ON SYMBOLIC CALCULUS OF TWO VARIABLES

BY
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1. The notation
o g <h(x,y)

between the image and the object in the symbolic calculus of two variables is used
to represent the convergent double integral

o0 o

$(p.q)=pg[ [e ™ Vhix,y)dzdy. R(p)>0, R(g)>0.
0 0

The object of the present paper is to derive a theorém in the symbolic calculus
of two variables, starting from a chain of relations in one variable, and to show some
applications of the theorem.

2, Theorem. -If f{p)<<z’"'h(x) and p"“h(#

i
y Fo(zy) > p 7t f(p'g),
valid when x>0, R(1)> —1, R(v)> —1.

) <o (x), then

Proof. Let Ji(x) represent Wright’s generalised Bessel function [1] defined by

)= S D)

Sr T tArury »70 R()> —1.

Then 2
_§ g
x‘y’Ji‘(x"y)f‘zor!I‘(l+).+pf)

_L sTPE+r+)( 1 r

>P‘9’ rgo r! ( P"Q)

B ' prerh-dg _

=T'(»+1) T R(»)> —1. (2.1)
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Let
fp)<*'h(z) imply h(p)<g(). (2.2)
Then, by Gupta [2], we have
p""h(é)<z‘[g(s)ﬁ‘(sx")ds (2.3)
where ’
g(8)=0 (s7***), for small s, £>0
and

g(s)=0[s*#+D-1-a exp (—s*Te2 8% cog rx)], x=

/4+1’

for large s; €,&>0, and f e P> F(x)dx is absolutely convergent, F(x) being the
0

right-hand side expression of (2.3).
Thus

z 2 (x)= [ g(s)J§ (s2”) ds. (2.4)
[1]

Writing (2.4) in the form
2 1
y Folay")= IS"Q(S)#(yS)' i ("ys)ds,
]
and interpreting by (2.1), we obtain

o0

i 1 L
¥ R o@yh) > T+1)pro-ig | ) ds

J et (2.5)

provided the integral on the right of (2.5) is convergent. For this we should have
A=uv+p+v+3, which holds under the condition of validity stated in the theorem.
Now Shastri [3] has shown that

it f(p)<h(z), #h(pmg(x), then

F gt
fo)=Ton 27 L0 Rom> -2,

So that from (2.2), we have

_ [ _owdt o
f(p)—P(v-"l)po (p+t)'+l, R(’l’)/ 1’

so that

f(p"q)=1‘(v+1)p"qf( g(0)dt 26)
0

pllq_*_t)'-i'l.

The theorem follows on comparison of (2.5) and (2.6).
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The following corollaries are interesting.

(A) Put »=1, u=1 and A=k+1 and we have:

If f(p)<h(z), -1; (;) <o (x), then y ¥ o (xy) > p~* f(pg)—a result due to Delerue [4].

(B) Put »=1, u=2, A=2m+2 and we obtain:

I (G)<h@). ah(5s) <o then y "o V= P, Bom)> -1

(C) Put v=1, u=4 A=m+} and we obtain:
If f(p)<h(x), Lh(V )<a(x) then y‘2ma(xy2)>p‘mf(qV1—o), R(m)> —3}
P P

(1) Application of the Theorem

Let
h(z)=et%, so & h@)=2""le t*>T () pe'” D_,(p)=}(p)
and

1
1 1 1 “g2x _ _
Fh(?)=z7‘7‘e T at I (2 =0 (a).

Hence from the theorem, we obtain the operational representation
Py I P =T 0)pr gt T D, (pg) (2.7)

which can be written in the form

m
2m mk 2m m

gyt 2J" l(w ) STn+k—1)gp 167" D nlgp™ ).  (2.8)

In particular,

ghmyn i1 ], (yV22) > L g gD (gl p) (2.9)
Zimym-1J, yV_a:)> LOm) 4o p L (qVp) (2.91)
at J, (yV2z)>2-1 qet?T D_, (qVp) (2.92)
Ay (yV22) > LD VA D, gV p) (2.93)
Ty (yV2z2) > ¢Vpet™' D_, (¢Vp) (2.94)

sin (yVx) > Vapqe! T D_, (gV2p)® (2.95)
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and

y*'sin (y)22)> ]/'5‘ Tk+1)gpt et D_ry, (g Vo). (2.96)
Also

3 -
— 2 22
4 (m+1)y%(m+3l:—2) J&(mvl). im [3 l'%x?‘ y2] =) V:t F(m + k) qpk e_izf q D—(m+k) (P q) (2.10)

with the following special cases

s _
——— 2 2,0
@YD Ty gy 1w 3V 9% > V;ZI‘(m+ D)pge!” D oy (pg)  (2.101)

3 .— - 2 H2

et J_y B2 > l/qupe“ “D_i(pg) (2.102)
LA 1 -

@ty BVl = ﬁpqe“’ “D_yp9. (2.103)

(2) Application of Cor. A
(a) From

1 . . )
11 .2-P{sin pCi(p)—cos p Si(p)},

g () 005 e (757 5 (73]

and
_e
1 e r 1 —\[5}
s 3o Un (282, 2Vaz)™,
p 2P2+ﬂ2 B ) B .

where U, is the Lommel function for unrestricted values of n (Watson [5], p. 537).

Hence, we have the operational representation

71 ?
y”"Un(2ﬂxy,2Vocxy)>(ﬁ) .q [sinpq+m0i (pq”‘) —cos 2L %g; (”q“‘)]- 2.11)

P B B B i
(b) We have
n—p
l"(l+n—‘u)p#e“’W_n,_,,+*(p)<mzk(x),
R(l+n—pu)=0,
l l _ pu~n+1 1 —izon-1
gk o) = s S M @)

and we obtain the operational representation

Sy My i (2y) e VY ST (L4 n—p) T (20) p' " b2 W_, _ , (pg) (2.12)
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and in particular,
e "' > pqe’? Ei(pq), (2.121)

E; having the definition given in [6], p. 352, and
e =T () qp® " 8 (v, pg),
known already, S (v, ) being Schlémilch’s function.

(¢) From Adamoff’s integral ([6], p. 353) we obtain the following two operational

representations:
moo oy (D" Vm 1l L 1
X S]nl/2ﬂ/>‘2mﬁ6 417D2m+1 l/z‘) (213)
and
— (=1 Var _1 1
¥ cos l/2x>£—1)mﬁ—m!_—% ¢ *? Dy (——) (2.14)
2" p Vp
(m, positive integer in both cases).
Also,
1.2 - tka e
Ssin =<Vma 0 Jawar , (3V2) (2.15)
P Vp 2’
and
1 g - sk 5
— cos =<Vma © Jr,—3 (3 Va). (2.16)
P Vp
We then obtain the operational representations
3 1
lait1) L@m—2k—2) (-~ 1 YT 1
8 8 _.(3V1 > - g wap, (- 2.17
“ Y i1 3 2zy)>2%(6m+2k—l)kaM—ie *"\Vpq (2.17)

and
1

3
1 1(6m— —-1" 1 = 1
x6(4k+1) ye(ﬁm 2k+1)J§(2k+1),} (3 l‘/—%xy) >2g((3m+)ic+1)- p" q"' e PeDy (V__) (2.18)

(d) From (2.13) and Mitra’s [7] operational representation

(-1)*V2aT(2n+2) p*!
Tn+1) (2p+1)"'+

3<e*”Dgn+1 (V.;?)

we -obtain, from -our corollary,

al(2n+2) pq*tt

z" sin Vey > .
T'(r+1) dpg+ l)n+‘°§’

(2.19)
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Similarly, using (2.14) and

_ V2l @2+ p(1-9)"  (Mitra. 17
2=t Dy, (2V2)> FTmTT) (prIpt (Mitra, [7]),

we get
n . n+1
T cos_m - 22-T'(2n+1) pq (2.20)
Vey Fn+1) (4pg+1)+t
whence,
cos 2ny Tpq
Vzy (1+pg)t
a result, due to Delerue [4].
(e) Let
3v:m . 3vm . P 3vm . 3w .
h(x) = cos ~4 o8 @ sin ——sin 2> e [p cos — = —sin T] ={(p)
and
lvh (1) zlv cos (1 +?i7—t) <}" ber, (2Vz) (Mc Lachlan, [8]).
P \p/ p p 4
So, from the theorem,
Z\br —_ q v, 3vn]
V' b 1 2P gin 227
(y) er, (21 zy) > AP ) [pq cos ———sin —
Similarly, from
1 . (1 3wn . -
= sin (= +==) <" bei, (2V2),
p p 4
z\r — q 3vm . 3vx:
=) bei, (2Vzy) > ——- L [cos —-+pgq sin ——]
(y) V2T i) g P 4
whence
1 P4 z\i” — 3vm . -—, . 3z
p iy < y ber, (2Vzy) cos e + bei, (2Vzy) sin e (2.21)
and
L _Pq a\ [ o 3vm =) sin 227 . 929
Py < (y) [bel, (2Vzy) cos 1 ber, (2Vzy) sin 1 (2.22)

With »=0, familiar operational representations for ber (2Vzy) and bei (2 Vzy) are
obtained.

(3) Applications of Cor. B
2 1
(@) From the operational representations of ¢? and I, (;}), it easily follows from

the theorem that
ber? (2Vz Vy) + beit (2Vz Vy) > e, (2.23)
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(b) Let

-)"Va 1l -1 1
f(p)=(7m)+§£tﬁe 2 Dy mi1 (l—/.;)

h(z)=2" sin V2.
1 1 1 V2
Hence —5,—+% (—) =—; si (—)
pEm P PP p

>2 =3 x [be]z,,(Zl zV2) cosT — ber,, (2 Vxl 2) sin 3;ﬂ]

80

Thus

x ym 2 [beiz,, (2 Ve V2_y) cos 3—;7—; — berz, (2 VE%;) sin §;—R]

—-1) l/n 1 _L: 1
( e P qumrl(HV:)' (2.24)
2"‘—‘*“ P q yaR'!

In particular

7 beion (21212

7 D™~ 1
Py (4m )m e *" Dymis (m) ‘ (2.241)

and
- 1

bei (2VzV2y) > V’g—’ e 7 (2.242)
Similarly, if we start with (2.14), we can obtain

Yyt [berzp (2 Va Vé;/) cos 3—;3} + beis, (2 V:;V2—_y) sin §12,—ﬂ]

~)"Va 1 1 1
= | 7: ,V”-pzvqmﬁe 4MD2,,,( V) (2.25)
L)

-

In particular

m 1 \
22" —%ber4,,,(2VxV2y)>vn —D s € P Do (#) (2.251)
" plq/
and
1
l—/-ber (2VzV2y) > Vg e 7. (2.252)
Yy
(¢) Fror~
S(v,z)=fe“z‘(1+t)“’dt,
0
we have

vz P S(», p).
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Since
22T v+ %) P ; _
V7 @rppn =T e £
we have,
_r - T (v +
2y 2J,(xly)> Pl(/li—‘) 52 Sw+3.1°9
T

Since e ?8(1, p)= — E;(—p), we -obtain, in particular,

. N . 1/7
—pge” Ei(—pig) < Smlf 4.
y

Similarly, if we utilise

2" 10 (v + 3) P’

Ve =L@, RO)> -1,
T (l+p2) 2

we obtain,
- i~ P w+d) ¢

IF p2v~IS(V+%’ 1’2Q)-

In particular,
cos (x)y) > — pPqe” Y E (- pq).
(4) Applications of Cor. C
(a) From
In(32)>a i 0(m+ ) pDom-y(pet™) Dom—y (pe~t™), R(m)> -}
and

T V2 I (V2) > (2_12_0)

we obtain from the theorem,

Tn @V2) In (yV2)> 2 T (m+ 1) gVp Dy (4Vp et ) D_py (gVpet).

(b) Again, if we proceed with

(—1)*Valury 2e))>3T (n+1)pDon_1(3p) Don-1(— D)
and
]. +} (%) <beri+t (2 l/;) + beifﬁg{ (2 V—a_:),
we derive

(-1 2Vx
I'in-+1)

(2.26)

(2.261)

(2.28)

[beri ) (241 ) + beid.y (2yVa)l= ¢ Vp D_y_1 (3 ¢VP) Don-1 (-1 ¢Vp). (2.29)
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(¢) We have the operational relations

— ) ) 2'
2 P Kom (V2 P eim) Kom (l 2 P e—}m)<x—1 Kom (;),

\'

deduced by a modification of McDonald’s integral [5]; and
x~* exp L Wi 1)>2]0k+5‘Kz . (2Vp)
2z o x, " ’
deduced from Goldstein’s relation [9]

1 _r r?
i __ 4 —
¢ K, (g <o tW%u—é,%v(‘Lt):

where ¢*>=p and r is complex with arg r|<}a.
So, on application of the theorem, we get
1

ke EEW, (gly*z)> 4pk+%.q.K2m‘(V2ql/;)eim’) Ky (V2ql/; o—1ni)

with the following special cases

1
6—2z_nym (% o A s
(i) Ve "V >4Vap-qKen V2qVpet) Ky V2qVpemtni)
x
1 __1 — = R = ,—1ni
(i) e 240" Ko V2gVpetn) Ko Vg1 7H)
1 —_—
(iii) x—lye_’”—y’>4qu0(V2qV5e*"i)K0(V2qV5e‘*”i’)
1 — —_— —_—
(iv) e TV >4quK1'(V2ql/p etni) K, (V2ql/p e~tni)
1 -L 2V, vy
v) e T >glopge N aVr

Va Y
and
1

xﬂ_} y"é’ e—WD“Z/P—'% (l/;gy.z_) > 7T 2*’/‘2){“# q} e_zvm

where D, is the parabolic Cylinder function.

(2.30)

(2.301)

(2.302)

(2.303)

(2.304)

(2.305)

(2.306)
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Since
— ¥ 2 z .
1 (V22)= (j—z) et*(1—erfVz), erfa= —:fe”"du,
2 Vo
1]
we have
Y- [1— erf ( )] >V2mge2/uVp (2.307)
yVa
(@) By taking f(p)=VpE:(~Vp), so that k(z)= —;:Ei(— J_) and
2V . 4z
olx)= 1 - E, ( — _1-_) in the theorem, we easily obtain the operational representation
4nVx . 64 x
1 =)
Vay 64 64z P q

(¢) We have the operational representations

3 3
ber® (3 V) >ber (%) and bei® (3Vx) >bei (3_)
Vp Vp

(n) (ny

where ber™ and bei™ are defined by

1
I o (xi"* 1) = ber™ (x)+1i bei™ (x), I o (2)

being the Hyperbesselian function (Delerue [4]) and

ber (z)> r[ 7’ +——_1_—_]%

1+p Y1+ pt
1 p® 1t
bei (z}> == Vs [l/l > l+p“]

The theorem then gives the operational relations

Vo X
er® [3‘;xiy] ﬁ[mw 7+ pgl (2.32)
and
P
bei® [3V4aVy] = V2(1 e VTP et (2.33)
() Let

F@=ValG-wE P {H «(»)— Y. u(p)}
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so that
1
h(x)—aﬁm'
Then
1 1\ pre2iti e At M, () 1 =
P z"(l/;)_(1+p)ﬂ+%< Faeeny o 47Tk Sc@es

We then obtain
ValG-w I (24+1)

-+ 1 —
2”T1 q #,p_(1+/t 13).

e oyt ph—t 4—22-1 M, 50 (xy) >

[H_,(@Vp)—Y_,@Vp)]. (2.34)

In particular,

X

em ey VAT (—2m) D (142m) 3G 2m) Siom,
22m+% P 9

Ho2m-1 (gVP)~ Yoamoy (¢VP)], —3<m<0. (2341)
(8) Again, if we take

f(p)=T (m+})pte-—miDelr W_tatm)y, —3n—my (p), B(m)> —}
so that

xm—t

e

and

pole

o (x)= V%(M)“"—*)e‘z?D-n_% (V2z), R@n)> —

in the theorem, we obtain

2D ygm=t 4o D (y)/27)

SValim+})

STy prm=niD gb-miD Vo Wy s (gVp)  (2.35)

where R (n—m)> —3.
In particular,
y~t e [1— erf (yVz)] > npt qe‘”/f—’[l —erf Vq—l/ﬂ . (2.351)

3. In the following, we shall obtain the sum of certain series and evaluate

certain definite integrals by the help of the symbolic calculus of two variables.
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(1) We have

(n+oc)(~x)' 3.1)

and

So, writing (3.1) in the form

1 (=D 1 egep (L
! 9BAEFD o} (Gnt2k—1) gt 2r

Y TS B
- \n—r] @ptT gt T
and interpreting both sides by (2.17) and Delerue’s [4] operational representation

1
e Pa
»

3
2m-n 2n-m 1
xTy 3 Jm,n(SIxy)>pmqn

we obtain, on reduction,

T

n 3.__._
LT AN v Bt I (] IO LV NS e

This leads to the expansion

1
lx "Jr -3 (32)= z( ' (n_f) & Tpir,nir—t (32). (3.2)
Similarly, if we proceed with (3.1) and

L} (@)= 2‘;3) 2= et? Dy (V22),

and interpret by the help of (2.18) and Delerue’s result quoted above, we obtain

2 3 » -1 n+
S GE O Ty, y BV Eay) = Zo(’,r)' ( !
! S !

e ) Gt Tisr—t, ntr—3 (3 ley)

This gives the expansion

2 n + .
n— 1 Jyertn,1 (32)= (n %)x Jksr—1, ntr—3 (37). (3.3)

r=0 n-—r
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(2) We have

Hence, on inferpretation, by Delerue’s operational representation and subsequent

simplification, we obtain

n

w+

I, n[3V (a+ B ayl= (1+ﬁ)m ozQ:(_ll)r(ﬁ) @) T, n+r(‘3Vocx

Vo?

This can be written in the form

3 B min e (_ 1y / B r 3
I, n [BxVa+ Bl= (1+ ) 3 Z (—— & Tmir nar (32Va). (3.4)
r=0 -
Vo
Where, for convergence of the series on the right, we take f§° <o
(3) We have
1 p,u(v+1) 1 .q pu(ﬁﬂ) v.q pu(v+ﬂ+2)—(l%y+1),q

pg (L+p gr*t (L+prgftl  (L+pigr P

So, on interpretation by the product theorem and the operational representation (2.1)

we obtain

Ofof e—E (y—n) &P T [(x— &P (y— )] J4 (&' n)dEdy

T nr 1
= ({i‘("v:ﬂiﬁ/; )xl+y+1 y* B8, oy (@ Y). (3.5)

In particular,

A1 y+1 lev—21+1) 1 3 68—2y+1)
’7

v 3
[@—&7 &5 y—n)' a1 a3VE -6 y—n)]-
0 2 22

Ot

3
Jy 1y[3VEEqldEdy

2

DO =
[ IR

_1 P+l +1) u_;+_2 1(6v+65-21-2y+5) al—z—
Ve To+pry ¢ Y Ty 2 {3VESyp. (351)

Department of Mathematics, Central Calcutta College, Calcutta.
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