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Introduction

The Clifford algebra construction allows one to associate with any unitary representa-
tion of a group an action of the group on an algebra in a functorial way. If the
representation is infinite dimensional one must allow infinite dimensional algebras and
one is led immediately to consider actions of groups on factors not of type 1. Using this
approach, Blattner showed in [1]} that any separable locally compact group has a
faithful action, by outer automorphisms and the identity, on the hyperfinite type II;
factor R. It was certainly not obvious at the time that one might hope to say much more
about the actions even of finite cyclic groups on %, but largely thanks to work of
Connes, much progress has been made. This paper adds another step in a continuing
project by giving a detailed description of all actions of a compact abelian group on
semifinite injective factors. :

The most general results on actions of abelian groups on von Neumann algebras
appear in [10], where Connes and the second author established the relationship
between their discrete and continuous decompositions of type III von Neumann
algebras using the flow of weights, itself an action of R on an abelian von Neumann
algebra.

The results of [10], powerful as they are, give precious little information on the
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classification of actions of a given group on a von Neumann algebra, even in the case of
actions of Z, on R. Indeed there would be no such classification available were it not
for the idea of Connes in [7] to look at the action on central sequences and then use
McDuff’s result in [21] to split off explicitly controlled model actions in some tensor
product factorization R=R®R. With this idea all actions of finite cyclic groups on #
were classified up to conjugacy. The next step was taken by Connes himself in [4]
where he classified actions of Z on & up to outer conjugacy and extended his central
sequence technique to make it work for all separable factors 4 satisfying #M=MRR.

An important contribution of [7]) was the appearance of two algebraic invariants
associated with actions. For a cyclic group they take a particularly simple form, one
being a pair (p, y) where p €N and y is a pth root of unity, the other being a probability
measure on a finite cyclic group, defined up to translation. The first of these invariants
was generalized to arbitrary (discrete) group actions by the first author in [14, 15]. It
becomes the characteristic invariant, an element of a relative cohomology group. In
[14] the first author extended Connes’ classification to actions of an arbitrary finite
group on . For this a generalization of the second invariant was required. The
definition of this invariant in [14] was not optimal but it will be clear from this paper
that it may be defined for any compact group action as a naturally occurring projection
in the crossed product, modulo a certain equivalence relation.

The next step in the group action program was taken by Ocneanu in [23] where he
shows that Connes’ result on outer conjugacy of Z actions extends to arbitrary actions
of amenable discrete groups, provided due consideration is given to the characteristic
invariant. Since abelian groups are amenable, Ocneanu’s result opens the way for a
classification of actions of compact abelian groups on % via the duality result of [28]. A
special case of this (when the crossed product is a factor) was done in [16]. The
question of ergodic actions had already been solved by Olesen, Pedersen and the
second author in [24]. This is somewhat simpler as the spectral subspace technique is
all that is needed to obtain the result.

In this paper the authors consider the general question of actions of compact
abelian groups on %. In the course of the investigation it soon became apparent that the
restriction to & was artificial and constraining so the setting was extended to actions on
semifinite injective (separable) factors. We obtain a classification of such actions up to
conjugacy though the sense in which it is a complete classification will be discussed in
§1.3.

The authors would like to thank O. Bratelli and N. Munch for pointing out a
serious error in a previous version of this paper.
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Chapter 1. Preliminaries
§1.1. Notation. Statement of the main theorem

Throughout this paper .4 and & will be separable von Neumann algebras with centers
Z(M) and Z(N), and < will be an abelian von Neumann algebra. The unitary group of #
will be written (). For each u€ U(#), Adu will denote the inner automorphism:
x—uxu*. If M is a factor, U(F(#)) may be identified with {z€ C||z]=1} and this group
will be denoted T. The automorphism group of # will be written Aut (4) and Int (/)
will denote the normal subgroup of inner automorphisms. If ¥ is a Hilbert space, %B(#)
will denote the algebra of all bounded operators on #.

The symbols & and %, ; will denote the injective factors of type II; and Il
respectively.

Compact abelian groups will be written A and B and the letters G, H and N will
denote discrete abelian groups. The duality between A and G=A will be written (g, a).
All groups will be written multiplicatively except when they appear as coefficients for
some cohomology group. L*(A) will be the Hilbert space of square-integrable functions
with respect to Haar measure da. (Similarly for G.) An action a of A (or G) on # will be
a homomorphism a: A—Aut #, a—a,, which is pointwise strongly continuous. The
crossed product of M by an action a of A will be written /)], A (similarly for G). The
dual action of A on M, A will be written &.

If a: A—>Aut A is an action, a (unitary) cocycle for a will be a strongly continuous
family {v,} of unitaries of /# such that v, a,(v,)=v,,. Two actions a and 8 of A on #
and & will be called conjugate if there is an isomorphism 6: ¥—./ such that a,=
08,67 ! for all a€A. They will be called cocycle conjugate if there is 6 and a unitary
cocycle {v,} for a such that Adv,a,=6B,07" (similarly for G).

If a is an action of G and N=a~'(Int ), the characteristic invariant of a will be
the pair (4, 4), modulo coboundaries, defined by the following conditions

ap=Adw, for hEN,
Wy, Wy =.u(h) k) Whi, h) keN}
ag,(w,)=Ag, hHw, gEG, hEN.
Thus A: GXN—-UHAM)) and u: NXN—-UF(M)). We denote the characteristic invar-
iant of a by y,. The characteristic invariant is a cocycle conjugacy invariant in the

sense that if {#, a} and {, 8} are cocycle conjugate covariant systems over G, and if 6
is an isomorphism of .# onto & and {v,} is an a-cocycle such that Adv,0a,=68,0",
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then 6 maps naturally xg into y,. On the other hand, if we consider actions of G on a
fixed A, then the characteristic invariant y,, is no longer invariant under conjugacy of
a. Namely, if 6 is an automorphism of # and if B,=60a, 07", then we have yz=0(x,)
as mentioned above. As seen later, 6(y,) need not be equal to x,. Therefore, in this
case, the true cocycle conjugacy invariant is the orbit {y,] of y, under the group
At (Z(AM) of automorphisms of Z(A) commuting with the restriction of a to Z(/).
We call this orbit [x,] the characteristic orbit.

The regular representation a—v, on L*(A) gives an action g: A—~Aut(B(L*(A))),
0.=Adv,. Two actions a and 8 of A on # and & will be called stably conjugate if a®o
and B®p are conjugate. If the actions a and § are stably conjugate, #® B(L*(A)) and
N®B(L*(A)) may be identified via an isomorphism § conjugating a®g and f®g. The
actions a and B will be said to have the same inner invariant if 0(1® [4v,da)=
o(1®v,da) for some o commuting with a®p (see §3.2).

We now state the main theorem of this paper.

THEOREM 1. Let a and 8 be two actions of A on the semifinite injective factors M
and N. Then
(@) a and B are stably conjugate iff the dual actions are cocycle conjugate.
(b) The dual actions & and ,3 are cocycle conjugate iff
(i) The crossed products are isomorphic;
(ii) & and B have conjugate (ergodic) actions on F(MX,A) and HN X A);
(iii) There exists an isomorphism 6 of H(MX,A) onto E(NXgA), which conju-
gates {a, ZMX,A)} and {#, EHNXgA)}, such that 0(x.)=yp.
(c) Two stably conjugate actions are conjugate iff they have the same inner
invariant.

§1.2. Outline of the proof

The proof of Theorem 1 is somewhat involved and appeals to several results which are
themselves rather difficult. We take this opportunity to outline the proof, stating clearly
the main results which will be used.

The first assertion of Theorem 1 follows from the following theorem.

THEOREM 1.2.1 ([28)). Let a be an action of the separable locally compact abelian
group F on M. Then (MX, F)X,F is isomorphic to MR B(LXF)) under an isomor-

phism which carries & onto a®pg.
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The last assertion of Theorem 1 is almost obvious. Thus we are reduced to proving
assertion (b).
The first thing to note is that by the following result /X, A is injective.

THEOREM 1.2.2 (Connes [5]). Let M be an injective von Neumann algebra and G
be a group with a countable amenable dense subgroup, acting on M. Then the crossed
product MXG is injective.

Also by Theorem 1.2.1 we know that the action & must leave invariant a fatihful
normal semifinite trace on MX,A and that & is ergodic on H(MX,A). Writing
/&tx]aA:f@ Nx) dufx) with N(x) factors, it follows that all the #{x) may be supposed
semifinite. The next result shows that all the A{(x) may be supposed injective.

THEOREM 1.2.3 (Connes [5]). _[@JV(x) du(x) is injective iff u-almost all algebras
N(x) are injective. The only semifinite injective factors are R, Ry, and type 1 factors.

The second half of Theorem 1.2.3 allows us to assert that /)X, A=?®« for an
injective semifinite factor . By hypotheses (i) and (ii) of Theorem 1 we may, after a
first conjugation of the form id®#6, suppose that ¢ and § are equal on Z(#X,A) and
that M, A=NXgA=PRA.

At this stage we may change our point of view and think of the actions & and f§ as
actions of the groupoids GXX (where G=A, =L"(X, 1)) on the factor ?. If H is the
kernel of the action of G on Z(MX,A)=C& 4, the groupoid (G/H)x X is principal. In
the measure-preserving case the next result was proved by Dye [11] and in the general
case by Feldman and Lind, [18]):

THEOREM 1.2.4. Let Q be a freely acting abelian countable discrete group of non-
singular transformations of a standard measure space {X,u}. Then the principal
measured groupoid QXX is hyperfinite, or equivalently is generated by a single
transformation.

This result was further generalized recently to the case where Q is amenable by
Connes, Feldman and Weiss [9].

From this result it also follows that the second cohomology of (G/H)x X vanishes
(see [12]) so we may split the groupoid Gx X as a product HX((G/H)xX). This splits the
problem as well. First one obtains a field of actions of H on the algebras A(x). By
ergodicity they all have the same characteristic invariant, determined by those of ¢ and
B, so we may use the following result.

15—848283 Acta Mathematica 153. Imprimé le 14 Décembre 1984
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THEOREM 1.2.5 (Ocneanu [23]). Let y, and y; be two approximately inner actions
of an amenable discrete group H on N=%R or Ro 1 then if y7'(Int MH=y7'(nt M),
and y, are cocycle conjugate iff they have the same characteristic invariant.

Thus after a second conjugation we may suppose the fields of actions of H on A{(x)
to be all equal to the same action o of H with given characteristic invariant.

The actions (coming from 6 and ) of the groupoid Hx((G/H)* X) now give rise to
homomorphisms of the hyperfinite principal measured groupoid (G/H)XX into the
group K of automorphisms of & commuting up to cocycles with a. Given the appropri-
ate topology this group is Polish and inner automorphisms are a normal dense Borel
subgroup. To prove this density result one uses the following result.

THEOREM 1.2.6 (Ocneanu [23]). If H is a countable amenable discrete group and
h>y, € Aut ¥ is a map which gives a free action on the algebra N,, of w-centralizing
sequences, then this action is stable, i.e. if h—U,€ UN,,) is a cocycle then there is a
WEAUN,,) such that Wy, (W)=U,,.

So we may apply the following theorem due to Bures, Connes, Krieger and
Sutherland, a proof of which is given in the appendix.

THEOREM 1.2.7. Let 4 be a hyperfinite measured groupoid, G a Polish group and
01,02 be Borel homomorphisms of 4 into G such that

01=02 modﬂ,

where H is a normal Borel subgroup of G and H means the closure of H. Then there
exist Borel maps h: $—H and P: X=4®—H such that

02) = h(y) Pr(») o1V P(s())~!, 7€,
where r and s denote the range and the source maps of § onto X, respectively.

After applying Theorem 1.2.7 to the two homomorphisms of (G/H) XX into K, and
a further application of the vanishing 2-cohomology, we find that if 7 and v are
homomorphisms we may suppose n(h, y)=Adw,,,v(h,y), where w, , are unitaries in
N which are cocycles in each variable separately. We want w, , to be a cocycle for all
of HxX((G/H)xX). There is one last obstruction in H'(H)®H'((G/H)xX) which we
remove by using a special model action. The cocycle property for w), , ‘‘integrates’ to
give the cocycle conjugacy of the actions & and B and we are through.
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§1.3. The meaning of the result

In what sense is Theorem 1 a classification of actions of compact abelian groups on
injective semifinite factors? It is certainly not as complete a classification as that of [14]
where, given a finite group, one can completely parametrize its actions on # by
algorithmically calculable spaces. Indeed one of the invariants of our theorem is a non-
singular ergodic action of a countable discrete group on a measurable space, defined up
to conjugacy. All actions can occur, even the type III ones, but even in the case where
the group is Z and the actions preserve a probability measure it is well known that there
is no smooth parametrization of the actions. For more complicated abelian groups than
Z the structure can only be worse.

If one accepts ergodic actions of A as parameters, then one has to work with the
characteristic invariant first, which is at least as complicated as the first cohomology of
an ergodic hyperfinite principal measured groupoid (see our Proposition
2.3.18)—known to be somewhat pathological (see {25]). Then one must find out the
orbit structure of characteristic invariants under the action of the group S of automor-
phisms of the center =%(#M 1, A) commuting with the restriction of & to Z. Very little
is known about this space of characteristic orbits. Here a number of questions arise
immediately. When does S act non-trivially on the space of characteristic invariants?
Can the space of characteristic orbits be countable? For some examples see the end of
§ 2.1. We will pick up this topic elsewhere. Finally, the inner invariant is not particu-
larly easy to tie down. For each stable conjugacy class one must determine the action
of the group commuting with the second dual action on the space of projections
equivalent (via automorphisms) to 1® {4 v,da in MR B(L*(A)), which necessitates a
different space for each conjugacy class. (Actually the situation here is not as hopeless
as it might seem—the authors intend to say more about the inner invariant in a future
publication.)

On the other hand, Theorem 1 does describe all actions of compact abelian groups
on injective semifinite factors in terms of invariants which are drawn from ergodic
theory and cohomology. So the situation is roughly the same as it is in the classification
of injective type Il factors: the flow of weights is a complete but ill understood
invariant from ergodic theory.

If other conditions (such as factoriality of the crossed product or ergodicity of the
action) are imposed, the classifying spaces become much easier to handle than in the
general case. We have described several such situations in §3.2.

To conclude, Theorem 1 should be thought of as a structure theorem rather than as
a classification in the sense of an enumeration of all possible actions.
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Chapter 2. Discrete Abelian groups
§2.1. The characteristic invariant

Let G be a countable discrete abelian group, written multiplicatively, and N a subgroup
of G. If A is a G-module on which N acts trivially, the group A(G, N, A) is defined as
follows, see [13, 14, 15]. Let Z(G, N, A) be the abelian group of all pairs (4, #) where
A:GXNw—A and u: NXNw—A satisfying the conditions:

plg, k) =0=7(g, ) whenever g or =1 (normalization); (2.1.1)
u(f, B)+u(fh, kY = uth, K)+u(f, hk); (2.1.2)

Mg, hk)—Ag, h)—A(g, k) = u(h, k)—gu(h, k); (2.1.3)

AMgg', h) = A(g, h)+gAg’, h); (2.1.4)

Ah, k) = p(h, k)—p(k, h), (2.1.5)

for every g,2'€G, f,h, kEN. If 0: N—A is any function with ¢(1)=0, define the pair
60=(8, 0, ,0) by
(610)(g, h)=o(h)—ga(h), g€G, hEN; (2.1.6)

(020) (h, k) = o(hk)—o(h)—o(k), h,kEN. (2.1.7)

It follows that 06 € Z(G, N, A). We define B(G, N, A) to be the set of all such do’s,
which is a subgroup of Z(G, N, A). We set

A(G,N,A)=Z(G, N, A)/B(G, N, A).

Now suppose that / is a von Neumann algebra with center &. If a is an action of
G on A, we set

N, = {g€G: a, EInt (M)} 2.1.8)

Clearly, N, acts trivially on the unitary group %(#f) and we may consider the group
A(G,Ng, U(A)). The characteristic invariant y, is defined as the class in
AG, N,, U(sA)) of the pair (4, 1) defined by the following:

ap=Adu,, hEN, u;=1; (2.1.9
a (up) =Ag, Nu,, gEG, hEN; (2.1.10)

upur=u(h, k) up, h,kEN,. (2.1.1D
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(Note the changes from additive to multiplicative notations in the coefficient
group.)

Remark 2.1.12. 1t is instructive to consider the case where A is a factor, i.e., =C
and U(f)=T. The conditions (2.1.1)-(2.1.5) may be reduced to saying that : GXN—T
is a bicharacter and u is a normalized 2-cocycle with A(h, k)=u(h, k)ulk, h)~*,
h, k€ N,. This relation in fact implies that A determines the cohomology class of u. For
2-cocycles u, the antisymmetrization map determines an isomorphism between
H*(N, T) and A%(N, T), the group of all antisymmetric bicharacters on NxN, [14], [24].
In particular, if A|xyxx=0, then u is a coboundary. The map: [4, u]—A thus gives an
isomorphism of A(G, N, T) onto the group of all bicharacters on GXN whose restriction
to NXN is antisymmetric. We shall think of elements of A(G, N, T) as bicharacters via
this isomorphism. An important conclusion of this observation is that A(G, N, T) is a
compact abelian group with respect to the pointwise convergence topology on GXN.

A centrally ergodic action a of G on # means, by definition, that {«, G, a} is
ergodic. In this case, the characteristic invariant y, determines the center of the
crossed product #X,G. To see this, introduce, for any (4, u) € Z(G, N, U(s)), the
algebra o), N, the twisted crossed product of & by N with respect to the trivial action
of N and the 2 cocycle u. A typical element may be written

x= Z xw, x,€4,
hEN

where w,, and & commute and
wywy = uCh, k) wy,, h,kEN.

Thus &£, N is not abelian unless x4 is a coboundary. Now, G acts on &>, N by the
following:

o, (2 a, w,,) = Z Mg, h)ala,) w,.

hEN hEN

That the fixed point algebra (s£)4,, N)° for o is isomorphic to the center of the crossed
product M, G follows from the next result:

PROPOSITION 2.1.13. Let P=MX ., G and consider the dual action é of G.
(i) The dual action 4 is centrally ergodic if and only if o is.
Assume that o is centrally‘ ergodic.
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(ii) The relative commutant M' NP is anti-isomorphic to H4X, N,.

(iii) The center of P is precisely the image of (4X, N,)° under the anti-isomor-
phism in (ii).

Thus, P is a factor if and only if a is centrally ergodic and o is ergodic.

Proof. (i) It follows immediately from [28].

(i) Let y=E,ecazu,ER be an element of the relative commutant #'. Then
xag=agy(x)a, for every x € M. But if g€ G\ N,, then a, is free since G is abelian and
the action is ergodic. Hencey=2%, N, @ Up- Now, choose v, € U(M) with a,=Ad (v,)

for h€N,, and write

y= 2 b, viu,.

hEN,

Since y commutes with 4, each b, belongs to «f. But the algebra % of all such y’s is
anti-isomorphic to &£, N,. Conversely, every y of the above form commutes with /.
(iii) In the previous arguments Adu, on & corresponds to the action o, on
XNy The center € of P is precisely {up}'N%B, which is the image of
(AN, Ny)°. Q.E.D.

Note that the conditions in Proposition 2.1.13 are determined entirely by {4, G, a}
and the corresponding characteristic invariant.

We can now state our main result and the rest of this chapter will be devoted to its
proof.

THEOREM 2.1.14. Let a and B be two centrally ergodic actions of a countable
discrete abelian group G, preserving some faithful semifinite normal trace on a semi-
finite injective von Neumann algebra M. Then a and B are cocycle conjugate if and
only if

() {A, a} and {A, B} are conjugate;

(i) No,=Ng and there exists an automorphism 6 of s such that Oa, 0"=/3g,
g€G, on A and 0(x)=yp.

The necessity of these conditions is immediate. The sufficiency will be proved in
§2.5.

Thus cocycle conjugacy classes of actions a of G with N,=N and {«, a} fixed are
parameterized by orbits of the action of Autg(sf) on A(G, N, U(«)). But how does
Autgz (&) act? This is not an orbit equivalence invariant and must be determined for



ACTIONS OF COMPACT ABELIAN GROUPS ON SEMIFINTE INJECTIVE FACTORS 223

each conjugacy class of ergodic actions of G on . This is an invariant which has not
been previously encountered, a fact which is explained by the following two results.

LEMMA 2.1.15. Let A be a G-module on which N acts trivially. Since G is abe-

lian, each element g€G belongs to Autg(A). Then the induced map
2% A(G, N, A)—»A(G, N, A) is the identity.

Proof. If (A,u)€Z(G, N, A), we must show that (A—gA, u—gu) is a coboundary.
One easily checks that with o(g)=A(g, )

(0,0, 050) = (A—g, u—gu). Q.E.D.

(This is a special case of a general result of the type ‘‘inner automorphisms do not
act on cohomology’’ which could be established in the framework of [29].)

COROLLARY 2.1.16. If $¢=L"(X, u) and G acts transitively on X, then Autg ()
acts trivially on A(G, N, U(HA)).

Proof. This follows from the last lemma and the fact that Autg()=a(G). Q.E.D.

Thus, in the study of finite group actions on factors, the characteristic invariant of
the dual action is a well-defined cocycle conjugacy invariant. This explains why the
action of Autg(sf) does not occur in [14].

But if the action of G on {X, u} is properly ergodic, then the group Autg(sf) may
act non-trivially on A(G, N, %(sf)) as we will show now. Ornstein’s example in [30]
shows that there are also cases where Autg () acts trivially on A(G, N, U(<A)).

It will be established in the next section that an element of A(G, N, U(A)) has two
parts, one of which is an element of H'(G/H, H\(N, U(s{))), so it suffices to show that
there is a non-trivial action on H'(G/H, H\(N, U())). For this, we choose N=Z, so
H'(N, U(sf))=U(sf), and also choose G/H=Z. Then we are in the simple situation of a
single ergodic transformation T of a measure space {X,u} and we want to find a
transformation S on X commuting with T such that S acts on HYZ, UL"(X, 1)),
where Z acts via T. Let {T, X, u} be the irrational rotation transformation by angle 6 on
the unit circle X with the Lebesgue measure u. Any transformation § commuting with T
must be a rotation of angle ¢. Let a (resp. f) be the automorphism of &/=L%(X, x)
corresponding to T (resp. S). Let A€Sp(S). Then there exists u € U(«) such that
A=u*B(u). Now, u and B(u) are cohomologous in Z(Z, U(s#)) if and only if there exists
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VEU() such that S(u)=v*ua(v)=uv*a(u), which is then equivalent to saying that
A=u*B(u)=v*a(u). This means that 8 acts trivially only if Sp (8)=Sp(a). But we have

Sp(a)={e”:n€Z} and Sp(B)={e*™:n€L}.

Thus, Sp (8)=Sp (a) implies that S=a" for some n. Therefore, we conclude that for the
irrational rotation system {7, X, u}, an element § of Aut, (%) acts on A(G, N, U(A))
trivially if and only if f=a" for some n.

In general, we do not know the size of the space A(G, N, U(sf))/Auts (U(sf)) of
characteristic orbits. It is conceivable at this stage that there may be examples where
there are only countably many orbits although A(G, N, U(s{)) is uncountable. (*)

§2.2. The groupoid approach

Let H=ker (a|y) and K=G/H. The commutativity of G together with ergodicity implies
that the action « gives rise naturally to a free ergodic action of K on . The injectivity
of M together with ergodicity implies the decomposition of /:

M=N& A

with & a semi-finite injective factor, [5]. Representing &£ on a standard measure space
{X,u} as A=L(X, u), one can ‘‘split’’ the action a of G on / as a field of actions of H
on / and a free ergodic action of K on {X, u}. Since G need not be the direct sum of H
and K, this type of decomposition of a does not make complete sense. However, the
commutativity of K implies the hyperfiniteness of the ergodic transformation group
{4, K, a} [11], [18], which yields a principal hyperfinite measured groupoid. Further-
more, our problem is by its nature cohomological. It is well-known that the cohomolo-
gical behavior of ergodic transformation groups depends only on the orbit structure of
the system, i.e. the measured groupoid. These general observations motivate us to look
at the groupoid associated to the system {</, G, a}. As will be seen in the next section,
the above ‘‘splitting’’ of the action a becomes real on the groupoid level, which enables
us to handle successfully the linking of ‘‘H-part” and ‘‘K-part’’ in the later sections.
Let us begin by recalling some of the definitions from the theory of measured
groupoids [8], [20]. Since we handle only those measured groupoids coming from

(") K. Schmidt showed in a private conversation that this never happen. Namely A(G, NU(«)/
Autg (U(s4) is not countably separated if A(G, N, U(H)) is not.
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ergodic actions of a countable discrete group on a standard measure space, we restrict
ourselves to the following type of measured groupoids.

%is a small category with inverses where the source and range maps

2.2.1)
are denoted by s and r;
% is equipped with a standard Borel structure with respect to which 2.22)
all relevant maps and sets are Borel; -
The objects X=%© carry a o-finite Borel measure u. 2.2.3)
For each x€X, r~'(x)=%" is countable; (2.2.9)
The measure m on % obtained by integrating the counting measure on

¢* with respect to u is quasi-invariant under the map: 2.2.5
yE%—>y €Y. '

When y € ¢ has s(y)=x and r(y)=y, we will write this as y: x—y.

When we say that a statement is true almost everywhere in 4, we refer to the
measure r on 9. By the countability condition for ¥, (2.2.4), this means that one can
find a saturated Borel conull set X’ in X such that the statement is true for every
y€ 9 =r"1(X")=s"1(X'). We shall then work with this smaller measured groupoid ¥’
instead of ¥, which will not affect the rest of the discussion. We shall make use of this
replacement freely without any further comment whenever almost everywhere equa-
tions arise in 4.

Definition 2.2.6. An action o of 4 on a von Neumann algebra & is a Borel

homomorphism: y € 4—a, € Aut(#) from ¥ into Aut(¥), i.e., a 7=, Oy whenever

4
s(y,)=r(y,). Two actions a and § of 4 on N are called conjugate if there exists a Borel

map 6: x € Xi—6, € Aut () such that
a,= Br_(;}) ﬁ b4 05(7)
for almost every y € 4.

Remark. We could have used the terminology ‘‘cocycle’” and ‘‘cohomologous’’ for
action and conjugate, respectively. We use these words because of our intention to
associate actions of groupoids with actions of groups. Hence the following:
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Definition 2.2.7. Let a be an action of $on N. A unitary cocycle for a is a Borel
map u:y € $—u, € UN) such that

u7|72 = u}'l a}'l(u}'z)

whenever s(y,)=r(y,). If this is the case, the map: y€ $—>Ad(y,) a, defines a new
action of 4 on W, called the perturbed action of a by u. Two actions a and § of Gon ¥
are cocyle conjugate if there is a unitary cocycle « for a such that 8 is conjugate to the
perturbed action of a by u.

Now, if ¥ is a factor, let

J“=N® d, -9¢=Lm(X:,u)’

with {X,u} a standard measure space. Let a be an action of a countable discrete
abelian group G on /. The restriction of a to & gives rise to an action of G on {X, u} as
a non-singular transformation group such that

(a, X)) =f(g"'x), fEA, gEG, xEX.
We assume ergodicity for {, G, a}.

Definition 2.2.8. The auxiliary groupoid for the action a is the groupoid 4,=GXxX
where 49=X, s(g, x)=x, n(g, x)=gx and (g, hx) (h, x)=(gh, x), g, h€ G, x EX. The Borel
structure in ¥, is the product Borel structure and the measure on 4 is the product of
the counting measure on G and the original measure « on X. The auxiliary action,
modulo G-automorphisms of {X, u} of 4, on W is defined by:

0, (a(x)) = (agla)) (gx), a€M=L"(X,N,u). 2.2.9)
By changing on sets of measure zero, we may assume that
a(g’hx)'a(h,x)=a(gh'x), g,hEG, .XEX.
Properties of actions can now be phrased in terms of properties of their auxiliary
actions. We establish a dictionary:

PROPOSITION 2.2.10. Let a and B be two actions of G on M such that {A4, G, a}=
{A, G, B}. The auxiliary groupoids may then be identified and the actions are:

(i) Conjugate under Aut(M/sf), the group of center fixing automorphisms, if and
only if their auxiliary actions are,

(ii) Cocycle conjugate under Aut (M/sf) if and only if their auxiliary actions are.
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Proof. (i) Suppose the two actions are conjugate under Aut(#4/&f), say
6a,6~'=p,. We may suppose that @ is of the form:

0(a) (x) = 0, (a(x)), a€M,

with x€EX—6, € Aut(/) a Borel map. Writing out 6fa, 0‘1=ﬁg in terms of the auxil-
iary actions, one sees that they are conjugate.

The converse is now clear.

(i) If a and B are cocycle conjugate, say Ad(u,) a,=08,6" for some cocycle u
for o and 6 € Aut (M/f), then we set u,=u,y(x) for y=(g, x) € 9,. The cocycle identity
for {u,} implies (2.2.7) for {w,} for almost every y. The cocycle conjugacy of the
auxiliary actions follows immediately. The converse is also easy. Q.E.D.

Thus, actions of groups may be classified by classifying actions of groupoids. This
gives a heuristic proof that the characteristic invariant space depends only on the
groupoind. This will be taken up in the next section. For the moment, we want to show
one great advantage of the groupoid approach, on which we commented in Chapter 1.
In general, if G is an abelian group and H is a subgroup, we don’t have a splitting
G=HXxG/H. But if 8 is an ergodic action of G on a measure space {X,u} ('), and
H=ker 8, we can write the groupoid 9;=GxX as HX(G/HxX), and now K=G/H acts
freely on X, so the groupoid #=KxX, K=G/H, is a principal groupoid, i.e. the graph of
an equivalence relation.

LEMMA 2.2.11 (Splitting lemma for groupoids). Let 8 be an ergodic action of a
countable discrete abelian group G on a measure space {X,u}. If H=kerf and
K=G/H, then there is an isomorphism of measured groupoids:

M: Gg=GXX > HX(KXX),
where K acts on X freely via f§ and
M, x)=(h,1,x), hE€EH, xEX.

Furthermore, KxX is a principal ergodic hyperfinite measured groupoid, henceforth
written X.

Proof. That K=G/H acts freely on X follows from ergodicity and commutativity.
Thus we identify KxX=9% with the equivalence relation induced on X by . The map

(') We mean by a measure space always a standard measure space.
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7: (g, x) € G=GXX—(g,x) E¥=KXX, with g=gHEK, is a Borel groupoid homomor-
phism with ‘‘kernel”” H. We shall construct a section for it.

First, let k€ K—g(k) € G be a section of the quotient map: g € G—g € K=G/H. For
each y=(k, x) € X set g,=g(k) €G and

h(yi,v) = 8,8, g;llh’
for every composable pair (y1,y,) € #®. Writing y1=(ki, k» x) and y,=(k»,x), we have

h(y1,72) = glky) glka) glki k2) ™' € H.

Therefore, the function h: #®—H is a measurable 2-cocycle on the hyperfinite ergodic
principal groupoid %, whose second cohomology is trivial for any coefficient group,
[12]. Hence h is a coboundary, i.e. there is a Borel function k: y € Xi—k, € H such that

h(y,,v) =k, k, k'

Y1 Y2t vyy’

a.e. (,,7,) €EX?.

We then set g, =g k, !, y€¥, and obtain a Borel homomorphism: y € ¥—g,€G such
that

&y, s =y, YEX.
Now, the map M defined by

M(g,x)=(gg,", ) EHXH, y=nl(g,x),

is an isomorphism of ¢z onto HX .
It is easy to show that this map M maps the measure class of ¥into the class of the
product measure on HXX. Q.E.D.

In the principal groupoid #¥=K XX, a K-automorphism of # means, by definition, a
non-singular transformation T of {X, 4} commuting with the action of K. Let Autg (%)
denote the group of K-automorphisms of 5. Now, putting the previous discussion,
Proposition 2.2.10 and Lemma 2.2.11, together, we have proved the following:

THEOREM 2.2.12. Every centrally ergodic action of G on M=N® o determines, up
to Autk (X), an action of HXH on N. Two actions a and 8 of G with the same action
on A are conjugate (resp. cocycle conjugate) if and only if the corresponding actions G
and ﬁ of HX ¥ are also up to the action of Autg(¥) on HX K.

Note that X=% can be either {1,2,...,n} for n=1,2, ..., or [0, 1].
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Let us not forget that the groupoid % itself depends on the actions of G on the
center of. All hyperfinite ergodic principal groupoids, including type III cases, occur
from trace preserving actions of G as will be shown in the next section.

§2.3. The characteristic invariant for groupoids

We saw in the last section that centrally ergodic actions of groups correspond to
actions of groupoids on factors. This implies that the cohomological formalism for the
characteristic invariant in the groupoid language must be worked out.

Let 9 be a measured groupoid described by (2.2.1)<2.2.5). We assume ergodicity
for %, i.e. all saturated subsets in X=9 are either null or conull. A Borel subgroupoid
N of Gis said to be normal if

The set N of units of N coincides with X; 2.3.1)
s(n) = r(n) for every n €N; (2.3.2)
For every pair (y, 7)) E4xNN 42D, ypy~1eN. (2.3.3)

The first condition (2.3.1) follows from (2.3.2) and (2.3.3) by the ergodicity of %. Once
again, we will freely alter sets of measure zero.

A normal subgroupoid 9 of ¥ is then nothing but a measurable field:
XEX—>N@x)c9 ={y€% x=s(y)=r(y)} of subgroups such that

YN@)y ' =N@), y:x—oy.

We fix a normal subgroupoid R of ¥ and a Polish abelian group A, written
additively. We denote by Z(¥%, i, A) the abelian group of all classes, modulo null sets,
of pairs (A,u) of Borel functions, A:{(y,7) € 9xXN:(n,7)€ §®}—>A and u: N®—A
such that

Ay, m)=0=u(y,n) if either y or n€ 49, 2.3.9)
W@y, )+ 1055 03) = W01 Dy ) (T 1), (1117515 €N (2.3.5)
A, )=y, n) =AW, 1) = u(my, 1) =ty ~"'n v, v 'my ), (2.3.6)

(11,1, EN? and (,,7) € 4?;
A vam) = Ay, M+ vi'ny), (L) €9, (n,v) €9, 2.3.7

AWy m) = p 7 )Gy, 00, (14,1, €N, (2.3.8)
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If 0: "—A is a Borel function with o(X)={0}, we define

{(61 0) (y, 7) = olp)—o(y ™ 'ny);

2.3.9
(6,0) (my, m,) = o, 17,)—0(m,)—0(n,). @39

Then the pair do=(0, 0, 6, 0) satisfies (2.3.4)~(2.3.8) and we let B(Y, R, A) be the image
{60} in Z(%4, N, A). (Note that (2.3.4)~(2.3.8) are formally identical to (1.2.1)«1.2.5) of
[14].) We then define

AYG,N,A)=2Z(4,N,A)VB(%4, N, A).

Since it is tedious to check all the formulas (2.3.4)-(2.3.8), it is desirable to identify
a member of A(% N,A) with a mathematical object which is more conceptually
manageable. Let (4, u) € Z(4, N, A). Consider N=AxN with the cartesian product
Borel structure. Let

N = {((a, n), (b, L): (a, b)EAXA, (1, {) END}

and set

(@, 7) (b, 5)=(a+b+u(n, 0),nt), 01, H)ER?, (a, b)EA. (2.3.10)
We then obtain an exact sequence of standard Borel groupoids:
X5 AXX->NR->N>X. (2.3.11)

Furthermore, the above exact sequence can be viewed as a functor from the category
of N with Ad as morphisms into the measurable category of exact sequences:

0—-A—> N(x)—>Nx)—>1, x€X.

The function 4 then gives rise to a functor from $to N which extends the above functor
from N to N by the following:

a(@,y" ') = (a+A(y,m), ), (1, 7)EY?, 2.3.12)

Conversely, any measurable functor from % to an exact sequence of standard Borel
groupoids N, (2.3.11), extedning the natural functor from % to 9N, corresponds uniquely
to the cohomology class of (4,u) in A(%,N,A). Note that this corresponds to the
“‘crossed module formulation™ in [13], [15].

PROPOSITION 2.3.13. Let 8 be an ergodic action of the countable discrete abelian
group G on d=L*(X, u) coming from a non-singular action of G on X:x€EX—>gx€X
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and NcH=ker 8. Let 4=GXX be the auxiliary groupoid and #=NXxXc4. ThenN is a

normal subgroupoid of G and there is a natural isomorphism between A(9, N, T) and
A(G, N, U A)).

Proof. Given 1: GXN—U(sf), and u: NXN—U(A) with (4, 1) € Z(G, N, U(A)), we
represent them by Borel functions A(g, &, ) and u(h, k, <) on X=949 with values
in T. For each y=(g,g7'x) and 75=(h,x), we set A(y,n)=A(g, h,x), and
11, m2)=ulhy, ha, x) for n,=(h,,x) and 5,=(h,,x). Then (2.3.4)—2.3.9) follow imme-
diately almost everywhere from (2.1.1)-(2.1.5). The groups B(G, N, U(sf)) and
B(%, N, T) correspond in a similar way. The rest of the discussion is just routine, so we
leave it to the reader. QED

Let X be a factor. The group Aut () is a Polish group with respect to the pointwise
convergence topology on the predual. The unitary group (/) is also a Polish group
with respect to the strong operator topology. The map: u € UN)—>Ad () EInt(N) is a
continuous homomorphism with kernel T. The quotient group U(WN)/T is then a Polish
group which is continuously and bijectively mapped to Int(#). Therefore, Int(V) is a
Borel subgroup of Aut (#) even if it is not closed. By definition, an action of $on N'is a
Borel homomorphism a of % into Aut(#). We set R,=a~ '(Int N {y € G s(»)=r(y)}.
It follows that 9, is 2 normal subgroupoid of ¥. Since the quotient map: u € U(N)—
i € UW(N)/T admits a Borel cross-section, we may choose a Borel function: 7 €N~
u, € U(N) such that

o,=Ad(u,), n€RN, u,=1if n€NO.

the characteristic invariant y, is defined as the class in A(%, N,, T) of the pair (4, 1)
determined by the following:

afu ., )=y, Mu, (1,7)€9?; (2.3.19)
u']] u172 =:u(”1”72) u”l’72’ (7]1, ﬂz)ema). (2315)

PROPOSITION 2.3.16. Let N be a factor and M=N®A with dA=L"(X,u). If
a: G—Aut (M) is a centrally ergodic action of the abelian group G, then the character-
istic invariant y, of a corresponds to the characteristic invariant of the auxiliary action
of 4, under the isomorphism of (2.3.13).

Proof. Note first that R,=N,xX. A choice u, with Adu,=a;, h€N,, gives a
choice u, for n€N,. The rest is just a formal calculation, which we leave to the
reader. Q.E.D.
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The following result corresponds to the splitting lemma for groupoids at the
cohomology level.

LEMMA 2.3.17 (Cohomolgy splitting lemma). If ¥ is an ergodic principal measured
groupoid, H is a countable discrete abelian group, N a subgroup and if $=HXJ and
N=NxX with X=H?, then there exists an isomorphism:

H' (%, N)® AH,N, T)=A(9,R,T),
which is given on cocycles by
e@A->UAMEZ(GNT),

where &: H—N is a homomorphism, i.e. a cocycle, L€ A(H, N, T), (see Remark 2.1.12),
and

A(h,v), (k, ) = (e(y), k) Ak, k), y=r(y), h€EH, kEN;
a(h, x), (k,x))=u(h, k), h,kEN, x€X,
u being determined by 2 as in Remark 2.1.12.
Proof. Each A€Z(H, N, T) determines a group extension:
I T>N->N-1 (*)

such that if KEN—u(k)EN is a cross-section of the above extension, then
ulky) u(ka)=puky, ko) u(ky k») and Ak, ka)=u(ky, k») u(ks, ki) ~!. Furthermore, i speci-
fies an action of H on N by h-u(k)=A(h, k) u(k), h € H, k€ N. The cohomology class [4]
of A in A(H, N, T) is in one-to-one correspondence, up to conjugacy equivalence, with
the above extension (*) equipped with an action of H, which extends the natural action
of N on N.

Now, let ¢ € H'(%,N) and A € A(H, N, T). We then have a short exact sequence (*).
We let 4 act on (*) as follows:

A, (k) = (&), k) A(h, k) u(k).

Viewing N(x)=N and N(x)=N, x€X, we see immediately that x€X—N(x) and
(h, y) € HX H—ays, , is a functor; hence it gives a member (4, @) of A(%, N, T).

Conversely, suppose (4, A EZ(% N, T). We then have an exact sequence of stand-
ard Borel groupoids associated with (4, fi):

XoTXX>N->N—>X,
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on which ¥ acts, extending the natural action of ¢ on N. Since N=NX3¥, the above
exact sequence can be viewed as a measurable field of exact sequences:

I-T>Nx)> N-—1,
on which the groupoid 4 acts. If y € %: x~>y, then we have a commutative diagram:

g

1-T aq,y) N—-1.

T m/

Therefore, the cohomology class [u.] of {i((%, x), (k, x)): h, kKE N} and [,] of {i((h,y),
(k,y)):h,kEN} must agree whenever x~y. Thus the associated antisymmetric bi-
character {4,} on NXN is constant on #-orbits in X. By ergodicity, one has 4,=A, for
every x,yE€X. Let A be this common bicharacter on NXN and u be a 2-cocycle on N
whose corresponding bicharacter is A. Since u['w€BXN,T)and x—u 'y is a

Borel function, and 6, is an open homomorphism from the compact group
C'(N,T)={c€TV:0(1)=1} onto B*N,T), there exists a Borel function:
x€ X0, ECY(N, T) such that u=u, d:(0,), x€X. We consider ¢ as a T-valued Borel
function on N. Replacing (1, 7) by (4, ji) (¢), we may assume that

x€EX > fi((h, x),(k, x))ET, h,kEN,
is constant. Therefore, the groupoid ¥=HX ¥ acts on the constant exact sequence
5 T>N->N->1

determined by u. Hence, if {u(k): k € N} is a cross-section of the above exact sequence,
then

an, p(u k) = A((h, ), (k, y)) u(k),
for y=r(y), h€H, k€N and y € ¥ is indeed the action of % on the exact sequence:
X5 TxX->N->N- 1.
If y=x€ %99, then
A, (k) = A(h, %), (k, ) utk), hEH, kEN.

16—848283 Acta Mathematica 153. Imprimé le 14 Décembre 1984
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If y=(y, x) € ¥, then
A, Q) Ftoy) = Oy HEH; (2.3.13)
(k) = (1, ),k y) u(h), KEN. (2.3.19)

Therefore, it is now easy to see that the map: (k, y) E NXH—-A((1,7), (k, () ET is a
bicharacter, which determines a Borel homomorphism &: y € #—N such that

M, ), (k, r(y) = (&), k).

Furthermore, (2.3.18) implies that if y: x—y, then
A((h, %), (k, x)) = A((h, y), (k, y)).

By ergodicity, x € X—A((h, x), (k, x)) is a constant A(k, k). Now, we have

Ak, p), (k, ry)) = {e(y), h) AR, k)
and (, 4) €Z(H, N, T). QE.D.

The above cohomology splitting lemma, Lemma 2.3.17, and Proposition 2.3.13,
together with the groupoid splitting lemma (2.2.11) allow us to decompose
A(G, N, U(«)) into a direct sum of H'(G/H, H\(N, U(sf)) and A(H, N, T) as follows:

PROPOSITION 2.3.18. Let B be an ergodic action of the discrete abelian group G
on A=L"(X,u) and H=KerB. If N is a subgroup of H, then there are natural maps
i: H(G/H, H\(N, W(4)))—A(G, N, U(sA)) and n: A(G, N, W A))—A(H, N, T) such that
the sequence:

1= H\(G/H, H\(N, U(s£)))—> A(G, N, Us)) > A(H,N, T)— 1

is exact. The sequence is also split.

We leave the proof to the reader.

The natural question is then: What is the size of A(G, N, U(«))? The group
A(G, N, T) is a (separable) compact abelian group, so it is certainly possible to compute
in a given situation. On the other hand, H'(G/H, H'(N, %(sf))) presents non-type I
phenomena. This group is often the quotient of a Polish group by a dense subgroup and
is studied in [25]. In the special case where « is atomic, Shapiro’s lemma proves that
H\(G/H, H,(N, U(s)) vanishes.
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We are now in a position to show that all values of the characteristic invariant are
realized by the kind of actions we are interested in. Let & be a semi-finite injective
factor, (type I or type II), and let f=L%(X,u) where {X,u} is a standard o-finite
measure space, and 8 be an ergodic action of G on &. Let Nc H=ker 8 be a subgroup.

THEOREM 2.3.19. For every x€A(G, N,U(H)) there is an action a of G on
M=NQ A, which admits an invariant faithful semi-finite normal trace t on M, such that
alx=P, No=N and y,=y. The restrictions on B and y are the following: if N is of type
Ithen H=N and {4, 8} is not of type 111 and if N is finite then {4, 8} is not of type 111.

Proof. The necessity of the above restriction for the type I case follows from
Aut(M=Int (W) if & is of type L.

To prove the theorem, we will use the description of the A group given in (2.3.13)
and (2.3.17) together with (2.2.11). So let us first see what the characteristic invariant
means in these terms:

Let #=KxX, K=G/H, be the hyperfinite groupoid. If a: 9=Hx H—Aut(¥) is an
action and N,=NxX, we may choose, by (2.3.17), a 2-cocycle u: NX N—T and a Borel
map: x € X—u, (k) € U(N), kEN, such that

aw,»=Ad(ulk), kEN, x€X; (2.3.20)
u (k) uyks) = ulky, ko) u(ky k), ky, k2 €EN. (2.3.21)

One may also suppose that there exist A€ Z(H, N, T) and ¢ € H'(¥, N) such that
an, p(Uxk)) = (), k) A(h, K uy(k), y:x—y. (2.3.22)

The characteristic invariant of the action a corresponds to the pair (¢, 1) under the
isomorphism of (2.3.17). For future reference, we note here that simply by changing the
choice of u,(k) appropriately we may suppose that u takes any value in its cohomology
class, as does &.

From the point of view of this theorem, ¢, A and u are given and we must construct
the action a and {u,(k): kE N}.

By [16], if Vis of type 11, there is a trace preserving action 6 of H on N with yg=A.
If ¥'is of type 1, this is also true via a projective representation since N=H, [24]. We
choose {w,: k€ N} cU(N) such that

wy, Wy = uky, k) wik, ky), ki, k,EN;

On(wi) =Ah, k)w,, h€H, KEN.
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By a crossed product construction, we choose a unitary representation:
k€ N>u, € ¥ and an action o of N on . such that o,(v)= (s, k) vy for (s, k) ENXN. By
[2, Lemma 2.3.12], the representation v can be extended to a unitary representation of
H into & which we denote again by v.

Since A =N®N in all cases, it suffices to define an action on NY®N. Define

ay,=60,80,,Adv, hE€H, yEX. (2.3.23)
Clearly, 2t,=NxX and for (k, x) EN, we set
uk)=w, v, kEN, x€EX.

With {a’, u,(-)}, (2.3.21) and (2.3.22) are satisfied.

Finally, we must fix up the action of HXx ¥ so that the corresponding action of G
preserves a faithful semi-finite normal trace on . Note that there is a homomorphism
o: H—-R% defined by the Radon-Nikodym derivative, so that if y=(gH,x) then
o(y)=(duo g/du) (x), where u is the measure on X fixed to give f=L"(X, w). If N is of
type I or of type II;, then the only way for the action of G to preserve a measure is for o
to be a coboundary, i.e. there is a measure equivalent to 4 which is invariant under g.
In this case, the model action o’ already constructed will do for a.

If ¥is of type Il., then it is possible for ¢ to be non-trivial. Let {@,} be a one
parameter automorphism group of & such that 7-@,=e 'z for a faithful semi-finite
normal trace 7 on &, [28]. We then define the action a of HX ¥ on N®AN by

Ay )= a(’,w) ® ologg(y)’ hE€EH, yEX. 2.3.24)

The resulting action of G will preserve the trace on / given by integrating the trace 7 on
N with respect to the measure u, and of course it has the same characteristic invariant
asa'. Q.E.D.

Remark. If X' is of type 1,,, n<+ o, the proof of Theorem 2.3.19 shows there is an
action of G on N®s with characteristic invariant represented by the pair (g, 1)
whenever

(i) There is a projective unitary representation of H in #; whose 2-cocycle u
satisfies A(h, k)=u(h, k) u(k, H)~';

(ii) There is a unitary representation: h—uv, of H in #3 and an action o of Hon X,
such that o,(v,)=(s, k) vy;

(iii) N=NON;.

These conditions may be relaxed somewhat to obtain necessary and sufficient
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conditions but we shall not be too much concerned with this case, as it does not arise as
the crossed product of a type II factor by a compact abelian group.

§2.4. Model actions with a specified property

We now come to what is probably the most subtle point of this paper. To ease the
reader’s task in following the argument, we shall make a digression to explain what is
going on in a much simpler context, that of outer actions of discrete groups on factors.

Suppose 2 is a factor and G is a group, and suppose we could show that any two
actions a and § of G on P are conjugate modulo Int (?). How might one show that any
two actions are cocycle conjugate? Certainly we know that, after conjugation, there are
unitaries {ug} such that a,=Adu,p,. The problem is that {u,} is not necessarily a -
cocycle. Indeed, u, B (un)=u(g, h) ugy, for some T-valued 2-cocycle x4 and the cohomo-
logy class of u is an obstruction to any further attempts to make a and 8 cocycle
conjugate involving only inner automorphisms. There is, however, a method in some
cases to overcome these difficulties. Suppose that for some explicitly constructed
model action m: G— Aut (%) we could exhibit, for any 2-cocycle x4, an automorphism 8
of ? with

Om, 6" = Adv, my;
U, mg(vh) = u(g, h) Ugpe

Now we can compare an arbitrary action a to the model action m. We know that,
after a preliminary conjugation of a, there are unitaries u, with a,=Adu,m, and
ug my(up)=pu(g, h) ugy. But we may conjugate by the above @ to obtain a0 '=
Ad(H(ug)v,) m,. But now g—0(uy)v, is indeed a cocycle and we are through. (This
technique was used in § 6.3 of [14] to solve a similar problem.)

In the context of this paper, the group ‘‘G”’ of the previous discussion has been
replaced by the groupoid ¥=HX ¥, so we expect to have to deal with its second
cohomology. The Kiinneth formula suggests that this will have three parts: H*(%),
H*(H) and H'(¥X)®@H(H). The first two will be dealt with in §2.5 using the Bures-
Connes-Krieger-Sutherland cohomology lemma, Appendix, and Ocneanu’s theorem,
[23], respectively. To handle the last part, we will follow the procedure outlined above
and in this section we shall construct the model actions m with given characteristic
invariant. We begin by treating the case where the subgroup N of H is trivial. This is, of
course, only relevant when & is of type II.

So let a: HX %—>Aut(P) be an action on the factor # with N,={1}xX, X=%©,
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We define €, to be the set of all Borel bicharacters @: HX #—T, i.e. Borel homomor-
phisms in both variables, and for which there is a Borel map: x € X0, € Aut(%) such
that

0,a,,0;'=Adu,a, ,, (y:x—y, y—>u,acocycle); (2.4.1)
6.a,,0;'=Ad(v, )a, . (xEX, h—uv,, acocycle); (2.4.2)
u,a; (, )= @l Y, a 1), y:x—y. (2.4.3)

PROPOSITION 2.4.4, The set €, is a group and a cocycle conjugacy invariant for
the action a, i.e. if B is cocycle conjugate to a then €,=%s.

Proof. Let ¢,€%€,, i=1,2, and {6., u;, v, .} be the associated objects in
(2.4.1)-(2.4.3). Set

— -192 — W—1g,,2 1 .
0,=6)7"6% u=@0)"wWrul, yx—y

Up = OD7'@E )*vh . @hy) = @,(h,y) @,(h, ).

It is a straightforward calculation to check (2.4.1)-(2.4.3) for ¢, 8, u and v. Hence
@€ %€,. Thus €, is a group.
Suppose that there is a Borel map o: x € X+>0, € Aut (%) such that
Uy(Ad(wh,y) ah,y)O';‘ =ﬂh,y’ )/:.x—-)y.
with an a-cocycle w. Let ¢ € €, with associated {8, u, v}. Set

o -1 -
{9x_ox9xo, ) u,—oy(ey(wl,r)“ywty ’ 2.4.5)

ﬁh,x = Ux(ex(wh,x) vh,x w:. x)’
where y € X: x—y. We then have

6,8, ,6;'=(0,0,0,") (0, Adw, ) a, ,0;")(0,0,0;)"
=0,Ad(0,(w, ) Ad(x)a, o}
= Ad (0,0, (w, Yu,w} ) o, (Adw, )a, )o;’
=Ad(@)B, ,;

similarly
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éxﬂh,x é;l = Ad(ﬂh,x)ﬂh,x;
ayﬂl,y(ﬁh,x) = (p(h’ y) 0h,x ﬂh,x(’zy)‘

The cocycle properties of 4 and ¢ are also easily checked. Hence ¢ € €5 with associat-
ed {0, a,v}. By symmetry, we get 6s= €, so that €,=%Eg. Q.E.D.

We now define our first model action » on an injective factor & of type II, by
#,,=,®id on ROR=R. (2.4.6)

where « is an outer action of H, specified by the next theorem:

THEOREM 2.4.7. There exists a properly outer action a of H such that 6, contains
all bicharacters on HX X,

Proof. Let @ be an arbitrary Borel bicharacter on Hx%. We note first that ¢ may
be regarded as a cocycle on ¥ taking values in H. The first step of the proof for ¢ € €,
will be to reduce to the case where ¢ takes values in some countable dense subgroup
H, of H. The effect of perturbing ¢ by a coboundary as a member of Z(¥, H) is
absorbed by the perturbation of # and v by the coboundary of the cochain which is used
to perturb @. Thus @ belongs to €, if and only if any of its perturbations by coboundar-
ies belongs to €,.. Hence it suffices to show that any Borel cocycle on J with values in
His cohomologous to one with values in H,. This is, however, an immediate conse-
quence of the Bures-Connes-Krieger-Sutherland cohomology lemma for hyperfinite
ergodic groupoids, see Appendix.

Now, suppose that g: #—>H, is a Borel homomorphism of ¥ into the discrete
countable group H,. We shall construct an action 7 of HX% on ® with g€ ¢, and
then show that 7 is cocycle conjugate to ». This is sufficient by (2.4.4).

Begin by choosing an outer action of Hy on &, [1, 22, 27], and let ¢ be the dual
action restricted to H on the crossed product #)H, which is isomorphic to R by [5].
Let p € Hy—a, € U(R X H)) be the unitary representation of Hy in the crossed product
so that g,(a,)=(h,p) a,, p € Hy, h€ HcH,. Now, set up the following system:

®
x=]]®, *,=RxH,;

n€EZ

®
a,= HQh,m Onn=Cn
n€Z
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®
B,=id®][Ad@,),

nzl

® [
up=(]<'111,,)®ap®<n 1n), 1,=1.

nz-1

o = shift to the left on ¥.

The following properties of the above system are easily verified:

anfBp=Pran, hE€EH, pE€Hy; (2.4.8)

anPp is outer except when A=1and p=1; (2.4.9)
an(vy) = (h,p) v,; (2.4.10)

oo™ = ay; (2.4.11)

B0 =Ad(v,)B,. (2.4.12)

Now define the action r of HX ¥ on & (=R) by 5, ,=0xf4¢). Then 7 is an action

since a and 8 commute and g is a homomorphism. Moreover, if we set 8,=o for all
XEX=%?, then

6,7, ,6;'=Ad (U7, by (2.4.12);
0,7,,.60;'=1,, by(2.4.11),
and y € H>uv,, is a cocycle since p—u, is a cocycle for 8. By (2.4.10), we have
T4y Ugp) = @(Ugy) = (1, 4)) Uy

Hence by the definition of ¥4,, if we set

oh,y)= {(h,q()),

then g € €..

Now, we want to show that t is cocycle conjugate to the action » defined by
(2.4.6). By (2.4.8) and (2.4.9), we may apply Ocneanu’s theorem [23] to conclude that
the action of HxH, defined by a and § is cocycle conjugate to the action:
(h, p) EHXHy—>a,®B, on ¥®N. This immediately shows that the action 7 is cocycle
conjugate to the action: (h,y): HX¥—a,®B,,) on ¥YQN. Since Int(H) is a dense
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Borel subgroup of the Polish group Aut (#), the cohomology lemma Appendix, implies
that there exist Borel function: x € X0, € Aut (#) and y € #—u, € U(N) such that

g, ﬂq(y) 0;1 = Ad (uy).

Since the second cohomology of J in T vanishes (a fact we already used in §2.2), u,
may be supposed to be a homomorphism of ¥ into 2(#). Thus, finally the action 7 is
cocycle conjugate to x. Q.E.D.

We can now define the model action with arbitrary characteristic invariant. Let
X EAHXHK,NxH®, T) be given. Let 6 be the model action with y=y, defined in
(2.3.19). Then define the action m of HX X by

(a) m=06 if Nis of type I;
(b) m=0®x otherwise,

where x is the action of H/NxJ% defined by (2.4.6) on R. Since N=NRR=R, » is a
trace preserving action on J, so that m gives rise to a trace preserving action of G on
M=ARN, A=L"(X, u). Moreover, by (2.4.7) and (2.4.4), m has the property that if g
is any homomorphism from ¥ to N‘=(H/N)"cH, there is a Borel function: x € Xi—>
6, € Aut (&) such that

o,m,, 67! = Ad (u))m, , fora cocycle u,; (2.4.13)
6.m, 0;'=Ad(, )m,, fora cocyclev,,; (2.4.14)
u,m; (v, )=<(h,q)) v, ,m, (u), wherey:x—y. (2.4.15)

§ 2.5. Proof of Theorem 2.1.14

By (ii) of (2.1.14), there is an automorphism o of & which ties up the characteristic
invariants y, of a and xz of 8. By central ergodicity and semi-finiteness, M#=N® s/
with & a factor, so ¢ extends to an automorphism (also called ¢) of 4. The auxiliary
actions of a and gBo~! have the same characteristic invariant by (2.3.16). By (2.2.12) it
suffices to show that these two groupoid actions are cocycle conjugate. We shall do this
by showing that any two actions a and 8 of HX¥ on N with N,=Ns=NxH and
Xa=2Xp are cocycle conjugate to the model actions of §2.4 with the same characteristic
invariant.

To begin, note that to each x € X=% there corresponds, in a Borel measurable
fashion, an action a, of H on N and by (2.3.22) they are almost all cocycle conjugate to
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the restriction of the model action. Furthermore, this restriction does not depend on x,
and we shall write it simply A—m,. By the von Neumann measurable cross sec-
tion theorem, we may choose a Borel function: x—rt,€Aut(#) such that
T, T, '=Ad (v,,,) m, for almost every x and a Borel family {vj, .} of m-cocycles. Set
for (h,y) EHX X

Opy =Ty 0y ,T; ' ViX—Y. (2.5.1)

It suffices to show that o and m are cocycle conjugate, and we already know that their
restrictions to Hx X differ by a cocycle.
Now, let 0,=0,, and m,=m, ,. By the above, we have o, ,=Ad (v,, ) my, s0

o,m, a;' =Ad (ay(v,‘:‘_x) Uy, ) My, 2.5.2)

and for each y: x—y, the map: h—0,(v, ) Uy, is a cocycle for the action m of H on .
Thus the map: y € ¥—0, defines a homomorphism of the principal hyperfinite ergodic
groupoid ¥ into the group of all automorphisms which commute, up to a cocycle, with
m. We would like to apply the cohomology lemma again here, so we must construct a
complete metric for this group. It is no use taking the metric it inherits as a subgroup of
Aut (A} as it is not complete in this metric. For these reasons, we make the following
definitions.

Let 8 be an action of the countable discrete group F on the separable factor . Let
Autf () be the set of all pairs (8, {1,}) where 6€ Aut(®?) and t€EF—»u, € WP) is a
cocycle for § such that

08,67 =Ad(u)B, tEF. (2.5.3)

With multiplication:

(01, {u}) (02, {v}) = (6162, {61 (V) ur}), 2.5.4

Autf () is a group. Also, Aut” (%) is a closed subgroup of the Polish group Aut(%)-
WP, where Aut(P)- P is the semi-direct product of Aut(®?) and UP)F, the
group of all functions of F into U(P) equipped with the product topology. With this
relative topology Autf (%) is a Polish group and the natural projection: (0, {u,})—0 is
continuous. The group Aut” (%) may appear artificial with the above definition. But, if
F is abelian, then it is just the group of all automorphisms of the crossed product
PXp F which commute with the dual action.

Now, suppose F is abelian. Then F sits in a natural way inside Aut”(®) as
elements of the form: (id, {p()}), p € F. (This corresponds to the dual action.) Thus Fis
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a closed central subgroup of Aut” (%), and the quotient group, which we shall write
Autg (%), is Polish. Let z: Aut” (?)—Autg () be the quotient map.

Another normal subgroup of Aut” (%) is Int (%), where Ad («) defines the element
(Ad (), {up(u*)}) of Autf (#). We want to apply the cohomology lemma, Appendix,
to this subgroup, so we need the next result, which follows from Ocneanu’s stability
theorem [23]. For it we specialize to the case =4, a semi-finite injective factor. We
recall that 6 € Aut (V) is approximately inner if and only if it preserves a semi-finite
normal trace on V. Set

Int” (¥) = the closure of Int (/) in Aut? (#) (2.5.5)
Int, (¥ = z(nt" (1)).
LEMMA 2.5.6. Let P be the closed subgroup of Autf(N) consisting of pairs

(0, {un}) such that 0 preserves the trace on N. Then n(Int (X)) is a dense normal Borel
subgroup of the closed subgroup 7(P).

Proof. The normality of s (Int(/)) is immediate. The group #(N)/T is a Polish
group and the map: i € UWN)/T—(Ad (1), {uf(u*)}) is a continuous injective homomor-
phism into Autg (), whose image is z(Int (), so m(Int (¥)) is Borel. Also x(Int (/) is
a subgroup of P, so n(Int (N))=a(P). Since P contains F, n(P) is closed. Thus there
only remains the density of s (Int (/) in 7(P).

We will show that for any z € 7(P) there is a (6, {,}) in 77'(z) and a sequence of
elements of Int (/) converging to (6, {«,}) in Autg(¥).

For this let N=8"'(Int/)cF and choose for each hEN, a unitary a, with
Br=Ad(a;). Let u: NxN—-T be the 2-cocycle defined by

arar=u(h,k)an, h,kEN.
If (6, {v,}) is an arbitrary element of 7~ (z) then 68,0 '=Ad v, hEN, so
0(an) = crvpap
for some function ¢c: N—T. Moreover
cnCittlh, k) Uy G = €, ¢, 0, B0 a4 4y
=CpU, C Uk Uy
=6(a,) 0(a))

=68(a,a,)
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= 0(u(h, k) ay)

= Cpeth, k) Uy ay

so that c;=cy ¢; for h, kEN. Therefore c is a character of N which may be extended
to a character ¢ of F. If u,=¢,v, then
@, {u,})En"(z) and

G(ah)=m,a,,, hEN. (257)

Our next task is to find a sequence y, in (&) such that 6=limAd(y,) and
u,=limy, 8,(y¥ for all tEF.

Let w be a free ultrafilter on N, A,, the subalgebra of I”(N, &) of all w-centralizing
sequences and 4, the ideal of A,, of all sequences tending *-strongly to zero along the
ultrafilter w. Let &, be the von Neumann algebra A/, see [3].

By hypothesis 8 preserves the trace on A so fE€Int.N and we may choose a
sequence {w,} of unitaries with §=lim,_ . Adw,. Then since 68,0 '=Adu,p, we
have

lim Ad(w,B,(wH)B,=Ad u,B,, t€F,
so that the sequence {u}w, B/ (w}} is centralizing. Let X, be the unitary in ¥, given
by {ufw,B(w}. Then a calculation, using the fact that {u}w,S.(w}} is central,
shows that #—X, is a cocycle for the action § on A,,. But if hEN,

u;: wnﬁh(w:) = Il: W, an w:a;:

which tends o-strongly* to u}6(a,)af=1 by (2.5.7). Thus X,=1 for h€EN. But the
action 8 of F on W, factors through an action of Q=F/N and the above condition shows
precisely that {X,} defines a cocycle for this action of Q. Moreover, we know, by [7]
and [4], that the action of Q is free on W,,. Thus, by [23], {X,} is a coboundary, i.e.,
there exists a unitary YE W, such that X,=Z*8/Z), t EF. This means that if {z,} is a
representing sequence of Z which consists of unitaries, then {z,} is w-centralizing and

lim {z7B,(z,)—u;w, B (w})} =0

n—@

in the o-strong* topology. Hence, if we set y,=z,w,, then

6=1lim Ad(y,),

n—o
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u,= limy, 8,(»¥ in the o-strong topology,

n—-w

where to conclude the last equality one uses the fact that lim,_,, [u, z5]=0. By

choosing a subsequence of {y,}, one can conclude the existence of a sequence {y,} in
AU(N) such that

0=1lim Ad(y,), u,=limy, By, tEF,

n—w

as required. Q.E.D.

Having proved Lemma 2.5.6, we pick up the proof of 2.1.14. By formula (2.5.2),
we define a map:

D,: y € H—>nlo,, 0Vf, ) vp,y) EAuty(N), yix—y. (2.5.8)

Ify,€H:y—>z and y, €H: x—y, then
(9,,,0,W; ) v, ) 0,0, W v, )=(0,,,0,, 0 )v, )

so that @, is a homomorphism of ¥ into Aut, (N).

The model action m also defines a homomorphism @, H—Auty(#) via
®,,(y)=a((m,,,,1)). By assumption, both the model action m and o transform the
trace on N in exactly the same way, because both of them preserve a trace on
M=N® . The two actions o, and m, , are thus equal modulo Int (). Therefore, we
have, by (2.5.6),

@ (y)=®,(y)ymod n(Int(N). (2.5.9
Thus, the cohomology lemma, Appendix, yields that there exist Borel maps
W:y € ¥—W, € n(Int (M) and O: x EX=H"—©, En(P) such that
W,®, (=006, yx-oy.
Let
W, = z((Ad (w,), {w, m,(w3)})) Ex(Int (N},
O, = (0, {up, +}) E(P).

We then have

Adw)m,,=0,0,6;', y:x—>y;

(2.5.10)
0,m, 6. = Ad(«, ) m,
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for a measureable field {u; .} of cocycles. By the hyperfiniteness of %, one can
readjust {w,} so that y € ¥—w, € U(N) becomes a cocycle for {m,}.
We set

0,,=0,0,,0;', yx—>y, h€H. @.5.11)
1t follows that the action 0 of HX ¥ is conjugate to the original action a and that
6,,=Adw)m,, YvEX
2.5.12)
8, =Adw, )m,, h€EH, x€X,
with
Wy, =0, Ju, .. (2.5.13)

It is easy to show that {w; .} is a cocycle for {m,}. The problem remaining is that the
pair {w,, w,, .} does not necessarily extend to an m-cocycle of HXX. Note, however,
that it does modulo scalars. In fact, since

61’76}"‘\,6]—,1},:6}',},, y:x—)y,

we have
(Ad(w,) m; ) (Ad (w, ) my) (m}}, Ad (w}) = Ad (w), ) m,,
and since W is a factor, there exist scalars @(h, y) such that
w,mw, )= @h,y)w, ,mw,. (2.5.14)

LEMMA 2.5.15. The function ¢ on Hx ¥ is a bicharacter on HX ¥, and hence gives
rise to a Borel homomorphism p of ¥ into H such that o(h,y)={h, p(y)). The cohomo-
logy class of ¢ is independent of the choice of the cocycles {w,} and {wy, «}. In
particular, it is an obstruction to the inner conjugacy of 6 and m.

The proof is a straightforward calculation, so we leave it to the reader.
LEMMA 2.5.16. One may choose the {wy, } in such a way that ¢(h, y)=1if hEN.
Proof. Let ¢ and i be as in (2.3.17), i.e. my=m,, ,=Ada, for hEN and

my(ap) = (h, &(y)) an, hEN; (2.5.17)

apa,=puh, k)ap, h,kEN. (2.5.18)
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Since m and § have the same characteristic invariant, one may choose unitaries by, ,
with 8, ,=Ad (b, ,), h€N, such that

01,/(bn, ) = (h, €0)) by, y, V:ix—>Y; (2.5.19)

b, by, =uh, k)b, .. (2.5.20)
But §, ,=Ad(w, ,a,), so there are scalars {c, ,} with
bh,x = ch,x wh,x a,.

Since {w,, .} is a cocycle, (2.5.18) and (2.5.20) imply that A—c,, , is a character of N.
Since N=H/N*, one can choose a Borel map: x€EX—¢,EH so that ¢ ,=(h, ¢),
hEN. Replacing wy, , by (h, ¢,) wy, », which continues to be a cocycle, we will have

by x=wy xan, hEN. .5.21)
We now have, for hEN,
w, m(w, )=w, my(b,,,x aj) by (2.5.21)

=w, my(b,,,x) w;,"wy my(a;',‘)

=6,,(b, ) (h,e®)) w,a} by (2.5.17), (2.5.12),

= bh,y w, ay by (2.5.19)

=(b,,ap)(a,w,ap) = b, ,aym(w,)

= wh,ymh(wy) by (2.5.21).
So, we have ¢(h, y)=1, hEN. Q.E.D.

Lemma 2.5.16 shows that there exists a homomorphism p:y€EH—>NtcH such
that

@(h,y)={h,p(y)), hEH, yEX.

We now apply Theorem 2.4.7 in the form (2.4.13)-(2.4.15). Thus, we may choose a
Borel function: x—v, € Aut () such that

..l
vm, v. =Ad(z)ym,, vix—Yy;
{ v e T ’ 2.5.22)

~1_
Vy mh,x v, = Ad (zh,x) mh,x’
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for cocycles {z,} and {z, ,} such that

z,m, (3,0 = (hp®)) 2, ,m, ,(2,). (2.5.29

We then set

=v\w,)z,, X 5
{w’ W)z, i x=y (2.5.23)

w;z,x = vx(wh,x) zh,x'
We are now ready to complete the proof of Theorem 2.1.14 as follows. First, (2.5.12)
and (2.5.22) together yield

v. 8, v:'=Adw)m,;
T ), (2.5.24)
anh,xvx =Ad(w;,,x)mh'x.
Secondly, {w)}, w}, ,} satisfies the formula:
w, m(w, ) = wj, ,m, (W) (2.5.25)

by the following calculation:
w, mw;, ) = w,m v (w, )z,,)

= [w, m (v (w,, NwyH fw, m(z, )]
=vw,m (W, )wiw)z,m/z,,)
= @(h, V) v, (W, , my, @) (h, p() 2, my,,(z,) (2.5.24)
=v(w, ,m, W)z, ,m (z)
=v Wy, )z, ,my, v, @) m, (z) (2.5.22)
=w, ,my, (W)

Since {w,} and {wj .} are both cocycles respectively for {m,} and {m, .}, formula
(2.5.25) finally shows that

Wh,, = w,m,(Wy,x), Y:X—Y, (2.5.26)
defines a cocycle for the action m of Hx %. Furthermore, (2.5.24) and (2.5.26) together
yield the final conjugation

-1
v, éh,y v, = Ad(w, y) m .

This completes the proof of Theorem 2.1.14. Q.E.D.
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Chapter 3. Compact abelian groups
§3.1. Stable conjugacy

As stated in Chapter 1, the problem of deciding when two actions of a compact abelian
group A are conjugate will be broken into two parts, the first of which will be stable
conjugacy: two actions a and 8 of A on the von Neumann algebras /#; and Jf, are
called stably conjugate when the actions a®p and S®p are conjugate on
MRB(LA)) and MR B(L*(A)) respectively, where o is the action fi>Adu, on
B(L*(A)), {u,} being the regular representation of A, (u, &) (s)=&(st) for £E€ LX(A).

From now on G will be the dual of A, so that G is a countable discrete abelian
group.

PROPOSITION 3.1.1. Actions a and B of A on M, and M, are stably conjugate iff
the dual actions é and  of G on My X, A and MyXgA are cocycle conjugate.

Proof. Suppose o and B are stably conjugate. Then there is an isomor-
phism 8: #; @ BLA(A))— M D B(L*(A)) such that 6(a,®g,) 0 '=,®0,. But by [28]
we know that a®p and B®p are conjugate to the second dual actions of a
and B respectively. Thus we may view 6 as an isomorphism
6: (M, X, A) X 4 G—>(M, X5 A) XsG such that 64, 6~'=4,. But this means that 6 sends
the spectral subspaces of & onto those of £ and we deduce the existence of an
isomorphism 6’: M, }lq A->M> Xz A and a § cocycle {v,} such that §’d,=Adv, S, 6",
i.e. @ and B are cocycle conjugate.

If 4 and g are cocycle conjugate, it is easy to construct an explicit isomorphism of
(M} ,A) X, G onto (M, X 3A) Xz G conjugating the second dual actions. As above this
means that a®g and f®g are conjugate. Q.E.D.

Definition 3.1.2. Let & be the set of all stable conjugacy classes of actions of A on
von Neumann algebras 4. We define the dual invariant 3(a) for an action « to be its
stable conjugacy class.

We want to use the results of Chapter 2 to parametrize € for actions of A on
injective semifinite factors. For this we need to know two things. First that the crossed
'product is semifinite and injective, and second that the dual action of G on (X}, 4)
is ergodic. The first fact follows from [5] and the compactness of A. The second follows
from duality.

We summarize with a theorem.
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THEOREM 3.1.3. Two centrally ergodic actions o and B of A on semifinite injective
von Neumann algebras M, and M, are stably conjugate iff 3(a)=03(B). This condition is
equivalent to

(@) The actions & and ﬂ of G on (M1 X, A) and KM, XgA) are conjugate.
(b) The characteristic invariants of 4 and ,3 are the same.

Proof. This follows immediately from (2.1.11) and Proposition 3.1.1. Q.E.D.

To enumerate all the cases covered by Theorem 3.1.3 would be tedious. So we
shall make several comments.

(3.1.4) Since the action of G on Z(4()q,A) is ergodic, and by the classification in
[5] of injective factors, M, A must be L*(X, ) ®@N where ¥ is an injective semifinite
factor and either

@ x={1,2,...,m}, m=1,2,...
(b) X=N
(c) X=[0,1].

The possibilities for & are similar: either

i) N\=M,(C), n=1,2,...
(ii) N=B(N))
(iii) N=R
(iv) =T, (=RRBEN)).

Any combination of X and & may be obtained by an appropriate choice of #, A
and the action a. If A is fixed there are restrictions. It is easy to imagine, but hard to
spell out, what happens in the type I, case. As Katayama noted in [17], cases (i) and
(iii) are excluded if there is a sequence {¢,} in A, t,—id, such that a, is outer.

(3.1.5) It should not be forgotten that the principal hyperfinite groupoid 3 can be
of type III. This can only ocur in the combination (c), (iv) of (3.1.4). Even for actions of
T on R the action of Z on the center of the crossed product can be of type 111, for any
A€[0,1] and any type 111, action can occur. To explicitly construct such an example,
take an arbitrary non-singular transformation T. The Radon-Nikodym derivative gives
a homomorphism from the associated principal groupoid into R; whose effect may be
neutralized by baking the appropriate trace scaling action of the groupoid on & ;. This
gives an action of Z on an algebra of the form #=L"([0, 1))® %R, , which preserves a
faithful normal semifinite trace. The crossed product #XZ is thus of type 1l.. and
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reducing the dual action by a finite projection in . gives the appropriate action of T on
R.

(3.1.6) There is already a well known invariant for abelian group actions: Connes’
I'-spectrum defined in [2]. It must appear somewhere in our scheme. Indeed by
Theorem 3.2 of [2] the I'-spectrum is the subgroup H of G defined in Chapter 2. It is
thus part of the action of G on Z(MX|,A).

(3.1.7) Two actions may easily be stably conjugate without acting on the same
algebra. For instance the action on & described in (3.1.5) is stably conjugate to the non-
reduced dual action on % ;.

(3.1.8) There are reasons for being interested in actions on factors. Here central
ergodicity always holds but not all values of the characteristic invariant can occur. For
M to be a factor is the same as for MR B(L?*(A)) to be one so by duality, those
characteristic invariants occurring for actions on factors are determined by (2.1.10).
That is the action o described on &/, N must be ergodic. In general this condition is not
easy to handle but in the case where H=G (the prime case of [24]), this condition
corresponds simply to the non-degeneracy of the map defined by 4 from G to N.

(3.1.9) Closely related to stable conjugacy of actions of compact groups is cocycle
conjugacy. The definition is the same as for discrete groups except that cocycles are
continuous. Cocycle conjugacy implies conjugacy of the dual actions and hence stable
conjugacy. The converse implication does not always hold. For instance, an ergodic
action may have the same characteristic invariant as a non-ergodic one which implies
stable conjugacy. But they cannot be cocycle conjugate since ergodic actions are stable
([24]) and cocycle conjugate actions are actually conjugate. Stable conjugacy and
cocycle conjugacy coincide when the fixed point algebra is large enough, e.g. for finite
groups on Z.

(3.1.10) It may seem unsatisfactory that the invariants of the classification are
only defined after forming the crossed product. In fact it is possible to define them by a
close examination of the spectral subspaces of the original action. One uses the Anzai
skew product construction [20] to reconstruct the center of the crossed product and
once this is done the characteristic invariant may be identified by examining the action
of A on the relative commutant of the fixed point algebra /4.

(3.1.11) If A is finite, both A and A are discrete and we know by [14] that the
characteristic invariant of the action itself is a complete invariant for stable conjugacy.
This implies that in this case the characteristic invariant for the action and its dual
determine each other. We leave it to the reader to work out the details.

(3.1.12) The group structure of the characteristic invariant is reflected by the fact
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that one may define an operation on stable conjugacy classes of actions, using the
tensor product of two actions. If one restricts to actions having conjugate actions on
the center & of the crossed product, and the same subgroup N as defined in §2.1, this
product defines a group structure isomorphic to A(G, N, 4U(sf)).

(3.1.13) The ergodic case (#*=C) was treated in [24]. In terms of the possibilities
of (3.1.4), the only cases that can occur are (a) with (i) and (ii). The invariant of [24] is
of course the characteristic invariant. When possibility (ii) occurs, the algebra 4 can
actually be of type II. This is the case for some ergodic T? actions, e.g. the ‘‘irrational
rotation algebra.”’

(3.1.14) It is possible to identify the subgroup of A acting by inner automorphisms.
It is related to the point spectrum of the action o of A on &, N defined in §2.1. Indeed
for actions on factors (i.e., o is ergodic) the subgroup is exactly the point spectrum for
o. Typically it is not a closed subgroup of A, which is not too surprising since Int & is
not a closed subgroup of Aut %.

§ 3.2. The inner invariant

As in Definition 3.1.2 let & be the set of all stable conjugacy classes of centrally ergodic
actions of A on injective semifinite von Neumann algebras. For each s €& consider the
set of all von Neumann algebras .# which admit actions a with 8(a)=s. For each such
pair (s, #) choose some (model) action m of A on 4 with 3(m)=s. Let p be the
projection [, 1®u,dt in MR B(L*(A)) where n—u, is the regular representation and dt
is Haar measure on A. Let & , be the set of all projections in #X,, A (Which will be
identified with the fixed point algebra for the action m®p on MR BL*(A)), o,=Ad u,)
of the form 6(p) where 0 € Aut #R RB(L*(A)). The group of all such § which commute
with m®p acts on &, 4. Let P, 4 be the orbit space for this action.

If a is an action of A on 4 with 3(a)=s, there is an automorphism 6 of
MRBULYA)) with 0(a,®0,) 0~ '=m,®g,. Since p is fixed by a®p, 0(p)EMNX,,A.
Moreover if @’ is any other automorphism conjugating a®o and m®p then 67'¢’
commutes with m®g. Thus the orbit of 6(p) in P, 4 is well defined.

Definition 3.2.1. If a: A—Aut M is a centrally ergodic action of A on the semifinite
von Neumann algebra # with 3(a)=s, the inner invariant «(a) is the orbit of 6(p) in
P, where 0 is some automorphism conjugating a®p and m®p.

PROPOSITION 3.2.2. Let a and 8 be two actions of A on M. Then a and 8 are
conjugate iff 3(a)=3(B) and Wa)=uf).
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Proof. The necessity of the conditions is obvious.

Suppose 3(a)=3(B)=s. Since p is a minimal projection in the relative commutant of
M®C, o and B are conjugate to the restrictions of a®p and f®p to pM B(L*(A))p
respectively (note that a,®@,(p)=p for t € A). But by the definition of «(a), if ¢ and fare
projections in %, 4 representing t(a) and ¢(3) then a and § are conjugate to the
restrictions of m®p to e MR B(L*(A)) e and fUR B(L*(A)) f, respectively. Q.E.D.

Theorem 3.1.3 and Proposition 3.2.2 together prove Theorem 1.

In the spirit of § 3.1, rather than trying to give an exhaustive list of all cases, we
shall make some illustrative comments.

(3.2.3) If A is finite and M=%, we ought to retrieve the space of [14]. Let us
describe how this happens. Let m be a model action of A on & and let a—u, be the
implementing unitary representation in the crossed product so that elements of #X,, A
are sums L,c4 X, 4, x,€R. Then p=(1/|]A]) L,ea 4, and s is given by some element of
A(A, N, T) for some subgroup N of A. The space &, ., is the set of all projections in
RX,»A which are equivalent to p via automorphisms of Z® B(L*(A)). Also if tr is the
trace on &, the restriction of the normalized trace on RQ B(L*(A)) to BX,. A is given
by Tr(Z,eaa,u)=tr(ay). Thus &, ,, is the set of all projections g in #X,,A which
satisfy Tr(g)=1/|A|. We must decide when two projections e and f are in the same orbit
under the action of the group of automorphisms of Z® B(I.>(A)) which commute with
m®p. An obvious (normal) subgroup of this group is the group of inner automorphisms
of %X,,A. Thus P; 5 will be a quotient of the set of equivalence classes of projec-
tions e € B, A with Tr (e)=]a{“1. This set is a simplex whose vertices are indexed by
minimal projections in the center of #X,,A. Other automorphisms of &X,,A are
given by the dual action. Since the center of #)|,,A can be identified with (C,,N)G
(see [14]), we conclude that % g is the quotient of a simplex by an action of H'(N, T)
coming from permutations of the vertices. This ties up with [14].

(3.2.4) It can easily happen that the space %, 4 is reduced to a point. This is the
case in the examples of (3.2.3) when (C, N)®=C and more generally for prime actions
with large fixed point algebras (see [16]).

Appendix: Bures-Connes-Krieger-Sutherland cohomology theorem

In his lecture notes, Sutherland states the following important resuit attributing to
Connes and Krieger:
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THEOREM. Let G be a hyperfinite measured groupoid, G a Polish group and ¢0,,02
be Borel homomorphisms of § into G such that

01=02 mod H,

where H is a normal Borel subgroup of G and H means the closure of H. Then there
exist Borel measurable maps h: $—H, P: X=4%—H such that

0:(9) = k) Pry) 1) P() ™', 7€,
where r and s denote the range and the source maps of G onto X, respectively.

Note, by definition a hyperfinite measured groupoid means a Borel equivalence
relation Yc XXX, where ¥=U;_, 4, and each %, is a finite equivalence relation of type

I, in the sense that every orbit has precisely n, points.

His proof uses however a lemma which requires a two sided invariant complete
metric on the group G. Since we do not want to have such a restriction, we present a
modified version of the proof. In fact, we do not need to change it a lot. Simply, we
replace small positive numbers ¢ and 6 by small measurable functions ¢(-) and 6(-) in
Sutherland’s proof.

LEMMA 1. Let 9(=%) be a type I,, equivalence relation on X, and ¢,,0,,G, and
H be as above. Let d be a complete metric on G compatible with the topology. If
x€X—¢e(x)>0 is a Borel measurable function, then there are Borel measurable func-
tions h: 4—>H, P: X—H such that

@) 02(=h@) P PG)~!, 7€,
(b) d(P(x), D<e(x), xEX;
(c) P=1 on some section for 4.

Proof. By assumption, we can choose measurable sets {A(j): 0<<j<n—1} such that
X=U7) A(j) and each A(j) is a section for 4.

Set P(x)=1 for every x €EA(0). We then define 4 on s~'(A(0)) as follows:
For y=(y,x)€ Y, x€ A(0), consider

Hy)={h€H:d(h" 0,(») 01", ) <e(x)}.

By assumption, H(y) is a non-empty Borel subset of H for each y €s~'(4(0)). By the
von Neumann measurable cross-section theorem, there exists a measurable function
h:y €5 Y(A(0))—h(y). We remove a null set N from A(0) so that 4 is Borel measurable
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on s~ '(A(0\N). Remove the saturation 4N) of N from X and replace ¥ by
GNAN\N)X(X\N). Furthermore, if y=(x, x), x € A(0), then we can choose A(y)=1. We
then have a Borel function /# on s~1(4(0)). We set:

PO)=hy) '), y=ry), yEsTIAWO).

Now, P is defined everywhere in X and h is defined on s~!(A(0)) and

02() = h(y) Pr(») e1() Ps() !,  yEs™1(A(0)).

We then extend h to all of ¢ in two stages: First, if y€r '(A4(0)), then
y~1€571(A(0)), so we set

h(y) = P(r(y)) 01(y) P(s()) " h(y ) 'P(s(1)) 1)~ 2 (r(y)) .

Second, every y€% admits a unique decomposition y=y,y, where y; Er '(A(0)),
12 €57 1(A(0)). So we set

h(y) = h(y1) P(r(y1)) @1(y1) P(s(y1) ™" h(y2) P(s(yp) 1)) ™' P(r(y) ™"

It is now routine to check that # and P have the required property.

LEMMA 2. Let %, X, 01,02, G, N and &(-)>0 be as in the previous lemma, and let h
and P be as in the conclusion of Lemma 1. Suppose that ¥ (=%.+1)>% is a type 1,,
equivalence relation. If 6>0 is given, then there exist Borel maps k: #—H, 0:X—H
such that

(@) 0:(7)=k(y) Qr(M 1) Q) ™!, YEX,
(b) k(y)=h(y), yE€S,
(©) d(QX),P(x))<d, xEX.

Proof. Let {A(j):0<j<n—1} be as in the proof of Lemma 1; we assume that
P(x)=1, x€A(0).

Let %= %]40)=#N[A(0)XA(0)]. For each xo€A(0), we have only finitely many
x’s such that (x, xo) € %. Set

B(xy) = {g€G: ( sr:)g gd(P(x) 01(x, x,) g0, (x, xp) ", P(x)) =6}

o(x) = dist (1, B(xg)) > 0.



256 V.F.R. JONES AND M. TAKESAKI

It follows that &y(-) is a measurable function on X. Throwing a saturated null set away
from X, we may assume that g, is a Borel function on X. We apply Lemma 1 to %, and
&0 to find Borel functions Qg: A(0)—H and ky: ¥#y—>H such that

02(1) = ko) Qo(r(¥)) 01(¥) Qo(s(¥) ™', v € Ho;
d(Qo(»), 1) <e&o(y), y€EA(D).

For every (y, x) € ¥, there exist uniquely y,, xo € A(0) such that (y, yo), (x,x0) €9
and (yo, xo) € # we then set, for every (y, x) € #,

kv, X) = h(y, ) PG) 0,0, ¥p) koo Xo) 0,0, ¥9) ' PO) ™!
XP) 0,3, ¥o) Ca0'0) @1V Xo) Qo)™ Alxg, %)
XQ4(x0) 010> Xp) ' Qo) ' €1, ¥ T PO
Q(x) = P(x) 0,(x, x) Qy(x5) 0,(x, X9 ™"
We note that Q(xg)=Qo(xo) for xo € A(0). Furthermore, (y, x) € ¢ if and only if yo=xo,

so that we have, by a direct computation, A(y, x)=k(y, x) for every (y,x) € 4. Hence k
extends A. Also, another direct computation shows that

02(y) = k(y) Qr(») 01(y) Qs(¥) ™", yE K.

Finally, we have, since d(Qo(xo), 1)<e(xo),

d(Q(x), P(x)) = d(P(x) 1(x, x0) Qo(x0) 01(x, X0) ™', P(x)) <O
as required. Q.E.D.

Proof of the theorem. Let $=U;_,%,.0,,0,,G and H be as in the theorem.
Applying Lemma 1 first and then Lemma 2 inductively, we find sequences of Borel
maps h;: Ge—H, P,: X—H such that

(@) 02(y) = h¥) PLr(y)) o1 Pils(¥) ™', vE€ %

b) 1) =hly), vE€EG;
(©) d(Pi(x), Proy(x))<27%, x€X.

Set h(y)=hi(y) for y€%. By (b), h is well-defined and a Borel function. Set
P(x)=lim;_, . P;(x), which exists by (c). Again P is a Borel map. From (a), we get

02(y) = h(y) Pr(y)) o (W) P(s()) ™', y€E%.
Q.E.D.
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