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1. There are several methods for obtaining transformations of hypergeometric
functions of three variables. The first and simplest is by writing the triple series
defining a given hypergeometric function as an infinite sum of the hypergeometric
functions of two variables; the known transformation theory can then be applied to
each term to obtain new transformations.

The second method consists in transforming the system of partial differential
equations satisfied by these hypergeometric functions. This method is rather tedious
in practice and not very useful for discovering new transformations.

The third method is obtained by transformation of integrals representing these
functions. The object of this paper is to apply the third method to obtain some new
transformations of such functions. The first two methods have been illustrated by
me [4]. The success of the present method, as is obvious, lies in the method of sub-
stitution in the integral representations known for our functions and as such it be-
comes less useful in the cases where the integrals are such that substitutions. are not

very elegant.

2. Following the notation of [4] the hypergeometric functions of three variables
are defined as
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where
(o, m)=a (x+1)... (x+m—1); (x, 0)=1.

The summation in the above triple series extends over all positive integral values
of m, n» and p from zero to infinity.

The integrals deduced by me for Fyz, Fp, Fp and Fj are not capable of simple
transformations and hence there does not appear to be any point of -interest in de-
ducing transformations for these here. The other six functions can be represented
by the following integrals [4]:
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Transformations of F¢-function
3. Consider the integral of (2.11) for the Fs-function, namely
(3.1) f” wbr Pyt (L~ P (L —p—w) PP (I~ ux—vy—w2) “dudvdw.
Putting v=s(1—1¢), w=st, in (3.1) it becomes
(3.2) fl jl fluﬂn-l E N T ) Lol § ) Lt Y
" (1=t (1 ~ux—sy+sty—stz) " “dudsdt.

Now, (1~ux—sy+sty—stz)™™ can be expanded in the form

3 (g, m) c—m : z—y

3 N T, M mgm . . o-m g | I 1
(3.3) "Z:O . m) z—y)" s"t" (1 —ux—sy) i T—2—7 <1,
and
(3.4) z (Gp m) (l_ux)—a,—m 1—tl1= 2 }”‘ y 2y + oz <1

’ Q, m) "y y 11—z |1—=z]

0<s<1, 0<t<1 and O0<u=<l.

Using (3.3) in (3.2) which is justified for —li—;i’/_—:—y l<1 we get after changing the

order of integration and summation
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Evaluating the t-integral and using the integral representation
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In the above series using the known relation
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o; =0 leads to the known result, giving the expansion of F,([1], 8, p. 34). Using

the well-known transformations

x
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in (3.8) we can get eight more transformations of the Fg-function.

Next let us use the substitution
n=1~8, w=st

in (3.2). This transforms the integral (2.11) to
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and since 0<s<1, 0<¢<1, the series is absolutely convergent if

2
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Using this expansion in the above integral and changing the order of integration
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Applying (3.7), we finally get the transformation
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In case we use the transformations (3.9) in (3.10) we can get eight more trans-

formations of the F.-function.

Transformations of Fx and Fy

4. Consider now the integral (2.12) for Fg, namely
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(i) u=1l-wu, v=o, w=w,
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we get after a simple transformation the two relations
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These two results have also been obtained by me otherwise ([4], 5.4 and 5.6).
Next, let us consider the integral (2.13) for Fj, namely
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we can easily deduce the following three transformations:
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Transformations of Fy, Fs and Fr

5. In this section we shall again make the following two substitutions

{ (i) p=s(1—1), g=st

(6.1) (i) p=1—8 gq=st.

The substitution 5.1 (i) reduces an expression of the type

(1-pz—qy)?
to
< 1’ mgm m —-A-m
(5.2) ,,Zoil,:;s " (y— )" (1 — s2)
valid if I l<l and also to
A omom [y (1= 9]
(5.3.) 2(1 L [1 t(l x)]

valid if |z|+|y|<1.

The substitution 5.1 (ii) however changes an expression of the type

A-pz—gqy™
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1, m ym m —A-m
(5.4) Z:—l—’—::—;s t"y" (1—z—sx)™
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In particular, if x4 is a positive integer
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m+n

ey ST mtm)
(5'5) —( ) m+§n=0 (l’ m)(l’ n)

Thus using 5.1 (i) in the integral (2.14) for Fy it is transformed into the
integral

(1-px)" (L-qy)".
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Using this expansion if |y|<1 (5.6) becomes after changing the order of integra-
tion and summation
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Transforming the F, on the right with the help of the known transformation

—X
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Next, the substitution 5.1 (ii) transforms the integral (5.6) to the form
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Again, applying (3.5), we obtain
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Using the three known transformations of F, ([11, p. 32) on the right and
then expanding the new F, and integrating term by term we obtain the three trans-

formations of Fy, one of which is

(5.9) Fy(xy, oy, a3, 15 Bas Bis Y15 Vor V21 T ¥ z)

- B )~ o By m +n) (y, — 2y, m) (g, "")x
-a -y S S e

(—~x2\"{ 2 \* y
X(l_x) (r_*x) zFl(ﬂzr Ye— 0t Yyt R —T—T/)'

In particular, putting y,=a,+a, in (5.9) we get the interesting transformation

(6.10)  Fy (0, gy %5 B1s Bos Brs V1o %a+ g, Gp+ 0ty 2, 95 2) = (1—2) P (1 —y)Px

-z ¥ z
XFM(Yl_“v o3, 03 Bus Bas Bri V1> %pt g, Ay Tty 1-2’1-y' 1- :c)'
A similar transformation between Fy and Fy is obtained by putting y;=o; + o
in the other two expansions.
Using (5.5) in the integral (2.14) for Fy when B, = —p (a negative integer), we
get after changing the order of integration and summation

Fyl(oy, a3 05, =P, foy — D5 V1 Voo V25 %> ¥ 2)
m+n=p
(—p, m+n) 1 1%t -1
={(—\? @y — 1 5000 — a— V1%~
(-) m+znso(l m) (L, n)fffu v (1—u) x

x(1—v—wyr % sl —py) b (l-uz)" (1 -wy)" dudvdw.

Replacing the inner integrals by the corresponding functions by means of the

well-known formula we get the transformation

G1) =(-p 3 opmin

m+n=oﬁ_7n)_(i—n)’F‘ (—m, ay; Yy &) Fy (B, —n; &g, o35 Y25 Y5 2)-

B, =0 leads to a known expansion of the F,-function in terms of series of ordi-
nary hypergeometric function ([1], Result 15, p. 36).
P
Next, consider the integral (2.15) for Fs, namely

Uf w1~y —p —wp A A (1 ~uz) (1 —vy—wz) “dudvdw.
Using (5.2) to expand (1—vy—w2)"* and integrating term by term which is

Y

valid for

'<1, we get
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Z ((O;z’:;"')) —y)" jffuﬁ, 1 Bt Batm—1 yfutm—1

X(l—u—ghh-bt(] _ph1(] —uz) " (l—sy) * "dudsdt.
Applying the known integral for F,

512y LT (“1},1(‘?()” “* %) p (@, @ B, B 7; %, 9)

= U w lyn t(l—u—o) o (1—yx)?(1-vy) Pdudv.
Re(y)>Re(ax+0o,) >0, Re{x)>0, Re(x;)>0
and the region of integration is #=0, v>0, u+v<1, we obtain the transformation

(5.13) Fs(xy, s, %9, B, Bas Bt V1o V1 Y15 25 ¥ 2)

_ S (g m)(Bym) o . . .
- o (1, m) (’}’1: m) (Z y) F3 (“1’ «‘2+m’ ﬂl’ ﬂ2+ﬂ3+m’ 71+m, x, y)
Putting y=2z in (5.13), we get

Fs (o, otgs g B1s B Bas Y10 Yoo Y6 % ¥ Y) =F3 (0, o5, 1y Bat+ B vis @5 9)-

Again, using (5.3) if |y|+]z|<1, the integral (2.15) for Fs, after term by term in-

tegration gives

(0(2; m) mfffuﬂ, L Bt rtm=1yB,~1
m=0 (1 m)

X(1—u— gy Apbim1(] _p)pt (l—ux)’“'{l—t(l—f/)} dudsdt.

If we put s=(l—u)p this equals to

(“1m)m X -1 fatBitm—1y
m=o(12m) ”f“‘“‘ﬁ ’

X (L —u)nAtm=1(1 —p)f-1(1 —p)""p"""""‘ 1—uz) ™™ {1 -t (1 - Z—): dudtdp.

Evaluating the p-integral and using (3.7) we obtain the transformation
(5.14) Fs(ay, g, @, By, Pas By 71 Y1 V05 % U5 2)

_w-(a,m)(ﬂ+ﬁ,m)m . ) B . 2\
‘,Eo 2(l,m)(zyl,:z) Y" oF1 (o By 7y o x)sFl( m, By; Ba+ By 1 y)

Either «, or §,=0 leads to a known result giving an expression for F, ([1],
p. 34).



304 SHANTI SARAN

Further using (3.9) in (5.14) to transform the ,F,’s we get eight more trans-

formations. Two interesting transformations are
z
Fs=dhyHFy (“2’ o, Ba; Bat+ Bar Br Bat Bs Yo Y1, ot By 2 % 1 ?;)

- Yy
=yPz hFy (“2’ s B Pa+ Bas Brs Bat B v1s V1o BatBsy x 1—- ;) :

Further, using the substitution 5.1 (ii) in the second integral (2.16) for Fy,

namely,
[[umtomt (1 —u— ppr= et (1= ua) P (L —vy) (1 —v2) P du do,
it transforms into

ghomT gl (] _gynsl(] —gpreamatl (]t sx) P (L —sty) A (1 —stz) P dsdt.

[CLS——
D ——

Replacing the t-integral by means of the known integral

1

Fi(a, B, By v; =, y) = fu"‘"‘ (1—wu)y =101 —uzx) (1 —uy)'ﬂ'du

0

Fl(y—a
T'y)
Re (y) >Re (x) >0,
we obtain

1

P(OCI) P(Vx‘”ocl)Fsz J‘SyﬁmVJ (1 _8)a.~1 (I *x-}-sx)'ﬂ‘ Fl (“2’ 132, ﬂa§ PL— %y Y, sz)ds.
0

I'iy)

Transforming the F, on the right by the formula

Fila, B, Bsys 2, ) =(1-2) P (1—y) " Fy (?"“» B, By v 1:_% 1::%)

we obtain after term by term integration and simplification the transformation

= (1 — ) B S 2y~ oy —ay, m+n) (B, m) (B4, m)
(6.15) Fs=(1-x) ”zo ,Zo (L, m) (L, %) (yp, m 1) X

—z
X(—y)" (—z)”FD(yl—a1+m+n; B Batm, Bs+n; prtm+n; - z)

where Fp is Lauricella’s hypergeometric function of the fourth type ([1], p. 114).

If y, =0, +a, we get the interesting relation
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Fs(ay, agy g, Brs Bos By oy + g, oy + g, 01y + 03 @, Y, 2)
=(l-2)*F, (“2’ B Bas By oy +otg; -z )

Next, using (5.5) in (2.16) it becomes after some simplification

m+n D p, ’”l""n) ﬁ, -
mgw(lmuln)fff“ KA

X(L—u—v—wy At —yz)y *(1—vy)" (1 —-wz)"dudvdw.

(=

Using a known integral for the Lauricella hypergeometric function Fp we obtain

the transformation

— P, m+n
Fg=(— )"mM o(Tm 8By B By ®p —M, —m; yy5 T, ¥, 2).

Either o,=0 or 8,=0 will lead to the known result giving a relation between F;
and F; ([1], 14, p. 34).
Finally, coming to the transformation of F;-function we use the expansion (5.2)

in the following integral (2.17) for Fy

[Juft o=t (1 —u— o) 0Pl (1 — p) ™ (1 —uy — v2) % du do.

For i:z

11
z (:;z:m) y)mJ\J‘sﬁl+ﬁ,+m—lt&+m—lx
m=90

0o 0

X (1 — g AB1 (1 —g)f1 (1 —stx)"® (1 —sy) = "dsdt.

,< 1 this becomes on expansion and term by term integration

This can now be written as

Ty =8 — ﬂ2)F(ﬂl+ﬁ2 Fo= ? (otg, m) (B;, M) (z—g)"x
F ('}'1) mt—'o(l, m) (ﬁ1 +,32> m)

1
XJ'sﬂ,+ﬁ,+m—l (1 _8)‘}'1—51—5:“1 (1—sy) %" oF (g, .31 + m; ﬂl +‘B2 +m; sx)ds.
(i

Applying (3.9), we get the transformation

(5.16) Fr(xy, g &g, By Bas i 15 V1o Y % Y, 2)

% 2 mEem) Gm ),
=2 2 L)y mtmy A @Y

XF (By+Batmtn; oy +m, ay+n; y, +m+n;x, y).
21 - 543809. Acta Mathematica. 93. Imprimsé le 15 aofit 1955.
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As a particular case if y,=§,+f, in (5.16)
Fr(ay, oy o5 Bis Bos i3 Bt Bas Br+ B B+ B %, ¥, 2)

— (=) (1 —y) " F, (al, g, By Bus Bt Boi 1y o y)

' 1—2z

Again, applying the substitution 5.1 (ii) in (2.17) it becomes
11
(5.17) ,”s“‘ﬂ'“ Pt =) (A -y PP (1 —sta) *(1—y+sy—siz) “dsdt.
00

If 2|y|+]|z|<1, we can use the expansion (5.4) and term by term integration gives

11

o
2 (;29 "7:7‘)) 2™ [J‘sy'_ﬂ‘+m"ltﬁ'+m_l(l-——8)”’_1X
m=0 ’ .0 i
X(1=typ BBt (1 —stz)y *(1—y+sy) = "dsdt.
Thus, we get

F(ﬁz)l-‘('}’l_ﬂz) w < {0tz m) (By, M) ( z )
5.18) —P2l- WP p ]y
(6.18) L (y) Fr=Q-y) mgo(l,m)(yrﬂz, mi\l—y 8

1

e~

xJ ghhmo1(] gt (1 + ————liyy) oFy (2, By +m; py— By +m; sx)ds.
0

Using the three transformations of (3.9) then expanding the new ,F;, in each

case, we get the three transformations

(6.19)  Fr(ay, oy, o5 By, Bos Brs V1o Y15 Y13 T ¥ 2)

- - B -]

(1 — 2\ (ap m) (0‘2, n) (YI_ﬂl _132’ m) (ﬂp n)
(1 y) m§=:0 n2—<0 (ls m) (1, n) ()’1, m+n) *
x(—x)™ (itz;)nFl (yl—ﬂ2+m+n; oy +m, ay+n; y +m+n; x, i—%)
(1 — o) 2= petn, m)(ay n) (B, mtn) m(__z__)n
O e T T W m L gy im0 -y
xF, (yl—ﬂ2+m.+n; Bitm+n, apt+n; y+mtn;a, 1—___—111;)
(T A S L (@ m) (o= fytm, m) (B, ) =B~ B2» m)
G21) ==y 2 2 (1, m) (1, ) (g, m+ 1) 8

n — \‘-
x ™ ('l_i;) Fl(yl—ﬂ2+m+n; o+ Py + B — Y1, %a+ 1 Yy +mtm; x, 1—;—%}
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For y,=f;+ B, (5.19-21) we get
Fr (o, oy o9, By o Brs 1t P frt B 1+ By 2 9, 2)

5 —
=1~y “F, (ﬂﬁ ay, oy By + Be; 2, 1— Z) )

Convergence conditions

6. In order that the formal proofs of our expansions deduced in previous sections
be justified we must prove the conditions of absolute convergence for the said ex-
pansicns. We take all the parameters in the hypergeometric functions to be real and
positive; the variables x, y and z have been replaced by their absolute values |z],
|y| and |z| in the cases where they are not positive, i.e., when the series run in
positive and negative terms.

We need then to know the bounds for the hypergeometric functions with posi-
tive variables when their positive parameters diverge to infinity in certain ways. We
establish these bounds by first proving the following simple inequalities which have
been given in the forms of lemmas.

Lemmas 1

(1) (A=|z])oFy (g +1, By 715 |x)) <oF, (ay, Bus y1; |2])
it y,>p, and B, +a, >y,

(2) oFy (o, By Y1+ 1 2) <o F) (g, By; yus @)

(3) (l—2—9) Fy(ay+1; i, fo+ i yp o+ 1 2, ) < ngz (a5 Bu> Bos Voo V55 % 9)
if y,>8,, 7>,

4) (1—9) Fylay, ap+1, By, o+ 1; 9+ 15 2, ) < 21‘3 (@1, %» Bu> Bai P13 > ¥)
if p,> a,.

5) A=lyh)Foloa+1; By, fo+ 1, By ya+ 1s |2, |yl 2] <

< %FD (@13 Bus B By v |zl [yl |2])

if y,>a.

Corollaries

Repeating the above lemmas m times we get the following inequalities:
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1 a- |x|)m o'y (0 +m, By; y1; Izl) <oF; (2, Bri yu5 lxl)
if y,> 8.
(2)  oF1 (2, By; yr+m; 2) <oFy (@, Py; v1i5 2)-

3 (A—z—y)" Fy(a,+m; By, By+m; vy, Y2+ m; 2, 9)

(‘}'2! ””)
= (aly m)

Fy(as; Br B Yo V25 %, 9)
it y,>e;, and y,>B;.

(4) (1—y)" F3(ay, ag+m, By, B +m; p,+m; 2, y)

(y:, m)
< (”:’::—77) Fy(oy, o B1s Bos 13 2, 9)

it y,>y,.
(5) Repeating the process first m times with respect to z and then n times

with respect to y, we get
A=|y)" (A —|z))" Fp(ay +m+m; By, Batm, Bs+m; yy+m-+m; |z], [y], |2])

L B (i B b i i ol Lo, |2

if yy>o0.
Lemma 2

O A-|z)™" Q- |y)" Fy(@,+m+n; Bi+m+n, By+n; py+m+n; |z|, y])

,ym+mn
(ﬂ———)ﬁ'l(%; B> B2 vis |x|, lyl)

<(al,m+'n)
if y,>a,.
(ii) (l—ly|)"F1(a1+m+n; Buis Bat+n; yy+mtm; lxl’ |?/l)

(yy, m+n)
mﬁ’l (015 /31, Bs» Y1 I-'l?,’ ly')

Proofs of the Lemmas 1

In each case we compare the ratios of corresponding coefficients on the two sides.
More precisely, we denote by R, (or Rp n» or Ry » ,) the ratio of the coefficients of
z™ (or 2" y"* or 2™ y"2") on the left to the corresponding coefficient on the right and
show that R,<1 (or Ry n<1 or Rp np,<1). It may be noted that the factor
(1 —x—y) where it occurs on the left is positive by virtue of conditions necessary for

the convergence of the series F, while 1 —y for convergence of ¥; and so on.
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o tm my,+m—1) o (Ba—1)+m (B + oy —y)

(1) Bn= o, a (B +m—1) o, (B +m—1) <1
if ;>0 Bty >y
_ %
@) R’”—al+m<l'
3) R :(al+m+n)(ﬁ2+n)_m(ﬁ2+n)(‘y1+m——l)_lz_
" Ba (ye+n) Bo(Bi+m—1)(y,+n) B,
1[(al+m+n)(ﬁ2+n) m (B, +n) ]
< — — —n
B VORI Y2 T
if g, <y,

- % By 47 (%, + By — 7s) 1
B (ya+n) =

if yo>o0, and y,>f;, and y,>ay + B,

&) Rna- [LM_&] _ (@tn) (Bptn) _m
/32 (71+m+n) ﬂ2 ﬁz (‘}’1‘*"”«) ﬁz

for every positive integral m,

_ “2ﬁz+n(°‘2+ﬂ2“71)<1
Bayr+Ban

if y,>a, and v, > o, + fs.

5) R :(a1+m+n+p)(ﬂz+n)__1_1,_=a1ﬂ2+(m+p)ﬂ2+n(al+ﬁ2—y1)<1
e By (y1+m+n+p) B2 Ba(yy +m+n+p)

if y,>0, pr<a+ps
Proof of Lemma 2
We know that [1]

I'(gy+m+n) T (p;—o)
I'y;+m-+n)

Fy(o,+m+m; By +m+mn, By+n; y+m+n; x|, |y))

1
=fustm Qw1 —ul2) A (L —u |y )P d
0

Re (y;) > Re («,) >0

= ( o —1 — o1 — -8 —_ =B u"”'”
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For m and n large, 0<u<1,

um+n 1

A=z (1= a]g)* ~ A=) (A= [g]"

Thus

'y +m+n)T (y; —ay)
I'(y,+m+n)

Fo(agg+m+n; f+m+n, otn; y+m+a; |z, |y))

1
sA-lz) A=y et A -up T 1w lz))y (1 —ul|y]) *du.
0
Hence replacing the integral by its corresponding function F; we get the in-
equality (i).

Similarly, to prove (ii) we have

Iy +m+n)T (p, —ay)
Ty, +m+mn)

Fi(gg+m+n; By, Bo+n; yy+m+n le’ l?/l)

1
=J'u°"+"'+"‘1 I—wyp e Q—ulz) P A—u|y|) > "du
0

Re (y,) > Re (a;) > 0.
For m and n large, 0<u<1,

N SR N
(I-ulyh)"~ A=yl

Hence as before we prove that (ii) of Lemma 2.

It may be noted that five corollaries of Lemma 1 can also be obtained by the
help of integrals.

We shall also make use of the following two inequalities given by Burchnall and
Chaundy ([2], page 264).

. ,m

(i) Fy(atm, f;y+m;z)< g—,nT;Fl (o, B y; @)
where = min («, y).

@ (A-2)"Q—y)"Fi(e+m+mn;fi+m, fy+n; y+m+n;r,y)

(yy, m+mn)

(o, m+m) Fy (o B Bos 715 %, 9)

it y,>ay.

Using these asymptotic forms in our expansions we get the following regions of
convergence:
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M) [z—yl<|l-2z-y]) .
elgler | ™69
@) lz|<1, ll—i’—x]d, ll_ix,d in (3.8)

x
1-y

y—z

3 [yl<L P

<1 ' |<1 in (3.10)

2

Y
@) |z|<1, |y|<1, ll—yl<l’

T .
1— 2 +|ml<l m (5.9)

5) |e)<l, |y|<1, l%{y,'d in (5.13)

6) |yl<1, ly]<1, |z]<1 in (5.14)

z

M lzl<1, tl_%'<1, lyl<1, l%{‘d, l2]<1, i—.—l<1 in (5.15)

1-2
x lz—y }

A
-y

@ |=|<1, |y|<1, ‘i%g—cl<1,

+l—y—|<1 in (5.19)
l-y

|
1 : A T .
oy |z|<1, |y|<1, ll_y'+ll_w|<1 in (5.20) and (5.21).

311

It may be recalled that the regions of convergence for the hypergeometric func-

tions of three variables are as below:
Fe: r+s=1
r+t=1
Fg: t=(1-7r)(1—39)
Fy: r+t=1

Fy: s(l—n)+t(1—s)=0

Fs:

and
Fp. t=r—rs+s,

where [z|<r, |y|<s and |z|<t.

1 [3]). Use result (15), p. 146.
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