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1. There are several methods for obtaining transformations of hypergeometric 

functions of three variables. The first and simplest is by  writing the triple series 

defining a given hypergeometric function as an infinite sum of the hypergeometric 

functions of two variables; the known transformation theory can then be applied to 

each term to obtain new transformations. 

The second method consists in transforming the system of partial  differential 

equations satisfied by these hyperge0metric functions. This method is ra ther  tedious 

in practice and not very useful for discovering new transformations. 

The third method is obtained by  transformation of integrals representing these 

functions. The object of this paper is to apply the third method to obtain some new 

transformations of such functions. The first two methods have been illustrated by 

me [4]. The success of the present method,  as is obvious, lies in the method of sub. 

sti tution in the integral representations k n o w n  for our functions and as such it be- 

comes less useful in the cases where the integrals are such tha t  substitutions, are not 

very elegant. 

2. Following the notation of [4] the hypergeometric functions of three variables 

are defined as 

(2.1) 

(2.2) 

~'~ (~,, :,1, ~x, fix, ~ ,  /~; ~'x, n ,  r3; ~, y, ~) 

=Z (~1, m+n+p)  (~l, ~/~) (f12, ~ + P )  
(1, m) (1, n) (1, p) (~1' 'D%) (r2' n) (~3, P) 

(Of.l, m + n + p) (~1, m + p) ([39., n) xm 
= ~ ( 1 ,  m)(1, n)(1, p)(~q,m)(~,2, n+p)  Y nzv, 

x m yn ZV, 
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(2.3) F o  (oq, ~1, ~ 31, 32, fls; Yl, ~'~, )'2; x, y, z) 

(o:. m + n + p) (31, m) (32, n) (33, P) x" 
Z (1, m) (1, n) (1, p) (Th, m) (72, n~--~) yn z", 

(2.~) 

(2.5) 

(2.6) 

(2.77 

(2.s) 

(2.9) 

and 

(2.m) 

FK (~,  a~, ~ ,  31, 3~, 3~; Y~, Y2, 7~; x, y, z) 

= ~  (~l,m)(~3, n+P) ( f l l ,  m+P)(fl2,  n) xmy,~zv ' 
(1, m) (1, n) (1, p) ( r .  m) (r2, n) (~'3, P) 

FM (~I' 0{2' 0C2' ~1' f12' ill; 71' 72' 72; X, y, Z) 

= ~  (0~1, _m~)__(~_2_~_n ~-p) (31, m-}-_p) (32 , ~t) ~rn 
"~ (1, m) (1, n) (1, •) (7"1, m) (Tpz, n + p) Y" zv' 

FN (011' a2' ~3' 31' 32' 31; ~21' ~2' ~2; ,T, y, Z) 

(~1, m) (~3, n) (as, p) ( 3 .  m + p) (33, n) x" 

Fv (al, a~, x~, 31, 31, 3~; 71, Y3, 7~; x, y, z) 

(al, m + ~) (~,  n) (31, m + n) (33, P) xm y.  z', 
= ~ (I, m) (1, n) (1, p) ( r .  m) (7'2, n + p) 

F ~  (~,  a3, ~1, ~6~, 3~, 31; 71, 73, 7'3; x, y, z) 

(~1, m + p) (~,  n) (3 .  m + ~) (3.., n) ,~ y~ 
= ~" (1, m) (1, n) (1, p) (rx, m) (~'3, n + ~ x z v, 

Fs (~1, ~ ,  o:~, 3~, 3~, 33; 7'. 7 .  Y~; x, y, z) 

= ~ (~1, .n) (~3, '~ + V) (3.  m) (33, n) (&, ~) z,~ y .  
(1, m)(1, n)(1, P) (Tp m + n + p) zV' 

(~,  m) (~ ,  n + p) (#~, m + p) (#2, n) ,,, ,, 

where 
(~, m) = x (~ + 1 ) . . .  (~ + m -  1); (~, 0) = 1. 

The summation in the above triple series extends over all positive integral values 

of m, n and p from zero to infinity. 

The integrals deduced by me for F~, Fv,  Fp  and FR are not capable of simple 

transformations and hence there does not appear to be any point of interest in de- 

ducing transformations for these here. The other six functions can be represented 

by the following integrals [4]: 
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I" (//,) p (&) r (//3) r (71-//~) P ( r 2 -  & - / / ~ ) F a  (2.11) 
r (73 P (72) 

= f H u ~ - l v ~ ' - l w  ~-1 {1 - u )  ~'-~'- '  (1 - v - w )  n-~'-~,-1 (1 - u x - v y - w z ) - ~ " g u d v d w ,  

Re (Yl) > Re (//1) > 0; Re  (72) > Re (//2 +//a) > 0, 

where Re (//2) > 0, Re  (f13) > 0 and the  contour  of in tegrat ion is 0 _ u <_ 1, v >_ 0, w >_ 0, 
< t v + w < _ l ,  

(2.12) P (~a) F (//~) r (//2) r (71 - (x1) I~ (72 - / / 2 )  P (~23 - / / 1 )  &~'~K 
P (71) P @2) P (73) 

1 1 1  
= f  f fu~' - lv~ ' - iw ~'-' (1 - u )  v' ~,-1 (1 - v )  v'-~'-I (1 - wy ' -~ ' - i  x 

0 o 0 

x ( I - u x )  ~-~' ( 1 - u x - v y -  wz + uv  x y ) - ~ ' d u d v d w ,  

Re (}]1) > t~e (~1) > 0, l:~e (~3) > l~e (//1) > 0 a n d  Re (72) > Re (//2) > 0. 

(2.13) F (0~1) F (0C2) I ~ (~1 -- 0~1) 1~ (~2 -- 0~2) FM 
P (~1) P (72) 

1 1 
= f f u r ' - i v  ~'-1 (1 - u )  v'-~'-1 (1 - v ) y  '-~'-1 (1 - v y )  -~' (1 - u x - v z ) - ~ ' d u d v  

0 0 

Re ( r0  > Re (oh) > 0, Re  (},2) > Re (or > 0, q + 0 " < l  ( [ x [ _ < ~ , [ z [ < 0 " ) ,  

(2.14) F (~1) Ia (~2) F ((~3) F (71 -- {X1) P (72 -- (7"2 -- (X3) F N  
P (71) P (72) 

=//fu~ ,x 
x (1 - vy) -~' (1 - u x -  wz) -~' du  dv dw. 

Re (71) > Re (~1) > 0, Re  (72) > Re (~3 + aS) > o 

where Re (32) > 0, Re  (~3) > 0 and the  integral  

v > 0 ,  w>_0, v+w<_l ,  

(2.15) 

is t aken  over  the  contour  0 ~ u ~ 1, 

r (ill) r (//2) r (//3) r (7, - / / 1  - / / 2  - / / 3 )  F s  
P (71) 

= f f f  

x (1 - ux) -~' (1 - v y - w z ) - "  du dv dw. 

R e  (71) > R e  (//1 + / /2  +/ /3)  :> 0 

tegral  is t aken  over  the  region 

where Re  (//1) > 0, Re  (//2) > 0, Re  (//3) > 0 and the  in- 

u>_0, v>_0, w>_0, u + v + w ~ l ,  ~ ' q - ~ " < l ( l y l < _ q ' ,  
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(2.16) 
r ( 7 1 )  

= f l u  ~,-~ v ~ - '  (1 - u - ~ ) ~ , - ~ , - ~ - '  (1 - ~ ) - ' ,  (1 - ~y) ~, (1 -vz):P'dudv- 

Re (Yl) > Re (~1 -b ~X2) :> 0 where Re  ( 0 ~ 1 ) ) "  0, Re  (:c2) > 0 and  the  double in tegral  is 

t aken  over  the region u ~ 0, v _> 0, u + v_< 1, and,  

(2.17) r (ill) r (fls) r (Yl - -  f l l  - -  f12) FT 
I'~ ( 7 1 )  

= f l u  ",-1 ~.~,-' (1 - u - v v  ,-~,-~,-1 (I - w )  -=, (1 - u y -  v : )  -~. d u  d~.  

Re(y l )>Re( f l l+ f l~ )>O where R e ( i l l ) > 0 ,  R e ( f l 2 ) > 0  and  the  integral  is t aken  

over the region u>_0, v_>0, ~+v_<l ,  e ' + e " < l ( l y l _ < e ' ,  I~l_<e"). 

Transformations of FG-fmaetion 

3. Consider the  integral  of (2.11) for the  Fo-func t ion ,  name ly  

(3.1) f f f  u ~ ' - ' v P ' - l w ~ ' - l ( 1 - u ) V ' - ~ , - ~ ( 1 - v - w ) ' ~ ' - ~ ' - - ~ ' - l ( 1 - u x - v y - w z ) - a ' d u d v d w .  

Put t ing  v = s ( 1 - t ) ,  w = s t ,  in (3.1) it becomes 

1 1 1  

(3.2) f f f u a ' - l ~ ' + a ~ - ' t  ~ ' ( l - u )  r ' -p ' - I  ( I - s ) r ' - a ' - a ' - ' •  
0 0  

•  a ' - I  ( 1 - u x - s y + s t y - s t z ) - a ' d u d s d t .  

Now, ( 1 - u x - s y + s t y - s t z )  -~, can be expanded  in the  form 

~: (:r )(z s" < 1 ,  -y ) , "  t m ( 1 - u x - s y )  ~'- ,"  if 1 - - J - Y y  (3.3) 

and 

(3.4) /, - - s  �9 
,"=0 (1, m)  

O<s<_l, O<_t<l and  O<_u<_l. 

Using (3.3) in (3.2) which is justif ied for z - y  < 
1 - x - y  

order  of in tegra t ion a n d  s u m m a t i o n  

1 1 1 

o (1, m)  " 
o o 0 

1 we get  a f te r  changing the  

• (1 - u) y '-p '-  1 (1 - s) r ' -~ ' -p ' -  1 (1 - t) ~'-1 (1 - u x  - sy) -~'-," d u d s  dr. 
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Evaluat ing the t-integral and using the integral representation 

(3.5) r (fl) r (ill) P (Y - fl) P (71 - fl:) F3 (a, fl, ~1; 7, 71; x, y) 
r (7) r (71) 

11 

= f f u ~-: v ~'-I (I - u) '-~-I (I - v) "-p'- , (I - ux - vy) -~ d u  dr.  
O 0  

l~e (7) > Re (/~) > 0, Re (71) > Re (~1) > 0 

we obtain the transformation 

(3.6) F a  (0~1, ~1, ~ ~I ,  ~2,/~3; 71, 72, 72; x,  y,  z) 

~=o (1, ~n) (73, ..~) 

Put t ing  y=z in (3.6) we get 

F~  (a 1, a 1, a:, ill, f12, f13; 71, 73, 73; x, y, y ) =  F 3 (al; ill, f13 + f13; 71, r~; x, y). 

Now, using (3.4) in 

is valid for 

(3.2) and changing the order of integration and summation which 

we get after some simplification t h a t  

(~1, m) r (& + & + m) r (r2 - & -  &) ym 
=o ...... P (72 + m )  x 

1 1 

0 0 

valid if Re (Y3) > Re (f13 + f13) > 0. 

In  the above series using the known relation 

1 
r(~)r(7-~) 

(3.7) 3F: (ar fl; 7; x)= |u~-l(1-u):'-~-l(1-ux)-~du. 
r (7) 

0 
(Re (7) > Re (~) > o) 

we obtain the t ransformation 

(3.8) Fa (OC 1, ~1' 0~1' ~1' ~2'  ~3; 71' ~22' 72; X, y, Z) �9 

,,=o (1, m) (7,., m) 

20-543809.  Aeta Mathemat~ca. 93. Imprim6 le 17 aoSt 1955. 
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: q = 0  leads to the known result, giving the expansion of F 1 ([1], 8, p. 34). Using 

the well-known transformations 

( (3.9) ,F~ (~, ~; r; ~) = (1 - x)-" ~ ~, ~, - r r; ~ 

( = ( l - x ) - ~ F ~  r - ~ ,  ~; ~'; ~ - x  

= (1 - x y - ~ - ~ F ~  ( r  - ~ ,  r - f l ;  )'; x) 

in (3.8) we can get eight more transformations of the Fo-function. 

Next let us use the substitution 

n ~  l - - 8 ,  W = S t  

in (3.2). This transforms the integral (2.11) to 

1 1 1 

f f f u~. -, sr.-p.-, f.-x (I -u) r'-~'-' (1 - 8)~-' (I - t)r'-'-'-I • 
000 

•  
But  

( 1 - y - u x + s y - s t z ) - " =  ~ (~a, re)s,, ( ) m-o(1, m) (_y)m ( 1 - y - u x )  -~'-m 1- yt m, 

and since 0_<s_<l, 0_<t_<l, the series is absolutely convergent if 

Y + - y l < l .  

Using this expansion in the above integral and changing the order of integration 

and summation, which is easily justified by absolute convergence, we get 

( l - y ) - "  ~ (~a' m) F(~,,-fl,+m)F(fl,)( -y )m 
m-o (1, m) F (~'s+m) 1 - - ~  x 

1 1 

• f f u,i_lt/h_l(l_u)ri_/~i_l(l_g)r,_&_fl._l(l_ x \ -at-m/ ~t) m 
O 0 

Applying (3.7), we finally get the transformation 

(3.10) F a  (a 1, a 1, al, fla, flz, fla; Yl, )% )'z; x, y, z) 

= ( I - y ) - "  ~. (a"ra)(Yz-fl"m)( y )m 
. - o  (1, m ) ( r , , m )  ~ x 

• (~l + ra, fl,; Z1;1--~y) aFx(-ra, flC Yz-fl,; y ) " 



HYPERGEOMETRIC FUNCTIONS OF TH~t~EE VARIABLES 299 

I n  case we use the  t r ans fo rma t ions  (3.9) in (3.10) we can ge t  e ight  more  t rans-  

fo rmat ions  of t he  F a - f u n c t i o n .  

Transformations of Fg and FM 

4. Consider  now the  in tegra l  (2.12) for  F ~ ,  n a m e l y  

111 
f f f UO:~-I ~,.8.-12/28,-1 (1 - u )  Y'-O~'-I (1 - v) n - p ' - ~  (1 - w)~" -P ' -~  x 
000  

• (1 - u x )  ~-p'  (1 - u x -  v y -  w z  + u v x y )  -~" d u  dv  dw.  

Making  the  subs t i tu t ions  

(i) u = l - u  1, v = v  1, 

(ii) u = l - u ~ ,  v = l - v l ,  

we ge t  a f te r  a s imple  t r ans fo rma t ion  the  two  re la t ions  

(4.1) 

W ~ W  1 

W ~ W  1 

F ~  ( ~ .  ~2, ~ ,  ~ .  P2, ~;~ 7 .  72, 73; z, y, z) 

= ( 1 - z ) - ~ , F ~  ~ , 1 - ~ i ,  ~ ,  ~ ,  Pl, P~, ~1; ~'1, Y~, ~'3; 1 - - ~ '  y' z , 

(4.2) = (1- :0-P.  ( 1 -  y)-~.x 

x F K  7 1 - - ~ 1 , ~ , ~ , ~ 1 , 7 2 - - ~ 2 , ~ 1 ; t , 1 , 7 2 , 7 a ;  l - - x '  l - - y  ' ( l - - x ) ( l - - y )  " 

These two resul ts  have  also been  ob t a ined  b y  me  otherwise  ([4], 5.4 a n d  5.6). 

Nex t ,  le t  us consider  the  in tegra l  (2.13) for  FM, n a m e l y  

l l  
f f ~ ' - ~  v ~'-~ (1 - u) ~'-~,-~ (1 - v l  "-~'-~ (1 - ~,yl -~' (1 - ~ x -  ~,~1 -~' d u d~,. 
00 

Making  the  subs t i tu t ions  

(i) u = l - u  1, v- -v~ 

(ii) u = l - u  1, v = l - v  1 

(iii) u = u 1, v = 1 - v 1 

we can eas i ly  deduce  the  fol lowing th ree  t r ans fo rma t ions :  

(4.3) FM (~1, (z2, ~9., Pl, ~2, ~1; 71, 72, Y2; X, y, z) 

= ( 1 -  x)-~, _F~ ~'1-  ~1, ~ ,  ~,,  r P~, Pl; 7 .  r~, r ,;  ~ -  ~ ,  y, ~ _ ~  , 
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(4 .4 )  

(4.5) 
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= (1 - y)-~' (1 - x - z)-~' • 

( - =  
x F ~  y l - e l ,  Y~-e2, 7~-~z,  P~, P2, Pl; 7~, 72, Y2; 1 - x - z '  

= (1 - y ) - ~ '  (1 - z)  -~' x 

( = 
XFM ~ , 7 ~ - - ~ , . , y 2 - - e 2 , ~ , ~ , ~ ; y x ,  Y2, Y 2 ; l _ z ,  1 - -y '  

1 - y '  1 - x - z  ' 

Transformations of  FN, Fs  and F r  

5. In this section we shall again make the following two substitutions 

(i) p = s ( 1 - t ) , q = s t  
(5.1) (ii) p = l - s  q=st.  

The substitution 5.1 (i) reduces an expression of the type 

(1 - p x -  qy)-~ 
to 

(5.2) ~. (4, m)s= t ~ ~':--0 (1, m) ( y - x )  m (1 - s x )  -~=a 

valid if 1 - ~  < 1, and also to 

(5.3.) ~o~1-~ 
valid if ] x l + ] y l < l .  

The substitution 5.1 (ii) however changes an expression of the type 

(1 - ' p x - q y )  -~ 
to 

( L  m )  s a t m ym (5.4) ~ o  ~--,-~ (I - z -  sx) -~-m 

valid if 2 [ z i + l y [ < l .  

In particular, if p is a positive integer 

(1 - -  p x - -  q y ) "  

( 5 . 5 )  = ( - ) "  m+~-~ (_/~, r e+n)  (1 - p x )  m (1 _qy)m. 
m+m=o (1,  m ) ( 1 ,  n )  

Thus using 5.1 (i) in the integral (2.14) for FN it is transformed int~ the 

integral 
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(5.6) 

But  

1 1 1  

O O O  

•  ( 1 - s y + s ~ y )  - ~ ' ( l - u x - s ~ z ) - ~ ' d u d s d L  

( 1 - s y + s t y ) - ~ ' =  2 , - -  ~ (f12, m) s,n y m ( l _ t )  for [ y [ < l .  
,n=o (1, m) 

Using this expansion if I Y I < 1 (5.6) becomes after changing the order of integra- 

tion and summation 

1 1 1 

o (1, m) y u ~'-1 s ~+~"+m-1 t ~'-1 (1 - u) ~'-~'-1 x 
0 0 O 

x (1 - s) ~'-~-~- 1 (1 - t) ~'+m-1 (1 - ux  - S tz) -~' d u d  s dr. 

Applying (3.5) this gives 

F (~) F (~3) F~  = ~ (f12, m) (cr 2 + ~3, m) 
P (~2 + ~3) ~ 0  (1, m) (72, m) ym • 

1 

x f t=~-t ( 1 -  t) ~'+m-1 F 2 (ill; (Xl, 0~2 "~- (~3 § m; 71, 72 + m; x, Sz)d t. 
0 

Transforming the F~ on the right with the help of the known transformation 

- x  _y ) .  
(5,7) F 2 ( c r  -~F~ ~ , 7 - f l ,  f l l ; 7 , 7 1 ; l _ x ,  1 x 

we get 

(5.8) F N  ((Xl' ~2 '  ~3, ~1'  ~2, ~1; 71, 72 '  72: X, y,  Z) 

= (1 - ~)-~, F ~  71 - ~ i ,  ~2, ~ ,  ~1, ~,  ~; 7 .  72, 72; 1 - ~ '  y'  l - ~  " 

Next, the substitution 5.1 (ii) transforms the integral (5.6) to t~he form 

1 l 1 

f f f u~'-I  8"-~'-1 t~'-I  (1 - u ) " - ~ ' - '  (1 - ~ ) ~ - 1 •  
0 0 0  

x(1 - t )  r'-~'-~*-I (1 - y + s y )  -p' (1 - u x - s t z ) - ~ ' d u d s d t .  

Again, applying (3.5), we obtain 

1 

P(Y2-cc2) P ( a 2 ) F ~ = ( l _ y ) - ~ ,  s r , - ~ - l ( l _ s ) ~ - I  1 + 1 _ - ~ /  F (~'2) x 
0 

• (fl:; ~1, as; 71, 7~-~2; x~sz)ds .  
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Using the three known transformations of F 2 ([1], p. 32) on the right and 

then expanding the new F 2 and integrating term by term we obtain the three trans- 

formations of F~, one of which is 

(5.9) F~  (~,, ~, ~3, Pl, 3~, 31; r .  r~, r~; x, y, z) 
oo • 

_(l_x)-~.(l_y)-~.~0 ~ (3,, m+~)(rl-~, ,  m)(~3, ~) 
,,=o (1, m) (1, n) (7'i, m) (7'3, n) 

�9 - - X  m Z r.  

In particular, putting ~,2= ~2 + ~3 in (5.9) we get the interesting transformation 

(5.10) F~ (~I, %, ~s, 31, &, 31; 71, 0%+0%, 0%+~; x, y, z) = ( 1 -  x)-#' ( 1 -y ) -# ' x  

x F ~  t , l - ~ l , ~ , ~ , 3 t ,  3 ~ , 3 1 ; y l , ~ + ~ _ , , ~ + q ;  1 ~ ,  1 y ' l - x  " 

A similar transformation between F~  and F ~  is obtained by putting Yx = ~  + ~3 

in the other two expansions. 

Using (5.5) in the integral (2.14) for F~  when 1 3 x = - p  (a negative integer), we 

get after changing the order of integration and summation 

F N  (0~1, 0~2' 0G3' - - P '  35 '  - - P ;  7'1' ~2 '  ~22; X, y ,  Z) 

.,+.~o-(1, m)(1, n) u~-xv~ 

x (1 - v - w) v'-~-~'-I (1 -- vy) -[j" (1 -- ux )*  (1 -- wy)  n du  dv  dw. 

Replacing the inner integrals by the corresponding functions by means of the 

well-known formula we get the transformation 

m + n - p f ~ ,rt~. .4_ irl. ~ 

' - "  " - - -~  21z x) F3 (32, - n ;  ~,  ~; "r~; Y, z). (5.11) = ( - ) "  m+~n_o ii~, m)-~, (--m, al; V,; 

~2 = 0 le~ls to a known expansion of the F2-function in terms of series of ordi- 

nary hypergeometric function ([1], Result 15, p. 36). 

Next, consider the integral (2.15) for Fs,  namely 

f l y  u w (1 - u -  v : -  ( 1  - u z )  ( 1  - -  v y  - w z )  -~" d u  dv  dw. 

Using (5.2) to expand ( 1 - v y - w z )  -~  and integrating term by term which is 

valid for ]l--~y]z-- y < 1, we get 
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~=o (1, m) 

x (1 - u - s) v'-~'-~'-~-~ (1 - t) ~'-~ (1 - u x) -~' (1 - s  y ) - ~ - ~  d u d~ dr. 

Applying the  known integrM for F 3 

(5.12) F (~) F (gl) F ( ? -  ~ -  ~1) F3 (g, ~1, fl, ~1, y; x, y) 
F (r) 

= f f  ~ - '  v ~'-1 (1 - u -  v)~ ~ ~, ' (1 - u x ) ~  (1 - ~ y)-" d ~  d~. 

Re (y) > Re (~ + ~1) > O, Re (~) > O, Re (~1) > 0 

and the region of integrat ion is u>_O, v>__O, u + v < _ l ,  we obtain  the  t ransformat ion 

(5.13) F s  (~1, O~ 2, O~ 2, HI' H2' H3: Yl'  •1' Y1; X, y, z) 

.~ (~ ,  m) (H~, m) . . . .  
= 2. . . . .  ( z -  y) ~a (~ % + m; H1, Hg. + Ha + m; Yl + m; x, y). 

m~O (1, m) (Yl' m) 

Put t ing  y = z  in (5.13), we get  

~s  (gI, ~ ,  ~ ,  P.  H., H3; vi, yx, ~l; x, y, u) = ?~ (~1, ~ ,  HI, fie + H~; vl; x, y). 

Again, using (5.3) if l Y I + i ~ I < I ,  the integraZ (2.15) for Fs ,  after term by  term in- 

tegration gives 

o 

{ x ( 1 - u - s ) ~ ' - ~ ' ~ P ' - P ' - l ( 1 - t ) P ' - l ( 1 - u x ) - ~ '  1 - t  1 -  d u d s d t .  

I f  we pu t  s = ( 1 -  u ) p  this equals to  

i 1 1  

~o (~,,, m) m .(1, 
0 0 0  

Evalua t ing  the  p-integral and  using (3.7) we obtain  the  t ransformat ion  

(5.14) ~s (~1, ~'~, ~ H1, H~, H2; rl '  ~1 ~1; 9g, y, Z) 

= ~ (~,, m)(H,+ P~, m) ( =) 
m-O (1, 'r~) (~/1' "T~) ym 2.~1 ((X1 ' H1; ~" + m; x) ~F 1 - m, Ha; H~, + Ha; 1 - y �9 

Either ~l or H1 = 0  leads to  a known result giving an expression for F 1 ([1], 

p. 34). 
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Further using (3.9) in (5.14) to transform the zFl's we get eight more trans- 

formations. Two interesting transformations are 

Fs  = z a' y-~' F s  (%, 

= yB, z-a, F~ (~2, 

~I' 8 ' ;  ~'~ +88 '  81' 82+/~8 ; r l '  YI' ~ ' + 8 8 ;  Z, X, 1 -  y) 

0C1' ~3; 85-~'/~8' 81' 82-~-/~8 ; r l '  ~"tl' 82-~'88 ; Y' '~' l - -  Y)" 

Further, using the substitution 5.1 (ii) in the second integral (2.16)for Fz, 

namely, 

f f  ua,-i vat-1 (1 - -  U - -  V) ? ~ - a ' - q ~ - I  (1 - ux) -p' (1 - vy) -~' (1 - vz) -p' du dr, 

it transforms into 

1 1 
f f s~', = , '  e ,-~ (1 - ~)=,-' <1 - t ) ,  ',-~',-~',-~ <1 - z  + s z)-~, (1 -s tv)~.  (1 -stz)-a. dsdt .  
OO 

Replacing the t-integral by means of the known integral 

1 
F (cr F (r-o~) Fx (cr fl, 8~; r; x, y) = f u  ~'-t (1 - - U )  ~ - 1  (1 - u x ) - a  (1 -uy ) -a 'du  

F (7) o 

R e  (?) > R e  (or > O, 

we obtain 
1 

F(~r I~ (Yx --~l)Fs = fsr,-~,-1 (1 --s) ~'-1 (1 --x+sx)-P~Ft (a s, 8a, 83; r t - -  at; sy, sz)ds. 
F (yx) 

o 

Transforming the F x on the right by the formula 

--X 
Fx (~, 8, fix; Y; x, y ) = ( 1 - x ) - a ( l - y )  ~'F x ~,-o~, fl, fix; ~: 1 ~  x , 1 ~ 

we obtain after term by term integration and simplification the transformation 

(5.15) 
m-o ,~=o (1, m) (1, n) (Yl, m + n) 

( ) x ( - y )  ~ ( - ~ ) ~ F ~  r ~ - ~ + m + n ;  3.  ~ + m ,  83+n; r~+m+n; ~ - x '  y' z 

where FD is Lauricella's hypergeometric function of the fourth type ([1], p. l l4).  

If Yl = :r + %, we get the interesting relation 
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Fs (~1, o~, ~ ,  81, 8~, 8s; ~1 + ~ ,  ~ + o~, ~r ~[- Ot'~'; X, y ,  Z) 

(1 -~)-~,  F .  ( ~ ,  ~1, 8~, fl~; ~1 + ~;  - -  
\ 

\ 

- x Y, zi  
1 - - X '  

Next,  using (5.5) in (2.16) it becomes after some simplification 

( _ ) v  m+~=P ( - p, re+n) d~,_ 1 

• (1 - u -  v - w) w'-~'-~-~:- ~ (1 - ux)  -~' (1 - vy) ~ (1 - wz)" d u  dv  dw. 

Using a known integral for the Lauricella hypergeometr ic  funct ion F s  we obtain 

the t ransformat ion 

Fs=(_ )pm+~=V( -p ,  m + n )  
re+n=0 (1, m)(1,  n) FB (/31' 82, fla; ~1, . m ,  - -n ;  ~1; x, y, z). 

Ei ther  cr 1 = 0 or /31 = 0 will lead to the known result  giving a relation between F 1 

and F a ([1], 14, p. 34). 

Finally,  coming to the t ransformat ion of F r - func t ion  we use the expansion (5.2) 

in the following integral (2.17) for FT 

f f  u~-lv~, -1 (1--u--v)r,-~,-~, l ( 1 - - v x ) - ~ , ( 1  - u y - v z ) - a ,  dudv .  

For  I ~ y ] < l  this becomes on expansion and term by  te rm integrat ion 

1 1 

~=o (~2, m) f sfl~+fl,+m l ~fl, +m l (1-7~(=- u)" f • 
0 0 

x (1 - s) ~'-~'-~'-1 (1 - t) ~'-1 (1 -- stx) -=' (1 -- sy) =..-mds dr. 

This can now be wri t ten as 

1 

x f~  ,§ (I -~)~,-~,-~,-~ (i _ ~y)_~_m ~F~ (~. 8~+m; ~ +~+ ~; ~x)d~. 
0 

Applying (3.9), we get the t ransformat ion  

(5.16) -Fr (~1, ~2, as, ill, f12, ill; 71, 71, 7x; x, y, z) 

= . ) ( 8 , ,  m)(fi l ,  - )  
re'To .~o (1, m)(1,  n)(Ta, m + n )  ( -  x)m(z-y)'x 

x F l ( f l l + f l ~ + m + n ;  ~ l + m ,  ~ z + n ;  7 1 + m + n ; x ,  y). 
21 - 543809.  Acta Mathematica. 93. I m p r i m 6  lo 13 aof i$  1955. 
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As a particular case if Y,=fl~+Sz in (5.16) 

F T  (0tl, 0C2, 0~2, 81 '  82 '  i l l ;  8 1 + 8 2  ' 8 1 + 8 2  , 8 1 + 8 2 ;  X, y ,  Z) 

=(1-x)-a'(1-y)-~'F3 ~Xl, 0t2, f12, 81; 81 + 82; i - -  ~ ,  1 �9 

Again, applying the substitution 5.1 (ii) in (2.17) it becomes 

(5.17) 
1 1 

( l - s )  a ' - l ( 1 - t )  v'-a'-a'-' ( 1 - s t x )  -~ ' (1 -y+sy-s  tz)-~'dsdt. 
0 0  

If 2 l y [+  Iz l<  1, we can use the expansion (5.4) and term by term integration gives 

1 1 

f ~=o (1, m) . 
0 0 

x(l_t)x,-~.-~,-~ (1-stx) ~,(1-y+ sy)-~,-~" dsdt. 
Thus, we get 

(~,, m) (8,, m) ( z ) 
(5.18) F (8,) F (Y, - fl,) FT = (1 - Y)-~'~=o (1, m) (Y~- 82, m) 1 - ~  • r (Yl) 

1 

f ( 8Y ~-~-m'Fl(~ ds" • s x'-~'+~-I (1 - s )  ~'-l 1 + 1 -- y] 
0 

Using the three transformations of (3.9) then expanding the new ,F  1, in each 

case, we get the three transformations 

(5.19) 

(5.20) 

~'~ (~1, ~2, ~2, 81, 8,,  81; r , ,  r l ,  rl;  x, y, z) 

~ (~1, m)(or,, n)(Yx- 8 , -  8,, m) (8,, n) (1 y)-~, x 
m=O/--' n=O/" (1, ~91) (], n) (~1, ~rt + n) 

x(--x)  m F 1 75-8,+m+n; o~x +m, at,+n; yl +m+n; x, 

m=on~o (1, m)(1, n) (Yl, m + n )  ( -  x)m 1 - ~  x 

xFl (y l -8 ,+m+n;  81+m+n, ot,+n; rl +m+n; x, ~---Yy) 

(5.21) 
m-o . - o  (1, m) (1, n) (Yx, m + n) 

xx m ~'~ ~ , ~ - p 2 + m + n ;  ~ + p ~ + p , - ~ , ~ ,  ~ , + n ;  ~ ,~+m+n;  x, 
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For ~1=~x+~2 (5.19-21) we get 

= ( 1 - - Y ) - ~ X Z F x  ~x; Ilx, (12; fl1-~-~2; x,  

Convergence conditions 

6. In order that  the formal proofs of our expansions deduced in previous sections 

be justified we must prove the conditions of absolute convergence for the said ex- 

pansions. We take all the parameters in the hypergeometric functions to be real and 

positive; the variables x, y and z have been replaced by their absolute values Ix I, 

l Yl and ]z I in the cases where they are not  positive, i.e., when the series run in 

positive and negative terms. 

We need then to know the bounds for the hypergeometric functions with posi- 

tive variables when their positive parameters diverge to infinity in certain ways. We 

establish these bounds by first proving the following simple inequalities which have 

been given in the forms of lemmas. 

Lemmas 1 

(1) (1 -I~J)  ~F1 (~1 + 1, t~,; r~; I~l) <~F~ (~1,/~1; rl; I~l) 

if ~1 > fll and fll + ~1 > ~1. 

(2) ~Fx (~1, ill; ~1 + 1; x )<  2F1 (~1, ~1; ~1; x). 

(3) (1 -x -y )F~(~ l+ l ; /~1 ,  ~ + l ;  ~'1, ~ + 1 ;  x, y)< r~F (~1;/~,/~; ~'1, rs; x, y) 
0t I 2 

(1 -y )F3(~  1, ~2+1, ~1, ~ + 1 ;  ~,~ + 1; x, y)< ~"F3 (~1, ~ ,  ~1, ~ ;  rl; ~, y) (4) 

if 71 > ~z. 

(5) 

if ~'1 > ~1. 

Corollaries 

Repeating the above lemmas m times we get the following inequalities: 
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(1) 

if Yl >fix" 

(2) 

(3) 
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(1 - Ix I) m d'x (~1 + m, fx; rx; Ix I) < ~F1 (,~. fl; rl; I~' I) 

2El (0el, f l ;  r l  ~- ~r/~; x) < ] 1  ((Zx, f l ;  ~1; x). 

(1 - x -  y)m $,  (~ + m; f .  f~ + m; rx, r2 + m; z ,  y) 

(r,,, m ) , ~  , . 
71, 72; x, y) 

if  72 > r and  )'1 > f l -  

(4) (1 - -  y)m F3 (0c1 ' 0c 2 ~_ m ,  f l ,  f12 + m" ~1 + m;  x ,  y )  

(rl, m ) .  , 

if 7x > 72. 

(5) Repeating the process fimt m times with respect to x and then n times 

with respect to y, we get 

(1 - l y D  m (1 - I z l )  '~ FD (0:1 +m ran; Pl, f2 -{- ~'n, f3 -~-n; )"1-~-m Jr-n; Ixl, lyl, I~l) 
(~'1, m + n) 

< (~1, r e + n )  Fo  (~xx; f l '  f2 f3; ')*'X; Ig~l ' ]YI '  12:1) 
if 71 > ~X" 

Lemma 2 

(1) (1-1xl)m+"(1-1Yl) '~Fl(:~x+m+~; ,exm,n+~, ~ + ~ ;  rxmmmn; Ixl, [Yl) 

< (r"  ~ + n ) F I ( ~ I ;  f l ,  f2; r,; I~1, lYl) 
(o: l, re+n)  

if 71 > ~1. 

(~) (1 - ly [ )n Vl (~l-t-m +n; f,, flu+n; ),,+m-t-n; I:~l, lyl) 

0, .  ~ + n ) ~ ,  (~1; f .  f~, ~,1; I:~1, lyl). 
< (~,  m + n) 

Proofs of the Lemmas 1 

In  each case we compare the ratios of corresponding coefficients on the two sides. 

More precisely, we denote by Rm (or Rm., or R . . . .  n) the ratio of the coefficients of 

x m (or x m y~ or x m yn zV) on the left to the corresponding coefficient on the right and 

show that  R m < l  (or R m . n < l  or Rm, n.v <1)" I t  may be noted that  the factor 

( 1 -  x - y )  where it occurs on the left is positive by virtue of conditions necessary for 

the convergence of the series F~ while 1 - y  for convergence of Fa and so on. 
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(1) Rm ~ l + m  m ( 7 1 + m -  1) = Oh ( / 3 2 - - 1 ) + m ( f l l + ~ 1 - - T a )  < 1  

0[1 0[1 (/31 ~- m -- 1) oq (t31 + m -- 1) 

if 71>/31, /31-~-0~1-~>71 . 

(2) Rm ff, l < 1. 
~ l + m  

(3) Rm, n = 

if /31 < 71" 

( ~ x + m + n ) ( / 3 2 + n )  m ( / 3 2 + n ) ( r l + m - 1  ) n 

/32(72 + 3  ) ~ 2 ( / 3 1 + m - - 1 ) ( 7 2 + 3 )  /32 

1 ['(~1 -t- m -~- n )  (/32 + 3 )  (/32 + n) n] 
)'2 + 3  

/32 (72 + n) 

if 72 > ~x and 71 > t31 and 72 > ~1 + 32- 

= [(~2 + 3) (fl, + 3) __] (~2 + 3) (/32 + ~) 
(4) Rm, n [ ~ m - ~ n )  fl2J ~ /32 (71 -~ n) - - -  f12' 

for  eve ry  posi t ive  in tegra l  m, 

= ~2/32 + 3 (12 + f12 - 71) < 1 
/32 71 +/32 n 

if 71 > 12 a n d  71 > 12 +/32- 

(5) Rm, n . v=  
(OC1 q - m - } - 3 " ~ - P ) ( / 3 2 - 1 - 3 )  - -  --~ = 0[1/32 "~- ( m  "-}- P)  /32 "q!- 3 (~1"~- f12 - -  71)  < 1 

/32 (71 + m + n + p)  /32 /32 (71 + m + n + p) 

if 71 > Ix1, 71 < ~ ~t_/32. 

Proof of Lemma 2 

W e  k n o w  t h a t  [ ! ]  

I a (O~lq-mq-3) r (71-- ~1) F l  (O~l q_ m _}_ 3; / 3 1 q _ m + 3  ' /32+3;  71 + y / ' + 3 ;  [Xl, ]yj) 
P (7~ + m + n) 

1 
= f u c''+m+"-' (1 - - u )  : ' - ~ ' - '  (1 - u ] x ] )  -t~'-m-n (1 - u ] y l )  -t~'-n d u  

o 

R e  (70 > R e  (~1) > 0 

= ! u ~ . - 1 ( 1 - 3 ) ,  ,-~, l (1-ulxl)-~,(1-ulyl)-~,  ( l _ u l z D , , + , ( l _ u l y l )  ~ du. 



310 SHANTI SARAN 

For m and n large, 0_<u_< 1, 

Thus 

U m+n 1 

(1 - u l ~ l )  ~ + .  (1 - u l y l ) "  - (1 - I x l )  ~ * "  (~ - l y l ) "  

F(~xl+m+n)['(Yl-~OFl(~xl+m+n; fll+m+n, fl2+n; y ~ + m + n ;  Ix], [Yl) 
F ( y l + m + n )  

1 

<_(1- l~l) -m-"( t - lu l ) -" fu~, , - ' (1-u)  ,',-~', '(1-ul~l)-~'(1-~lUl) ~'du. 
0 

Hence replacing the integral by its 

equality (i). 

Similarly, to prove (ii) we have 

corresponding function F 1 we get the in- 

F ( y l + m + n  ) Fl(a~+m+n; 81,/62+n;yl+m+n;Ixl,]Yl) 

1 
= fu ~''+m+n-' (1 - u )  r' ~'-' (1 - u Ix{) -~' (1 - u  lyl) -a,-~ d u  

0 

Re (YO > Re (~1) > O. 

For m and n large, O<u_< 1, 

1 1 

( 1 - u l y l )  n - ( 1 -  l y l ) "  

Hence as before we prove that  (ii) of Lemma 2. 

I t  may be noted that  five corollaries of Lemma 1 can also be obtained by the 

help of integrals. 

We shall also make use of the following two inequalities given by BurchnaU and 

Chaundy ([2], page 264). 

where a = rain (~, y). 

(ii) ( l - x )  m ( 1 - y ) n F i ( : t + m + n ; 8 1  +m,c~z + n ; y l  + m + n ; x , y )  

< (Yl, m + n) 
F 1 (0~; 81, ~2; ~21; x ,  y )  

(~1, m + n) 

if 71 > ~r  

Using these asymptotic forms in our expansions we get the following regions of 

convergence: 



(1) 

(2) 

(3) 

(4) 

(5) 

(6) 

(7) 

(8) 
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[ z - Y l < l l ' x - Y l }  in (3.6) 
I~l+lyl<l 

(3.10I 

[x[<l,  i y l < l ,  z - - y  <1 in (5.13) 
l ' g  

l y l < l ,  l y [ < l ,  [ z [ < l  in (5.14) 

< 1 in (5.9) 

Ixl<l, ~ 1, Iyl<l, <l ,  l~1<1, 

Ix l< l ,  ~_~  1, l y [< l ,  < l  in (~.16) 
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< !  in (5.15) 

1'1 1 (9) Ix l< l ,  l y l < l ,  ~ I, 1 - ~  + <1 in (5.19) 

(10) 1 I x [ < l ,  l y t < l ,  + <1 in (5.20) and (5.21). 

I t  may be reeMled that  the regions of convergence for the hypergeometrie func- 

tions of t~hree variables are as below: 

FG: r + 8 = I  

r + t = l  

FK: t = ( 1 - - r ) ( 1 - s )  

FM: r + t = l  

8=1  

FN: 8(1--r)+t(1--8)=O 

1 1 1 1 
Fs: - §  =1 

r s r t 
and 

Fr" t = r - r s + 8 ,  

where I x l < r ,  ly[<s and Iz l< t .  

1 [3]. Use result (15), p. 146. 
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