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1. The following theorem is among the results proved by L. Fejes T6th x 

in a recent paper. 

Theorem. Let  K 1 . . . .  , Kn be n convex domains, which lie without mutual over- 

lapping in a hexagon ~ t t  o f  area a (H), and each of  which arises from a giren 

convex domain K by an area-preserving affine h'a~sformation. Then 

n h ( K )  <-- a(H) ,  (I) 

where h (K) de~wtes the area of  the smallest hexagon circumscribed about K.  

Some time ago I obtained a similar result on the restrictive hypothesis that  

the domains K 1 , . . . ,  Kn are all congruent and similarly situated, a Although my 

results are largely superseded by those of Fejes TSth, they are slightly stronger 

than his when the above condition is satisfied (especially when the domains do 

not have a centre of symmetry), and are obtained by a very different method. 

So I hope that  the following statements of the results together with indications 

of the methods of proof may have some interest. 

2. Let a, b . . . .  , z denote the points in two-dimensional space with coordi- 

nates (al, as), (bl, b~) . . . .  , (zj, z~); 0 being the origin with coordinates (o, o). Let 

1 Ac ta  Sci. Math .  (Szeged), I2 (x95o), 6 2 - - 6 7 ,  see T h e o r e m  i and  t h e  r e m a r k s  on page  66. 
A c o n v e x  po l ygon  h a v i n g  a t  m o s t  s ix  s ides  wil l  be cal led a hexagon .  

3 My f i rs t  r esu l t ,  T h e o r e m  2, was  ob ta ined  in  I947, a n d  was descr ibed  in s e m i n a r s  in  London ,  

Cambr idge ,  Br is to l  a n d  P r i nce t on  in t h e  yea r s  i 9 4 8 - - 4 9 ;  i t s  m o s t  i m p o r t a n t  consequence  was  an- 

n o u n c e d  in a pape r  by  J .  H. H. CHALK and  m y s e l f  (J. L. M. S., 23 (~948), I 7 8 - - I 8 7  (I79))- Deta i led  
proofs  of  t h e  r e s u l t s  were  g iven  in  t h e  vers ion  of t he  p r e s e n t  pape r  o r ig ina l ly  s u b m i t t e d  to 
Ac ta  m a t h e m a t i c a .  
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a + ,u b denote  the  po in t  with coordinates  (). a 1 + f.t b~, 2 ae + tt b~) for  all real  2, ~. 

I f  ). is any  real  number ,  a is any poin t  and  S is any set, 2 S  + a will denote  

the set of points  of the  fo rm 2x  + a with x in S. 

L e t  K and S be any open convex sets. I f  a~, . . . ,  a ,  are points  such t h a t  the  

sets K + a~, . . . ,  K + a~ lie in S wi thout  mu tua l  over lapping,  then these sets will be 

said to fo rm a non-over lapp ing  pack ing  of n sets congruen t  and similar ly s i tua ted  

to K into S, or s imply a pack ing  of n sets K into S. I f  A is a la t t ice  and  the 

sets K +  x with  x in A f o r m  a pack ing  of an infinite n u m b e r  of sets K into 

the  whole plane, then  these sets will be said to fo rm a la t t ice  pack ing  of K ;  

the  d e t e r m i n a n t  d(A) of the  la t t ice  will be called the  de t e rminan t  of the  la t t ice  

packing.  The d e t e r m i n a n t  of the closest  la t t ice  pack ing  of K is defined to be 

the  lower  bound of the d e t e r m i n a n t s  of the  la t t ice  packings  of K and will be 

deno ted  by d(K).  

Our  ma in  resul ts  is: 

T h e o r e m  1. Let K and S be any open bounded convex sets with areas a (K)  

and a(S). I f  n sets K can be packed into S (with n => I), then 

(n--- ,) d ( K )  + a(K)  ~-- a(S). (2) 

W h e n  one res t r ic t s  oneself  to packings  of congruen t  and s imilar ly  s i tua ted  

sets, th is  theorem is in some ways s t ronge r  than  the  resul t  of Fejes  T6th ,  for  

in the first place it applies  to packings  into a o'eneral convex set S and  in the  

second place we have  ~ 
d (K) --~ h (K), (3) 

with s t r ic t  inequal i ty  in the genera l  case. However ,  when K has  a centre  of 

symmet ry ,  it fol lows by a resul t  of K. R e i n h a r d t  ~ tha t  d ( K ) =  h(K).  

The  proof  of Theo rem  i depends  on the fol lowing r a the r  more  compl ica ted  

t heo rem  (see Fig. I). 

1 T h i s  i n e q u a l i t y  is no t  d i f f icul t  to prove.  By c o n t i n u i t y  cons ide ra t i ons  i t  suff ices  to p rove  

t h e  i n e q u a l i t y  in t h e  case  w h e n  K is s t r i c t ly  convex .  I f  one cons iders  a l a t t i ce  _/l w i th  d e t e r m i n a n t  

d(K) g i v i n g  a l a t t i ce  p a c k i n g  of s t r i c t ly  convex  se t s  K,  i t  fo l lows from t h e  well  k n o w n  t h e o r y  of 

MX~'KOWSKr (Diophantische Approximationen (Tenbner ,  Ber l in ,  I947), w 4, or  see K. MAHLER, Proc. 
London  Math .  Soc. (2) 49 (I946), I58) t h a t  each se t  K +  x wi th  x in ,4 h a s  a b o u n d a r y  p o i n t  in  

c o m m o n  w i t h  t h e  b o u n d a r i e s  of j u s t  s ix  of t h e  o the r  se t s  of t h i s  form.  If  tac- l ines  are  d r awn  to 

K t h r o u g h  these  s ix  p o i n t s  of contact ,  care be ing  t a k e n  to e n s u r e  t h a t  oppos i t e  tac- l ines  a re  
para l le l ,  t b e y  b o u n d  an  open  h e x a g o n  H c i r c u m s c r i b i n g  K ,  and  no two of t he  h e x a g o n s  H - i - x  

w i t h  x in  A have  c o m m o n  poin ts .  T h u s  we see t h a t  h(K) <- a(H) <- d(A) = d(K). 
2 Abh .  Math .  Sem.  H a m b .  Univ. ,  In  (I934), 216 - -23o  or see K. MAHLER, Proc. K.  Ned. Akad .  

v. Wet ,  (Ams te rdam) ,  5o (i947) , 6 9 z - - 7 o  3. 
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Fig.  i .  

Theo rem 2. L e t  K be an opel~ bounded s t r ic t ly  convex1 set. L e t  Xo, x~ . . . . .  x~ = 

= x o, X~+l, . . . ,  x~+,, be poiJ~ts, such that  

(I) the polygon x o xl  . . .  x,, i s  a Jordan  polygon bou~ding a domai77 I I  o f  area 

a(I I ) ;  

(2) the sets K +  x~ - i  and K +  x,. ha~e a common boundary po in t ,  i f  I < - - r ~  n;  

(3) the po in ts  x ~ + l , . . . ,  x~+m lie i~ or on the boundary o f , H ;  alTd 

(4) the sets K + x~ a~d K + x,~ have no poin ts  i~ eon~rno~ i f  I ~ r < s ~ n + m. 

The~ 
(m + � 8 9  I) d ( K ) ~  a ( I I ) .  (4) 

Whi le  T h e o r e m  2 only applies to str ict ly convex sets, it  is in some respects 

more general  and more precise t h an  Theorem I, since it  does not  assume tha t  

the  polygon / /  is convex and since the inequal i ty  (4) is satisfied with equali ty 

for  many configurat ions of the sets. 

3. T h r o u g h o u t  this section K will denote  an open str ict ly convex set. 

Fu r the r  C will denote  the boundary  of K, and K '  will denote  the closure of K. 

We shall  say tha t  two sets touch  if thei r  closures have jus t  one point  in common,  

1 An  open se t  K is  sa id  to be s t r i c t l y  convex  if i t  is such  t ha t ,  for every  pa i r  of d i s t i nc t  

p o i n t s  a and  b on t h e  b o u n d a r y  of K:  every  i n n e r  po in t  r of t h e  l ine s e g m e n t  j o in ing  a to b 
is in  K .  
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t he  c o m m o n  p o i n t  shal l  be cal led the  po in t  o f  con t ac t .  W e  will say  t h a t  a s y s t e m  

of sets K + x~, . . . ,  K +  x~ is c o n n e c t e d  if, fo r  any  in t ege r s  r, w wi th  x <--r<W<--n,  

e i t he r  K + x~ t o u c h e s  K + x,~,, o r  t he re  is a sequence  of  pos i t ive  i n t ege r s  s, t . . . . .  v 

all less t h a n  or  equal  to  n such  t h a t  K + xr t o u c h e s  K +  xs, K +  x~ t o u c h e s  

K + xt . . . . .  K + x ,  t ouches  K + x.,. 

W e  first show t h a t  T h e o r e m  2 is a consequence  of  a p a r t i c u l a r  case of  t he  

f o l l o w i n g  lemma.  

and  

and  

L e m m a  1. Suppose that  K has 0 as centre. L e t  n be an inte.qer w i t h  n >--3 

let  x ~ , . . . ,  xn be po in t s  such that:  

(I) the polygon x I x~ . . .  x n x  I is  a Jordan  polygon bounding a domain 11 w i th  

area a (II)  ; 

(2) the sets K + xr  and  K +  xr+l touch f o r  r = x, . . . ,  n - -  I;  and 

(3) no two o f  the sets K + x~ . . . .  , K + x,~ have a common poin t .  

Suppose that  f o r  some in teger  m ~-- o there ex i s t  poin ts  s, x , + l  = YI, �9 �9 " ,  X n + m  = ym 

a real  member a w i th  o g a < I  such that:  

(4) the po in t s  Y l  . . . .  , y ~  lie in  the closure 11' o f  I I ;  

(5) no two o f  the sets a K  + s, K + x~, . . . ,  K + X,,+m have a common po in t ;  

(6) the sys tem o f  sets K + x l ,  . . . ,  K + xn+,~ is  connected; and  

(7) the set a K + s touches K + x I and K + x , .  

Suppose f u r t h e r  tha t  m is  such that:  

(8) i t  i s  not possible to f i n d  po in ts  z~, . . . ,  z~+l  in  I I ' ,  w i t h  no two o f  the sets 

K + x~, . . . ,  K + x~,  K + z~ . . . .  , K + zm+l hav ing  a common poin t .  

Then  
a (11)>--(m + � 8 9  I)d(K).  (5) 

R e d u c t i o n  o f  T h e o r e m  2 to  t h e  c a s e  a = o o f  L e m m a  1. F i r s t  suppose  t h a t  

K has  t he  o r ig in  0 as cent re .  W e  m a y  also suppose  w i t h o u t  loss of  g e n e r a l i t y  

t h a t  i t  is imposs ibe  to  find po in t s  z l ,  z 2 , . . . ,  Zm+l in t he  c losure  11' of  / / ,  such  

t h a t  no  two  of  t he  sets  K +  x I . . . .  , K +  x~, K +  z L . . . .  , K +  Zm+l have  a c o m m o n  

point .  Also,  i f  we r ega rd  the  po in t s  xl  . . . .  , xn as fixed, we m a y  suppose  t h a t  

the  po in t s  xn+l . . . .  , xn+m are  chosen  to  m a k e  t he  sum of  t he i r  second  c o o r d i n a t e s  

m i n i m a l  sub jec t  to  the  cond i t i ons  (3) and  (4) of  T h e o r e m  2. T h e n  i t  is easy to  

ve r i fy  t h a t  t he  cond i t ions  of  L e m m a  I are  satisfied if  s = �89 (x~ + xn) a n d  a = o. 

So L e m m ~  x impl ies  the  t r u t h  o f  T h e o r e m  2 in th is  case. 



The closest packing of convex two-dimensional domains. 313 

N o w  consider  the  genera l  case when  K does not  necessar i ly  have  a centre.  

The  difference set  . ~ K  of K is defined to be the set  of all points  of the fo rm 

x - - y  with x and  y in K. As K is s t r ic t ly  convex it  is well known (and easy 

to verify) t ha t  _~)K is also s t r ic t ly  convex and has 0 as centre  of symmet ry .  

Fur ther ,  if  a and  b are any points,  the  sets � 8 9  and � 8 9  have  a 

po in t  in com m on  i f  and  only if the  sets K + a  and K +  b have  a po in t  in 

common,  and the  sets � 8 9  and  � 8 9  b touch  if and  only if the sets 

K + a and K + b touch.  Consequent ly  we have  d (K) = d (�89 . ~  K), and  the  condi- 

t ions of Theorem 2 are  satisfied by the  set � 8 9  and  the  points  x ~ , . . . ,  x,+m. 

Thus  the  genera l  case of Theo rem ~ is a consequence of the  special  case, when 

K has  0 as centre,  considered above. This  completes  the  reduct ion.  

The  proof  of L e m m a  I is induct ive;  i t  is based on three  lemmas.  

Lemma, 2. I f  a and fl are positive numbers and a a~d b are poi~ts, then the 

curves a C + a and fl C + b ca~mot have more than two points o f  intersection unless 

a = fl and a =  b. 

Proof. 

Then,  if  

Suppose t h a t  the curves had  three  d is t inc t  points  z~, z~, za in common.  

I I 
= y r  = { z , . - - b } ,  , ' =  I, 2, 3, 

the  t r i ang les  x 1 x~ x.a and y~ y~y.~ are in di rect  s imi l i tude  and  are inscribed in C. 

Since C is s t r ic t ly  convex  i t  is easy to see t ha t  th is  is impossible  unless bo th  

t r iangles  are p roper  and  coincide with each other .  I n  this  case tt = /3  and a = b. 

L e m m a  3. Suppose that K has 0 as centre. Let  a be a ~2umber with o < a <  i, 

and let a, b and s be points such that a K + s touches both K + a and K +  b. Let 

1" be a Jordan are leading fi'om a to b, having 'no points other than a and b in 

or on the boundary of  the b'iangle a s b ,  and having ~'wpoint in o K ' +  s. Le t  l l b e  

the domain bounded by F and the segment b a. Let xt  and x~ be two points, jus t  

one being in 11, such that neither K '  + xl nor K '  + x.~ has a point in common with 

1" or K + a or K +  b, and such that K + x I has no point in common with o K  + s. 

Then K '  + x~ and K '  + x 2 have no point in common. 

Proof .  Suppose,  for  example ,  t h a t  x t is in 17; the proof  is s imilar  when x. z 

is in 11. Then  x~ is not  in 11. Le t  T be the  set of inner  points  of the  t r i ang le  

a s b  and  let  T '  be the closure of T. Le t  _P o be the contour  consis t ing of the 

are /"  the  segment  b s  and segmen t  s a .  Then  / 'o is a J o r d a n  con tour  bounding  
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a domain  / /o .  Since there  

K §  b, the  poin t  x~ does 

Similarly x~ is no t  in //0. 

C. A. Rogers. 

is no point  of K ' + x ~  in common with K + a  or 

no t  lie in the  t r iangle  a s b .  Hence  xl lies in / /o .  

Le t  7~ and 7~ be the two arcs of a C  + s leading f rom the point  t of con tac t  

of a K + s  and K +  b to the  point  r of con tac t  of ~ K + s  and K + a ,  the  arc 

~,~ lying in //0 and  the  arc 7.~ be ing  outs ide  //o.  Then  since o K  + s and K + x l 

have  no point  in common the  set K + x L lies ent i re ly  in the  domain //~ bounded  

by the  arc F, the segment  b t, the arc 71, and  the s egmen t  r a .  F u r t h e r  i t  

fol lows by use of L e m m a  2 t h a t  the  set  K '  + x~ can have  no po in t  i n / / ~ .  Thus  

K ' +  x I and K ' +  x~. have  no poin t  in common.  

L e m m a  4. Suppose that K has 0 a s  ce~tre. Le t  x l ,  x~, x~ be the vertices o f  

a triangle T of area a (T ) ,  let s be a poi~t  and  let a be a ~umber ,a t i s f y i~g  

o <-- o < I. Suppose that no two o f  the sets K + x~, r = I, 2, 3 hat'e a~y eornrno~ 

poil~t, but that a K  + s touches K + x~ f o r  r =  1, 2, 3. The~ 

a ( T ) ~  �89  (5) 

Proof .  I f  ( i + ~ ) - 1 _ < ~ i  the  set  {~(I + a ) - - I } K + X s  touches  the  sets 

K + ~ x , . ,  r =  i, z, 3. W h e n  ~ = ( I  + a )  -1 the  point  )~s is common to the  bound- 

aries of the th ree  sets;  when  ~ = I the  sets have  no common  points.  So we can 

choose such a )~ so t ha t  no two of the sets have  a common  point ,  but  a t  leas t  

two of t hem touch. The  a rea  of the  t r i ang le  )~x~, ~x~, ).x~ is 

~2 a ( T )  g a (T) .  

Thus  i t  is clear  t h a t  in p rov ing  the  l e m m a  we may  suppose  t h a t  two of the  

sets K + x~, r = I, 2, 3, touch.  

We suppose t h a t  two of the  sets K +  x,., r =  I, 2, 3, touch.  I t  is conven ien t  

to r e n a m e  the  points  xl ,  x~, xa, cal l ing t h e m  x0~, x~0, xoL in a way which ensures  

t h a t  K + Xoo and  K + Xio touch.  I t  is also conven ien t  to suppose  t h a t  our  axes 

of  coordina tes  are chosen so t ha t  the  points  Xoo, Xjo and Xo~ have  coord ina tes  

(o, o), (I,  o) and  (o, I) respect ively ,  th is  be ing possible since i t  is c lear  t h a t  the  

th ree  p o i n t s  fo rm a p roper  t r iangle .  

For  any  in tegers  r, s we use x~8 to denote  the  point ,  g iven by 

= + r( ,0 - -  +  oo), 

and hav ing  coordinates  (r, s). We  show t h a t  the sys tem of sets K + x~8 fo rms  a 

la t t ice  pack ing  of K.  W e  first p rove  induct ive]y t ha t  K § x~o and  K + x ~  have  
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no com m on  poin t  for  r - -<o.  We know t h a t K + x j o a n d K + x o ~ h a v e n o c o m m o n  

point ,  so we suppose tha t ,  for  some ~ ~ -  I, the sets K + xm and K + xrx have  

no com m on  poin t  for  r =  n + I . . . .  , - - I ,  o, and prove  t h a t  K +  X~o and K + x , , 1  

have  no common  point .  As K +  xio and K +  x(,,+1)1 have  no common  point  i t  

is clear  t h a t  K + x0o and  K +  x,,1 have  no common point.  Also since K +  Xoo 

and K +  XlO have  no common poin t  it is clear  t ha t  K +xo~ and K + x,,1 have  

no common  point .  

Le t  the tac-l ines to K para l le l  to the xvax i s  touch K at  points  • z, where  

z ~ > o .  Then  i t  is easy to see t h a t  we may join the  points  Xoo--Z and X o , + Z  

by a J o r d a n  arc  7 hav ing  no points,  o ther  t h a n  its end points,  in common with  

K '  K '  K '  K '  the  sets a K '  + s, + Xoo , + X,o , + x0~, . . . ,  + x,,~, and  the  t r iangle  

XooSXo~, and such tha t  jus t  one of the points  xm, x~l lies in the domain  /7 

bounded  by the  J o r d a n  contour  consis t ing of the segment  Xoo (Xoo--z), the  arc y, 

the s egmen t  (Xol + Z) Xo~, and the  segment  x0~ Xoo. I t  now follows f rom L e m m a  3 

t h a t  K + x ~ o  and K + x , ~ l  have  no poin t  in common.  Thus  K + x  m a n d K + x , . x  

have  no po in t  in common  if r <--o. 

A s imilar  a rgument ,  in which the roles p layed by xo0 and X~o are inter-  

changed,  shows t h a t  K + Xoo and  K + x~l have  no common  points  for  r > o. So 

we see t h a t  K +  x~o and K + xt l  have no point  in common  for  any  in tegers  r, t. 

Since the  sets K + x ~ ,  r = o ,  •  f o r m  a line of touching  sets, i t  is clear  

t h a t  no two of the sets K + xr~, r ,  s = o, +_ I . . . .  , have a poin t  in common.  So 

in our  new coord ina te  sys tem the la t t ice  of points  wi th  in tegra l  coordinates  

h av i ng  d e t e r m i n a n t  I gives a la t t ice  pack ing  of K.  Hence  d(K)<_ I. But  

in the  new coordinate  sys tem a ( T ) =  �89 Consequent ly  we have  shown t h a t  

a (T) .>_ �89 d (Z). 

P r o o f  of  L e m m a  1. W e  prove the l e m m a  by induct ion on (m + �89 ~ - -  I). W e  

suppose t ha t  for  some N ~  �89 the  l e m m a  is t rue  if m + �89 I --<-N-- �89 we shall  

show t h a t  this  supposi t ion,  which is vacuous when  N =  �89 implies  t ha t  the  

l e m m a  is satisfied when m + � 8 9  = N. Suppose then  t h a t  the  condi t ions  of 

the  l e m m a  are satisfied by some in tegers  ~n and /2 with m + � 8 9  = N and by 

some points  x ~ , . . . ,  Xn+m. 

W e  may  wi thou t  loss of genera l i ty  suppose t h a t  the  axes are chosen so 

t h a t  0 is the  mid-point  of the  segment  x i x , ,  the x~-axis b e i n g  a long this  seg- 

m e n t  and  the  points  of  the  nega t ive  x.~axis nea r  to 0 be ing  in H.  

We consider  the  points  x , , . . . ,  x,,+• as fixed but  consider  the poin t  s and  
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the n u m b e r  a to vary subjec t  to the  condi t ions  (5) and (7) and the inequal i ty  

o < a - < -  i. Suppose  s and  a are chosen subjec t  to these  condi t ions  so t h a t  ss 

has  its leas t  possible value. Then,  if a were equal  Co I, the  points  s ,y~ ,  . . . , y ~  

would lie in /7 '  while no two of the sets K +  xl, �9 �9 K + x,~, K + s, K + Yl, . - . ,  

K + y,,~ would have  a common point ,  con t r a ry  to the  condi t ion (8). So we have  

o < a < I .  Now it  follows f rom the choice of s and a tha t ,  for  some t wi th  

t # n and 2 --< t ~ n + m, the  set a K  + s touches  K + xt at  a point ,  which e i ther  

lies in /7, or perhaps  lies in the  t r i ang le  X~ sx,~. I t  is not  difficult to prove  t h a t  

the  open t r iangle  T with  ver t ices  x Lxtx,~ lies in H (see Fig. 2). 

By condi t ion (5) i t  is clear  t h a t  we can choose points  z ~ , . . . ,  Zr wi th  

I ~ r ~ ~ + I such tha t  

(a)  z ,  = x t ;  

(b) K + z j  touches  K + z j + l  for  I - - < j < r ;  

(c) fo r  each j wi th  I < j < r  there  is an i n t e g e r k w i t h z  d= yk and there  is an 

in teger  1 wi th  I < l - - < n  for  which z ~ = x t ;  and 

(d) the  points  z ~ , . . . ,  z~ are dist inct .  

I t  is no t  difficult  to see t h a t  / /  splits up into  the  t r i ang le  T with  ver t ices  

x~ z~ x~ and the  domains  H *  a n d / 7 " *  (which will degenera te  in some cases) bounded  

by the  polygons  x~z~ . . .  z~(=  xl )x l -1  . . .  x ~ x ,  and xnz~ . . .  Zr( = x ~ ) x l + l . . ,  xn. 

Le t  the  points  y ~ , . . . , y m ,  which are in the  in ter ior  of H *  and / /**,  be 

y~, y,~. and ~* ** = . . . .  y l  , �9 �9 y~** respect ively.  Then  m* + m** + ( r - -  I) m, as none  

of the  points  o ther  t han  z~ are in the  closure T '  of I ' .  Deno te  the vert ices of  

I1" and  / /** by x ~ = x L , . . . , x ~ . = z ~  and  Xl = x ~ , . . . , x ~ * * = z  I. Then  we have  

(m* + � 8 9  ~) + (m** + � 8 9  ~) + �89 = (m + ~ -  ~). (7) 

Thus,  as n* > 2 and  ~~** > 2, 

- -  1 * *  m* + � 8 9  I < N - - l ,  m** + ~r$ - -  I - ~ N - - � 8 9  

I t  is easy to verify t ha t  the  points  x~, . . . ,  x=.,~ s, y~, . . . ,  y~ .  and the n u m b e r  

a sat isfy the  condi t ions  of  this lemma.  I t  is clear t h a t  the  condi t ions (I)--(5)  

and  (7) are satisfied; t h a t  the condi t ions  (6) and  (8) are satisfied fol lows by 

s t r a igh t - fo rward  appl ica t ions  of L e m m a  3. So by the  hypothes i s  of  our  induct ion  

a (/7*) > (m* + �89 n* - -  I) d (K). 
Similar ly  

a ( l l * * ) > ( m * *  + �89  I) d(K).  
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Fig. 2. 

Also by L e m m a  4 we see t h a t  

a ( T )  >-- � 8 9  

Adding  these  inequal i t ies  and  us ing  (7) we obta in  (5). 

I t  is easy to check t h a t  no diff iculty arises in the  cases (which we have  

taci t ly  ignored)  when one or more  of the polygons  degenera te .  W e  r e m a r k  t h a t  

in the  ini t ia l  case when m + � 8 9  = �89 we have r e = o ,  n = 3 ,  so t h a t  r =  I 

and  zi  = x~ = Xn-1. Thus  we ob ta in  (5) f rom L e m m a  4 wi thou t  use of any in- 

duct ive hypothes is .  This  comple tes  the  proof  of L e m m a  I. 

4. T h r o u g h o u t  th is  section K will denote  an open convex set;  we no longer  

suppose t h a t  K is necessar i ly  str ict ly convex. Before  we prove Theo rem I we 

prove  the fol lowing lemma.  

L e m m a  5. Suppose that K is strictly convex. Le t  a, b, xj . . . . .  x,~+m be po in t s  

such that:  

(I) the poIygo, b a x l . . ,  x , b  is a Jordan polygon bounding a domain I I ;  

(2) the sets K +  xr and K +  xr+l touch f o r  r = I . . . .  , n - -  I and  the sets K + x ~ ,  

K + xn touch the line a b at the points  a, b respectively; 
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Fig .  3. 

(3) the sets K + x ,+ l ,  . . . ,  K + x~+,~ are contained in I1; and 

(4) all the sets K + x~, . . . ,  K + x,+,~ lie o~ the same side o f  the line a b  and 

no two of  these sets have a common point. 

Then 
(m + � 8 9  ~ ) d ( K ) ~  a(I1). (8) 

Proof.  1 We may wi thout  loss of general i ty  take the point  ~-(a + b) to be 

the origin.  Le t  e and d be the points of contac t  of the tac-lines to K parallel  

to the  line ab .  We may suppose wi thout  loss of general i ty  tha t  �89 + d) coin- 

cides with 0. Wri te  

Y l  = x l ,  . �9 ", y n  ~ X n ,  y n + l  = - -  X l ,  �9 � 9  y ' 2 n  = - - X n ,  y ~ n + l  = X n + l ,  �9 �9 .~ 

Then i t  is easy to verify tha t  the sets K + y ,  and K + y2~+2~ and the sets 

K + y~, and K + y ,+ l  touch at  the points a and b (see Fig. 3). Fu r the r  all the  

sets K + y~+l . . . .  , K + y,~,  K + y.,~+~+x, �9 �9 K + ya,,+2,~ lie on the opposite  side 

of a b  to the sets K + y ~  . . . . .  K + y , ~ , K + y ~ l + t , . . . , K + y 2 , , + ~ .  Also we see 

tha t  if I--<r-----s--<-n+m, the sets K + x ~ , K + x ~  have a common point  or a 

i C o m p a r e  w i t h  B. SEGRE a n d  K.  ~[AIfLER, A m e r .  M a t h .  M o n t h l y ,  51 ( I944) ,  2 6 z - - 2 7 o ,  w 5. 
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common boundary  point, if and only if, the sets K - - x r ,  K - - x s  have a common 

point  or a common boundary  point  respectively. Thus the domain 27 bounded 

by the Jo rdan  polygon Y l Y ~ - . .  y2,  yL has area 2 a(l l ) ,  and the points  Yl . . . .  , 

y2,.+2m satisfy the condit ions of Theorem 2, with 2 n and 2 m in place of n and rn. 

Hence by Theorem 2, 
(2 m + n - -  I) d(K)  <-- 2 a (H). 

This proves the lemma. 

P r o o f  of  Theorem 1. Since every convex set K can be approximated  arbi- 

trari ly closely by inscribed strictly convex sets with packing de terminants  ar- 

bitrari ly close to d(K),  it clearly suffices to prove the theorem on the assumption 

tha t  K is str ict ly convex. So we suppose tha t  K is strictly convex. I t  is clear 

(from Blaschke's  selection theorem 1) tha t  we may suppose tha t  it is not  possible 

to pack n sets K into any open bounded convex set having area less than  tha t  

of S. Then, if the sets K + x ~ ,  . . . , K + x n  form a packing of n sets K into S, 

it is clear, from the minimal  proper ty  of the area of S, tha t  S is the least 

convex cover of the union of the sets K +  x l , . . . ,  K +  x~. 

Let  z0, zl . . . . .  z , = z  0 be those of the points x l , . . . , x n ,  for  which C + x t  

and the boundary  B of S have a proper  arc in common;  the order  being such 

tha t  these arcs are in cyclic order  on B (see Fig. 4)- Le t  the end-points of the 

arc common to C + z  e and B be c e and d e for e = o ,  I . . . .  , s ,  the ends being 

named so tha t  B consists of the line s e g m e n t  de_1% and the arc c e d  e for 

Q = I, . . . ,  s. I t  follows wi thout  difficulty f rom the minimal  proper ty  of the area 

of S tha t  there  is a connected sub-system of the sets K +  x l , . . . ,  K +  x,, con- 

ta ining the sets K + zj . . . .  , K + zs. 

Let  2:0 be the domain bounded by the polygon z o d o c  J z  I d ~ . . .  c ,d , .  By 

the above connectedness proper ty  it is possible to make an inductive choice, from 

the points  x l , . . . ,  x~, of sequences 

v~ ~) = Zo, v ~ ) ,  �9 v/~) = �9 �9 r (a )  aSa,  (~ ~ I ,  �9 � 9  8 - -  I ,  

such that ,  for a = I . . . . .  s - - t ,  we have:  

(a) the sets K + V~)l, K + v (~ touch for Q = 2, r(a); and 
0 ""  "~ 

(b) the broken line v (") v (") v (") (=  z,) is a Jo rdan  are dividing the set p(~) p ( a ) + l  " " �9 r (a )  

2:o-1 bounded by the polygon v~"-~/( = Zo) v~ ~ . .  v ("-~/ 

. . .  c, z, (=  Zo) [here r (o) = I and v~ ~ = zo] into the d o m a i n / L  bounded by 

1 W .  B L A S C H K E ,  K r e i s  u n d  Kugel (Leipzig, I 9 1 6 ) ,  w 18 .  
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c z -- z| o ~  

c I ~ z l 
Co ~ ~ o  c6 

Fig. 4- 

d~ 

the Joraan polygon :~:_~>~>_1 ( :  Zo_l) v ~ ; _ ~ ) _ l . . ,  v?<2> C: v~.)) ~I++1 . . .  

v(r~).) (=  z~)c~do- lz~- i  [here p ( I ) =  i and v~ ~  zo] and a set l~  consist ing 

of a finite number  of domains and bounded  by the polygon v~ ~ (= zo) v~ ~ . .. 

~(r~) ( :  ~ )  a~ ~.+1 zo+~ �9 �9 �9 ~ ~. (=  ~o). 

We note  t ha t  the polygon v~-l) ( = zo) v~-l)- �9 �9 �9 v('~-ll~/~-l) ( = ~ - 1 )  d~-i  c~ z~ (=  zQ) 

is a Jo rdan  polygon. Hence  Z'~-I is a domain;  we wri te  / /s  = Z'~-I. Thus  we 

have found  broken lines which split the domain 2:o up into the domains  

�9 'l)( ~  (= ~ro--1) V (o-l) ' H i ,  . . , M s  bounded by the J o r d a n  polygons: ,.(~-1) r(a--1)--I " ' "  V;(a) 1) 

(=  V~,)) V~Io)+I . . . .  "(").(=z(~)c(~d,~-lz(~-l,~(o) for  (~= ~, . . . ,  s, where we take p ( s ) =  

= ~ ( , )  = i a n d  ~ )  ~ z .  ~ ~ o .  

Now the number  n(a) of the points x, ,  . . . ,  x,~ on the boundary  of / /o  is 

given by 

Le t  re(a) be the number  of the points x , , . . . ,  x~ in / /o.  I t  is clear t ha t  the 

points ca, d~-i  and those of the points  x , , . . . ,  x ,  in and on the  boundary  of 

//~ sat isfy the condit ions of Lemma 5. Hence  

a(Ho)>~ {re(a) + �89  �89 d(K) = {re(a) + �89  ,) + �89 d(K).  
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a (2:o)> ~ {re(a) + �89 I) + �89 d(K). 
o ' = 1  

321 

But the total number of points x j ,  . . . ,  x~ is n, so that  

# 

, = r ( i )  + ~ { , - (~ ) -p(o)}  + X m(~). 
a = 2  a = l  

Since r (o )=  r (s )=p(o)= I, it follows that  

. (Zo) > ( ,  - i) d (K). 

Now the domain S is the union of the domain 2: o with certain of its 

boundary points and the sectorial domains / 1 , . . . ,  Ts; the domain T~ being 

bounded by the segments c~z~, z~ d,  and the arc c~ d~ common to C + z, and B. 

But it is clear that  the domains To--z~, a= I . . . . .  s, together with some of 

their boundary points fit together to make up K (see Fig. 4). Hence 

s T = 
a ( S ) = a ( , S o ) +  X a ( o )  a ( Z o ) + a ( K )  

o=1 

and so 
a(S) > (n-- I ) d ( K ) +  a(K). 

This completes the proof of Theorem I. 

23- 642128 A~,a r ~ J ~ r ~ a .  86 


