -A)\o['] Z()‘O_ A)\o J]_lEi[J])na (106)

for |A—Xg| <&, which does it. a

Remark 10.2. It is clear from (10.6) that the function R, given by (10.5), is holo-
morphic on Q(.J).

The following lemma explains what we need to check to know whether a point is
in Q(J).

LEMMA 10.3 (1<p<+00). A point A€C belongs to Q(J) if and only if
(a) A\QP(C_,0)+J=QP(C_,0), and
(b) if feQP(C_,0), and AxfcJ, then feJ.

Proof. By the definition of the set Q(J), the point A belongs to it if and only if
A,[J] is invertible, which means that it is one-to-one and onto. The assumption (a)
of the lemma is exactly the condition that Ax[J] be onto, and (b) means that A,[J] is

one-to-one. O

For p=1, consider the set Qg(J) of all AcC for which A, o[J], the restriction of
AxlJ] to Q¥(C_,0)/J, is invertible Q3(C_,0)/J—QA(C_,0)/J.
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LEMMA 10.4 (p=1). The space Q(C_,0) is a commutative Banach algebra with
unit under pointwise multiplication of functions, and Q}(C_, o) is a closed ideal in it.
Thus, the operators Ax[J] and Ay lJ] are invertible simultaneously, that is, Q(J)=
Qol(J).

Proof. That Q'(C_, o) is a commutative Banach algebra with unit follows immedi-
ately from the fact that M(R,,w, 1) is a commutative convolution Banach algebra with
unit, which is verified using the essential submultiplicativity of w,; stated in Proposi-
tion 4.3. Hence Q'(C_,0)/J is a quotient Banach algebra.

Suppose A,[J] is invertible; then multiplication by Ax+J maps Q(C_,0)/J
onto Q(C_,0)/J, which is only possible if Ay+.J is invertible in Q*(C_,0)/J. Since
Q(C_,0) is a closed ideal in Q'(C_,0), and J is contained in it, multiplication by
(Ax+J)7 on Q4(C_,0)/J is the inverse of Ay o[J].

On the other hand, suppose Ay o[J] is invertible. Then the image of Q}(C_,0)/J
under the operator A,[J] is all of Q3(C_,0)/J, and since A[J](1+J)=A\+J belongs
to the unitization Qf .(C_,0)/J of Q§(C_-,0)/J, but not to Q§(C_,0)/J itself, the
image of Qg .(C_,0)/J under the multiplication by Ax+J is all of Q§ .(C_,0)/J. Then
Ax+J is invertible in Qf .(C_,0)/J, and thus in the larger algebra Q'(C_,0)/J. This
supplies the inverse to Ay[J]. a

In view of Lemma 10.3, we define Q'(J), the weak invertibility domain for Ax[J], as
consisting of all points A€ C for which

AQP(C_,o)+J=QP(C_,0). (10.7)
Then clearly Q(J) is a subset of Q'(J). To better understand this definition, we need the
following result, which is of independent interest.

PROPOSITION 10.5 {(1<p<+o0). For AeC,, we have A QP(C_,0)=Q?(C_,0),
and for AeC_,

A\QP(C_,0)={f€QP(C_,0): f(A)=0}.
For AeR,, we have either that A\QP(C_,0) is dense in QP(C_, o), which happens when

dt

/0 T = (10.8)

or that its closure coincides with
{fe@r(C_,0): f(A\)=0},

which occurs in case

Looat
/0 7 < (10.9)



COMPLETENESS OF TRANSLATES IN WEIGHTED SPACES ON THE HALF-LINE 49

Proof. Since Aj is an invertible multiplier on QP(C_, o) for A€ C,, we immediately
have A,QP(C_,0)=Q"(C_,0). So, let AcC_. Since A) vanishes at the point A\, we
clearly have that A\QP(C_, o) is contained in the subspace of all functions in Q(C_, o)
that vanish at A. To obtain the reverse inclusion, we argue as follows. Note that |4, (2)|
is bounded away from 0 off a neighborhood of A, and bounded away from +occ off a
neighborhood of i. Suppose feQP(C_,0) has f(A)=0. In view of the results in §2,
there exists a canonical extension f,€€,£P(X o) to the whole complex plane of the
function f, and by Proposition 2.7, it satisfies f,€Ll (C) and 0f.€£P(%,0). Since
f(A)=0, the function g=f,/A, is holomorphic off the closure of X, and it also belongs
€.LP(%,0), because g€ L. (C), and dg=0f./Ar€ LP(Z, o) (use Proposition 2.7).

We finally turn to the case A€ R. Simple algebra shows that the function

Naf(z) = f(z)— f(N)Ei(2)/Ei(X), z€C_,

belongs to A QP(C_,o) for all f in QP(C_, o) that are finite linear combinations of
the functions Ej, with AeC,. If condition (10.9) is fulfilled, then by Proposition 8.1,
point evaluation at A is a bounded linear functional, so that an approximation argument
based on Proposition 6.1 proves that N f is in the closure of A\QP(C_, o), for every fe€
QP(C_,0). But it is easy to see that N\QP(C_, o) consists of all functions in Q?(C_, o)
that vanish at A.

If AeR, but (10.8) holds, we adopt a different modus operandi, based on duality. Let
YeLP(R,, wy 1) be such that the associated bounded linear functional ¥ on QP(C_,0)
annihilates A,Q?(C_,o). If we can show that this ¢ must equal 0, then the claim that
ANQP(C_,0) is dense in QP(C_, o) follows immediately. The resolvent transform of 9
is given by the formula Re(¢)=(E,v) for ¢€C,. Since 9 is assumed to annihilate
A QP(C_,0), we have (AAEC,zﬁ):O for (€C,, and in view of the identity

Ai

Be(2) = A(2)Be(2)/Ar(O) = 3¢ Bul2), 2€C-,
we can now assert that
B(Q) = (Be=ArEe/Ar(), ) = 3¢ (Bi b = 3o (i), CEC.

By the uniqueness theorem for the Fourier (or Laplace) transform, this entails that as

an element of L”I(R+aw«;,zln)’

P(t) = (- A)RY(i) exp(-iMt), teR,;

“+o00 dt 1/P’
’ —1y = )\— . ]
lin, e =il ([ )

its norm is

4-945205 Acta Mathematica 174. Imprimé le 20 janvier 1995
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which is finite only if R4(i)=0, by the note right after Proposition 8.1. Thus R(({)=0,
so that ¢»=0. The proof is complete. 0

The details of the proofs of the following two propositions are left to the interested
reader. The results are of value when one tries to work with weights o for which QP(C_, o)
is not a Banach algebra.

ProposITION 10.6 (1<p<+oo). The weak invertibility domain Q'(J) is open.
Moreover, we have the relation C_NQ'(J)=C_\Z(J,C_), where

Z(J,C_)={z€C_: f(z)=0 for all f€ J}.

Proof sketch. To see that Q'(J) is open, one expresses {10.7) in terms of the adjoint
operator to A[J]. For the proof of the identity C_NQ'(J)=C_\Z(J,C_), appeal to
Proposition 10.5. O

PROPOSITION 10.7 (1<p<+0c0). If the set RN/ (J) is nonempty, we have Q(J)=
Y(J).

Proof sketch. As in the proof of Proposition 10.6, work with the adjoint operator
to Ax[J]. Standard operator theory arguments then show that each boundary point of
2(J) on the real line R must also be a boundary point of §’(J), whence the assertion
follows. O

At this point, it is helpful to assume that QP(C_, o) has a Banach algebra structure,
in order to identify Q(J) and §'(J).

PRrROPOSITION 10.8 (1<p<+0c0). Suppose either p=1, or a"’lemsp/ for some s,
1/p'<s, so that QP(C_, o) is a commutative Banach algebra under pointwise multiplica-
tion of functions. The weak invertibility domain S¥'(J) and the invertibility domain Q(J)
for Ax[J] coincide, and equal V' (J)=Q(J)=C\ Z(J,C_), where

Z(J,C_)={2eC_: f(2)=0 for all f€ J}.

Proof. We first consider 1<p<+00, assuming only that (10.9) holds, which ensures
the boundedness of point evaluations on the real line (Proposition 8.1), so that the
definition of Z(J,C_) makes sense. By Proposition 10.6, all we need to check is that
RNY(J)=RNQJ)=R\ Z(J,C_). Given the elementary property of bounded holomor-
phic functions on C_, continuous in the closed lower half-plane C_, that they either van-
ish identically, or vanish on the real line at most on a closed set having one-dimensional
Lebesgue measure 0, Proposition 10.7 shows that we in fact only need to check that
RNQY'(J)=R\Z(J,C.).
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If A\eRNZ(J,C_), then (10.7) cannot hold, because the functions on the left hand
side all vanish at A, whereas this is not so for the functions on the right hand side. This
shows the inclusion RNY'(J)CR\Z(J,C_).

To obtain the reverse inclusion, suppose Ae R\ Z(J, C_). We note that by Proposi-
tion 10.5, A,QP(C_, o) is dense in the subspace with codimension 1 in Q?(C_, o) con-
sisting of all functions vanishing at A, so that since J contains a function that assumes
a non-zero value at A, we must have that A\QP(C_,o)+J is dense in QP(C_, o).

We now make use of the powerful Banach algebra assumption, for general p. The
maximal ideal space of Q2(C_,o) was identified in Propositions 8.13 and 9.6. The
maximal ideal space of QP(C_,0)/J is then (canonically) identifiable with Z(J,C_)U
{oo}, and the operator A,[J] is identified with multiplication with the element Ay+.J
in the space Q2(C_,0)/J. One checks that Ay+J is invertible in Q¥(C_,0)/J if and
only if AeC\Z(J,C_), by verifying that this is precisely when the Gelfand transform
of Ax+J lacks zeros. However, A5[J] is invertible if and only if A)+J is invertible in
QL(C_,0)/J. g

11. The quick estimate of the resolvent transform

We continue our discussion from §10, with a particular interest in obtaining size estimates
of the resolvent transform PR¢. The function ¢€L”'(R+,w; ;, of course remains in the
annihilator of I, and thus the associated functional ¢ remains in the annihilator of J.
By Proposition 6.1, we have the estimate

|R(N)| < C()é(p, Im NP, NeC,, (11.1)

where C(¢)=|l9|| LRy wid)" This only estimates PR¢ in the upper half-plane, but as
we know, this function has a holomorphic continuation to the invertibility domain Q(J)
(Remark 10.2), since dAJ annihilates J. We assume in the sequel that the weak invertibility
domain Q'(J) has the property that €'(J)NR is nonempty, which, by Proposition 10.7,
ensures that Q(J)=Q'(J). Proposition 10.6 (and Proposition 10.8 for p=1) informs
us that in our situation we have Q(J)NC_=C_\Z(J,C_). We would like to have an
estimate of the size of ¢ in C_\Z(J,C_). To this end, we introduce, given a function
feQP(C_, o), its backward shift with respect to the point A\, A€ C_,

i) =T0TE oy,

zZ

and we note that A is a removable singularity of this holomorphic function. One in-
teresting observation about S, f is that it automatically belongs to QP(C_, o), for the
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following reason. If f, €€, HP(X,0) (HP(Z,0) is the subspace of £P(X,0) of canonical
densities) is the canonical extension of the function f to the complex plane, then the
function

i) = AL ey,

is an extension of S, f, which belongs to L1 (C) (f. does, see Propositions 2.7 and 3.3),
and its @ derivative is

85,15 =-2LE) cec\,

which clearly is in £°(X, o), because Jf, is, and the function (A—z)~! is an element of

the multiplier space 9M(%). Moreover, we have the norm control

10fll gr(z.0) _fllorc_ o)
[Tm | [Tm X|

”5S>\f* ”EP(E,U) <

Propositions 2.7 and 3.3, together with the definition of the norm in QP(C_,s), now
assert that

i 1£llgrc_o
13 lgs(c...o) < 108z < 5 (11.2)

from which it is immediate that S, f is in QP(C_, o). Let Z(f,C_) denote the zero set
of the function f in C_. It is now claimed that for f€J and AeC_\Z(f,C_),

S)f

ANJ]THE+J) = f()\)+

J (11.3)

holds. We know that A,[J] is invertible, because A€ Q(J), so it would be sufficient just to
check that A»Syf/f(A)—E;€J. But this is obviously true, by Proposition 6.5, because

Ax(2)5xf(2)
)

Ei(2)f(2)

=E¢(Z)— f()\)

, 2z€C_.

If we combine identity (11.3) with norm estimate (11.2) and the definition (10.5) of R¢,
we are left with the estimate

C(9,1)
RO < 7y gy € C-\2UCo), (114)

where C(, f)=||¢”Lp’(R+,w;,;) “f”QP(C_,g’)’ and feJ is arbitrary.
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12. The holomorphization process: p=2

In this section we provide (for p=2) the tool which enables us to prove the Main Theorem
without resorting to the log-log theorem, which permits us to work with quasianalytic
weights.

We proceed as in [5] to obtain more information about the resolvent transform 3¢
of ¢€L2(R+,w; %), which is an element perpendicular to the closed right translation
invariant subspace I, I#{0}. We recall that J stands for the Fourier image F(I) of I.
At this point, it is convenient to make the assumption that o~2€%,, for some s, %<
$<+00, so that the Fourier image of L2(R,,w, 2), @Q*(C_, ), will be a Banach algebra
(Corollary 8.8), and (Proposition 10.8 and Remark 10.2) R¢ is holomorphic on Q(J)=
C\z(J,C.).

Let f be a function in J which does not vanish identically, and let f, denote the
canonical extension of f to C, which is an element of the space €, H?(Z, ) (see §2). By
Proposition 2.7, 8f.€H*(%, ), and f,=¢€,0f., and according to Corollary 8.5, we also
have f,€L>®(C)NC(C), because of the assumption made on o.

Let ¢ and r be real numbers such that 2<gq, 0<r, and (8.1) holds (just choose ¢
sufficiently close to 2 to ensure that the right hand side of (8.1) is (strictly) positive).
Proposition 8.4 then tells us that 8f,€L4(X,0") (because 8f. is a canonical density),
and that

||5f*”Lq(z,ar) <C(s,0,q,7) ||f||Q2(c_,a) : (12.1)

Now, let 7: C—[0,4oo[ be defined by 7(2)=0(Imz)~! for z€X, and by 7(2)=0 for
2€C\X. For A\eC and v€]0, +o00[, D(A,v) denotes the open disk centered at Ae C with
radius -y; we agree that D(A,0)=@ and D(A,+00)=C. Given a real parameter ¢, 0<e,
and a point A€C, let v(\, ¢; f.) be the largest number v, 0<y< 400, with the property
that

|f«(2)| 2 max{7(2)",e}, z€D()\~), (12.2)

holds. In the sequel, we shall assume that we have picked a point A for which 0<
(A, €; f.). Denote by x5 the characteristic function of D(X,y(\, €; f«)), and consider the
function _

S OREOR T
where we treat the right hand side as identically 0 off the disk D(\,y(),¢; fi)). Since
0<e<|fi] on D(A, (A €; f4)) by (12.2), and 8f.€ £2(Z, o), we have that F§ vanishes on

C\Z, and also that F§ e £%(Z, o). If we use (12.2) and the properties of 7, we get

/ IF5(2)|dS(2) < / 181.(2)|%(Im 2)" dS(2),
= b
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so that if we invoke (12.1), we arrive at

1FX ez <C(s,0,0, ) fllgr(c_ o) - (12.3)

The global Cauchy transform €, F5 belongs to the space ¢.£2(Z, 0), and consequently,
its restriction to C_, €F%, is in Q*(C_,0). By (12.3) and Lemma 8.2, €,F5 is in
L>(CYNC(C), and its uniform norm is controlled by

1€« F5 Nl Loy < C(s,0,0,7) | fllga(c_ o) » (12.4)
where the constant appearing in (12.4) may be different from the one in (12.3). Let the
function G5 be defined by the relation

5(2)= exp(€.F;5(2)—€,F5(A), zeC.

fa-(/\)

This is a bounded and continuous function, and we would like to identify its 0 derivative.
For this, we need the following lemma.

LEMMA 12.1. Let geC(C) have the property that dg€ L}
exp(g)dg in the sense of distribution theory.

(C). Then 9(exp(g))=

loc

Proof. Analogous to that of Lemma 8.7. O

We can now safely assert that

0G5 (2) = G5(2)F5(2) = 7 exp(€. F5 (2) & FX (W) F3(2), 2€C,

f*(/\)

so that 0G5 €L%(Z,0). Since G5 is bounded, Proposition 2.7 therefore tells us that

—B(GS) is in €,£%(%, o), where B(G5)=exp(—€.F5(A))/ f«()) denotes “the value of
G5, at infinity”. In particular, the restriction G§|g_ belongs to Q2(C_, ). We have the
uniform norm estimate

”Gi”L“’(C) If. ( )‘ exp(2]|€. F,\“Loo(C)) (12.5)
The function G5 f. is in L>°(C)NC(C), and by Leibniz’ rule, applicable by Lemma 8.7,

0(G5(2)f+(2)) = G5(2)0f.(2) + f(2)0G5 (2)
= (0fu(2)+ F5(2) fo(2))G5(2) = (1-x5(2))G3(2)0fx(2), z€C.

It follows that G5 f. is holomorphic on D(X,v(A,€; f.)), and by inspection,

Gi(Nf(A) =1
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We conclude that the function given by the formula

1-£.(2)G5(2)

Hy(2) = 522,

z€C\{A}, (12.6)
has a removable singularity at 2=\, and that it too is holomorphic on D(A,v(}, €; f+)).
We have moreover H§ € L°(C)NC(C). On applying the 8-operator to the function H,
we get the expression

Y # £ € 3 1—X§\(Z)
OH}(2)=-G3(2)0f.(2)—=— 2€C\{A} (12.7)
so that since 8f, € £2(Z, o), the above formula shows that 6H§ € £2(X, o). Identity (12.7)
is what makes the whole construction tick! For, as we compute the norm of 5H§ in
£%(%,0), we are no longer concerned with the norm of G| in Q*(C_,0), all that
matters is its norm in the space of multipliers on densities, which in this case is L>(Z).
It is clear by (12.6) that Hf vanishes at infinity, whence H{€€,£%(3,0), in view of
Proposition 2.7. Formula (12.7) permits us to make the estimate

a7 2 5 (Im 2)2 - ” AllL(E) 2 2
/2 OHS (=)o (Im 2 aS(z) < 2 L) / 1B7.(=)Po(Im2)? dS (=),

or, using (2.5),

Arre 1
10H | g2(52,0) < YO T )IIG Mz 1fllgzc_ o) - (12.8)

Estimates (12.4), (12.5), and (12.8) combine to yield the norm estimate

1HSc_II < I10HS |l g2 (5 )
M lg2c_ o) (12.9)

< m-exp(C’(S, a,q,r) Hf”QZ(C‘,U) :

The reason why we are interested in this function Hf is that if AeQ(J)=C\Z(J,C_),
then

Rp(N) = (HS, ). (12.10)

To see this, note that since A€§}(J), the operator A[J] is invertible (notation as in §10),
and

A\JYHE+T)=H|g_+J

holds, because
Ei(z)- Ax(2)HX(2) = f(2)G5(2)Ei(2), 2€C._,
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so, since feJ, and J is a closed ideal in Q*(C_,0), we have fG5E;€J. Now (12.10)
follows from (10.5). It follows from (12.9) and (12.10) that

__06.f)
RN < S O]

where C(¢, f)=||3¢”Q2(c_,a) 1 fllg2(c_ ,0)- We recall that in the above estimate, f is an
arbitrary nonzero element of J, 0<e, and AeQ(J)CC is a point for which 0<y(), &; fi).
The variable € has all but disappeared in (12.11). If we set v(}; f.)=sup{y(\¢€; f+):
0<e}, we obtain from (12.11) a simplified estimate:

C(¢, f)
Y5 Fl (V)]

exp(C(s,0,4,7) | fllg2(c_ o)) (12.11)

|m¢()‘)| < -exp(C(s,a, g, T)”f”Qz(C_,a))' (1212)

13. Modifications to the holomorphization process for p other than 2

Let us recall the general setting: ¢ is an arbitrary nonzero element of the norm clo-
sure of finite linear combinations of right translates of functions in the collection & in
LP(R,,wsp), and we put f=F¢, and f.=FLp. In case p=1, we also need to assume
that pe L*(R,,ws,1)NL®(R,,w,,1), which is achieved by replacing ¢ with @1, where
1) is a compactly supported C* function on ]0, +00[, subject to the conditions 0<4 and
f0+°°1/1(t) dt=1. This smoothing of ¢ enables us to apply Proposition 9.2. It is clear that
the new ¢ belongs to the same class of functions, and that it does not vanish almost
everywhere. There is one additional modification of technical nature, which we should
insert: we replace f, with f.,

f(2)=A(2)f.(2), z€C, (13.1)

where A(z) equals (z—%i)_2 off the disk D(3i,§) with radius } centered at i, and is
of class C* in the whole complex plane. Thus, f, is small near oc.

The function f is in QP(C_,0), f. is in €,£P(X, ), the restriction of f, to C_ is
f, and f does not vanish identically, because ¢ is not the 0 element. The weight o is
assumed to be such that l/o'”' is in P,y for some s, 2+1/p'<s<+o00, for 1<p<+o00;
for p=1, o is to conform with the requirement that w, 1 €20,, where 3<s<+o00. Note
that by the assumptions made on the size of the parameter s, Propositions 9.1 and 9.2
tell us that 8f.€ L>°(X,0%) and 8,0f,€L>(Z, %), where 1<6o=1—(s—1/p')"! and
0<f1=1-2(s—1/p')~! for 1<p<-+o0, and §<fp=1-2/s and 0<6;=1-3/s for p=1.

The notation D(),v) and the function 7 are defined as in §12. Suppose A€C,
O<'y<%, and 0<e are given, such that

|f+(2)] > max{y~7(2)%,7(2)%/%,7(2) e}, z€D(\,7). (13.2)
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The function x»€C*®(C) is to be real-valued, and to have 0<xx(2)<1 throughout C,
xA(z)=0 on C\D(},7), and x(z)=1 on D(}, 1v). Clearly, a x» can be found such that

IVxa(2)|<5/v, z€C, (13.3)

where V=(0,,0,) is the gradient operator (where z=z+iy). As in §12, consider the
function

Fx(2)=—xx(2)0f.(2)/ f(2), z€C,

where we treat the right hand side as identically 0 off the set XN D(\, ). Since 0<e<|f.]
on D(A,7) by (13.2) and in addition, x»/f. is smooth enough to be in the space MM(X)
(to see this, use the results in §9), the fact that 8f,€£P(Z, o) entails that F€ £P(Z, o).
If we recall that df,€L°(Z, 0%), and use (13.2), we get

1 FAll Lo 2y S VN0 S ull Lo (5,000 - (13.4)

We intend to show that the restriction to ¥ of the global Cauchy transform €, F) is in
93?(2), and that we can control its norm in that space, with a bound that does not depend
on the particular values of the parameters A and v. In §12, it was sufficient to estimate
the supremum norm of €, F) on X, but here, we need more, due to the phenomenon that

pops up in §7. To this end, the following lemma is useful.

LEMMA 13.1. If ge L%}(R) and ¢'€ L?*(R), then g€ FLY(R); in fact,

lgllzr:m) < 271/2(“9“%2(R)+”9'||%2(R))1/2~

Proof. By Parseval’s identity, we have g=§h, where he L*(R), and l|g|l 2r)=
(2m)2/2||n)| 2(r)- The same argument applied to the derivative ¢’ yields ||¢'|r2(r)=
(2m)/2 ||t~ th(t)|| L2(m). By the Cauchy-Schwarz-Bunyakovskif inequality,

+00

lolls2ry = Al ry = / |h(t)) dt

—00

s (/_:0(1+t2)|h(t)|2dt)l/2 (/_:o(l+t2)-1dt)l/2

=2l Ze gy + It th() 122 m)) >

The proof is complete. 0
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PROPOSITION 13.2. The restriction to ¥ of €, Fy is in IMM(X) for all pairs (A7)
such that (13.2) holds. Moreover, the norm is bounded by a constant independent of the
particular (A, 7).

Proof. 1t is well-known that for functions he€ L°°(C), with support contained in the
closure of the disk D(),) (recall that 0<y<3),

€Al Loy < Bllzo(c)s (13.5)

and
1 |Rllz=(c)
4 d(z,D(\,7))’

Here, d is the usual Euclidean distance function. Thus, by (13.5) and (13.6), we can

|€.h(2)| < z€ C\D(\, 7). (13.6)

assert that
sup{l|€.h(-+iy)llL2(r) : ¥ €ER} < 2||R] Lo (c)- (13.7)

By Lemma 13.1,
1€ Frloncsy < sup{I€. P (- +it)ll 2y +10:C Fa (- +it) |2y : 0<y <1}, (13.8)

We already have good control of the first term of the expression on the right hand side,
by (13.4), the fact that F) is supported in the closure of D(}, ), and (13.7). To control
the second term, we study 9, F). Differential calculus gives us

i{*(iz)) —XA(Z)W+X/\(Z)8J*(Z)W, (13.9)
where the function 8, f, is bounded, for the following reason. First of all, 8f. and 8,01,
are bounded, and by the modification (13.1) of f., 8,0f, is so small at infinity that
we can apply the global Cauchy transform to it, and get 8, f,=€,0,0f. bounded. By
(13.2) and (13.3), the right hand side of (13.9) is uniformly bounded, and the bound
is independent of (A,7v). The operator €, is of convolution type, whence it commutes
with the differential operator 8., 0,€.F\=¢€,0,Fy. The support of the function 9, F) is
contained in the closure of D(),v)NX, so that by (13.7), we have the desired control of
the second term in (13.8). The proof is complete. O

8:0f.(2) df.(2)

0:F\(2) = —0:xx(2)

The rest of the holomorphization process runs as in §12, except that where you use
L>=(%) in §12, it is usually necessary to replace it with 9t(%). For instance, in (12.7),
the norm of (1—xx(2))/(A~2) in M(E) may be estimated,

<8732,
MmE)

1-xx
A—2
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by using (13.3) and Lemma 13.1. The resulting estimate of the resolvent transform is

C(4, 1)

IRO(N)| < ma

(13.10)
on the set of (A,v) with A€C, 0<y<1, and (13.2) valid for some ¢, 0<e. Although it is
not indicated, the constant C(¢, f) may also depend on other parameters which are held
constant, such as s, but not on (7).

14. The conclusion of the proof of the Main Theorem (Theorem 5.2)

We shall prove the statement as formulated in Theorem 5.2. By the results of §4, we may
restrict ourselves to the case w=w, p, with o assumed to be such that 1 /o”' is in (p=2)
P2, for some s, 1 <s<+00, (1<p<+00, p#2) Py for some s, 2+1/p' <s<+00, and for
p=1,0isto conform with the requirement that w, 1 €20,, with 3<s<+occ. The necessity
of conditions (a) and (b) in Theorem 5.2 is clear, so we shall concentrate on proving
their sufficiency. To this end, we use duality arguments. Assume that ¢€L1”(R+,w; 11,)
annihilates ¥, (&); we intend to show that every such ¢ must equal the 0 functional, which
would entail that ¥, (&) is dense in L?(R, ,w, ). We shall in fact prove that R¢=0, and
use the fact that ¢ is uniquely determined by its resolvent transform R¢ (this follows from
the uniqueness theorem for Laplace transforms). Let us agree to write I(&) to denote
the closure of ¥,(8) in LP(R,,wsp), and let J(&)=F(I{S)). By Proposition 10.8,
formula (10.5) extends R¢ to an entire function, because condition (a) may be written
as Z(J(6),C_)=@. For reasons of brevity, we carry out the remainder of the proof in
the special case p=2 only. It is not difficult to generalize it to general p; in fact, the only
place where it is necessary to make any essential modifations is in Lemma 14.3, where
one could instead follow the line of argument in the proof of Theorem 8.2 [5].

As in §12, we choose real parameters ¢ and 7, subject to the conditions 2<gq, 0<
r<1, and (8.1). We also need ¢, 0<6<r, and B=(s+3)/(s—3)>0. Let feF(S)C
Q*(C_,0) be a function which does not vanish identically on C_, and let f, be its
canonical extension to C (see §2), which is in €,DL2(R,,w2). Introduce the set

U(f)={reC:0<v(X £},

where y(; f.) is as in §12. Contemplating for a moment on the definition of the function
v¥(X; f+), we see that the set U(f.) is open. In fact, for AeU(f.), v(}; f«) expresses the
distance from A to the complement of U(f,).
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By (11.1) combined with Proposition 3.4, (11.4), and (12.12), we have the following
estimates of the entire function R¢:

RPN < C(¢)6(2,Im V)2, AeC,, (14.1)

[Ro(\)| < C(@)o(ImA)P, AeX, (14.1')
C(£,¢)

|Re(N)| < TTm A [f O]’ reC_, (14.2)

Mo < L0 s eus). (14.3)

Y5 fF N

Here, we no longer indicate when constants depend on the parameters s, o, ¢, r, because
they are kept fixed. Estimate (14.1) implies that fR¢ is bounded in every half-plane
C, +ie, with 0<e. Estimate (14.2) entails that RR¢ belongs to the Nevanlinna class of
holomorphic quotients of bounded analytic functions in every half-plane C_ —ie, with
0<e. By [21, pp. 184-185], condition (b) of Theorem 5.2 states on the Fourier transform
side that to every 4, 0<é, there exists an f€F(S) which has

limsupy " log | f(—éy)| > 6.

y—+oo
Using this fact, it is not hard to verify using (14.2) that R¢ belongs to the Smirnov class
(which consists of quotients F/G, where F,G are bounded and holomorphic, and G is
outer) in every half-plane C_ —ig, 0<e. We have in particular for all §, 0<6,

[Re(—iy)| = O(exp(6y)), asy— -+oo. (14.4)
Moreover, by (14.2) and Proposition 14.1 below, we also have

1+]2)?
IOg [%gé(z)l < C(¢7 f)l—III_l_;T, z€ C—y (14'5)
for some constant C(¢, f), 0<C(¢, f)<+oo. For a proof of Proposition 14.1, we refer
to [5, Lemma 8.3].

PROPOSITION 14.1. Let F' and G be holomorphic in C,, with F#0, and F bounded
on C_, and suppose
|F(2)G(z)| <1/Imz, z€C,.

Then, for some constant C(F), 0<C(F)<+o0, the following estimate holds:

(1+]2%)

log |G(2)| < C(F) T <C(F)-(1+]z|*+(Imz2)"?), z€C,.
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In order to be able to effectively apply estimate (14.3), we need to show that U/(f.)
contains certain massive subsets; as it turns out, these will be rectangles. In the sequel,
g7, 80,0, ¢, and f are fixed (f €F(S) is not identically 0), and dependence of constants
on any of them (with the exception of f and ¢) will not be indicated explicitly. For big
positive integers k, say k>ko>1, it is always possible to find real numbers ay, 0<oar < %,
such that

o(cu) = exp(e?/0),

because the condition 1/ 06213'25, for some s, %< §<-+o0, implies that the continuous func-
tion o is strictly decreasing, and that o(t)—+oo as t—0. The numbers a4, are actually
uniquely determined by the above equation, and they form a strictly decreasing sequence,
with limit ax —0 as k— +o0o. Given that k> kg, we introduce, for =0, ..., 3 —1, the thin
rectangles

NG, k)={2€C:k+j3F <Rez <k+(j+1)37%, -1 <Imz <oy —27}.
We quote here Theorem 8.1 [5], specialized to the case a=b=1, h=1/(2N +1); it should
be mentioned that Semen Khavinson studied the same basic problem in [20].

PROPOSITION 14.2. Let N be a positive integer, and let €,6 be real parameters with
0<e,6<1. Suppose we have a finite sequence (o, ...,(n of points in the upper half-plane
C.., with the property that e<Im{;<1, and
25+1
2N+1’

2j
2N+1

<Re(; < j=0,...,N.

Introduce the rectangles
R(e)={2z€C,:0<Rez<1,e<Imz<1}.

There exists an absolute constant C such that the following holds: if F is a holomorphic
function on C, with |F(2)|<1 on C,, and |F({;)|<8 for all j=0,...,N, then if Mo=
C exp(78(N+2)1log(2N +1)), we have the estimate

|F(2)] < (14+6Mo) exp(—2(N+1)e-Imz) +6M,,  z € R(e).

We use Proposition 14.2 to show that U(f,) contains many rectangles of the type
N(5, k).

LEMMA 14.3. For all big integers k, say k>k, (>1), having (%)kgak, there exists a
Ik, 0Kk <3%—1, such that
(a) exp(—e**)=0(ak) ?<|fu(2)], 2€N(ji, k).
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1t follows that N(jk, k) CU(f.), whence

(b) d(z,C,\M(jr, k))<Y(z; f+), 2€N(jk, k), where d(z, E) denotes the Euclidean
distance from 2€C to a set ECC.

Proof. We first give some motivation. By the definition of 7 in §12, the fact that
o decreases, and our assumption 0<@<r, the inequality (12.2) is fulfilled for all z€
N(jk, k) with the choice 0<e=exp(—e?*), whence N(ji, k) CU(f.). Inequality (b) is
then a consequence of our interpretation of v(z; f.) as the distance from z to C\U(f.).

We now turn to the main assertion, (a). Let R be the set of all k for which the
inequalities (%)k <aj and

inf{|f.(2)]: 2 €N, k)} < o(ax)~® =exp(—e?*), j=0,...3° -1, (14.6)

both hold. It is maintained that K is finite. The intuitive reason why this is true is that
(14.6) forces f. to be very small on all line segments {z€R:k<z<k+1}, with keR,
which is not possible for the boundary values of a bounded holomorphic function (other
than the 0 function), unless R is finite.

Let %(g,q,) denote the infinite strip

L0,0x) ={2€C:0<Imz < o},

let Hy; be the product of 8f, and the characteristic function of 3(0,ax), and consider its
global Cauchy transform

G’k(z)=€*Hk(z)= i azi:(-g—)‘dS(C), ze€C.
0,ar)

By Proposition 8.4, 8f.€ LY(X, ¢™), with norm control

10fllLas.0m S ClHflg2(c_ 0y »

”af*“Lq(E(o,ak)) = (L

We conclude from Lemma 8.2 that G € L>®°(C)NC(C), and

whence

1/q
léf*(z)|qd5'(z)) <Colow) ™" fllgec_ o) -

(0,ap)

1GkllLeo 0y S Colar) " fllozc_ o) >

with a different constant than before. Because 0<8<r, we can therefore safely assert
that for sufficiently large k, say k>ko, the estimate

|Gk (2)| < o(ax)~? =exp(—e?*), 2€C, (14.7)
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holds. By (14.6), we can, for k€ &, and j=0, ...,3%—1, find points £(j, k) in N(j, k), such
that

(&0, K))) < o () ~® =exp(—e**),

so that if we introduce the function sz f+—G, and require k€K to meet k>ko, then
estimate (14.7) informs us that {!kaLm(c)ng*HLw(C)—}-l, and

(60, k)| < 20(ax) ™ =2exp(—e?*), j=0,..,3" -1

The function fk has, by the construction of Gy, 0 fk:O on the half-plane C_+ioy, and
is therefore holomorphic there. For this reason, the function

_ fulk+1—2+ia)
F(Z)-— C(f) k y

where C(f)=||f.|lL=(c)+1, is holomorphic on C, , and its uniform norm there is bounded

z€Cy,

by 1. At this point, we find it convenient to make the additional normalizing as-
sumption that || fu|Le(c)=1, so that C(f)=2. If we plug in the parameter choices
N=1(3k-1), e=27%, and §=exp(—e?*) into Proposition 14.2, noting in passing that
My < C exp(43k(3*+3)), where C is the absolute constant mentioned in Proposition 14.2,
so that we must have §Mo<exp(—3e®*), for large k, say k>k; (we use here the fact that
3<e?), we obtain, for real z, k<z<k+1, the estimate

| fe(@)| =2|F(k+1—z+iok)| < 4exp(—1 (%)kak) +2exp(—1e’*),

valid under the assumption on & that k€ R, and k> ky=max{kz, ks}. If we also use the
property of £ that if k€&, then (%)kSak, we get

|fe(@) <6exp(=1(3)), k<z<k+l,
whence
fu(@)| < Texp(-2(3)), k<z<h+l,

in view of (14.7), again for k€ R with k>ks. But if the set & were infinite, this would
then force

*t log | f.(¢
/ ogifg)l dt = —oo,
e 14t
which indeed is not possible for the boundary values of a bounded holomorphic function
in C_, unless it vanishes identically. The set & must therefore be finite. O

We proceed with the proof of Theorem 5.2. Consider the auxiliary entire function

®(z) = exp(—2°)-Rep(2), z€C,
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and the infinite strip
T_1/41/4={2€C: - <Imz<}}.
Elementary computations show that we have the estimate
BRe2)’— L& <Re(z®) < E(Rez)f+%, z€ T(-1/4,1/4), (14.8)

so that by (14.1), and by (14.2) together with Proposition 14.1, the function ® is bounded
on the boundary 0% (_1/4,1/4) of £(_1/4,1/4), and enjoys the estimate

[8(2)| < exp(C(1+|Im2| ™), 2 € (-1a0/0NC-, (14.9)

for some constant C, 0<C <+o00, which may depend on all the fixed parameters.
LEMMA 14.4. If ® is bounded on X(_1/4,1/4), then Re(2)=0.

Proof. If ® is bounded on ¥(_;,4,1/4), then the entire function R¢ enjoys the fol-
lowing properties. It is bounded in the shifted upper half-space C++%i, and by (14.8),
it satisfies the estimate

|Ré(2)| € Cexp(2(Re z)G), z € X(_1/4,1/4)

for some constant C, 0<C <+o00. Furthermore, from (14.5) we know that ¢ is of slow
growth in C_, which allows us to appeal to the Phragmén-Lindeldf principle for angles,
and if we do this successively for various angles, we see that there exists a constant C,
0<C'<+00, such that

|Ré(2)| = O(exp(Cl2l)), as 2| — o

By (14.4), we may appeal once more to the Phragmén-Lindel6f for angles, to get that
for each fixed 6 with 0<$,

|RH(2)| = O(exp(é]z])), as |z[— o0,

holds. This growth is, however, insufficient for R¢ not to be bounded in the whole
complex plane, by the Phragmén-Lindel6f for half-planes, because fR¢ is known to be
bounded in the shifted upper half-plane C++%i. Liouville’s theorem then asserts that
R¢ must be constant. This constant must equal 0, for the following reason: by (14.1),
and the fact that 6(2,t)—0 as t—+o00, we have R¢(iy)—0 as y—+oo. a
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Lemma 14.4 shows that to finish the proof of Theorem 5.2, we just need to check
that @ is bounded on the strip X(_1/41/4). To this end, let us introduce two sets of
positive integers

X={keZi k<k (2 <o},
and

V={k€Zy: k1<k, asx <ar—2""F},

where k; is the positive integer that appears in Lemma 14.3. For convenience, we assume
k124. For k€ X, consider the line segments

IkZ{ZGCZReZ=k+(jk+%)3_k, —% <Imz<ak—21_k},
Jk={z€C:Rez=k+(jr+3)37%, ar—2""*<Imz2 <1},

where 0<ji <3*—1 is as in the formulation of Lemma 14.3. Then, by Lemma 14.3,
%3_k<'y(z; f+) for all z€Zy and k€ X, and we conclude from (14.3) that

|Mo(2)| < Cexp(2e?*), zeIy, (14.10)

for some constant C, 0<C <400, provided that k€ X. If we apply (14.1'), using that o
is decreasing, we obtain for k€ XN the estimate

1R¢(2)} < Co(agi)? =C exp(Be**/6), z€ Tk, (14.11)

where C=C(¢) is as in (14.1’), and we as usual drop dependence on fixed parameters. If
we combine our estimates (14.10) and (14.11), and use (14.8), we get for some constant
C,0<C<+oo,

sup{|®(2)|: 2 € Ki} <C-exp(Be**/0), ke Xxn), (14.12)
where K denotes the line segment that is the union of 7 and Ji:
Kk =TeUJr ={2€C:Rez=k+(ji+3)37%, -1 <Imz<

}-

It was observed earlier that the entire function ® is bounded on the boundary of
Y(_1/a,1/4)- If the number of integers in X'NY is infinite, then the growth that esti-
mate (14.12) permits in 3(_y/41/4) is too small for ® to be unbounded in the part of

W=
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¥(~1/a,1/4) that lies in the right half-plane (because 4<2); the critical growth rate re-
quired by the Phragmén-Lindel6f principle in the strip (_/4,1/4) is in fact of the order of
magnitude exp(exp(27z)). We conclude that ® is bounded on the portion of ¥(_1/4,1/4)
that lies in the right half-plane, provided XNY is not finite. We proceed to prove the
following.

Claim. If the set XN finite, then X is finite, too.

We argue as follows. Since X'N) is finite, there exists an integer [€ AXNY such that
k<! for all (other) ke XNY. If X contains an integer k which is bigger than [/, then k
cannot belong to ), and hence

(3 < (3 -2 <2 * <am,

because 4< k. We see that 2k also belongs to X, and 2k being bigger than [, we must have
2keX\Y. If we continue inductively, it follows that for n=0, 1,2, ..., we have 2"k€ X'\ Y,
and we also get the inequality

ak—2/(2k—1)<ak—2.(2“k+2’2k+...+2_2nk)<a2nk.
Since ke X and 4<k, we have
0< (8) —2/(2"-1) S ar—2/(2¢-1),

which is absurd together with the previous inequality, because we know that azn;—0 as
n—oc. This shows that our assumption concerning the existence of a k€ X’ bigger than
[ must be wrong. Therefore, the set X is also finite. a

We finally treat the case when X is finite. Then oy < (%)k, and its immediate con-

sequence,
o((2)) < o(ar) = exp(e?/8),

hold for all but finitely many positive integers k. This last inequality implies that
o(t) <exp(—1/t"), 0<t<eo,

holds for some small but positive real number 9. The weight o is thus of non-quasi-
analytic type, so by the estimates (14.1") and (14.9), the log-log theorem applies to the
function ®, and proves that it is bounded in the whole strip %(_;/4,1/4)-

We conclude that the function ® is bounded at least on the portion of the strip
¥ (-1/4,1/4) that lies in the right half-plane, no matter whether XNY is finite or not.
However, the right half-plane plays no special role here. Lemma 14.3 has a version with
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rectangles approaching infinity in the left half-plane, or if you prefer, it is possible to apply
it as it stands to the function f,(—Z), and the conclusion is that | f.| is reasonably big on a
union of rectangles moving toward infinity in the left half-plane. All the computations we
have made for the right half-plane carry through analogously, and show that ® is bounded
on the portion of ¥(_y/41/4) that lies in the left half-plane as well. The function & is
therefore bounded on the whole infinite strip X(_y/4,1/4)-

In view of Lemma 14.4, the proof of Theorem 5.2 is now complete. O

Remark 14.5. For p=2, there is an alternative way of getting the holomorphic con-
tinuation of the resolvent transform and estimates similar to (14.1)—(14.3), without ap-
pealing to the Gelfand theory of commutative Banach algebras. The argument is difficult
to generalize to other p, but works very smoothly for this particular value of p. It runs
as follows. Suppose, to begin with, that g€ L2(R.,, w;é) is arbitrary. By the isometry in
Lemma 2.2, its resolvent transform satisfies

/Z 1R6(2)|20(Im 2)~2 dS (z) < +00,

as is seen by noting that R¢=2A2f, with f(t)=(t)/ws,2(t). Thus, if § is a density in
£%(X,0), the product R¢-§ belongs to L' (%), and, moreover,

+o00
- 1 ~
£q(t)p(t) dt = / R (2)5(z) dS(2). (14.13)
0 b
Let feQ?(C_,0), and write f. for its canonical extension to the whole complex plane,
so that f,(z)=0 for 1<Im z, and 87, is the associated density in £2(X,0). Let ¢ be the
bounded linear functional on Q?(C_, o) induced by ¢ via the Fourier transform, as in
§10. Then, by the identity (14.13),

(1.9) == [ Ro()01.(2)dS 2).

Moreover, with Ej(z)=(A—z)"!, the function Ej(z)f.(z) has no singularity at z=2\
provided that 1<Im X (recall that f.(z)=0 for 1<Im z), so that it is the global Cauchy
transform of its density O(E f.)=Ex0f.. If we again appeal to (14.13), we see that

o 1 —
(Enf,¢)= - / Ro(2)Er(2)0f(2)dS(z), 1<ImA. (14.14)
b))
If, as in §12, ¢ annihilates an invariant subspace J in Q?*(C_,0), and f€J, then (14.14)

shows that the global Cauchy transform €,(%®¢8f,) vanishes on {z€C:1<Imz}. The
function €.(N¢ Jf.) belongs to €,L*(X), and hence in particular to L7 (C), for every
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r<2. The functions R¢-f, and €,(Ref.) have the same & on C,, and both vanish
on {z€C:1<Imz}, so they must coincide area-almost everywhere in C,. To get the
holomorphic continuation, we assume f, is continuous on C, and that 8f,€L4(X) for
some ¢, 2<g<+o00. Declare M¢(2)=C, (R 0f.)(2)/ f«(2) off the zero set Z(f,) of f.,
which then is a function in L9 locally on C\Z(f,). Since €,(R¢af,) is in LL (C), we
can apply elementary distribution theory arguments analogous to those of Lemma 8.7,
to obtain M ¢(z)=0 througout C\Z(f.). This gives us the analytic continuation; size
estimates of R@(A) are obtained by using the mean value property of holomorphic func-
tions on disks, to get an estimate of R¢()) in terms of the L' norm of €.(R¢df.) on
the disk in question.

Remark 14.6. As the referee kindly pointed out to us, it is possible to replace the
operator-theoretic considerations in §10 with purely analytical arguments based on the
holomorphization process. In fact, the holomorphization process supplies us with an
explicit extension of the resolvent transform MR¢, so it is not surprising that it can be
used to show that the extension is holomorphic. We explain the details in the setting of
§12. Fix a point Ag€C such that f.()\g)#0, and if necessary, multiply f by a suitable
constant multiple so that (12.2) holds for some radius 7, 0<~y. To simplify the notation,
let us write fy,(2)=f«(2)G5,(2), and note that the restriction of fj, to C_ belongs to J,
because f does. The function f,, is holomorphic and zero-free on the small disk D(Ag, )
centered at \g. If we write

f{')\(z): 1_f)\0)(\z—)£f/\o()‘), z€C,

then H) is holomorphic in A on the disk D(Xo,7), and just as in §12, Re(\)=(H}, )
holds. The assertion about analytic continuation follows. Since the regularity assump-
tions on the weight ¢ for the holomorphization process (§§ 12 and 13) are generally more
restrictive than those of §10, no gain is made in that respect with this method.

Appendix A. Moment problems, part I

The problem to characterize the class of functions Fy, on R, that arise from a finite
positive Borel measure p on R, with finite moments

+o0
/ t" du(t) < +o00, n=0,1,2,..,
0

via the moment-type formula

+oo
Far@)= [ e dutt), zeR.,
0
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was solved by Sergei Bernshtein [1]. The description is in terms of total monotonicity; a
function f on the real line is said to be totally monotone provided that (—1)"f(™(z)>0
for all real z in the relevant interval and all n=0,1,2, ....

PROPOSITION A.l. Let p be a positive finite Borel measure on the real line, sup-
ported on a compact interval. We denote by supp i the support of the measure u, and by
a(p) and B(p) the infimum and supremum of the set supp p, respectively. The function

+o00
Fuu(z)= / e du(t), zeR,

is then the restriction to the real line of an entire function of finite exponential type, it
is positive, and the function G,=—log Fy, is concave. We also have, with G| (c0) and
G:L(——oo) denoting the asymptotical slopes of the concave function G,, at plus and minus
infinity, respectively,

G, ()= lim G, (z)= lim z 'G.(z)=oa(n),

T—+o0 r——+00

and
Gl (~o00) = lim_Gl(e)=_lim_a7'G,(a)=B(w).

We finally note that the function z—log Fy,(z)+a(pu)x decreases on the whole real
line R.

Proof. The measure y is supported on the interval [a(u), 3(¢)], and by definition,
this is the smallest closed interval with that property. The formula

+c0
Fau(2) =/ e **du(t), ze€C,
0

defines an entire function of finite exponential type, and the type is the maximum of the
two numbers |a(p)| and |8(p)|. In fact, if y(p) denotes this maximum, then

|Fau(2)| < C-exp(y(p)|Rez), z€C,
holds for some constant C, 0<C <+c0. The function Fy, has the property that
|Fau(2)| < Fau(Rez), z€C,
and it is bounded in every region

{z€C:a<Rez<b}
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with a, b, a<b, arbitrary, so an application of the corollary following Theorem 12.8 [27,
p. 275] yields that G, =—log Fy, is concave on all of R. The asymptotics of G, near
infinity follows from [21, pp. 184-187]. That the function z— log Fy,(z)+a(u)x decreases
on the whole real line R is a consequence of the formula

+o0
expla(u)o)Fan(z) = [ e dult-+alu),

valid because the measure du(t+a(y)) is supported on the interval {0, B(p)—a(p)]. O

THEOREM A.2. Let v be a positive concave function on R, with v'(0)<+o00. We
can then find a finite compactly supported positive Borel measure p on R, , such that

+o0
%<e"(z)/0 e du(t)<3, zeR,.

If V'(00) denotes the slope of the function v at infinity,

V'(00) = tléinoo V(t)= lim v(t)/t>0,

t—+o00
the measure 1 may be chosen to have support contained in the interval [V’ (00),v'(0)].

Proof. Without loss of generality, we may assume v to be of class C! on R,. Con-
sider the tangent line function

L(z,t)=(z—-t)V'(t)+v(t), (z,t)eR,xR,,
and note that by the concavity of the function v, we have
v(z) < L(z,t), (z,t)eR, xR,.

Let A, 0< ), be a real parameter, to be determined later. We now introduce two sequences
of points ¢;,s; in R, with tg<s;<t;<s3<ty<s3<..., via an iterative process. These
sequences may be finite or infinite, depending on the outcome of the process. The starting
point is to=0, and the other ¢;’s and s;’s are defined recursively by (j=0,1,2,...)

(1) L(sj+1,t5)—v(sj+1)=A, and

(i) L(sj41,t541)=v(s541) =X
(i) and the assumption ¢;<s;i; determine s;41 from ¢;, and (ii) with s;4,<t;41 gives
tj41 from s;j1. Geometrically, condition (i) determines s;;; uniquely as the point to
the right of ¢; where the tangent line y=L(z,t;) deviates vertically (upward) by A units
from the curve y=v(z). Moreover, condition (ii) determines ;1 uniquely as the point
to the right of s;11 whose associated tangent line exceeds the curve y=v(z) by A units
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at the point z=s;;. There are two possible obstacles in this construction: (a) it is
possible that the solution s;4; to (i) or the solution ¢;1; to (ii) is not unique, and (b) it
is also possible that the iterative process stops, which happens if for some index j, there
is no solution s;1; or ¢;41 to (i) or (ii), respectively. If (a) occurs, this would mean that
the curve v is affine on some segment, in which case the set of solutions forms a closed
interval. To make the numbers s;1; and ¢;;; unique, we choose them as the leftmost
point on the respective solution interval. As to whether (b) occurs, we separate between
the following cases.

Case 1. The iterative process continues indefinitely.
Case I1. The iterative process comes to a stop.

We first deal with Case I, and later indicate what modifications have to be made in
order to handle Case II. Note that the numbers ¢; and s; cannot tend to a finite limit as
Jj—+o00, because in this case (i) and (ii) lead to a contradiction. Taking into account the
positivity and concavity of the function v, and the construction of the sequences {t;};
and {s;};, we see that

Ogl/’(tjﬂ)<1/'(s]~+1)<1/'(t]~), 7=0,1,2,.... (Al)
By the definition of the tangent line function L(z,t) and the concavity of v, the function
y=L(z,t)-v(z), zeR,,

is convex, attains the value 0 at z=t¢, decreases on the interval 0z <¢?, and increases on
the interval t<z<+o00. One consequence of this is that for j=1,2,3, ...,

v(z) < Lz, t;) <v(x)+A, s; <z <8415 (A.2)

actually, (A.2) holds for =0 as well, if we accept the definition so=0. Another conse-
quence is that for j=0,1,2,...,

A+v(z) < L(z,t;), 8541 <z <400,
and since L(z,z)=v(z), we have in particular
A+L(tjp1,ti41) < L(tj11, t5),
from which the estimate

)\‘i‘I/(.’L‘)<A+L($,t]‘+1)<L(.’II,t1‘), tit1 €T <400, (A3)
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is immediate, because the slope of the line z+— L(z, t,) is bigger than that of x+— L(z, t;11)
(this is simply the statement that v/(¢;11)<v'(;)), by (A.1). If we iterate (A.3) m times,
we arrive at

mA+v(z) SmA+FL(2, tj1m) S L{Z,t;), tjtm <T <00, (A4)
An argument analogous to the one used to obtain (A.3) leads to
A+v(z) < A+L(x,t;) < Lz, tj11), 0<z <y,
and iterated n times, this estimate becomes
nA+v(z) <nA+L(z,t) < L(x,tj4n), 0Kz <. (A.5)
Consider the functions
E;(z)=exp(—L(z,t;)), z€R,
which we shall find it advantageous to write in the form
Ej(xz)=a;exp(—b;z), z€R,
where bj=1'(t;)>0 and
a; = exp(—L(0, t;)) = exp(t;v'(t;) —v(t;)) > 0.

By (A.1), the sequence {b;}; is strictly decreasing. We may also add, since we are in
Case I, that b;>0, because if we had b;=v'(t;)=0 for some index j, then the iterative
process would come to an end in the next iteration. The function

+o0
E(z)= ZE]-(:L‘), z€eR,

will prove essential to us; in fact, our next step is to obtain the estimate
e <exp(v(z))E(z) <2(1-e )71, ze€R,. (A.6)
By (A.2),
exp(—A—v(z)) < Ej(z), s;<T<8541,
and consequently,

exp(—A—v(z)) < Z Eij(z)=FE(z), z€R,,

=0
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which is the left hand side inequality of (A.6). If we rewrite (A.4) and (A.5) in terms of
the functions F;(z), we have, for m=0,1, ..., k,

Ei_m(z) <e ™ exp(—v(z)), tp << oo, (A7)
and for n=0,1,2, ...,
Eiinii(z) <e ™ exp(—v(z)), 0Kz <tpir. (A.8)

To get the remaining inequality of (A.6), we invoke (A.7) and (A.8), and obtain, for z in
the interval [tg, tk41],

+o0 k +00
E(@)=) Ej(©)=)_ Ex-m(@)+)_ Eesnni(2)
3=0 m=0 n=0

- (A.9)

+oo
<exp(—v(z)) Y e ™ +exp(—v(z)) Y e <2(1—e*) ! exp(—v(z)).

m=0

This completes the verification of (A.6). We now plug in the numerical value A=log 2,
and see that (A.6) simplifies to

3 Sexp(v(z))E(z) <4, z€R,,

that is,
273/2< 212 exp(v(x))E(z) < 2%/2, z€R,.

The assertion of the lemma,

+00
§<exp(z/(x))/ e tdu(t)<3, z€R,,
0

is now evident if we put

+00
du(z) =212 Z ar, dé(z—by),
k=0
where dé stands for the Dirac unit point mass at the origin. The statement on the
support of u is an immediate consequence of this definition, if we note that by=2'(0),
and that the sequence b;=1'(t;) decreases down to the slope at infinity v'(co). This
completes the proof in Case I.
We now turn to Case II. This time the iterative process defined by (i) and (ii) stops
for some index N, which means that we have been able to find the numbers ¢, 12, ..., tn,
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but unable to get ¢x41. This can happen in two ways, one is that (i) fails to deliver an
SN+1, in which case v is affine on the interval [ty, +0o[, or, expressed differently,

v(z)=L(z,tn), tn<z<+00,

and we then write sy;1=+00. The computations carried out in Case I cover the present
situation as well, with the obvious necessary modifications, such as the definition

N
E(z)=) Ej(z), z€R,
=0

and they show that with A=log 2,
3 <exp(v(z))E(z)<4, z€R,,

from which it is immediate that

+o0o
3 <exp(v(z)) / e~ du(t)<3, zeR,,
0

holds with N
du(z) =22 Z ar d6(x—byg).
k=0
The other way for the iterative process to stop is that (ii) fails to deliver a ¢y out
of sy4+1. We shall now see that this can happen only if v is almost affine near infinity,
that is, with a higher level of precision,

0< Lysi(z)—v(z) <A, syt <z <400, (A.10)
where
Lyi(zy=v(sns1)+{z—sn+1 )V (0)+), z€R,

is the “tangent line at infinity”. Consider the function
z)=Lyyi1(z—sny1)—v(z—sni1), z€[0,+o0],

and note that what is claimed is that 0<n(z)<\ on [0,+o00[. It is convex, has slope
7'(00)=0, and attains the value 7(0)=X. The nonexistence of a finite ¢y translates to
the statement that none of the lines z+— Bz, with 8<0, can be tangent to 1. But then
none of these lines can even intersect 7, because if one did, then by continuously lowering

B, we would eventually have a tangent to 7, by convexity, and 0<7(0). This then implies
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that 0<n(z) on [0, +oo[. Since the convex function 1 has slope 0 at infinity, it has to be
decreasing, so we also get n(z)<n(0)=A\ on [0, +oo[. Hence (A.10) holds. Put

ZE )+Eni(z), z€R,

where
Enti(z)=exp(-Ln+11(2)), z€R,

and note that by (A.2) and (A.10), we have, just as in Case I,
exp(—A—v(z))< E(z), z€R,. (A.11)
From the treatment of Case I we pick up the inequalities
E—m(z) < e~ ™ exp(—v(z)), t <z <400, (A.12)
for £k=0,1,..., N and m=0,1, ..., k, and
Eiinii(z) e ™ exp(—v(z)), 0<z<tpyi. (A.13)

for k=0,1,..,N—1 and n=0,1,..., N—k. We need to verify that {A.13) holds for k=N
as well, that is, since we should think of ¢y as +0o0,

Enyi(z) <exp(-v(z)), 0<z<+00.
This, however, is an obvious consequence of the fact that
v(z)< Lyya(z), zeR,,

which follows straightforwardly from {A.10), by the convexity of the function Ly ;—v.
Using these inequalities (A.12)—(A.13), we obtain the analog of (A.9), that is, for z in
the interval [¢y,tg41[, with £=0,1,..., N, and the convention ¢y 1 =+00, we have

N+1 N-k

k
=Y B@)= Y Ben@+ Y Brina(@)
7=0 m=0 n=0

k 00
<exp(—v(z Z e ™ +exp(—v(z)) Ze_")‘ <2(1—e"*)"Lexp(—v(x)).
m=0 n=0

If we plug in A=log 2, this inequality combined with (A.11) yields

(M

<exp(v(z))E(z) <4, z€R,.
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If we write
Enii(z)=anyi1 exp(—bnt+1z), z€R,
with byy1=v"(00) and an1)=exp(—v(sy+1)—Sn+17'(00)+A), the measure

N+1

dp(z) =27 Z ax d6(z —bx),
k=0

now fulfils the property of the lemma:

+o0
3 <exp(v(z)) / e tdu(t)<3, z€R,.
0

This concludes the proof of Theorem A.2. |

Appendix B. Moment problems, part II

Consider the collection B of finite positive Borel measures p on [0, 1], placing no mass
at the point 0, but having 1(]0,¢])>0 for every €, 0<e. We shall also be concerned with
the collection U of all continuous functions F: R, — ]0, +o0[, subject to the conditions
that F is decreasing, F'(t)—0 as t—+o00, log F' is convex, and

log F(t)=o0(t) ast— +oo.

Recall from Appendix A the convention to assign a function

de(t)=/01 e *du(r), teR,, (B.1)

to a given measure p in . Let us introduce the notation f<g, and say in words that f
and g are comparable on R, if f and g are two functions on R, with values in [0, 400,
which satisfy

Ci1f(t)<g(t) < C2f(t), teR,,

for some constants Cy,Cs, 0<C; <Ca<+00. The following statement contains most of
the information from Appendix A that we shall need.

ProPosITION B.1. If p is in B, then Fa, belongs to V. If, on the other hand,
F is in 0, then a n€P can be found such that Fy,<F; there exists in fact a p of the
form dp(z)=p(z) dz, where p is continuous on |0,1], and enjoys the additional condition
0<p(z), for all z€]0,1].

Proof. Let us start with having a g, and try to prove Fy, €. It is clear from the
definition that Fy, is decreasing, and that Fy,(t)—0 as t—+o00. Proposition A.1 tells us
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that log Fy, is convex, and since we know a(u)=0 (in the terminology of Proposition A.1),
we also have

log Fyu(t)=o0(t), t— +oo.

This completes the verification that Fy, is in 0.

We proceed to the case when we have an F, and seek a u. Let A€]0,+o00[, and
put v(t)=logw(t) on the interval [A4,+oo[, noting that by assumption, v is concave
and increasing. We extend v to be affine on the interval [0, 4], in such a way that v
becomes differentiable at A. The extended v is concave and increasing on [0, +oo[, with
v(t)—+oc and v/ (t)—0 as t—+oo. We now stipulate that A be chosen so large that v is
positive throughout R, and /(4)< 1. By Theorem A.2, a finite positive Borel measure
[, supported on [0, %], may be found such that Fy,<exp(—v)=<F. Moreover, since
F(t)—0 as t—-00, u cannot place a positive mass at 0. It is clear from Proposition A.1
that the assumption v(t)=o0(t) as ¢ — 400 forces u to place positive mass on every interval
10,¢], with 0<e. We conclude that p€B. If we analyze the proof of Theorem A.2, we
see that p is obtained as a sum of discrete point masses. We may then mollify each
point mass a little bit, without changing the main relation Fy,=<F, to get u of the form
du(z)=y(z) dz, with ¢ continuous on |0, 1]. Similar reasoning permits us to add a little
background noise, to ascertain that 0<y(z), for all z€)0,1]. The proof is complete. []

We now intend to use Proposition B.1 to study functions of the type

1
Fg(t)=/ e “o(x)dr, teR, (B.2)

0
associated with functions g:[0,1]—]0, +oo[, belonging to the families P, 0<s<+o0,

which we are about to define. For a p€®PB, and all real numbers s, 0<s<+00, we
introduce the fractional integrals

L) = 15 /Ox(x—t)s"ldu(t), 0<z<l,

where I" denotes the gamma function:

o0
L'(s) =/ e tt5 1 dt.
0

The above fractional integral, as all other integrals in this paper, should be thought of
as ranging over the closed interval between the indicated endpoints, unless specifically
indicated otherwise. We shall specify that an endpoint is not to be included with a
superscript, a plus if it is the left endpoint, and minus if it is the right one. The set of
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all I,[u], with s fixed and p ranging over all of 93, is denoted by B,. It is clear from the
above definition that

1 xr
IT+3[u](z)=m/0 (e—t) LIt dt, 0<z<1, 0<r,s<+00,

by the well-known fact that the fractional integral kernel functions K,(z)=xz*"*/I'(s)
(z€R,) form a convolution semigroup: K,.,=K,*Kj, for 0<r,s<+oo. Note that it
follows from the above observation that the classes 9 are nested: B,CP,CP, 0<s<
T <+400.

PrOPOSITION B.2. Suppose 9€P;, for some s, 0<s<+co, so that g=I(u] for
some p€P, and let the functions Fy, and F, be as in Appendiz A and formula (B.2),
respectively. Then the functions F, and Fy, both belong to 0. Moreover, we have the
following relationship between the functions F, and Fy,:

0< Fau(t)~t°F,p(t) <e' ' (141)°p([0,1]), 1<t <+oo.

Proof. By Proposition B.1, applied to the measures du(z) and g(z) dz, the functions
F, and F;, belong to the class 0.
Since g=1I,{u}, we have

Fg(t)z/0 e‘”Is[/L](m)dw:F—(lsj/o e_t“”/om(a:—u)s_l du(u) dz (B.3)

¢ 1 t(1—u)
:1‘_/ 6‘“‘/ e Yy tdydu(u), teR,,
(8) Jo 0

by switching the order of integration, and applying the change of variables y=t(x—~u),
u=u. If we use {B.3}, the integral definition of the gamma function, and make the change

of variables v=y—#(1—u), u=u, we obtain

Fat)-eF0 = [ (- [ T ey i) du)

:—1~/1/+oo e ¥y  dye ™ dp(u)
I'(s) Jo t(1—u)

e—t 1 pr4o0
-5 /0 /0 e~ (v-+t(1—u))* dv du(u)

et LD (s,t(1—w)) "
= /O————F(s) du(u),

where I'(s, &) denotes the generalized gamma function:

(B.4)

+00
F(s,a):/ e *(ut+a) ! du.
0

The case =0, gives us the gamma function itself: T'(s)}=I'(s,0). To carry on the proof,
we need a lemma concerning the growth of the generalized gamma function.
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LEMMA B.3. For s,a€]0,+00[, the following holds:

I'(s,a) <e(l4+a)°T(s).

Proof sketch. Break up the two integrals defining I'(s) and I'(s, @) into two parts
each, from 0 to 1, and then from 1 to +co0. One then obtains

1 1
/ e “(uta)* Hdu<ge(l +a)s/ e u*"ldu,
0 0

and
+oo

o0
/ e “(uta) tdug (1 +a)3/ e "u*"! du,
1 1
from which the assertion is immediate. O

We now proceed with the proof of Proposition B.2. By (B.4), Lemma B.3, the
estimate #(1—u)<t (in the setting of (B.4)), and the fact that the expression (1+a)*

appearing in Lemma B.3 increases with «, we arrive at
0< F(t) —t"Fy(t) <! 7 (142)* ([0, 1]),
as asserted. O

For a fixed value of the real parameter s, 0< s <+o0, U, will denote the subset of L
consisting of all F€Y for which ¢—(1+¢)°F(¢) belongs to V. From Proposition B.2 we
may derive the following useful result.

COoOROLLARY B.4. Suppose o=I,[u] for some s, 0<s<+00, and some n€P. Denote
by F, the function Fy(t)=(14+1)"*Fy,(t), t€R,. Then F, belongs to s, and F,<F,,
that is, the functions ﬁ’g and F, are comparable on R, .

Proof. 1t is clear from Proposition B.1 and the definition of the classes U, that F~'g
is in Y,. Moreover, that foFe follows from Proposition B.2, and the fact that both F,
and ﬁg are bounded away from 0 and 400 on a finite interval. O

ProprosiTION B.5. Fiz a real parameter s, 0<s<+o0o, and let F' be an element of
Bs. Then there exists a continuous function g: ]0,1]— 10, +oof in P such that Fy<F.

Proof. Since F is in B, the associated function F*(t)=(1+¢)*F(t), teR,, belongs
to 9. By Proposition B.1, we may then find a €9 of the form du(t)=y(t)dt, where
¢:10,1]—]0, 4+00] continuous, with the property that Fy, <F*. Define o€B; by o=1I[u],
which is then continuous on ]0,1], and takes values in 0, +0o[. By Corollary B.4, the
function }Fg(t):(l%-t)_stu(t), teR., has F,<F,. On the other hand, F,<F, which
does it. O
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LEMMA B.6. Suppose o=I[p] for some s, 1<s<+oo, and some p€P. If two real
parameters x and y are given, satisfying 0<y<z <1, then the following estimate holds:
s—1

olz) -2 o(y) < i—@u(lo, ) (@—y)*L.

Proof. An elementary estimate of the integral expression defining I,[u] yields
o(z) = L{pl(2) < ﬁu(lo, 2z, 0<z<L. (B.5)
We split the verification of the lemma into two cases.
Case 1. y<jz. Then by (B.5),

< 1 s—-l_23_1 1,51 < 2s-1 0 ( )s—l
o) < gy M%) =15 1(10,2])(32) < 1y MU0 D=y

which is even better than requested.

Case 2. %z<y. We then have the partition 0<2y—z<y<z<1 of the interval [0, 1],
and split the integral defining o(z)— o(y) accordingly:

2y—=z
D) e@)-ew)= [ (a=0 = (=0 du(t)
0
Yy T
(@t au+ [ (=0 dule),
2y—zt yt
The last two integrals allow themselves to be estimated as follows:
Yy T
/ +((%‘—t)s‘l—(y—t)s_l)du(t)Jr/+(ﬂc—t)s‘lGlu(t)<23‘1(:17—y)s‘lu(]?y—ac,arr])-
2y—x Yy
Moreover, the first integral is estimated by

2y—x

[ty do <@ty [ -0
0 0

< (27 T=1)I(s)e(y)-

Adding these estimates together, we arrive at

o(z)—ely) < %(x—y)s-wny—w, )+ (2~ 1alw),
from which it is immediate that
o(z) -2 oly) < ?Fi(;—;u—y)s—lu(my—w,x]),

and the assertion follows.

The proof of the lemma is complete. 0
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LEMMA B.7. Suppose o€B, for some s, 1<s<+00, and let 8 satisfy 0<f<+o00.
We then have the estimate

sup{(z—y)'o(y): y €]0,2[} > Co(z)+)/ =1 zelo,1],

where C=C(s, g,0), 0<C<+00, is a constant.

Proof. The function p=1I,[u]€P; is continuous, because it is the integral of I,_;[u],
which is in L([0,1]). We choose y, 0<y<z, as a solution to the equation o(y)=
27%p(z), which is possible, by the intermediate value theorem. When we plug this y
“into Lemma B.6, we obtain
275T(s)

(x—y)* " 2 ma(w),

and if we raise both sides to the power (148)/(s-1), and multiply by o(y), we get

(++6)/(s=1),

2-37(s (1+6)/(s—-1)
( )) olx)

r— 1+6 -3
(x—y) oly) =2 (—_u(]O,ll)

as asserted. 0

ProrosiTION B.8. Given s, a, 3, v, and g, subject to 1<s<+o0, 0<a<+o00,
0<B,7<+00, and p€PB;, the following estimate holds,

+o0
/ t¥(e” "R, (vt) 1P dt < Co(z)~Bete+b/(=1) o<zl
0

where C=C(s, g, a, B,7), 0<C<+00, is a constant.

Proof. The change of variable u=-+t shows that without loss of generality, we may
take y=1.

Let y be a real parameter satisfying 0<y< % Then, in view of the fact that p is an
increasing function, and the more or less trivial inequality

1 —ty_ —t =1yt
./ et du= e Ve —e tY 1-e !
y t t

1_e—t/2 e—t'y
2 )
t 2(t+1)

—t
ze

0<t< 400,
we have

Fo(t)= /01 e " o(u) du > /yl e " o(u)du

et

1
> gy > — 0gt .
/e(y)/y e du/e(y)2(t+1), <400

6—945205 Acta Mathematica 174. Imprimé le 20 janvier 1995
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For a given z, 0<x<1, suppose that y in addition has 0<y<z, so that by the above
estimate,

+00 B ptoo
/0 e‘“”Fe(ﬂ‘ldtS(ﬁ)/o t(¢+1)° exp(~tB(z—y)) dt

C(a,0)
S Gy

for some positive constant C(a,3). The assertion of the proposition now follows from
Lemma B.7. g
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