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1. Introduction

Consider the random power series
x
fu()=)_ an2™, ¢
n=0

where {a,, }2, are independent standard complex Gaussian random variables (with den-
sity e=#*/7). The radius of convergence of the series is a.s. 1, and the set of zeros forms
a point process Zy in the unit disk U. Zeros of Gaussian power series have been studied
starting with Offord [20], since these series are limits of random Gaussian polynomials.
In the last decade, physicists have introduced a new perspective, by interpreting the zeros
of a Gaussian polynomia)l as a gas of interacting particles, see Hannay [12], Lebceuf [15]
and the references therein. Much of the recent interest in Gaussian analytic functions was
spurred by the papers Edelman-Kostlan [9] and Bleher-Shiffman—Zelditch [4]. A funda-
mental property of Zy; is the invariance of its distribution under Mobius transformations
that preserve the unit disk; see §2 for an explanation, and Sodin-Tsirelson [27] for refer-
ences.

Our main new discovery is that the zeros Zy form a determinantal process, and
this yields an explicit formula for the distribution of the number of zeros in a disk.
Furthermore, we show that the process Zy admits a conformally invariant evolution
which elucidates the repulsion between zeros.

Given a random function f and points 21, ..., zn, let pe(21, ..., 2,) denote the proba-
bility that for all 1<i<n, there is a zero of f in the disk of radius ¢ centered at z;. The

The first author was supported in part by NSF Grants DMS-0104073 and DMS-0244479, while
the second author was supported in part by NSF Grant DMS-0206781.



2 Y. PERES AND B. VIRAG

joint intensity of the point process of zeros of f, also known as the n-point correlation
function, is defined by the limit

. pe(z1y 00 Z0)
p(zl,.,_,zn)=€11_r)r(1)—e——7r—n?n—" (2)

when it exists; see (10) for a related integral formula.

THEOREM 1. The joint intensity of zeros for the i.i.d. (independent identically dis-
tributed) Gaussian power series (1) in the unit disk exists, and satisfies

p(zl,...,zn)zﬂ‘"det( 3)

1
(1-2%;)? )i,j’

Thus the zero set of the i.i.d. series fy(z) is a determinantal process in U, governed
by the Bergman kernel Ky(z, w)=n"1(1—2®)2; see Soshnikov [28] for a survey of deter-
minantal processes. In particular, (3) extends the known fact that p(z1, z2) <p(z1)p(22)
for all z;,z,€U, i.e., the zeros are negatively correlated. In fact, Zy is the only pro-
cess of zeros of a Gaussian analytic function which is negatively correlated and has a
Mgbius-invariant law; see §2.

The determinant formula for the joint intensity allows us to determine the distribu-
tion of the number of zeros of fy in a disk, and identify the law of the moduli of the

Zeros.

THEOREM 2. (i) The number N,.=|ZyNB,(0)| of zeros of fu in the disk of Eu-
clidean radius r about 0 satisfies

(1+12ks) (4)

o

E(1+s)N'=
k

1

for all real s. Thus N, has the same distribution as > po, Xk, where {Xx}32, is a
sequence of independent {0, 1}-valued random variables with P(X,=1)=r2%,
(i) Moreover, the set of moduli {|z|: fu(z)=0} has the same law as {U,:/zk},;“;l,

where {Uy }ro, are i.i.d. random variables uniform in [0, 1].

From Theorem 2 we readily obtain the asymptotics of the hole probability P (N, =0).
Furthermore, the infinite product in (4) occurs in one of Euler’s partition identities,
see (36), and this connection yields part (ii) of the next corollary.

COROLLARY 3. (i) Let h=4nr?/(1—~r?), the hyperbolic area of Br(0). As r11, we

have o —mh+o(h)\ _ —m2+o0(1)
P(N,=0) —exp(—T——) —exp(m)
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(il) The binomial moments of N, equal

N, ph(k+1)
E( k ) T 1= (1=rhy . (1=r2k)

(i) The ratio (N.—pur)/o, converges in law to standard normal as r11, where

2 r2
and o2=VarN,=

T
MT:ENT:I—'rz 1—r4"

1.1. General domains

The covariance structure E(fu(z) fu(w))=(1—2z@)~! equals 27 times the Szegd kernel
Su{z, w)=(27) 1 (1—2@) " in the unit disk. The Szegd kernel Sp(z,w) and the Bergman
kernel Kp(z,w) are defined, and positive definite, for any bounded planar domain D with
a smooth boundary. (See the next section or Bell [2] for information on the Szegé and
Bergman kernels.) For such domains we can consider the Gaussian analytic function
fp(z) with covariance structure 2rSp in D (an explicit formula for fp is given in (12)).
Recall that a Gaussian analytic function in D is a random analytic function f such
that for any choice of 21, ..., z, in D, the random variables f(z1), ..., f(2zn) have complex
Gaussian joint distribution.

COROLLARY 4. Let D be a simply-connected bounded planar domain, with a C*
smooth boundary. The joint intensity of zeros for the Gaussian aenalytic function fp is
given by the determinant of the Bergman kernel:

(21, ..., zn) = det (Kp(2i, 25))s, -

Note that for simply-connected domains as in the corollary, the Bergman and Szeg6
kernels satisfy Kp(z,w)=4mSp(z,w)? see Bell [2, Theorem 23.1].

1.2. The one-parameter family of Mdbius-invariant zero sets

For p>0, let Zy , denote the zero set of
1/2

fU,g(z)zi <‘nQ) anz", (5)
n=0

where {a,}52 are i.i.d. standard complex Gaussians. In particular, fy,; has the same
distribution as fy. As explained in Sodin—Tsirelson [27] (see also Bleher-Ridzal [3]),
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for any ¢>0, the distribution of Zy , is invariant under Mobius transformations that
preserve U. Moreover, these are the only zero sets of Gaussian analytic functions with
this invariance property. However, only p=1 yields a determinantal zero process.

Taking n=1 in Theorem 1, one recovers the well-known formula (1—|z|?)~2/7 for
the intensity of Zy. More generally, the intensity of Zy,, in U is o/m(1—|z|?)?, see
Sodin [26]. It follows that the expected number of zeros in a Borel set ACU is g/4m
times the hyperbolic area

4dz
AN =/A (EEDE

{Integration is with respect to planar Lebesgue measure.) This can also be inferred from
Proposition 8 below. In §5, we prove the following law of large numbers:

PROPOSITION 5. Let 9>0, and suppose that {Ap}pr>o is an increasing family of
Borel sets in U, parameterized by hyperbolic area h=A(Ar). Then the number N(h)=
| ZuNAg| of zeros of fu,, in An satisfies '

N(h) _ o

1.3. Reconstruction of |fy | from its zeros

THEOREM 6. (i) Let p>0. Consider the random function fy ,, and order its zero set
Zu,, in increasing absolute value as {zx}32,. Then

o0

.0 =c, [] e/*I2e] as. (6)

k=1

where c,=€@™7770)/2p=¢/2 and y=lim, 00 (Y p_; 1/k—logn) is Euler’s constant.
(ii) More generally, given (€U, let {(k}r, be Zu,,, ordered in increasing hyper-
bolic distance from (. Then

Ck—¢

— . 7
1—-¢Ck @

[fu,0(0)] = co(1—[¢[2) 22 H c0/2k

k=1

Thus the analytic function fu ,(z) is determined by its zero set, up to multiplication
by a constant of modulus 1.

This theorem is proved in §6.
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1.4. Dynamics

In order to understand the negative correlations for zeros of fy, we consider a dynamic
version of the zero set Zy. Denote by Zy(t) the zero set of the power series >~ an(t)2",
where the coefficients a,, (¢) are independent stationary complex Ornstein—Uhlenbeck pro-
cesses; in other words, a,(t)=e~/2W,,(e*), where {W,(-)}32, are independent complex
Brownian motions.

A direct calculation gives that, for the process Zy, the intensity ratio

p(z1, 22)
p(z1)p(z2)
is strictly less than 1, and decreases to 0 as the hyperbolic distance between z; and z;
tends to 0. This repulsion suggests that when two zeros get close, there is a drift in their
motion that pushes them apart. However, this is not the case. Instead, we have the
following result:

THEOREM 7. Consider the process of zeros {Zy(t)} in the unit disk, and condition
on the event that at time t=0, there is a zero at the origin, i.e., 0€ Zy(0). The movement
of this zero is then described by a stochastic differential equation which at time t=0 has
the form

dz=o0dW,

where W is complex Brownian motion, there is no drift term, and

1 4 N 1/2k
;—IfU(O)|—01H€ |z a.s.
k=2
Heuristically, any zero of fu oscillates faster when there are other zeros mearby; this
causes repulsion.

Analogous processes Zp(t) can be defined in general domains, and we shall show
in §7 that the family of processes Zp(t) is conformally invariant (no time change is
needed). Theorem 7 can be extended to g#1 as well.

Conditioning to have a zero at a given location. It is important to note that the
distribution of fy; given that its value is zero at 0 is different from the conditional
distribution of fy given that its zero set has a point at 0. In particular, in the second
case the conditional distribution of the coefficient a; is not Gaussian. The reason for this
is that the two ways of conditioning are defined by the limits as e—>0 of two different
conditional distributions. In the first case, we condition on |f;(0)|<e. In the second, we
condition on fy having a zero in the disk B.(0) of radius € about 0; the latter conditioning
affects the distribution of a;. See Lemma 18 in §6.
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1.5. Hammersley’s formula

The starting point of the proof of Theorem 1 is a general permanent formula for the joint
intensity of zeros for Gaussian analytic functions. A version for polynomials is due to
Hammersley [11] and Friedman [10]. The permanent form (9) for Gaussian polynomials
appears in the physics literature (Hannay [12]). Closely related formulas for correlations
between zeros of random sections of a positive holomorphic line bundle over a compact
complex manifold were established by Bleher—Shiffman—Zelditch [4].

The version we need is for Gaussian analytic functions, that are not necessarily
polynomials.

PROPOSITION 8. Let f be a Gaussian analytic function in a planar domain D such
that Ef(2)=0 for all ze D. Given points 21, ..., 2, €D, consider the matrices

A=(Ef(z))f(2)), B=(Ef(2:)f(2)) and C=(Ef'(z)f(2))
Assume that A is nonsingular.
(i) The joint intensity for the zeros of f exists and satisfies

E(|f'(21) .- f' ()| f(21) = ... = f(2) =0)
det(mA)

P(21y ey 2n) = . (8)

Consequently,
perm(C—BA~1B*) ©)
det(mA)
(ii) Assume that A=A(z1, ..., 2,) is nonsingular when 21, ..., 2, € D are distinct. Let
Z }\” denote the set of n-tuples of distinct zeros of f. Then for any Borel set BCD™ we
have

p(21, .0y 2n) =

E#(BNnZ"\"™) =/ (21, s 2n) dzy ... dzg. (10)
B

The proof of this proposition is given in §8.

In the derivation of Theorem 1 from Proposition 8, we use conformal invariance, the
i.i.d. property of the coefficients, and the beautiful determinant-permanent identity (26)
of Borchardt [6].

Remarks on the literature. A nice introduction to the theory of Gaussian analytic
functions is given in Sodin [26]; for earlier results, see Hammersley [11], Friedman [10],
Bogomolny-Bohigas-Lebceuf [5], Kostlan [14], Edelman-Kostlan [9] and Hannay [12].
Close to the topic of this paper are Shiffman-Zelditch [23] and Sodin-Tsirelson {27].
Determinantal processes are also being intensively studied, see Soshnikov [28]. Theo-
rem 1 provides further evidence for the analogy, suggested in Lebceuf [15], between zeros
of Gaussian polynomials and the Ginibre ensemble of eigenvalues of (non-Hermitian)
random matrices with i.i.d. Gaussian entries, which is known to be determinantal.
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2. Conformal invariance and preliminaries

Complexr Gaussian random variables. Recall that a standard complex Gaussian random
variable a has density e~*?/m, expected value 0 and variance Eaa=1. A vector V of
random variables has a complex Gaussian (joint) distribution if there is a deterministic
vector Vy such that V—Vj is the image under a linear map of a vector of i.i.d. standard
complex Gaussian random variables.

If X and Y are real Gaussian random variables of mean zero, then X +14Y is complex
Gaussian if and only if X and Y are independent and have the same variance. A complex
Gaussian random variable Z with EZ=0 satisfies EZ"=0 for any integer n>1.

The complex Gaussian power series. Recall the power series fy in (1). A Borel-
Cantelli argument shows that the radius of convergence of fiy equals 1 a.s. Clearly, the
joint distributions of fy(z) for any finite collection {z;} are complex Gaussian, so the
values of fy form a complex Gaussian ensemble. Since fy is continuous, its distribution
is determined by the covariance structure

o0

Efu(2)fuw)=)_ (z0)" = (1-zm)"". (11)

n=0

The right-hand side is 27 times the Szegd kernel in the unit disk; it suggests a natural
way to generalize the power series fy.

The Szegd kernel. Let D be a bounded planar domain with a C* smooth boundary
(the regularity assumption can be weakened). Consider the set of complex analytic
functions in D which extend continuously to the boundary dD. The classical Hardy
space H%(D) is given by the L2-closure of this set with respect to length measure on 8D.
Every element of H?(D) can be identified with a unique analytic function in D via the
Cauchy integral (see Bell 2, §6]).

Consider an orthonormal basis {,}32, for H2(D); e.g., in the unit disk, take
Yn(2)=2"/v2r for n>0. Use i.i.d. complex Gaussians {a,}3%, to define the random
analytic function

fD(Z):\/% Zan"bn(z) (12)
n=0

(cf. (6) in Shiffman—Zelditch [23]). The factor of v/27 is included just to simplify formulas
in the case where D is the unit disk. The covariance function of fp is given by 27 Sp(z, w),
where

Sp(z,w)= 3 4n(2) Pn(w) (13)

n=0
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is the Szegd kernel in D. The Szegé kernel Sp does not depend on the choice of ortho-
normal basis and is positive definite (i.e., for points z; €D the matrix (Sp(z;, 2x));k is
positive definite).
Let T:A— D be a conformal homeomorphism between two bounded domains with
C* smooth boundary. The derivative T’ of the conformal map has a well-defined
square root, see Bell [2, p. 43]. If {),}%, is an orthonormal basis for H2(D), then
{VT' (oT)}2, forms an orthonormal basis for H2(A). In particular, the Szegé ker-
nels satisfy ‘ ‘
Sa(z,w) =T'(2)Y? T (w)/2Sp(T(z), T(w)). (14)

When D is a simply-connected domain, it follows from the transformation formula (14)
that Sp does not vanish in the interior of D, so for arbitrary p>0 powers S3, are defined.

Let {nn}22, be an orthonormal basis of the subspace of complex analytic functions
in L?(D) with respect to Lebesgue area measure. The Bergman kernel

Kp(zw) =Y 1a(2) (W)

n=0
is independent of the basis chosen, see Nehari [18, formula (132)].

The Szegd random functions with parameter p. Recall the one-parameter family of
Gaussian analytic functions fy , defined in (5). The binomial expansion yields that the
covariance structure E fu ,(2) fu,.(w) equals

i Gl eman = i (C) o = -2y =2rSuz ). (15)

The invariance of the distribution of Zy , under Mébius transformations of the unit disk
is a special case of the following result:

PROPOSITION 9. Let D be a bounded planar domain with a C* boundary and let
0>0. Suppose that either (1) D is simply-connected, or (ii) g is an integer. Then there

is a mean-zero Gaussian analytic function fp , in D with covariance structure

Efp o(2) fp,o(w)=[27Sp(2,w)}® for z,weD.

The zero set Zp,, of fp,, has a conformally invariant distribution: if A is another
bounded domain with a smooth boundary, and T: A— D is a conformal homeomorphism,
then T(Za,,) has the same distribution as Zp ,. Moreover, the following two random
functions have the same distribution:

Fre(2) £ T (2)%/2 (fD,0°T)(2). (16)
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We call the Gaussian analytic function fp , described in the proposition the Szegd
random function with parameter p in D.

Proof. Case (1): D is simply-connected. Let ¥: D— U be a conformal map onto U,
and let {a,}22, be i.i.d. standard complex Gaussians. We claim that

1/2
f(2)=¥'(2)°"* Z (78)" anv(a) (17)
is a suitable candidate for fp ,. Indeed, repeating the calculation in (15), we find that

E(f(2) f(w)) = [¥'(2) ¥'(w)]¢* [1- ¥ (2) ¥ (w)]
= [V (2) ¥’ (w)]¢/? 20 Su (¥ (2), T(w))]°.

The last expression equals [27Sp(z, w)]? by the transformation formula (14). Thus we
may define fp , by the right-hand side of (17). If 7:A— D is a conformal homeomor-
phism, then WoT is a conformal map from A to U, so (17) and the chain rule give the
equality in law (16). Since 7" does not have zeros in A, multiplying fb,goT by a power
of T" does not change its zero set in A, and it follows that T(Zx,,) and Zp, , have the
same distribution.

Case (ii): g is an integer. Let {1}, be an orthonormal basis for H?(D). Use
ii.d. complex Gaussians {an,,...n,: M1, ..., >0} to define the random analytic function

I,o(2)=2m)% 3" an, 0, Yny(2) - Un,(2); (18)

n1,...,M20

see Sodin [26] for convergence. A direct calculation shows that fp_,, thus defined, satisfies

E.fD,Q( )fD,g = (2m)® Z VYo (2) Yny (w ) -1/)ng(2)1m= [27Sp (2, w)]®.
ni,0..,np 20
The transformation formula (14) implies that the two sides of (16) have the same co-
variance structure, (2754 (z,w)]?. This establishes (16) and completes the proof of the
proposition. ]

The general theory of Gaussian analytic functions implies that, up to multiplication
by a deterministic analytic function, the random functions fy,, are the only Gaussian
analytic functions with marginal intensity of zeros proportional to the hyperbolic area
element. See Sodin [26] for a proof.

Similarly, the zeros of the Gaussian analytic function

o] gn 1/2
FCve(Z):Z(;lT) an2"

n=0



10 Y. PERES AND B. VIRAG

. Y . LK) .
. . .« ® . . R * - . *
. . * ° . . b :. . ® %
* . * o . . ®e LS . *
. ¢ . . o« * . .
. .
. . e o o . P . ., . . .
. . oe . . N
* o M . .' . . . L34
o e . . . ° . . Y ] .
. . - N S . P4 LS .
. . . . 3
.
. .. . . . d e . ) .
Yo * . * . * * ° .. .-
e o . . * 1, . N o®
. . . . . ° . L
. L) Y * . * %g o .
. . LI P ° . .
. . . b4 °
. .. . o .® . . [ . -
. o ® . .
. [ N . ' e Tl e, .
. . « * . ¢ «* o
. . . .
. L] L]
. . . . .
d . * . * * e o 4 ° oo . *

Fig. 1. The translation-invariant root process and a Poisson point process with the same
intensity on the plane.

have distribution which is invariant under rotations and translations of the complex
plane. Note that here g is a simple scale parameter: Fg¢ o(z)=Fc,1(,/02).

Letting p—o00 in the definition of fy ,, one recovers that the limit of the rescaled
point processes p'/2 2y, is the zero set of F 1; this phenomenon and its generalizations
have been studied by Bleher-Shiffman-Zelditch [4].

Figure 1 shows a realization of the whole plane Gaussian zero process along with a
Poisson point process of the same intensity. The orderliness of the zeros suggests that
there is a local repulsion taking place. One gets similar pictures for the Szegé random
functions in the unit disk. The two-point intensity for zeros at the points r and 0 is given
by (9). The most revealing formula is the ratio p(0,7)/p(0)p(r), which shows how far
the point process is from a Poisson point process, where this ratio is identically 1. For
general g, with s=1—72, this ratio equals

1+(0® ~20-2)(s2+™*20) +(o+1) (5?0 +57*¢) — 207 (510 - sTH20) 457700
(1-50)? ’

(19)

and in the case p=1 it simplifies to 72(2—7r2). For every distance r, the correlation is
minimal when p=1 (see Figure 2). For all values of p different from 1, for small distances
zeros are negatively correlated, while for large distances the correlation is positive.

When ¢=1, the zeros are purely negatively correlated: this special phenomenon is
explained by the determinantal form of the joint intensity.

Remark. The Szegd random function for g=2,

o0
z vn+lapz",

n=0
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Fig. 2. Relative intensity at z=0 and 2=r as a function of r for p= 1,1 3 :15, }1, ¢ and for
0=1,4,9,16,25.

coincides with the limit when n— oo of the logarithmic derivative of the characteristic
function of a random n xn unitary matrix (see Diaconis-Evans [8]).

The analytic extension of white noise. Next, we show that up to the constant term,
the power series fy; has the same distribution as the analytic extension of white noise on
the unit circle. Let B(-) be a standard real Brownian motion, and let

2w
u(z) :/0 Poi(z, e'*) dB(t).

Here the integral with respect to B can be interpreted either as a stochastic integral,
or as a Riemann-Stieltjes integral, using integration by parts and the smoothness of the
Poisson kernel. Recall that the Poisson kernel

1 w 1
Poi(z,w)=%Re<1+mﬁ> =%Re( 2 _—1) =2ReSU(z,w)—g

1—zw 1—z2w

has the kernel property
27 ) )
Poi(z,w) = / Poi(z, ") Poi(e*, w) dt.
0

(This follows from the Poisson formula for harmonic functions, see Ahlfors [1, §6.3].) The
white noise dB has the property that if f; and f, are smooth functions on an interval and
fH= [ fi(t) dB(t), then Efff¥=[ f(t)f2(t) dt. By this and the kernel property we get
Eu(z)u(w)=Poi(z, w). Therefore if b is a standard real Gaussian independent of B(-),
then

b (20)

DO =

w(z) = —7r u(z)+

has covariance structure Ed(z)a(w)=n Re Su(z,w). Now if v and v/ are mean-zero
complex Gaussians, then Re Evi’'=2ERev Rev'; thus (11) implies that & has the same
distribution as Re fy.
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Remark. Similarly, since fy, 2 is the derivative of S e am2™/\/m, the zero set
Zy,2 can be interpreted as the set of saddle points of the random harmonic function

u(z) = Z Re( amz

m=1

in U. More generally, in any domain D, the zero set Zp 2 can be interpreted as the set
of saddle points of the Gaussian free field (with free boundary conditions) restricted to

harmonic functions.

Joint moments of complezr Gaussians. We will need the following known fact for the
proofs of Hammersley’s formula and Theorem 1.

Facrt 10. If Z4,...,Z, are mean-zero jointly complex Gaussian random variables
with covariance matriz MjszZjZk, then E|Z; ... Z,|>=perm(M).

Proof. We will check that in general for jointly complex normal, mean-zero random
variables Z; and W; we have

k
EZ1 ZnWI Wn = Z H EZJ'WU(]-) = perm(EZjWk)j,k,

o j=1

where the sum is over all permutations 0 €S,,. (See the book of Simon [25] for a similar
statement in the real case.) Both sides are linear in each Z; and W, and we may assume
that the Z; and W; are complex linear combinations of some finite i.i.d. standard complex
Gaussian sequence {V}};‘:l The formula is proved by induction on the total number of
nonzero coefficients that appear in the expression of the Z; and W; in terms of the V.
If the number of nonzero coefficients is more than one for one of Z; or Wj, then we
may write that variable as a sum, and use induction and linearity. If it is 1 or 0 for all
Z; and W;, then the formula is straightforward to verify; in fact, using independence it
suffices to check that V=V has EV*V™=n! 1{m=n}- For n#m this follows from the fact
that V has a rotationally symmetric distribution. Otherwise, |V |>™ has the distribution of
the nth power of a rate-one exponential random variable, so its expectation equals n!. 0]

3. A determinant formula in the i.i.d. case

The goal of this section is to prove Theorem 1 and Corollary 4. The proof relies on the
i.i.d. nature of the coefficients of f= fy;, Mébius invariance, Hammersley’s formula and
Borchardt’s identity (26).
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For peU let
z—p
Tg(z) = —— (21)
5(2) -
denote a Mobius transformation fixing the unit disk, and define
1—|3[2)1/2
T8(2) = %,
1-8=2

so that 75(2)=Tp(2).
Remark 11. Recall that for two jointly complex Gaussian random vectors X and Y,
the distribution of Y given X =0 is the same as the distribution of Y with each entry

projected to the orthocomplement (in L? of the underlying probability space) of the
subspace spanned by the components X; of X.

PropPOSITION 12. Let f=fy and zi,...,2,€U. The distribution of the random
function

T.,(2) ... T.,(2) f (2) (22)
is the same as the conditional distribution of f(z) given f(z1)=..=f(z,)=

Proof. First consider n=1. The assertion is clear for z;=0; here the i.i.d. property
of the {ar}72, is crucial. More generally, for z;=0, by (16) the random function f=
7g(f°T) has the same distribution as f. Since T3(8)=0, from the formula

Z)—Tﬂ Zak Tg(z

it is clear that the distribution of Tsf is identical to the conditional distribution of f
given f(8)=0, whence the same must hold for f in place of f. The proposition for n>1
follows by induction: To go from n to n+1, we must condition (f | f(z1)=...=f(2,)=0)
on f(zn+1)=0. By the assumed identity for n points, this is equivalent to conditioning
(Ty, ... To, f)(2) on f(zn+1)=0. By Remark 11, conditioning is a linear operator that
commutes with multiplication by the deterministic functions T3,. Applying the equality
of distributions (f(z)] f(zn+1)=0)iTzn+l(z)f(z) completes the proof. O

Fix z1,...,2,€U and let
= H sz (Z) (23)
j=1

Since Ty, (2x)=0 and T} (zx)=1/(1—2xZx), we have

T (2 ) T Tey =H JZ IT (z—2x) (24)

J:j#k j=1 Jii#k

for each k<n.
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COROLLARY 13. Let f=fuy and z1,...,2,€U. The conditional joint distribution of
the random variables (f'(zx):k=1,...,n) given that f(21)=...=f(2,)=0 is the same as
the unconditional joint distribution of (Y'(zx) f(2x): k=1, ...,n).

Proof. The conditional distribution of f given that f(z;)=0 for 1<j<n is the same
as the unconditional distribution of Tf. Since Y(zx)=0, the derivative of Y(2)f(z) at
z=2 equals T'(2) f(z). a

Consider the nxn-matrices A and M, with entries

Aj ke =Ef(z)f(z) = (1-2;2) 7",
M; = (I—ijk)_z.

By the classical Cauchy determinant formula, see Muir [17, p. 311}, we have

1 -
detAzII T H}(Zer)(Zj"Zk)-
k,j k<j

Comparing this to (24), we see that

det A= I (2x)I- (25)
k=1
We will need the classical identity of Borchardt [6] (see also Minc [16]):
perm( ! ) det( 1 ) = det(—1—2) . (26)
Ti+Yk Jj k Ti+Yk J; k (zi+yK)? Jj k

Setting z;=2; ! yr=—2, and dividing both sides by H;;l z? gives that

perm(A) det A=det M. (27)
We are finally ready to prove Theorem 1. Corollary 4 is a direct consequence of the con-

formal invariance in Proposition 9 and the way the Szeg6 and Bergman kernels transform

under conformal maps (see (14)).
Proof of Theorem 1. Recall from (8) that
E(|f'(21) - f'(zn)*| £ (21) =---=f(zn)=0)‘

= 2
p(21, 7Zn) 7r"detA ( 8)
By Corollary 13, the numerator of the right-hand side of (28) equals
n
E(|f(21) - f(zn)?) [ ] IT'(26)1 = perm(4) det(4)?, (29)

k=1
where the last equality uses the Gaussian moment formula of Fact 10 and (25). Thus

p(21, ..y 2n) =7 " perm(A) det A=n""det M
by (27). d
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4. The number of zeros of fy in a disk

In this section we prove Theorem 2 and Corollary 3. In fact, the corollary only uses
part (i} of the theorem, so we delay the proof of part (ii) to the end of the section.

LEMMA 14. Let 71<...<Tm, let B;=B,,(0) and let N;=#(ZuNB;). Then

EN(No—1) .. (N—m+1) =Y [T (DM 5 ’"" (30)
o vEo
where the sum is over all permutations o of {1,...,m}, the product is over all cycles v

of the permutation, |v| is the length of v, and r,,ijeU ;.

Proof. Applying Proposition 8 (ii) to the set By x...x B,, we get

Eﬁl(ﬁg—l)...(ﬁm—m+1)=/ (2150 2m) d2 o
Bix...xB.

=/ det(K(zi,zj))i,j le...dZm.
Bix...xB

Expanding the determinant and exchanging sums and integrals we get a sum over all
permutations of m elements:

ngn(a)/ K(21,20,) - K(2m, 20,,,) d21 ... d2m.

BiX..XBny

For each permutation o, the corresponding integral is a product over cycles v of o of
I,, = /K(zl, ZQ)K(ZQ, 23) K(Z|,,|, Zl) d21 dZ|,,|, (31)

where v is an ordered subset of {1,...,m} and each variable z; ranges over the disk B,,
of radius r,,. The formula for the Bergman kernel gives
Koz = ——t = 1S (at1)(m2)",
m(l-z122)? w4

Using this, we expand the product in (31) into a sum of monomials in the variables
{#}j=1 and {Z;}7_,; then we integrate term by term. Each monomial in which the
exponents of z; and Z; are different for some j integrates to 0. Thus in all remaining
terms the exponents of z; and Z; are the same. Since z; always comes as part of a product
zjZj+1, the exponents of z; and Z;;+1 have to be the same as well. This implies that in
nonvanishing terms all exponents agree, and we are left with

oo
I, = Z 7T-IU| /(n—i—l)]"l (2121 Z[V|2[V|)n dzy ... dZ|,,|.
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Since
(n+1)/ Izl2”dz—27r(n+1)/ $20H g — pp2nt2,
B-(0) 0

setting 7, =[] ¢, r; we get
oo r2
Z 2(n+1) _
— 1- 7'2
Since sgno=]], ¢, (—1)*1, this completes the proof of the lemma. O

Proof of Theorem 2 (1). Put

Ny
ﬁk = E( k ) b
and let P be chosen uniformly at random from all permutations of {1, ...,k}. Let g=r2.
Then by (30), we have

Bk =E H 1)lui+1 1 ql;’:yl ’
yeP
where the product is over cycles y of P. Since the cycle containing 1 of P has length that
is uniform on {1, ..., k}, and given that cycle, the other cycles form a uniform permutation
on the rest of {1,...,k}, we get the recursion

k
Z 1)t ¢ Br—1 (32)

?rl’—'

with Bp=1. Consider the generating function 8(s)=3_r=, Brs*. Multiplying (32) by ks*
and summing over k=1, we get

sB'(s)=B(s) s1p(s), (33)

where

Y(s)=) (- =D > (st

=1 1-¢ - ==

—

We write (33) in the form
(log B(s))' =1(s),

which we integrate to get

log B(s) log(1 +qks),

M8

DR

11l=1

Mz

k

)
Il
-

1
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where the constant term is zero as fp=/£(0)=1. Thus

k=0
gives
o0
E(s+1)M = Z Brs® = B(s),
k=0
and this concludes the proof of Theorem 2 (i). O

Proof of Corollary 3. (i) Theorem 2 implies that P(N,=0)=[]re,(1—7?*) and the
asymptotics for the right-hand side are classical, see Newman [19, p. 19]. For the reader’s
convenience we indicate the argument. Let L=log P(N,=0)=3 5 log(1—r%*), which
we compare to the integral

= 2k 1 = -z
I:/1 log(1—~r )dkz_Qlogr /_210ngog(1—e Ydz. (35)
We have I+log(1—r2)<L<I, so L=I+o(h). Since —log(l—e=%)=) - e "“/n, the
integral in (35) converges to —gm?. But

1 34o0(1) A
2logr  1-r E-l—o(h)’
and we get
Hri+o(l)  wh
[=—12"_ 7 /. "
1—r 52 ToR),
as claimed.
(ii) One of Euler’s partition identities (see Pak [21, §2.3.4]) gives
[Tards=3 st (36)
°8)=) F—
1 2 (=g (1=)

s0 the claim follows from (34).

(iii) The formulas for the mean and variance of N, follow from the binomial moment
formula (30). Using the general central limit theorem due to Costin-Lebowitz [7] and
Soshnikov [29, p. 497] for determinantal processes, we get that as r—1, the normalized
distribution of N, converges to standard normal, as required. Alternatively, the last
claim can be easily verified by computing the asymptotics of the moment generating
function directly. Yet another way is to apply Lindeberg’s triangular array central limit
theorem to the representation of N, as the sum of independent random variables, as
given in Theorem 2 (i). O
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4.1. The joint distribution of the moduli of Zy

Proof of Theorem 2 (ii). The zero set of fy is determinantal with the Bergman kernel
K(z,w). Let

n—1

Kp(z,w)= % Z (j4+1)(zw@).

7=0
Since K,(z,w)—K(z,w), as n—o0, uniformly on compact subsets of UZ? Proposi-
tion 3.10 of Shirai-Takahashi [24] yields that the determinantal point processes with
kernels K,, converge weakly, as n—o00, to Zy. Thus it suffices to prove that the set
of absolute values {|(;|}7-; of the n random points of the determinantal process with
kernel K, has the same law as {U; 1/2i 3

For any z, ..., zp,

=1, where U; are i.i.d. uniform on [0,1].

Kn(zl,zl) Kn(zl,zn)
Kn(znyzl) Kn(znazn)
1oz oo 2277\ /10 .. 0
' R R 02 .. 0 Z .. Z,
T
1 oz, ... 2071 0 0 .. nJ \zpt . zp!
Setting z;=7;e% we find that the joint intensity of {IG1}3=1, evaluated at {r;}7_,,
equals
/ det(Kn(zj, 2k))} k=1 T1d01 ... Tn dbn
{0,27]"
n (37)
(Z sgn(o) H 7T 1) (Z sgn(7) H 2;3'_1) r1d60; ... T db,,.
[0,27]" s j=1
When we expand the sums, for U;éT the integrand contains a factor of the form 27z with

p#q, and therefore the integral vanishes. When o=71, we get (27)" H? 1 7"]203 1 . Thus
(37) equals
N | E ki (38)
o j=1
Now Ujl/ % has density 2jz%~! in [0, 1]. Hence, the joint intensity of {U; 1/ 2 ,11/ 2"} is
precisely (38). This proves the theorem. u
Remark. The proof above is modeled after an argument of Kostlan [13] for the

distribution of the eigenvalues of a random complex Gaussian matrix. It is simpler than
our original proof that relied on random permutations.
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5. Law of large numbers

The goal of this section is to prove Proposition 5, the law of large numbers for the number
of zeros of fy,,. We will use the following lemma in the proof:

LEMMA 15. Let u be a Borel measure on a metric space S, and assume that all
balls of the same radius have the same measure. Let 9:[0,00)—[0,00) be a nonincreasing
function. Let ACS be a Borel set, and let B=Bpg(z) be a ball centered at x€S with
w(A)Y=u(Bgr(z)). Then for all yeS,

/1[1 (dist(y, 2)) du(2) /1/1 (dist(z, 2)) du(2).

Proof. It suffices to check this claim for indicator functions 9 (z)=1{,<r). In this
case, the inequality reduces to

#(AN B (y)) < w(Br(z)N Br(z)),

which is clearly true both for r<R and for r>R. O

Proof of Proposition 5. We have
EN(h)= / p(z)dz= @h.
A ™
Let Q(z, w)=p(z,w)/p(z) p(w). Then by formula (19) we have
Q(0,w)~1< C(1-|w|?)e.

We denote the right-hand side by (0, w) and extend 1 to U? so that it only depends
on hyperbolic distance. We obtain

E(N(h)(N(h)-1))—(EN(h // (2, w) =p(2)p(w)) dw d
- / / (Q(z, w)—1) p(w) dw p(z) dz
AJA

< /A /A $(z,w) p(w) dwp(z) dz.

Let Br(0) be a ball with hyperbolic area h=4wR?/(1—R?). Note that p(w) dw is constant
times the hyperbolic area element, so we may use Lemma 15 to bound the inner integral

by
R 1
1/’(0,w)1’(w)dw=c/0 (1—7‘2)9(1—7"2)_2rd1"=§/ 597 %ds

Br(0) S
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with S=1—R? Thus we get

Var N (h) :EN(h)+E(N(h)(N(h)—1))—(EN(h))2 < he + che /159_2ds. (39)
47 87 Jg

For ¢>1 this is integrable, so Var N(h)<O(h). For ¢<1 we can bound the right-hand
side of (39) by O(hSe~1)=0(h?-¢). Thus in both cases, as well as when p=1 (see
Corollary 3 (iii)), we have

Var N(h) <c(EN(h))2~#

with B=pA1>0. For n>1/3, we find that

v _ N7 -ENG)
T TTEN(KN)

satisfies EY2=0(k~"%), whence E Y r> | ¥;2<00, so Yy —0 a.s. Monotonicity and inter-
polation now give the desired result. (W

6. Reconstructing the function from its zeros

The goal of this section is to prove Theorem 6. The main step in the proof is the following

result:
PROPOSITION 16. Let c,=e®/2=7/2. We have
AR T _ 2y—0/2
|fu,e(0) =¢, lim (1-7*)7¢/2 [ |2 as.
2€2y,,
|z|<T

We first need a simple lemma.

LEMMA 17. If X and Y are jointly complex Gaussians with variance 1, then for
some absolute constant ¢ we have

|Cov(log |X|,log|Y|)| < c|EXY|. (40)

Proof. Write Y=aX+3Z, where X and Z are i.i.d. standard complex Gaussian
variables, a=EXY and |a|2+|8|>=1. It clearly suffices to consider |a|<3. Since

aX
log |Y|=1log|8Z|+log 1+EZ—1,
the inequality (40) reduces to
X
Cov(logiX], log 1+%7D‘ <clal. (41)
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We will use the estimate

E |log

zZ

1+iH<c1|)\| for Ae C, (42)

which can be verified by considering the positive and negative parts of log |1+ )/Z| as
follows. The positive part is handled using the numerical inequality log |1+w|<|w| and
the integrability of |Z|~!. For the negative part, when |A|>1, the density of |1+\/Z|
is uniformly bounded in the disk of radius %, so it remains to consider the case |A|<1.
Then Elog_ |1+ A/Z| can be controlled by partitioning into the events

Gr={e*<|1+)/Z|<e7F}.
Since P(G)=0(|A\%|e~%), we get
A 2(,—2k
Elg log_ 1+Z = O(k| %|e™*").

Summing over k establishes (42).

By conditioning on X, (42) yields

E(log]X|-log

1+aﬂ_)Z(|) ScllglE|Xlog|X||=02’%‘.

This bounds the first term (expectation of the product) in the covariance on the left-hand
side of (41). The second term (product of expectations) can be bounded by the same
argument. O

Proof of Proposition 16. Assume that f=fy , has no zeros at 0 or on the circle of
radius . Then Jensen’s formula (Ahlfors [1, §5.3.1]) gives

1 2n . z
g £(0)| = 3= | log | (re"®)| dac+ Y g 2,
2€Z
lz|<r

where Z=Zy ,. Let |f(re'*)|?=02Y, where
02 =Var f(re'®) = [2nSy(r, 7)) = (1-r?)"
and Y is an exponential random variable with mean 1. We have

Elog|f(re’*)|=(logo2+ElogY) = 1(—plog(1-r?)—7),
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where the second equality follows from the integral formula for Euler’s constant

o>
'yz—/ e “logzdr.
0

Introduce the notation

g-(a)=log |f(rei°‘)| + %(Qlog(l—r2)+’7)

so that the distribution of g.(a) does not depend on r and «, and Eg,(a)=0. Let
1 2w
L.=— +(a) da.
or J, 9r(@)de

We first prove that L,.—0 a.s. over a suitable deterministic sequence r, 1. We compute

27w p27
vm&ﬁ /0 /0 9r(c)9-(8) d da.

Since the above is absolutely integrable, we can exchange integral and expected value to
get

2% p2m 27
VarL, = s [ [ B (@)ar(0) b da= - [ E(a ()0 (0) e,

where the second equality follows from rotational invariance. By Lemma 17, we have

LS GIINEES
Var f(r) 1—r2eic

e

Egr(a)g-(0)<c

Let e=1—r2<1. Then for a€[0,n] we get the bound

g, la| <k,

N—r?e?|>{ 2r2sinla>la, e<a<in,

1, gr<a<sT,
which gives
d, e<],
L varL </7r da <61_9+1/W/2ada+17r< d|loge|, o=1
2ce? "= Jo [1-r2eiaje T 2 /e 2" " el =5

del=e,  p>1.

By Chebyshev’s inequality and the Borel-Cantelli lemma, this shows that, as r—1 over
the sequence r,, =1-n~(1V({1/0)+6) we have a.s. L, ,—0 and

2 log(1—r2)+
3 log 12 - 228 =T)HY 401 (0)),

T 2
z2€Z
|z|<T
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or, exponentiating,

- — z

21— 1 2 ) (43)
2€2Zy,,
|Ez|fr’

Since the product is monotone decreasing and the ratio (1—r2)/(1—r2, ) converges to 1,
it follows that the limit is the same over every sequence r,, —1 a.s.

Finally, by the law of large numbers (Proposition 5), the number of zeros N, in the
ball of Euclidean radius r satisfies

r2p o+o(1)
N, = 140(1)) = s, 44
T o) = 252 s (44
whence
rVr = exp(N, logr) =e~¢/2+°() a5,
Multiplying this with (43) yields the claim. O
Proof of Theorem 6. (i) By the law of large numbers for N, (see also (44)),
1
Z E:'y-}-logNr—Fo(l):'y—}-log o—log(1—r?)+o0(1). (45)
Jail<r
Multiplying by %g and exponentiating, we get that
H e?/%k = 7e/2pe/2 (1 _p2)=0/2(140(1)). (46)
lz|<T
In conjunction with Proposition 16, this yields (6).
(i) Let f=fu,, and
T(z) = 2=%
1-(z
By (16), f has the same law as
F=(T)92(feT). (47)

Now T"(¢)=(1-1¢|?)~1. Therefore

FQO=01~KP) 21 (0) =co [T e”*|2l as.,

k=1
where {2}32, are the zeros of f in increasing modulus. If T((x)=z then {(x}32., are
the zeros of f in increasing hyperbolic distance from ¢. We conclude that

F(Q) =co1=[¢P)~ ] e/*IT(Gh)|  as. O
k=1

For our study of the dynamics of zeros in the next section, we will need a recon-
struction formula for |f{; ,(0)| when we condition on the event 0€ Zy ,.
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LEMMA 18. Denote by 2. the event that the power series fu,, defined in (5) has
a zero in B.(0). As £€—0, the conditional distribution of the coefficients a1,az,as, ...,
given Q., converges to a product law, where a; is rotationally symmetric, |a;1| has density
21"36""2, and as,as, ... are standard compler Gaussians.

Proof. Let ag and a; be ii.d. standard complex normal random variables, and
0>0. Consider first the limiting distribution, as £—0, of a; given that the equation
ap+a1,/02=0 has a root Z in B,(0). The limiting distribution must be rotation-
ally symmetric, so it suffices to compute its radial part. If S=|ag|> and T'=|a;|?, set
U=0|Z|*=8/T. The joint density of (S,T) is e *¢, so the joint density of (U,T) is
e~ “~tt. Thus as e -0, the conditional density of T given U < pe? converges to the con-
ditional density given U=0, i.e., te~*. This means that the conditional distribution of a;
is not normal; rather, its radial part has density 2r3e=".

We can now prove the lemma. The conditional density of the coefficients a1, as, ...
given 2., with respect to their original product law, is given by the ratio

P(Qe|ay,az,...)
P(Q)

By Lemma 30, the limit of this ratio is not affected if we replace fy,, by its linearization
ap+a1/0z. This yields the statement of the lemma. O

Kakutani’s absolute continuity criterion {see Williams {31, Theorem 14.17]) applied
to the coefficients gives the following lemma:

LEMMA 19. The distributions of the random functions fu o(z) and (fu,.(2)—a0)/2
are mutually absolutely continuous.

Remark 20. By Lemma 18, conditioning on 0€ Zy,, amounts to setting ap=0 and
changing the distribution of a; in an absolutely continuous manner. Thus, by Lemma 19,
given 0€ Zy,, the distribution of the random function g(z)= fu,,(2)/2 is absolutely con-
tinuous with respect to the distribution of the unconditioned fy, ,(z). Hence we may
apply Theorem 6 to g(z) and get that given 0€ Zy ,, if we order the other zeros of fy,,
in increasing absolute value as {2z}, then

116,00 =19(0)| =c, [] €% 2l as. (48)
k=1
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7. Dynamics of zeros

In order to understand the point process of zeros of fy it is useful to think of it as a
stationary distribution of a time-homogeneous Markov process.
Define the complex Ornstein—Uhlenbeck process

a(t) = e—t/2W(€t), W(t)::%j/-;Bz(Q’

where B; and Bj are independent standard Brownian motions, and W {(t) is complex
Brownian motion scaled so that EW (1) W(1)=1. The process {a(t)} is then stationary
Markov with the standard complex Gaussian as its stationary distribution. First we
consider the process

o0
o) pu(5 D) =Y Wa()hn(2), >0,
n=0
where W,, are independent complex Brownian motions and {¢,(2)}5%, is an orthonormal
basis for H?(D). With t=e” we get the time-homogeneous process

Fr(2)=e TP (2) = an(r)¥n(2).
n=0

Then the entire process ¢;(2) (and so f,(z)) is conformally covariant in the sense that if
T:A—>D is a conformal homeomorphism, then the process

{(VT'(z) (T (2)) },5

has the same distribution as ¢;(z;A), t>0. For this, by continuity, it suffices to check
that the covariances agree. Indeed, for s<t,

E‘PS(Z)W =Ep,(z) ps(w),

so the problem is reduced to checking the equality of covariances for a fixed time, which
has already been done in Proposition 9.

It follows automatically that the process {Zp(t)} of zeros of ¢, is conformally in-
variant. To check that it is a Markov process, recall from §2 that Zp(t) determines ¢,
up to a multiplicative constant of modulus 1. It is easy to check that ¢; modulo such a
constant is a Markov process; it follows that Zp(t) is a Markov process as well.

Remark 21. This argument works in the case p=1. By replacing the i.i.d. coefhi-
cients a, in (5) with Ornstein—Uhlenbeck processes, it is possible to define a dynamic
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version of the case g#1 in the unit disk. The same argument as above shows that these
are Markov processes with distribution invariant under Mébius transformations of U.

Finally, we give a stochastic differential equation description of the motion of zeros.
Condition on starting at time 1 with a zero at the origin. This implies that Wy(1)=0,
and by the Markov property all the W; are complex Brownian motions started from some
initial distribution at time 1. For { in a small time interval (1,1+4¢) and for z in the
neighborhood of 0, we have

i(2) = Wo(t) + Wi () 2+ Wa(t) 22+ O(2%).

If W1(1) W5(1)#0, then the movement of the root z; of ¢; where z;=0 is described by
the movement of the solution of the equation Wy(t)+ Wy (t) z+Wa(t) 22=0(23). Solving
the quadratic gives

Zy =

Wy AW Wy s
- — 1= w).
A (1 -5 >+0( 3)

Expanding the square root we get

W WEW,
= Wl'f' W13

+O(Wg).

Since Wy(t) is complex, WE(t) is a martingale, so there is no drift term. The noise
term then has coefficient —1/Wj, so the movement of the zero at 0 is described by the
stochastic differential equation (at t=1) dz;=—W;(t)~1dWps(t), or, rescaling time for the
time-homogeneous version, for any 7 with ag(7)=0 we get

1

T ai(r)

dz; = dag(T). (49)

The absence of drift in (49) can be understood as follows: in the neighborhood we are
interested in, this solution z; will be an analytic function of the {W,,}52, and therefore
has no drift.

For other values of g the same argument gives
_
Voay(r)

Of course, it is more informative to describe this movement in terms of the re-

dzp =— dag(7).

lationship to other zeros, as opposed to the coefficient a;. For this, we consider the

reconstruction formula in Remark 20, which gives

lax| = {5, ,(0)| =c, [ | /% |2x| as.
k=1
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This means that when there are many other zeros close to a zero, the noise term in its
movement grows and it oscillates wildly. This produces a repulsion effect for zeros that
we have already observed in the point process description. The equation (49) does not
give a full description of the process as the noise terms for different zeros are correlated.

8. Hammersley’s formula for Gaussian analytic functions

A version of the following theorem was proved by Hammersley [11]. The present version is
from Friedman [10, Appendix B|. We say that a point process has integral joint intensity p
if formula (10) holds for its counting function N.

THEOREM 22. Let f,=a,2"+...+aq be a random polynomial so that (ag, ..., ar) has
an absolutely continuous distribution with respect to Lebesque measure on C**!. Then
the integral joint intensity of zeros exists and equals

p(zl,...,zk)zggr(l)(ﬁsz)”k / If'(z1) ... f'(z)|* dag ... da,. (50)

f(2i)€B:(0)
i=1,....k

We also need the following consequence of Cauchy’s integral formula:

Fact 23. Let D be a bounded domain, and let BCD be a closed disk. Then for
every m20 there exist constants ¢, so that for every f analytic on D and every z€B
the m-th derivative satisfies | f™ (z)|<em ([ |£(w)]? dw)/2.

Proof. Cauchy’s integral formula gives a uniform bound on f{™ (z) for z€ B in terms
of the L'-norm of the function on any circle in D about B. Integration yields a bound in
terms of the L!'-norm on an annulus, which is bounded above by the L?-norm on D. O

Next, we note some consequences of the Taylor expansion for Gaussian analytic
functions.

LEMMA 24. Let f be a Gaussian analytic function defined on a domain D, and let
BCD be a closed disk about zy. Consider the partial sums of the Taylor series expansion
about zg:

fn(z):z:ak(z—zo)k.
k=0
Then for all m>=0, the m-th derivative satisfies

supE|f0™ ™2 50  as n— oo. (51)
B
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Consequently, for all m1,m2>0 the covariance function of the derivatives of orders m;
and my of f, converges uniformly on B? to the covariance function of the corresponding
derivatives of f.

Proof. Note that finite a.s. limits of jointly Gaussian random variables are jointly
Gaussian with finite variance. This implies that the derivative of a Gaussian analytic
function f is a Gaussian analytic function. Moreover, the Taylor series of f has jointly
Gaussian coefficients. Consider the L2-space of functions on the set X=Qx D with the
product of P and Lebesgue area measure. Assume without loss of generality that B is
centered at 0, and let fn(z)=2?=0 a;z7. Since f, is a projection of f in the space X to
the subspace spanned by fo, ..., f, it follows that f, — f in L?(X). By Fact 23, we have

Esup | £{™ - f™2 -0
B

and therefore
sup B FARESARI 1}

which implies the claim for the covariance functions. O

COROLLARY 25. Let g, be polynomial of degree n with i.i.d. standard Gaussian
coefficients independent of f.. Then f,+gn/n! approzimates f in the sense of (51), and
for each n has coefficients with continuous joint density.

We first show a preliminary version of Proposition 8; (i) will then follow from the
integral formula and a general lemma about point processes.

PROPOSITION 26. Using the notation of Proposition 8, assume that A=A(z, ..., k)
is nonsingular when z1, ..., 2z, €D are distinct. Denote by N(A) the number of zeros of f
in A. Then for any n disjoint bounded Borel subsets Ay, ..., A, of D, we have

n

E[[N() = (21, ., 2n) d21 ... d2n, (52)

i=1 A1 X...XAp

where the integrations are with respect to Lebesgue area measure.

Proof. Case 1: f is a polynomial whose coefficients have joint density. This is a
consequence of Hammersley’s formula, Theorem 22.

Case 2: D is the unit disk or the whole plane.

A Fubini argument implies that there is a dense set Rp of rectangles in D such that
for ReR p, almost surely f does not vanish on OR.

It clearly suffices to show the claim when the A; are disjoint elements of Rp.

Let {fum}37-; denote the approximations of f by polynomials in Corollary 25.
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For A€Rp, the argument principle implies that the number Nps{A) of zeros of fas
in A, converges a.s. to the number N(A) of zeros of f in A.

As M varies, the random variables []}_, Nas(A;) are uniformly integrable, as they
are uniformly bounded in L? by Lemma 27.

The covariance functions of fjs and f}, converge uniformly on each A; x A; to those
of f and f’, whence the permanent-determinant formula (on the right of (9)) for fas
converges uniformly on Aj X...x A, to the permanent-determinant formula for f.

Applying formula (10) to fps and letting M — oo we see that it converges to the
desired formula for f.

Case 3: D is simply-connected. The claim follows from the Riemann mapping
theorem and Case 2.

Case 4: A general domain D. It suffices to prove (10) when each A; is a closed
square in D. Then we can find a simply-connected domain DoCD that contains all
the A;, and we apply Case 3. a

For simple point processes, the following lemma implies Proposition 8 (ii).

LEMMA 27. Consider a simple point process (a random subset) Z in a domain D
with counting function N(A)=#(ZNA). Suppose that for any disjoint Borel subsets
Ay, ..., Ax of D, we have

1 X...XAk

k
EEN(AQ:/A p(21, ., 2k) d21 ... dzg. (53)

Let Z"*C Z* denote the set of k-tuples of distinct points. Then for any Borel set
BcCD*, we have

E#(BﬂZAk)=/p(zl,...,zk) dzy ... dzg. (54)
B
Proof. Note that both sides of (54) define a Borel measure on subsets BC D¥; thus
it suffices to show the equivalence for the case when B=DB; x...x By, is a product set.
Consider a finite Borel partition P of D and let

k
My(P)= Y #(@x..xQnBNZ¥)= > T[N@inB),
Qly'")Qk Ql,...,Qk i=1
where the sum is over ordered k-tuples (Qq, ..., Q) of distinct elements of P. Then the

hypothesis (53) implies that

EM(P)= Z (21, ey 2k) d21 ... d2g, (55)
Q1,...,Qk Q1X...XQrNB
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where we sum over the same k-tuples as above. Consider a refining sequence of partitions
P; of D where the maximal diameter of the elements of P; tends to 0 as j—oc. By
definition, My (P) counts the number of k-tuples (21, ..., zx) € B where 21, ..., 2 are points
of Z in distinct elements of P. We deduce that

My (P;)— |BNZ"|
monotonically as j—o0o. Taking expectations and letting j— oo yields (54). ]

We now proceed to analyze the behavior of Gaussian analytic functions near their
Z€eros.

LeEMMA 28. Let f be a Gaussian analytic function in a domain D, and assume that
for every zeD a.s. z is not a double zero of f. Then a.s. f has no double zeros.

The Gaussian assumption is needed: consider (z—+)? with « a continuous random
variable.

Proof. We may assume that there exists zo€ D such that W= f(zp)—~Ef(zo) is not
identically zero (otherwise there is nothing to show). Let g(z)=E(f(z)W)/E|W|? and
h(z)=f(z)—Wg(z). Then g is a deterministic analytic function with g(z¢)=1, and h(-)
is independent of W. By assumption all the zeros of g are not double zeros of f. Any
other double zero of f would also be a double zero of Yy=W+h/g. If h/g is a random
constant, then ¢ a.s. has no zeros. Otherwise, a.s. 1'=(h/g)’ has at most countably many
zeros {¢;}, and they are a.s. not zeros of ¥ since W#—(h/g)(§;) a.s. by independence. O

LEMMA 29. Let f be a Gaussian analytic function (not necessarily of mean zero)
with radius of convergence o, and let M, be its mazimum modulus over the closed disk
of radius r<ro. There exists ¢,v>0 so that for all >0 we have

P(M,>z) < ce~ "

Proof. Borell’'s Gaussian isoperimetric inequality (see Pollard [22]; the inequality
was also shown independently by Tsirelson—Ibragimov—Sudakov [30]) implies that for
any collection of mean-zero Gaussian variables with maximal standard deviation o, the
maximum M of the collection satisfies

P(M >median(M )+bo) <P(N >b), (56)

where N is standard normal. Now the median of M, is finite because M, <oo a.s. Since
the distribution of f(z) is continuous as a function of z, the maximal standard deviation
o in the disk B,(0) is bounded. The mean-zero version of the lemma follows by applying
(56) to the real and imaginary parts separately, and the general version follows easily. O
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LeMMA 30. Let f(2)=ag+ayz+... be a Gaussian analytic function. Assume that
ag s nonconstant. Let A, denote the event that the number of zeros of f(z) in the disk
B, about 0 differs from the number of zeros of h(z)=ap+a1z in B..

(i) For all 6>0 there is ¢>0 (depending continuously on the mean and covariance
functions of f) so that for all £>0 we have

P(A.) <ced %,

(ii) P(Acla1,a2,...)<Ce3, where C may depend on (ai,az,...), but is finite almost
surely.

Proof. (i) By Rouché’s theorem, if |h|>|f—h| on the circle 0B;, then f and h have
the same number of zeros in B,. By Lemma 29 applied to (f—h)/z% we have

P(ngggi 1f(z)—h(z)| > 52—5) < coexp(—ye~ %) < 1€, (57)

Let © be the annulus 0B,,.+B.2-s, and consider the following events:

Dy ={lag| < 261_5},
E={|a1|<e7%},
F= {zglggem(zn <e? %} ={-ap€O}.

Note that P(E°)<cpe® and that ENFCDy. Given Dy, the distribution of ag is approx-
imately uniform on By.i-s (i.e., its conditional density is O(2%~2)). Since P(E) tends
to one as e —0, this implies that

E area(6) <ec g2-9 ere
area(Bgi-s) - tel=6

P(FﬂE|D0) = P(—aoe @, ElDo) <c3
and therefore
P(F) <P(FNE|Do)P(Do)+P(E°) < caecse? P cpe® < cee® 2.

Together with (57), this gives the desired result. Since all our bounds depend continu-
ously on the covariance function of f, we may choose ¢ in a continuous manner, too.
(ii} The argument used to bound P(F') in (i) also yields that

P(zrggth(z)l < 2|a2|62| {a;}52,) < crel.

An application of Rouché’s theorem concludes the proof. 0

The following lemma relates the integral joint intensity to the pointwise (strong)

version.
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LEMMA 31. Consider a simple point process on a domain D. Let z;€D, j=1,...,n.
Assume that there exists disjoint neighborhoods D; of z; and a §>0 so that the integral
verston of the joint intensity satisfies

D(215 oy Zn, 24) <c2|zj—z*|_2+6 on Dyx...xDpxDj forall j.
Let N; . denote the number of points in the ball of radius € about z;. As e—0, we have

P(Nl,s =..=Npe=1) CE(Nye... Npo) = P(Nje=...=Npe= 1)+0(52n)' (58)
Proof. For nonnegative integers N; we have

0<

n
J=

1

N; =T 1emy=1) S N1 N D7 (Ne—1). (59)
i=1 k=1

The left inequality is clear. For the right one, if for some k we have N;>1 then the kth
term on the right alone gives an upper bound. We apply (59) to the N; . with small €
and take expectations. We apply Lemma 27 to the set Be(z1)X...X Be(2) X Be(21) to
get

ENI,E Nn,a(Nk,e'_ 1) = p(wl, ceny 'LUn+1) d'wl dwn+1

/Bs(zl)X---XBs(zn)XBE(Zk)
=0(E2n). D

LEMMA 32. Consider a Gaussian analytic function f in a domain D with mean
zero everywhere. Let z1,...,2, €D, and assume that for each j, the random variables
I'(25), f(21), ..., f(2n) are linearly independent. Then there exist neighborhoods D; of
the z; so that for each 1<j<n and (w, ..., Wn, Wi} € D1 X... X Dy x Dj, the integral version
of the joint intensity is defined and satisfies

p(wla ‘-'awnaw*) <C|1Uj—’w*|2.

Proof. By continuity, there exists bounded neighborhoods D; of the z; so that

(i) for all w.€|J]_, D; and w;€ D;, the random variables f'(w.) and f(w;), 1<i<n,
are linearly independent, and the determinant of the covariance matrix is bounded away
from 0;

(ii) for all distinct points w.€|JI, D; and w;€D;, the random variables f(w.)
and f(w;), 1<i<n, are linearly independent.
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Part (ii) follows by considering the Gaussian analytic function
fwa) - £ (w;)

we—w;

which has a removable singularity at w;. Taylor expansion at w implies that for
w,z€J;—, D;, the conditional distribution of f'(w) given f(w)=f(z)=0 is Gaussian
with variance bounded above by c;|z—w{?. Therefore,

E(|f'(w1) ... f'(wa) f'(wi)] | flw1) = ... = f(w.) =0) < a6,

where ¢ is the distance between w, and the set {w, ..., w, }. Furthermore,

2

%5 det Cov(f(w1), ..., fwn), f(ws))

%

V:det Cov(f(wi), -, fwn), f(w;)),

Wa=w;

and since the right-hand side is bounded away from 0, we get

|det Cov(f(wn), ... f(wn), f(ws))| > cse”.

Now the permanent-determinant formula implies the claim of the lemma. |

Proof of Proposition 8. Step 1. We first verify the equivalence of (8) and (9). First
note that when f has Gaussian coefficients, then the values and coeflicients of f are
jointly Gaussian. In particular, the expression (50) equals

E(|f (z1) - f'(za)? | f(z1)=...= f(za) =0) ¢(0, ..., 0)

(60)
=E(|Pf'(21) ... Pf'(2)I*) 9(0, -, 0),

where g(0, ...,0)=n""det(A) " is the density of the Gaussian vector X ={f(z;)}}_, at 0,
and P is the projection to the orthocomplement of the subspace spanned by the entries
of X. Setting Y={f'(2;)}}=;, note that the projection (I—P) of Y onto the subspace
spanned by the entries of X is given by BA~'X. For a column vector Z of mean zero,
recall that Cov(Z)=E(ZZ*). Now

Cov(PY)=Cov(Y —BA™'X)=Cov(Y)-Cov(BA™'X)=C—-BA™'B*.  (61)
This proves the equivalence of (8) and (9).

Step 2. Part (ii). By Lemma 28, the point process of zeros is simple. Part (ii)
follows from Proposition 26 and Lemma 27.
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Step 3. Part (i). Let F. denote the event that f has a zero in each of the disks
B(z1),...,Bc(z,). Since the function p(z1, ..., 2,) is continuous, we have

P(F.) SEN(B(z)) ... N(B:(zn))

:/ (21, ey 20 ) d2y .. dzy (62)
Be(z1)X...xBe(zn)
=p(21, .y 2n) €™+ 0(€2™).

If, for some j, the derivative f’(z;) is not linearly independent of {f(z;):1<i<n}, then
p(21, -, 2r,)=0, and the claim follows from (62). Otherwise, the claim follows from (62)
and Lemmas 31 and 32. O
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