Acta Math., 172 (1994), 51-75

Boundary behavior of extremal
plurisubharmonic functions

by

SIEGFRIED MOMM

Heinrich- Heine-Universitdt
Diisseldorf, Germany

Introduction

In a celebrated paper Lempert [12] and later in a more general setting Klimek [9], Poletskil
[20], and Zaharjuta [27] introduced the notion of a pluricomplex Green function g for
a bounded convex domain G in CV. Assuming that G contains the origin, this Green
function with pole at 0 is given by

g(z):=supu(z), z2€Gq,

where the supremum is taken over all plurisubharmonic functions u: G—[—0o0,0[ with
u(w)<log |w|+0O(1) as w—0. This function is plurisubharmonic and it is continuous on
G\ {0} if g|0G:=0. Lempert’s results imply that also the sublevel sets G,={z| g(2)<z},
<0, are convex. If

H,(z):=sup{Re (w,2)| g(w) <z}, zeCV,

denotes the supporting function of G, CR?M, we introduce a type of directional Lelong
number

De(a) i=lim 100~ Ha(a)
zT0 -

€]0,0], a€S:={zeCV||z|=1},
which measures the rate of approximation of 8G by 8G,, £<0, in the direction of a. In
the case that there is a biholomorphic mapping % of the ball U:={2€C"||z|<1} onto
G with ¥(0)=0, this quantity is closely related to the notion of an angular derivative.
For instance if N=1, D¢ is bounded if and only if |¢’| is bounded on G (see [16]).

We show that the lower semicontinuous function D¢ is connected with the boundary
behavior of another extremal plurisubharmonic function, which has been introduced by

Siciak [23], [24], [25]. We put H:=Hj and consider

Vu(z) =supu(z), zeCV,
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where the supremum is taken over all plurisubharmonic functions u<H on CV with
u(z)<log|z|+0O(1) as z—oo0. This function is plurisubharmonic and continuous. It
attains the values of H on a compact star shaped set

Py :={)a|0< A< 1/Cx(a),a€ S},

the numbers C'y(a) being in 0, 00]. If N=1, Py is the set of accumulation points of the
Fekete-Leja points with respect to H (Siciak [23]).

THEOREM 1. There is some C>1 such that Cy<Dg<CCh.
As a corollary of Theorem I we obtain:

THEOREM II. The following assertions are equivalent.
(i) D¢ (or Cy) is bounded.
(ii) There is some C>0 with

G C G +C(~2)U, z<0.

(iii) There is a plurisubharmonic function v< H with v(z)<log|z|+O(1) as z—o0
which coincides with H on a neighborhood of zero.

Using well known facts about the angular derivative of conformal mappings, for
N=1, we have studied in [16] whether D¢ is bounded. For N >2, we investigate Dg by
investigating Cy. If 8G is of class C! then Cy is bounded. A maximal cone I'CcCY
of linearity of H with R-linear hull L(T') is called quasi-real if the maximal C-linear
subspace L(I')NiL(T') of L(T') intersects I only in the origin.

THEOREM II1. If G is a polyhedron and I is the union of all quasi-real cones of H,
then Cyg is bounded on I'NS and is infinite on the complement.

Since the support of (dd°H)" is the union of all maximal cones I' of linearity of
H for which L(I')NiL(T)={0}, this shows that supp(dd°H)¥ cI". If N>2, there are
examples for which this inclusion is proper.

The results presented here have been developed from the author’s investigations [16]
and {17] for the case N=1.

The organization of the present paper is as follows. In part one we collect some facts
about the functions u(z,z):=H,(z) and v(z,C):=CVy(z/C) where z6C¥, <0, and
C>0. These facts (in particular one due to Demailly [4]) show that both functions are
members of two classes of one-parameter families of plurisubharmonic functions which
are mapped onto each other by Kiselman’s {7] partial Legendre transformation. We
obtain —i(-,1)<v(-,1)=Vy. Applying Zaharjuta’s two-constants-theorem for analytic
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functionals [26]-[28], we prove that z—sup,ccon (Vu(z) — Hg(2)) is a convex function of
<0, which implies v(-,1)=Vg <—1i(-,C) for some C>0. By the “boundary behavior”
of the partial Legendre transformation, this proves Theorem I.

In part two we study the boundary behavior of the pluricomplex Green function
by investigating the function Cy. We obtain that the finiteness of the limit D¢ is a
local property of 3G. We obtain a subordination principle. Using ideas of [18], [19], and
Krivosheev [11], we prove Theorem III for polyhedra.

1. The “boundary behavior” of the partial Legendre transformation

Kiselman (7] has introduced the partial Legendre transformation for families of plurisub-
harmonic functions. In Kiselman (8] and Demailly (5] this transformation has been ap-
plied to study different types of Lelong numbers. We consider two classes of families (one
in the range and one in the source of the transformation) having appropriate bounds and
investigate how a type of directional Lelong number behaves under the transformation.
It turns out that both classes have a prominent member.

Notations. For z,weCY, we write (z,w):=2£1 z;@; and |z|:=(z,2)}/%2. We put
B(R):={z€C"||z|<R} for R>0, S:={2€CV||z|=1}, D:={2€C| |2|<1}, H_:={z€C]|
Rez2<0}, Ri:={z€R|z>0}, R_:=—R,. We will use the conventions co/a=0c0 and
a/oo=0 for each a>0, and inf F=00.

The pluricomplex Green function of a bounded convex domain in CV. Let GCCN be

a bounded convex domain with 06 G. By H: C¥ -R, we denote its supporting function

H(z)=sup Re (w, 2).
weG

According to Lempert [12], Klimek [9], Poletskii [20], and Zaharjuta [27], we consider
the pluricomplex Green function g: G—[—o0, 0[ with pole at 0

9(z)= sup u(z)

where the supremum is taken over all plurisubharmonic functions u: G—{—00,0[ with
u(w)<log |w|+0O(1) as w—0. Then (see Klimek [9]) g is plurisubharmonic, maximal
(ie., (dd°g)N =0), continuous on G\{0} (where g|#G:=0) and has logarithmic pole at
0, i.e., there is C'>0 such that

~C<g(z)-log|z|<C as2—0.
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1.1. THEOREM. For each 2€G we have

g(z) =inf{logr|0<r<1,3f: D — G analytic, f(0)=0, f(r)=2z}.

Proof. By Lempert [13, Theorem 1], and Klimek [9, Corollary 1.7], we have g(z)=
logtanh kg (2,0), 2€G, where kg denotes the Kobayashi metric. Thus the assertion
follows from the definiton of kg (see e.g. [9]).

Essential for our analysis of the boundary behavior of g is the following result which
extends a classical one of Study to several complex variables.

1.2. LEMMA. With G also the sublevel sets
G.:={z€G|g(z)<z}, z<0,

are conver.

Proof. (See Lempert [12, p. 462].) By 1.1, for each £<0,

G, ={z€G|30<r <€, f: D — G analytic with f(0)=0, f(r) =2z}
={f(r)|0<r<e®, f:D— G analytic with f(0)=0}.

Let a,b€G,, a#b and 0<A<1l. Choose f,9:D—G analytic with f(0)=g(0)=0, and
0<ry,ro<e® such that f(r;)=a and g(ry)=b. We may assume r; <r27#0. Since G is
convex, the function h: D—G, h(z)=Af(zr1/r2)+(1-A)g(z) is well defined, analytic
and satisfies £(0)=0. Thus h(rz)=Xa+(1-A)beG,.

1.3. PROPOSITION. The function u: CNx H_—R,,
u(z,¢) :=sup{Re (w,z) |lwe G, g(w)<Re(}, z€CV, (eH_,

is continuous and plurisubharmonic. u(z,() does not depend onIm¢. There exists M >0
with M~'e®|z|<ulz, z) < Me®|z| for all 2€CN and £<0. We have lim, 10 u(2, z)=H(z),
2eCV,

Proof. Since (z,w)—Re (Z,w) is continuous and pluriharmonic, it follows from De-
mailly [4, Corollary 6.12], that u is continuous and plurisubharmonic. Since g has a
logarithmic pole at 0, there is C€R with log |w|~C < g(w)<log |w|+C, weG, and thus

u(z,z) < sup |w|lz]<eC*7lz|, zeCV, z<o.
g(w)<z

On the other hand, for each z€CV and <0, there is we€dG, with u(z,z)>|w||z|=
e9(®)=Clz)=¢2=C)|.
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Another proof for the plurisubharmonicity of u can be obtained from the following
representation, which holds by 1.1,

u(z,{)=sup sup Re(f(0),z), zeCV ¢ecH_,
f lol<expRe(
where the first supremum is taken over all analytic functions f:D—G with f(0)=0.
Clearly, u is continuous in z. On the other hand for each f and z, the function {—
sup{Re (f(¢),2) | |o|]<exp Re(} is plurisubharmonic, hence convex in Re(. Thus, as in
Demailly [4, Corollary 6.12], we conclude that u is continuous.

1.4. Remark. For each <0, we have G,={z€G | g(2)<z}.
Proof. By 1.3, in particular the function u is continuous and r—u(z,x) is strictly
increasing in £<0, hence u(z, z)=inf;<y<o u(z,y) for all <0 and z€ CV. This gives

G.= N Gy= N G,={z€C|g(z)<z}.

z<y<0 z<y<0

1.5. THEOREM. Let u:CNxH_—R, be a plurisubharmonic function such that
u(z,¢)=u(z,Re() for all zeCV and (€H_. Assume that there is M>0 such that
u(z, )< Me®|z|, 2€CN, £<0. The hypotheses imply that z—u(z,z), <0, is non-
decreasing and convez. For ze CN, we put u(z,0):=limz1o u(z,z) R+ and

Du(z):=lim u(z,0)—u(z, ) —sup u(z,0)—u(z, ) € 0,00,
210 -z 2<0 -z

Then the function v: CVx ]0,00[ =R,
v(2,C):=~u(z,C):= iréfo(u(z,m)—:cC), zeCV, C>0,

is upper semicontinuous, is plurisubharmonic in z, is concave and nondecreasing in C (i
is called the “partial Legendre transform” of u). Moreover,

(i) v(z,C)<min{Clog*(M|z|/C)+C, M|z|} for all zeCN and C>0;

(ii) v(z,00):=limc_o v(2,C)=u(z,0) for all zeCV;

(iii) Dy(2)=inf{C>0|v(z,C)=v(2,00)} for all zeC"V, i.e., v(z,C)=v(z, ) if and
only if D, (2)<C.

If u(-,z) is positively homogeneous for each x<0 (i.e. u(tz,z)=tu(z,z), 20, z€
CN), then v(z,C)=Cuv(z/C,1) for all z€C" and C>0.

Proof. The convexity and monotonicity of z—u(z,z) follows, since {(—u(z,() is
subharmonic and does not depend on Im (. By Kiselman [7, Theorem 4.1], v is upper
semicontinuous, plurisubharmonic in z and concave in C.
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Direct calculation shows that

Clog(M|z|/C)+C, M|z|2C,

M|z, M|z|<C,

which equals the right hand side of (i). (ii) is a well known property of the Legendre
transformation. To prove (iii), fix 26 C" and note that for C>0 we have: D,(z)<C &
u(z,0)<u(z,z)—Cz for all z<0 & v(2,00)=u(z,0)<v(z,C).

v(2,C) € ilifO(Mez|z| —zC)= {

1.6. Notation and remark. For u from 1.3, we denote the lower semicontinuous
function D, by Dg. We note that D¢|S>0 and that v(z,1)~log" |z|=—(z, 1)—log" |2|,
2€CV | is bounded.

In contrast to the case of one complex variable, Dg may be bounded on S even if
OG is not of class C*:

1.7. Ezample. Let H®: CY—R, be a norm on CV, i.e., H? is convex, H’(\z)=
JA|JH®(2) for all A€ C and z€C¥, and H%(2)=0 if and only if z=0. Then g(z)=log H%(z),
2€G:={2eCN| H%(2)<1}, is the pluricomplex Green function of G. Let ¢: R_ —>R_ be
convex with ¢(0)=0, and ¢(z)<z+m, <0, for some m>0. If H is the supporting func-
tion of G, then u(z,¢):=e®®e¢) H(z) is continuous, plurisubharmonic, does not depend
on Im¢, and satisfies u(z,z)<e™(maxqes H(a))e®|z| for all zeCV and z<0. For all

2€CN,
1—e®(®)

Du(2) =lim ———H(z)= ¢'(0)H(2).

If ¢=id, the function u coincides with the function u from 1.3 and thus Dg=H.

Proof. By Klimek [10, Theorem 5.1.6 and Lemma 6.1.3], log H® is plurisubharmonic
and the pluricomplex Green function of G. Since ¢ is convex and increasing {the latter
fact follows from the upper bound for ¢), the function ¢+ ¢(Re () is subharmonic on H_.
Since also H is a norm on CV, hence (z,()~¢{Re()+log H(z) is plurisubharmonic on
CNx H_. Thus u(z,()=exp(¢(Re()+log H(z)) is plurisubharmonic.

Further examples are given in {16] (N=1) and in section two.

Siciak’s extremal function. Let £ denote the set of all plurisubharmonic functions
u on CV with u(z)<log" |2|+C,, 2€C¥, for some C,>0. Fix the supporting function
H:CNoR, of a bounded convex domain in CV containing the origin. We introduce
Siciak’s extremal function v: CVx ]0, co[ =R, with respect to H (see Siciak [25]),

v(z,C):=supu(z), z€CN, C>0,
where the supremum is taken over all plurisubharmonic functions u with v/C€L and
u<H. Note that v(z,C)=Cv(z/C,1) for all zéCV and C>0, and that v(-,00):=
SUpcso U( -, C)< H is positively homogeneous.
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1.8. LEMMA. Let u€L with u<H. Then

u(z)<10g+(|z|/R)+lm|zi.)§%H(w), zeCN, R>0.
wl<

Proof. (Siciak 25, Lemma 3.4].) Fix R>0. By the hypothesis we have
< H{zy=M .
u llzlilg (2) on B(R)

Furthermore u—Me€L. Hence u—M is dominated by the pluricomplex Green function
of CN\ B(R) with logarithmic pole at infinity, i.e., u(z)—M<log™(|z|/R), z€CV.
1.9. PROPOSITION. The function v: CVx ]0,00[ =R is continuous. v is plurisub-

harmonic in the first argument, and concave and nondecreasing in the second one. For
M :=max,cs H(z), we have

v(z,C) < min{Clog*(M|z|/C)+C,M|z]}, z€C¥, C>0.
v(-,1) is mazimal (i.e., solves (dd°v(-,1))N=0) on the complement of the set

Py :={2€CV|v(z,1)= H(2)}

Proof. By 1.8 and the proof of 1.5, all functions u€ £ with u H have the uniform
bound

u(e) < inf (10g(|z|/R)+ BM) = min{log* (M|z]) +1,Mlz[}, zeC".

This shows v( -, 1)* € L for v(z,1)*=limsup,_, , v(¢, 1), 2€CN. Since H is upper semicon-
tinuous, also v(-,1)*<H. Thus, the upper envelope u(-,1) is plurisubharmonic. Since
H is uniformly continuous on C¥, by the usual smoothing procedure for the plurisub-
harmonic function v(-,1), we get smooth functions u,€L with v(-,1)Su,<H+1/n,
neN. Thus v(-,1)=sup,n(u,—1/n) is lower semicontinuous (see Siciak [25, Proposi-
tion 2.12]). Hence, v(-,1) is continuous. Since v(z,C)=Cv(z/C,1) for all z€CN and
C >0, v is continuous, too. Clearly for all C'>0,

v(2,C) < Cmin{log* (M|2|/C)+1,M|z/C|}, zeCN.

If C,D>0 and 0< <1, it follows immediately from the definition of v(-,AC+(1-A)D),
that Av(-,C)+(1-A)v(-,D)<v(:,A\C+(1-A)D). The maximality of v(-,1) outside
Py follows by standard arguments solving locally an appropriate Dirichlet problem for
the complex Monge—Ampére equation (see Bedford and Taylor [2, Corollary 9.2]).
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1.10. THEOREM. Let v: C¥x]0,00[ >R be upper semicontinuous and such that
v(2,C) is plurisubharmonic in z€CVN and concave and nondecreasing in C>0. Assume
that there is some M >0 such that

v(z,C) <min{Clog*(M|z|/C)+C, M|z}, zeC¥, C>0.
For 2€CN we put v(z,00):=limc .0 v(2,C)ER+ and
Co(z) :=inf{C > 0| v(z,C) =v(z,00)} € [0, 00].
Then the function u: CNx H_ —R., (the “partial Legendre transform” of —v),

u(z,¢) := (~v)(z,Re() := sup(v(z,C)+Re(C), z€CV, (e€H_,
Cc>0

is plurisubharmonic and does not depend on Im (. Moreover

(i) u(z,z)<Me®|z| for all zeCN and <0,

(ii) limg1o u(z,z)=v(z,00) for all zeCV,

(ili) Cy(2)=Du(2) for all zeCN (see 1.5).
If v(2,C)=Cuv(z/C,1) for all zeCN and C>0, then u(-,z) is positively homogeneous
for each £<0.

Proof. By Kiselman [7, Theorem 4.2], u is plurisubharmonic. By the hypothesis and
by the proof of 1.5, we get for all 2z€C" and z<0,

u(2,z) < sup (inf (Me¥|z|—yC)+zC) = Me®|z|.
C>0 y<o
This gives (i). (ii) is a well known property of the Legendre transformation. (iii) follows
from the definition of C,, from 1.5 (iii) and the following remark.

Remark. By well known properties of the Legendre transformation (see e.g. Rocka-
fellar [21]), we have for u as in 1.5 and for v as in 1.10,

u(z, z) = sup (inf (u(z, y)—yC)+zC), z€ cV, z<0,
C>0 y<0

v(2,C) = inf (sup(v(z, D)+zD)-zC), z€C¥, C>0.
z<0 D>0
1.11. Notation. For v from 1.9, we write Cy:=C,.

1.12. Ezample. Let H:CY—R, be a norm on CV (see 1.7), and let v be Siciak’s
function with respect to H. Then v(-,1)=H on the set G*:={:€C¥|H(z)<1} and
v(+,1)=1+log H on CN\G". In particular Cy=H.
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Proof. Let u be the function which equals H on G° and equals 14+log H on CV\G°.
By the hypotheses, log H is plurisubharmonic and log H(z)—log|z| is bounded on CV.
Thus u belongs to £, is bounded by H, and thus bounded by v(-,1). On the other
hand, applying the maximum principle to the restrictions to the complex lines through
the origin, we get for each 0<e<1 that (1—&)v(-,1)<u on CV\GO.

The relation between Dg and Cyx. Up to the end of the chapter, let G be a bounded
convex domain in CV containing the origin and with supporting function H.

1.13. PROPOSITION. If v is Siciak’s function with respect to H, then

v(2,00) = lim v(z,C)= lim Cv(z/C,1)=H(z), zeCN.

Proof. Choose u: CNx H_—R, according to 1.3. Then by 1.3 and 1.5, for each
C>0, we have —i(-,C)/CeL and supgsg —i(-,C)=u(-,0)=H. Thus H<v(-,0)<H.

1.14. TUEOREM. For u and v as in 1.3 and 1.9, respectively, we have

ig%(u(-,m)—m)&vﬂﬁ) and Cg< Dg.

Proof. By the reasoning of the previous proof, we have —i(-,C)<v(-,C) for all
C>0, and moreover Dg=D,=C_;>C,=Cy.

In 1.20 we will prove a converse of 1.14. In view of 1.13, the function Cy has the
following interpretation:

1.15. Remark. If v is Siciak’s function with respect to H, then the set of contact
Py (see 1.9) satisfies
PH={)\a|a€S,0<)\<1/CH(a)}

and is a compact set star shaped with respect to the origin. We have {z€CV|v(z,C)=
H(z)}=CPy for each C>0. There is Ro>0 such that for all R> R, (see Siciak [25]),

v(-,1)=Vg g :=sup{u(z) |ue L with u< H on E:=B(R)}.

For N=1 the set Py coincides with the set E*(H) of all accumulation points of the
Fekete-Leja points of E with respect to H. (This follows from Siciak [23, (3.12), The-
orem 2.1, and from the following observation: If acC\{0} and v(-,1) is harmonic in
a neighborhood of a then v(a, 1)< H(a), since otherwise, subtracting the linear function
z—(0v(a,1}/82)z+(0v(a,1)/0Z)Z, we may assume that v(-,1) has the local expansion
v(z,1)=Re(c(z—a)")+O(|z—a|**?) for some n>2 and ce C\ {0}; but this would not be
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compatible with the property v(Az,1)>Av(z,1) for all 0SAK1 and 2€C, which holds
by the definition of Siciak’s function.) This shows that Py is the set of all accumulation
points of the (n+1)-tuples (zé”) , ey 28V ), n€N, of numbers in C which maximize the

value of n
( H Iz,(")—-z,(c")l) exp (—nZH(z,(c"))).
k=0

0gi<kgn

Proof. 0€ Py because H>0=H(0). For z=Xa, a€S, A>0, we have |z|<1/Ch(z/|z|)
& Cu(2)<1 & v(z,1)=H(z).

Put m:=min,c5 H(z)>0, M:=max,cs H(z), and choose Ryg>max{1,1/m} with
M<Reym—log Ry. Let R>Ry. Then

81;1%(5m—log s)=Rm—log R.
For the plurisubharmonic function Vg g, by 1.8, we get for all |z| >R,
Ve,u(z) <log|z|+ M < |zlm < H(Z).

This shows that Vg g <v(-,1). Obviously v(-,1)<Vg,x.
Notation. By Ay we denote the space of all entire functions f on CV, ie., f€
A(CV), satisfying the estimate

|f(2)| < Cexp(nH(2)), z€CV,

for some C>0 and some 0<7n<1. Let u: CV¥x]—00,0[ =R be the continuous function
from Proposition 1.3. Recall that u(z,z) is positively homogeneous in z€C¥ and is
strictly increasing in z <0 with lim.1o u(z,z)=H(z) for each ze CV. The space Ay can
also be written as

Ap= Lgo{f € ACM) | Ifllz < oo},
I fllz := sup |f(z) exp(—u(Z,z)).
zeCN
The following result is essentially Zaharjuta’s two-constants-theorem for analytic

functionals (see [26, Theorem 4.1, [27], and [28, Theorem II.1.1]). Since [26]-[28] are not
accessible very well, we will give an independent proof of the following theorem.

1.16. THEOREM. If u is from 1.3, then for each fe Ay\{0} the nonincreasing
Junction z—log || f|lz, <0 (with values in RU{oo}), is convez.

The proof of Theorem 1.16 requires some preparations.
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Notation. For all z,weC" we write z-w:=(z,@). If Q is a bounded subset of C"
which contains the origin in its interior, then

Q' :={z€C"|zw#1 for all we N}

is of the same type. Q' is closed (open) if Q is open (closed). Since G is convex, we
have G”"=G. For further information on G’ and the history of this notion, we refer to
Andersson [1].

By U:CN¥—0, 00[, we denote the pluricomplex Green function with pole at infinity
of the compact (and not pluripolar) set G’, i.e.,

U(z)=supu(z), zeCV,

where the supremum is taken over all u€ £ with u<0 on G’ (see Klimek [10] for elemen-
tary properties and for the history of this Green function). By the following theorem,
the properties of the Green function g will imply that U is continuous, hence plurisub-
harmonic, and that U(z)>0 if and only if ze CN\G'.

1.17. THEOREM. If we put g(w):=0 for all we CN\G, the following formula holds:
U(z)=— inflg(w), zeCN.
Zw=
In particular, we get for the level sets {zeCN|U(2)<—z}=G", for all z<0.

Proof. In Lempert (14, Theorem 5.1 and equation (5.4)], the formula for U is proven
for the case that G is strictly convex and has a smooth real analytic boundary (see the
remark on p. 884 of [14] for the domain D:=G"). Here, strict convexity means that for
each 2€0G, there is a ball which contains G and which is tangent to G in z.

In the general case we choose a sequence G;, j€N, of strictly convex domains with
smooth real analytic boundary such that 0€ G; CGj, for all j€N and with G=J ien Gy
This can be done by applying the usual smoothing procedure to the gauge function of
G (see Schneider [22, Theorem 3.3.1]) but with a real analytic kernel (see Cegrell and
Sadullaev [3, Theorem 1.2]). If we add ¢|z| with sufficiently small ¢ >0, this yields gauge
functions of convex domains with the desired properties.

We have G;'DGj41/, jEN, and G'=;cn Gy If g; and Uj, jEN, denote the
corresponding Green functions (extended to functions on C¥), we know that g=inf;en g;
and U=sup;¢n Uj on C¥ (see Klimek [10, Corollary 6.1.2 and Corollary 5.1.2]). We thus
get for all zeCY,

U(z)=sup sup (—gj(w))= sup sup(—g;(w))=— inf g(w).
FEN zw=1 zw=1jeN zw=1
If <0 and z€CV, then U(2)<—z « g(w)>z for all z-w=1 & z-w#1 for all weG,; &
2€G, .
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1.18. LEMMA. Let 2o<0 and let u be plurisubharmonic on {2eCN|U(z)<—zo}.
Then the function

Tz~ max u(z), 2o<z<0,
U(z)S—=z

i8 conver.

Proof. Since U is a continuous exhausting function for {ze C¥|U(z)<~xo} and is a
maximal plurisubharmonic function on {z€C"|0<U(z)< -z} (see Bedford and Taylor
[2, Corollary 9.2]), the assertion follows from Demailly [4, Corollary 6.12]. For sake of
completeness we give a direct proof here. Let zo<z1<z2<r3<0. For 0<U(z)< -z
define

— z +U(Z) -U(z)-z
w(z) =)= (e — ==
- T(””;i_;f“) () oD,

Since 7(x1)>7(z3), the function w is a continuous maximal plurisubharmonic function
with u<w on the boundary of {z€C¥| —z3<U(2)<—21}. Thus by the minimum prin-
ciple of Bedford and Taylor (see Klimek [10, Corollary 3.7.5]), also u(z)<w(z) for all
—z3<U(2)< ~z;. In particular

T3 — T2—T1
- < -
m(@2) U(E)lg)—(zz u(z) < U(g)lz‘)—czz w(z) T(ml)l‘a + (= 3) -z

This proves the convexity of 7.

Notation. Let G’ be defined as above. We note that for the compact sets G,’, z<0,
the following holds: G’ CG,,’ CG,,’=int G,,’ (the interior of G,,"), whenever z; <z2<0,
and G'=[), ., G;’. By A(G’) we denote the space of all germs of analytic functions on
G’ ie.,

A(G)= U A°(GL).
<0
Here A%°(G,') denotes the space of all bounded analytic functions on G,’. To check
bounds for the functions in A(G’) we introduce the norms

Ifllz:= sup |f(2)l, feA®(G.'), z<0.
z€G’

The space A(G)' of all analytic functionals on A(CV) which are carried by some
compact subset of G, can be written as

A(G) = U {ne A(C")||ul; < oo},

z<0
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Il :=sup{|u(h)] | h € ACY) with sup [h(z)| <1}, =<0,
ZEG::
Proof of Theorem 1.16. By the Laplace transformation (see e.g. Hormander (6, 4.5])
T AG) — Ay, Ti(u)(z):=p(exp(z-w)), ze CV,

and by the Fantappi¢ transformation (Martineau [15, Theorem 2.2])

Tr: A(G) — A(G"), Tr(p)(z):= u( l—lz-w)’ 2€G,

the space A(G)' can be identified with Ay and A(G’). To be more precise, for all z<y<0
there is C'>0 such that

(a) I TL(wlle<lpl; and [|Tr(p)lly <Clul; for all e A(G)" with |u3 <oo;

(b) 17, s <Clifllz and Tz 'gl;<Cllg|lz for all feAn with ||f]|s<oco and all g€
A>(G,).

We apply Lemma 1.18 to u=log|f| for all functions f€ A(G')\{0}. Then by Theo-
rem 1.17, A(G’) has the following property (even with §=0 and C=1): For all z; <z3<0,
0<a<1, and all §>0 there is C>1 such that with z2:=(1—0a)z;+azs3,

1£llzs < CIF ;251 F1IZ, -5, for all f € A% (G, —s'). (1)

We claim that Ay has the same property (1) but with “feA*®(Gz,—s')" replaced
by “fe Ay with ||f|lg;-s<occ” (the corresponding property for the intermediate space
A(GY is Zaharjuta’s two-constants-theorem): Let z; <z3<0, 0<a<1 and §>0 be arbi-
trary and put z2:=(1—a)z1+azs. We choose xi—%6<é':,-<x,-, 1=1,2, and put 5::%6.
Then #;:=(1—0)% +ods<z; and #;—6>z;—6, i=1,2. For each fEAy we denote
the corresponding function in A(G’) by f. By (a), (b) and by (1), there are con-
stants C; > 1, i=1, ..., 4, such that the following holds: If f€ Ay with || f|lz,—s <oo, then
1£1lz, —5 <Ctllflle;—s <oo and

Call fllz 25111 —s = Call FIL %511 Flig,_ > Call Fllas > 1 fl=a-

- 53—6

This proves the property (1) for Ay. Now fix fe Ayx\{0} and put o(z):=log||fl|l-€
RU{oo}, £<0. Let I be the interior of the set {x<0|o(z)<oco}. We assume that z, €1,
then ||f||z,—s<oo for all sufficiently small §>0. By the homogeneity of H, also the
functions fi:=7f(-/k)* belong to Ay and || fille,—s=|Ifll¥, _s<oo for all k€N. Inserting
these functions in (1) we get

“f”wz < Cl/k“f”;lcl_féllf”zs—ﬂ’ kEN’
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hence
1£llzs < fFllay 251 £ 12 —s-
Since this holds for arbitrary §>0, we obtain

o(z2) < (1-0) lim o(y)+a lim o(y). (2)

The proof will be finished when we prove that the nonincreasing function o is continuous
on I. Assume that there is z€I with limy1, o(y)>limy;; o(y). Since o is nonincreasing,
we may choose y; <z<y3 <0 in I with :c==%(y1 +y3) so close to z such that

(1-a) lim o(y)+a lim o(y) <o((1-a)y1 +ays) forall 0<a< 3.
yin ylys

For any such a we may consider y;:=(1-a)y; +ays and get a contradiction to (2).

1.19. COROLLARY. Let u be from 1.3 and v be from 1.9. Put

o(z):= sup (v(z,1)—u(z,z)), z<O0.
2eCN

Then o is convez, nonincreasing, and limg1o o(z)=0.
Proof. By 1.15 and Siciak 25, Theorem 4.12], we have
v(z, 1)—Sup sup — log lp(z)l, zeC¥,
neN peP,

where P, is the set of all complex polynomials p of degree at most n with [p(z)[<
exp(nH(z)), z€ CV. This gives

o(z)=sup sup 1 sup (log [p(w/n)|—u(w,z)), =z<O.
neNpepP, 1

By 1.16, o is convex. Clearly o(z)>0 for all z<0. On the other hand

hma(ac)—— seup (v(z,1)—-H(2))<0.

1.20. THEOREM. Let G be a bounded convex domain in CN containing the origin
and with supporting function H. Let u and v be from 1.3 and 1.9, respectively. Then
there is C21 with v(-,1)<infz<o(u(-,z)—2zC) and Dg<CCpy.

Proof. By 1.6, 2log |2]|<inf;<o(u(z,z)—22)+O(1) for |2| »00. Hence there is R>0
such that
vz, 1)< irét(;(u(z, z)-z2), |z|=2R.
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By 1.19, there are £9<0 and C’'>1 with o(z)<—zC’ for all zo<z<0. We choose C>
max{C’, 2} such that for all 2z€ B(R) and all z<z,

u(z, o) —u(z,2) _ u(z, $z0)—u(2, To)
QG & <C,
To—T 2Z0— %o

hence u(z, z9)—zoC<u(z,z)—zC. Thus
v(z,1) < zogtf@(“(z’ z)—zC)= ;ré%(u(z, z)—zC)=—1u(z,C), |z|<R.

By the definition of C,, this gives Dg=D,=C_;<CC,=CCly.

1.21. THEOREM. For a bounded conver domain G of CN containing the origin and
with supporting function H the following assertions are equivalent.

(i) Cy is bounded on S.

(ii) D¢ is bounded on S.

(i) There is some C'>0 with

GCGy+C(-z)B(1), z<0.

(iv) There is some vEL with v< H and which coincides with H on some neighbor-
hood of zero.

Proof. (i) < (ii) holds by by 1.14 and 1.20. (ii) < (iii) holds by [16, Lemma 3.4].
(i) © (iv) holds by the definition of Cy.

2. Investigation of Cy

In the case of one complex variable, as it has been shown in [16], much is known about
the function Dg, because of its close relationship to angular derivatives of conformal
mappings, which have a rich theory. In the present section we prefer to investigate Cy
to derive analogous results for the case of several variables. We start with the following
crucial lemma.

2.1. LEMMA. Let H be the supporting function of a bounded conver domain in CV
which contains the origin. For each bounded open set DCCY and each >0 there is
C >0 such that the following holds: If u is plurisubharmonic on D with u<H on D and
limsup,_,, u(¢()<H(z)—¢ for 2€0D, then there exists USH with U/CeL and u<U
on D.

Proof. Let v be asin 1.9. Since v(-,C), C>0, and H are continuous, by 1.13 and by
Dini’s theorem, ime_, o0 v(2, C)=H(z) uniformly for z€8D. Hence we can choose C'>0

5-945201 Acta Mathematica 172. Imprimé le 29 mars 1994
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such that v(z, C) > H(z) —e>limsup,_, , u(¢), 2€8D. We put U(z):=max{u(z),v(z,C)}
for z€ D, and U(z):=v(z,C) for ze CN\ D. Then U is plurisubharmonic on CV (see e.g.
Klimek (10, Corollary 2.9.15]), USH, U/C€L, and u<U on D.

The fact that Cg is bounded on a certain subset A of S does not change if we
translate G, as long as the translated set contains the origin. The following shows that
“Cy is bounded on A” is even a local property of 0G.

2.2. PROPOSITION. Let H; be the supporting function of the bounded convex domain
G; with 0€Gy, i=1,2. Let ACS be closed. Fori=1,2, let A; be the set of all €S such
that there are a€ A and wedG; with Re (w,a)=H;(a) and Re (w,d)=H;(a). We assume
that A:==A;=A; and that A has an open neighborhood V in S with H,|V=H,|V. Then
CHh,|A is bounded if and only if Cy,| A is bounded.

Proof. By v; we denote Siciak’s function with respect to H;, ¢=1,2. Assume that
v1(-,C)=Hj on A for some C>0. Put

L(z):=supRe (w,z), z€CV,

where the supremum is taken over all wedG; such that there are a€ A with Re (w,a)=
Hy(a). By the compactness of A and 8G., the supremum is in fact a maximum. By
the definition, we have L<H> and L|A=H,|A. If 2€S and L(z)=H,(z) then there
are w€HG and a€ A with Re (w, a)=H,(a) and Re (w, z)=H,(z). Hence z€ 4, by the
definition of A. This shows that L(z)<Ha(z) for all z€ S\ A.

We choose K >0 with K >max,cs(H1(2)—Hz(z)). We put
_n_
n+K
We consider the plurisubharmonic function v:=ev;(-,C)+(1—-¢)L. On I(V):={ta|t>
0,a€V} the hypothesis gives

T’::zglsl{IV(Hz(Z)_L(Z))>O and e:=

’USEH1+(1-—€)H2 = H,.
For z¢T'(V'), we get
v(2) = Hy(2)+&(v1(2, C)— Hz(2)) — (1-¢)(Ha(2) - L(2))
< Hy(2)+eK|z|—(1—¢)n|z| = Ha(2).

Furthermore v=¢H;+(1—e)H,=H> on A. For sufficiently large |z|, we have v(z)<
evi(z,C)+(1—e)Ha(z) < Ha(z)—1. By 2.1 and the definition of v, this shows v2(-,C")=
H, on A for some C'>0.

The following trivial lemma is the counterpart of the subordination principle for

angular derivatives.
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2.3. LEMMA. Let G, CG; be bounded convexr domains in CN both containing the
origin. Let ACS with Hi|A=Hz|A. Then Cg,|A<Chq,|A.

Proof. With the notation of the proof of 2.2, we have v;( -, 1)< H1 < H; hence v; va.
Since vy (-,00)=Hy=Hy=vs(-,00) on A, Cg,|A<Ch,|A follows from the definition of
Ch.,i=1,2.

In view of Example 1.7, for N >2, smoothness of G is not necessary for C'yr to be
bounded on S, but it is sufficient in the following sense.

2.4. LEMMA. Let G={z€C"|dist(z, K)<e} for some >0 and some compact con-
vez set KCCYN and let 0¢G. If H is the supporting function of G then Cy is bounded
on S. In particular Cy is bounded for each bounded conver domain G containing the
origin with boundary of class C!.

Proof. Note that G=K + B(e) hence H(z)=H(z)+¢|z|, 26 CV, where Hx denotes
the supporting function of K. We consider the plurisubharmonic function
u(z):= Hg(z)+elog|z]+e, zeCV.

Then

u=H onlS,
u(2) < Hx(2)+€|z|=H(z) for zeCV,
u(z) < H(z)—¢(|z|—log|z|-1) < H(2)—1 for sufficiently large |z|.

By 2.3, there is C>0 with v(-,C)=H on S.

2.5. LEMMA. Let H be the supporting function of a compact convex set in CV.
Let acCY be such that there is €S and an unbounded domain D of C with 06D and
such that 2— H(a+2n), z€D, is affine (i.e., convex and concave). Then there is no
plurisubharmonic function v<H on CV with v(a)=H(a) and v<H outside a compact
set. If in particular H is the supporting function of a bounded conver domain in CVN
containing the origin, then Cy(a)=c0.

Proof. If there were such a function v, then u: D—R,
u(z):=v(a+zn)—H(a+2n), z€D,

is subharmonic, nonpositive with ©(0)=0. Thus 4¥=0. Since D is unbounded, this con-
tradicts the fact that v equals H only on a compact subset of CV.

The following lemma shows how to deal with Cartesian products.
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2.6. LEMMA. Let G| be a bounded conver domain in CN! containing the origin with
supporting function Hy, I1=1,..,n (N=Y]., N). Let H be the supporting function of
G:=II-, Gi, i.e., H(z)=¥1_, Hi(z), z€]]}., CM=C¥. Then there is C>0 with (see
1.9)

%HPHz CPHCC]‘-IPHz
I=1 1=1
and

1 n
~Cr(2)< Jmax Cu,(21) < CCx(2), z=(z)i=1,..n€ ECM =CV,

Proof. Let v and v; be Siciak’s function with respect to H and Hj, respectively
(I=1,...,n). It follows from the definition of Siciak’s function that

n
E’UI(Z[,].)S’U(Z, n)v zz(zl)lzl,...,n GCN-
=1

This gives (1/n) [];_, Pu, C Py and hence

1
;CH(Z) < 1%11831 Cu,(z1), z=(2)i=1,.n€CV.
To prove the other estimate, choose R>0 with Py CB(R) and v(z,1)<H(z)—1 for all
|z|>R. Let a=(ay,...,a,)€ Py and 1<k<n. Then

uk,a(2k) 1= v(a1, s Gk—1, 2k G415 -5 Cn; 1)—2 Hi(a) < Hi(zk), z€CM,
1k

is plurisubharmonic on CN* with ug o(2x) <Hgk(2x)—1 for all |2;|>R. By 2.1, there is
Cr >0 with
Hi(ar) = uk,q(ax) < vi(ak, Cr) < Hi(ax),

hence vi(ax,Cx)=Hj(ax) and ax €CrPy,. With C:=maxg=1 . Ck, this proves the
second part of the assertion.

The remaining part of this section is devoted to an investigation of the case of a
polyhedron. We will prove a converse of 2.5. We refer to Rockafellar [21] for standard
notations for convex sets.

Notation. Iu the sequel, linearity and dimension always concern the field of real
numbers. If FCC" we write ['(F):={ta|t>0,a€F}. If 'CC" is a cone (i.e., tI'CT for
all t>0), by L(T')CC™, we denote its linear hull. By intI" we denote the relative interior
(in L(T)) of T.
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A cone T is called “real” if L(I')NiL(I")={0} and “complex” otherwise (see Krivo-
sheev [11]). We call it “quasi-real” if TN(L(T")NiL(T))={0}.

Let H: C™"—R be the supporting function of a compact convex set. A convex cone
I’ will be called a maximal cone of linearity for H if {(z, H(z))|2€I'} is a face of the
epigraph epi H={(z,y)€CV"xR|y>H(z)} of H, or what is the same if H|T is linear
(i.e., H is convex and concave) and for each convex cone I'CC™ on which H is linear
and with I"Nint I'#& we have I CT'. In this case, I' is closed. If H is linear on a convex
cone T, by ' cC™, we denote the maximal cone of linearity for H with I'Nint I'#2. In
this case int " Cint I,

2.7. LEMMA. Let H be the supporting function of a compact convex polyhedron
in CN. Let TCCY be a mazimal cone of linearity for H. Then there is an open convex
cone UCCY which contains intT', there are 0KIKN, the supporting function H' of a
compact convez polyhedron in CN=, q linear function A: C'—>R such that after a suitable
C-linear transformation of CN the function H has the representation

H(z)=H'(z')+A(z"), z=(Z,2")eUcCNxC.

H(2)>H'(2')+A(2") holds for all z€CV (we use the convention H'=0 and A=0 if =N
or 1=0, respectively). L(I')NiL(I')={0}xC'cCN~!xC!. Forl<N, let P:CN-CN-!
denote the canonical projection. H' is linear on P(T') and L(P(F)):L(I/-’?i'/‘)). PM)isa
real cone in CN =L, If /€ P(T') and z=(z',2")€CN ' x C! we have that z€T" if and only
if H(z)=H'(z')+ A(z").

Proof. By the hypothesis, there are b1, ..., by €C with

SIS

— X N
H(z)—lm MRe(z,b,), z€CV.
We may assume that there is 1<m<M with
F:={(z H())|2€T} = (1{(2,4) €C¥x R [y =Re (z,b)}nepi &,
1=0

where all hyperplanes y=Re (2,b;) occur which support epi H in F. If a€intT, then
Re(a,b;)<H(a) for all i=m+1,..., M. Otherwise the hyperplane y=Re (z,b;) would
support epi H in all points of the face F, which is a contradiction to the choice of m.
Thus H(z)=max;¢;<m Re(z,b;) for all 2 from a neighborhood of a. Taking the union
over a€int T of those neighborhoods we get an open set U in CV (we may assume that
U is a convex cone) with int 'CU and

H(z)= max Re({z,b;), z2€U.

1ig<m
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We consider the maximal C-linear subspace E:=L(I')NiL(T') of L(I') and put I:=
dimcE. Applying an appropriate C-linear transformation of CV, we may assume that
E={0} xC'cCN-!xC!. Since H is linear on I, we obtain for each a€intT that

N
" my __ b.
2"~ H(a+(0, 2 ))_H(a)+lr<niaéxmk_g;l+1Rezkb,,k,

2"=(zN-141,.--,2N), is affine in a zero neighborhood of C!. Hence we get for all k=
N-I+1,..,N and i,j=1,..., N that b; xy=b; ,=:b*. This gives

N
= 3k . 7lr 0 "
H(z)= 1£?m<(21’ wy 2N—1), (bi1, ...,bi,N_z))+k_];l+lR£zkb = H'(z")+A(Z"),

for all z=(2',2")eUcCN~tx C!. Obviously H(z)>H'(z')+ A(2") holds for all zeC¥.

For the sequel, we assume that [<N. First, from the representation of H, we obtain
that H’' is convex and concave hence linear on P(T") and thus P(T") Clszl'-‘/), by definition.
Since int I'CU, we have

@#mtT = ((P(T)xCHNU)Nint T.

———

By the representation of H, H is linear on the convex cone (P(I')xC!)NU. Thus
(P(TYxCHNUCcT'=T. Since U is open and P(T')x C! is a convex cone, we have

L(PT)xCHnU) = L(P(T) xCH,
and thus
L(P(T)) = P(L(P(T)) x C*) = P(L(P(T) xC")  P(L(T)) = L(P(T)).

To argue by contradiction we assume that L{(P(I'))=L(P(I')) is complex. Then
there is ne L(P(T))\{0} with CnC L(P(T)). After a suitable C-linear transformation of
CV-! we may assume that n=(0,...,0,1)€CN~!. If we apply the previous arguments

with H and T" replaced by H’ and P(T), we get an open cone U’'CC¥~! with int P(I")C
int P(T')CU’ and some b¥ '€ C such that

H'(Z)=H"(z1,....,z2n-1—1)+Rezn b, 2/ =(21,...,2n_1) EU'.

For the open cone P~!(U’), we have P~1(U’)DP~!(int P(T'))DintT. Hence we may
assume that U C P~(U’). This shows that H is linear on E'NU where E':={0} x C*!
and thus E'C L(T"). This contradicts the choice of I.
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To prove the remaining part of the assertion, we choose a linear functional B: CN—R.
such that its graph is a supporting hyperplane for epi H which touches epi H precisely
on I'. We show that B(2/,z")=H'(2')+A(z") for all /€ P(T') and 2”"€C!. Because
of the continuity of A, H' and B, it is enough to prove this for z’€int P(I')=P(intT).
Let 2'€ P(intT") and choose w”€C' with (2/,w”)€intT. Then there is a neighborhood
of w”€C! on which H(z',-) equals B(2',-) and H'(2')+A. Since both functions are
affine on C!, we have B(z,-)=H'(z')+A on C!. We thus proved our claim. If now
H(z)=H'(')+A(2") with 2’€ P(T') and 2" €C!, then by the previous remark, we get
H(z)=B(2',2") and hence z=(2',2")€r.

2.8. LeEMMA. Let H be the supporting function of a compact convez polyhedron
in C". Assume that TCC" is a real mazimal cone of linearity for H. Then for each
a€l there is a continuous plurisubharmonic function v,: C*—>R with v, < H, such that
va(2)=H(z) if and only if z=a. Moreover, v,(z) is a continuous function of (a,z)€
r'xCn.

Proof. Since T is real, as shown in [18, Lemma 4], there is a C-linear orthogonal

mapping T: C*—C" with T'(L(T")) CR™. Hence we may assume that L(I')CR". By the
hypothesis, there is be C™ with

I'={z€C"|H(z)=Re(z,b)} and H(z)>Re(z,b) forall z€C".

If we put H:=H—Re(-,b) then H>0 and I'={zeC"| H(2)=0}CR". Since H is the
maximum of finitely many linear functions, this shows that there exists ¢ >0 with H ()=
€ E;;l |Im z;| for all 2€ C™. We consider the continuous subharmonic function h: C— R,
which is harmonic on the disc D and which equals {(—|Im¢]| if [{|>1. It is well known
that

rgleag(h(o—llm C=r0)=2/m.

For acT'CR"™ we define

ha(2):= i hzj—a;)—2(n—1)/w, z€C™.

Jj=1

By [18, Lemma 3|, the plurisubharmonic function h, satisfies h,(2) SZ?ZI |Im z;| if
|z—al2v/n, and ho(2)<3 ), |Im 2;|+2/7 if |[2—a|<+/n, where equality holds if and
only if 2=a. We define the plurisubharmonic function

vo(2) :=€(ha(2)—2/7)+Re(z,b), z€C™

Then v, does not exceed H. If z€C™ then v,(z)=H(z) if and only if z=a.
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2.9. LEMMA. Let H be the supporting function of a compact conver polyhedron
in CN. Let TCCY be a mazimal cone of linearity for H. We assume that T is quasi-
real. Then there ezists a plurisubharmonic function v<H on CN with v=H on TNB(1)
such that v< H outside some compact set.

Proof. We apply 2.7. We use the notations of 2.7, omit the C-linear transfor-
mation, and recall that L(T')NiL(T')={0} x C'C CN~! x C!. Since T is quasi-real, we have
I'n({0} x C*)={0}, in particular < N. Hence 'N(P(K) x C') is bounded for the compact
set K:=I'NB(1).

Fix a€ K and put a/:=P(a). By Lemma 2.7, for I":=I;-(\I-‘/) we have L(I")=L(P(T)).
Hence by 2.7, the cone I is real. We apply Lemma 2.8 to H’,I' and a’. Let v,: CV 'SR
be according to 2.8 and define

va(2) = v (2)+ A("), z=(2,2")eCVN'xC'=CV.

Then v, is plurisubharmonic on CV, satisfies v,(2)<H'(2')+A(2")<H(z) for all
(2',2")=2€CN. Moreover v,(a)=H'(a’)+A(a")=H(a). Vice versa, let z6CN with
va(2)=H(z). Then by the previous estimate, we get vy (z')=H'(2') hence 2'=da’' € P(K),
by 2.8. Furthermore H'(2')+A(2"”)=H(z) and thus z€I', by 2.7. Thus we have z€
I'N(P(K)xC'). Now define

¥ = Sup V,.
acK

Then v<H, and by the continuity of (a,z)—ve(2), v is continuous and plurisub-

harmonic on CV. Let 2€ CV with v(z)=H(z). By the compactness of K, there is a se-

quence (an)nen in K with lim, o an=a€ K and H(z)=lim,_, o Vs, (2)=v4(2). Hence

zeTN(P(K)x C'). Thus v<H outside a compact set.

2.10. PROPOSITION. Let H be the supporting function of a compact convex poly-
hedron in CN. Let I':=|JT where the union is taken over all quasi-real mazimal cones
T of linearity for H. Then there exists a plurisubharmonic function v<H on CN with
v<H outside some compact set and with v=H on I'NB(1). Since we may replace YT’
by Uint T in the definition of IV, we have CNV\IV=JintT" where the union is taken over
mazimal cones of linearity for H which are not quasi-real.

Proof. For I as in the definition of IV, choose vr according to 2.9. Then v:=maxr vr
suffices. Since the relative boundary of a quasi-real closed maximal cone of linearity for
H is the union of such cones (of lower dimension), we may replace (JT' by | Jint " in the
definition of I".
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2.11. THEOREM. Let G be a bounded open convez polyhedron in CN containing the
origin and with supporting function H. Let I be as in 2.10. Then Cy is bounded on
I'NS and Cy=o0 on (CN\IV)NS. The support of (dd°H)N, which is the union of all
real mazimal cones of linearity for H, is contained in V.

Proof. Choose v according to 2.10. Since v is upper semicontinuous, there is a ball
B(R), R>1, and some >0 such that v<H—¢ on dB(R). By 2.10, 2.1, and by the
definition of Cp, there is C>0 with Cy<C on I'NS. If ae(CV\I')NS, by 2.10, there
is a maximal cone I" of linearity for H with acintT" and which is not quasi-real. Hence
there is some n€I'\{0} with CnC L(T"). It follows that the set D:={{€C|a+{n€int'}
is an unbounded domain which contains 0 and on which ¢~ H(a+(n) is affine. Hence
Ch(a)=0o0, by 2.5.

The remaining assertion follows from the geometrical characterization of the support
of (dd°H)N ([18, Proposition 10}, and Krivosheev [11]) and since each real cone is quasi-
real.

2.12. Remark. If the convex polyhedron of 2.11 is the Cartesian product of convex
polyhedra in C, then I and the support of (dd°H)" coincide. For N=1, this is obvious.
The general case follows from 2.11, 2.6 and [19, Lemma 3.4].

If N>2, it may happen that the support of (dd°H)" is a proper subset of I'":
2.13. Ezample. Let

G= {z =(z1,22) = (21, ..., 24) € C2

im <1}.

=1

Its supporting function is H: C2—>R
H(z)=H(zy,...,z4) =max{ex;|c€{-1,1},i=1,...,4} = max |z,
i=1,...,

z€C?. Then the support of (dd°H)? is the union of all maximal cones of linearity for H
(m.c.l.) of dimension one or two. I' (see 2.10) contains in addition some (but not all)
m.c.l. of dimension three. It contains no m.c.l. of dimension four.

Proof. Note that the polar set G equals
{zeC?| H(z) <1} ={(=1,...,z4) € C?| '_Exllax4|a:i| <1}

Of course each m.c.l. of dimension one is real. If I" is an m.c.l. of dimension two, then
I'=T'([a,d]) for some face [a,b] of G° of dimension one and where a,bc{—1,1}* are
extremal points of G° which differ precisely in one coordinate. One easily checks that
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L(I')#:iL(I"). Hence I' is real. If T is an m.c.l. of dimension bigger than two, then
L(T')NiL(T') has at least the dimension two, i.e., I' is complex. By 2.11, this gives the
assertion about the support of (dd°H)2. To describe I, we note that if I" is a m.c.l. of
dimension four then trivially TN(L(T)NiL(I'))=I#{0}. Hence I' is not quasi-real and
thus int ' C C?\I”. We now consider two examples of m.c.l. I of dimension three. If F:=
{2€C?| 2, =25=1}NOG° then F is a face of G° of dimension two. It is the convex hull of
the extremal points (1,1,1,1), (1,1,1,-1), (1,1,-1,1), and (1,1, -1, —1). For I':=I'(F),
we get L(I')=R(1,1)x C and hence L(I')NiL(I')=(0,0) x C. Obviously I'n((0,0)xC)=
{0} which shows that [ CI”. If F:={2€C?|11=24=1}NAG° then F is the convex hull
of the extremal points (1,1,1,1), (1,1,-1,1), (1,-1,1,1), and (1,-1,-1,1). For I':=
I'(F), we get L(T)NiL(T)=R(1,0,0,1)+R(0,1,-1,0). Since (1,0,0,1)=1(1,1,-1, 1)+
3(1,~1,1,1)€l, T is not quasi-real and hence int 'C C2\I".
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