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Soon after Thurston announced his theory of measured foliations on surfaces, Hubbard
and Masur recognized that this concept fits in perfectly with quadratic differentials.
Their main theorem makes this precise: On a fixed compact Riemann surface (without
boundary) there is a one-to-one correspondence between equivalence classes of meas-
ured foliations and holomorphic quadratic differentials. The correspondence is in terms
of the horizontal trajectory structure and vertical measure determined by a quadratic
differential.

From the point of view of complex analysis, the achievement of Hubbard and
Masur completed a line of investigation initiated by Teichmiiller in the late 1930’s. It
was further developed in the 1950’s primarily by Jenkins and in the 1960’s and 70’s by
Strebel. Quadratic differentials appear in association with solutions of extremal map-
ping problems involving variation of conformal structure. Understanding the geometry
of these differentials bears substantially on understanding the geometry of the extremal
mappings themselves.

In their paper, Hubbard and Masur developed the subject independently of the
Thurston theory. But their analysis was quite complicated, involving the local variation
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over Teichmiiller space of differentials with multiple zeros. Later in his thesis, Kerck-
hoff showed how to derive their main result by using the techniques of the Thurston
theory.

Our purpose here is to develop the subject within the context of the ‘‘classical”
theory of quadratic differentials. We believe that this allows for a simpler approach and
one that clearly exhibits the geometry of differentials. At the same time, it allows us to
develop the theory in a more general context (for example, for parabolic surfaces of
infinite topological type). What makes such an approach possible is the discovery by
Strebel of a direct proof of the Heights theorem. This is the fundamental uniqueness
theorem of the subject and our paper is built around it. Using it, we explore questions
of approximation by and convergence of sequences of the geometrically simplest
differentials (Chapters 5 and 6). The information so obtained is then applied toward the
understanding of how Teichmiiller mappings are geometrically determined (Chapter 7).
In a later paper we plan to develop the Thurston theory of pseudo-Anosov diffeomor-
phisms in the context of quadratic differentials as well.

Technically the basic problem is how to deal with recurrent trajectories. We use
the method of strips that was introduced by Strebel in 1970 (and foreshadowed by
Jenkins in 1960) and that has been successful in a number of different connections in
getting at their properties. To this we add the technique of Thurston that shows how to
form a single simple loop in a controlled manner from any number of mutually disjoint
ones. Thurston’s concept of a convergent sequence of simple loops forms one pillar of
the bridge between the geometric and the analytic. The other is formed by the simple
Jenkins-Strebel differentials. The bridge itself carries the happy traveller between the
flexible geometric world of measured foliations and the rigid analytic world of quadratic
differentials.

An exposition of some of the results here is contained in [11].

This paper was written while the first named author was a guest of the Forschungs-
institut fiir Mathematik, E.T.H., Ziirich. Part of the theory was developed for lectures
presented at the University of California at San Diego by him in.1980. It has been a
great privilege indeed to have been a member of those institutes. In addition, the work
was supported in part by the National Science Foundation (U.S.A.).

1. Basic properties of quadratic differentials

1.1. We will work with Riemann surfaces R which do not necessarily have finite
topological type and which may have a border 3R. By definition of R, each point
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p € 3R has a neighborhood conformally equivalent to {z EC: |z|<1,Im z=0}. The compo-
nents of 3R consist of open intervals and closed curves.

An ideal boundary component of R is called a puncture if it has a neighborhood
conformally equivalent to the once punctured disk. Points removed from a surface
become punctures and conversely punctures put back in a surface become points.

Correspondingly, one can also speak of punctures on the border of a surface.

In the best cases R will be compact and the border if nonempty will be a finite
union of curves. We will speak of a compact surface R possibly with boundary oR. In
addition we want to allow the possibility that a surface R comes from such a compact
surface by the removal of a finite number of points, some of which may be on the
boundary, Thus the terminology, ‘‘R is a compact surface, possibly with boundary R
and possibly with a finite number of punctures”’.

1.2. Our investigation concerns quadratic differentials ¢ dz* on a Riemann surface
R. These are invariant forms with holomorphic @(z) in the local coordinate neighbor-
hood governing z, and holomorphic on the border 3R too, if SR+.

We will always assume that at the punctures of R, ¢ dz? has at most simple poles.

The norm of @ dz? is defined as
o= | [ otaras
R

On a compact surface, possibly with border, possibly with a finite number of punc-
tures, the norm is automatically finite.
A normalized differential is one which has finite norm and for which

lllt = 1.

We will describe a number of known results. For a systematic development of the
subject see [7] or [20].

The differential ¢ dz” is called real if Im ¢ dz*=0 along 3R. If in addition ¢ dz°=0
(resp., <0) on AR, it is called positive (resp., negative). Let R denote the double of R
across 3R and J: R—R the anti-conformal involution fixing dR. A differential v dz> on R
is called even if w(Jz)=W and odd if zp(Jz)=—E(z_), in terms of the local coordinate
z about some pER and J(z) about J(p). The negative differentials on R are the
restrictions of the odd ones on R, and the positive differentials the restrictions of the
even ones.

When R has genus g, p=0 punctures all in the interior, and =0 boundary
components, then the real differentials form a real vector space of dimension
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6g+3b+2p—6 (assuming this is positive). On a torus g=1, b=p=0, they form a real
vector space of dimension two. If the tori are realized as lattices in C, the differentials
are of the form

cd??, c€C.

1.3. In working with a quadratic differential (pdz2 on R, we will use the term
critical point to refer to either (i) a zero of ¢, or (ii) a puncture of R (where ¢ may or
may not have a zero or simple pole). On a compact surface R of genus g=1 without
boundary, a differential ¢ dz> has exactly 4g—4 zeros, counted according to multiplic-
ity.

Away from the critical points the expression

o) = f Vo dz

determines a local homeomorphism into the complex plane. The preimages in R of the
horizontal lines in C (resp. vertical lines), extended as far as possible by analytic
continuation are called horizontal (resp., vertical) trajectories.

That is, the horizontal (resp., vertical) trajectories are the integral curves of the
line field determined by the expression ¢ dz>>0 (resp., ¢ dz°<0). Through each non-
critical point ¢ runs exactly one horizontal and one vertical trajectory. Given one of the
two horizontal or vertical directions at {, we speak of the horizontal or vertical
trajectory ray starting from £ in that direction.

We distinguish five possibilities for a trajectory ray:

(i) It closes up forming a simple loop.

(ii) It runs into a critical point. It is then called a critical ray.

(iii) It is recurrent: it continues indefinitely without ever crossing itself but comes
arbitrarily close to its initial point infinitely often.

(iv) It approaches the ideal boundary, i.e. it leaves every compact set. It is then
called a boundary ray.

(v) It has limit points on the ideal boundary: it contains a sequence of points
which approach the ideal boundary.

From a zero of @dz? of order n=1, (n+2) horizontal and (n+2) vertical rays
emanate. From a simple pole, only one horizontal and one vertical ray appears.
1.4. Each differential ¢ dz? gives rise to a singular flat metric on R,
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ds =|p(2)|"* |dz],

with area

lgll = f f ()| drdy< o,

To gain some insight into this metric assume that R is a compact surface, possibly
with boundary, possibly with a finite number of punctures. Making allowance for
certain limiting cases the following statement is true:

Given points £, {, on R and a homotopy class of paths between them, there exists
a unique @-geodesic in this class. In particular, we must allow for the possibility that
the geodesic runs through some of the punctures. If the homotopy class contains a
simple arc, the g-geodesic will also be simple, or a limiting case of simple arcs.

~ The gp-geodesic is a finite union of ¢-straight segments (each the preimage under ®
of a Euclidean line segment in the plane). Each end point of each segment is either one
of the points &;, £, or is a critical point.

Suppose instead that the free homotopy class of a simple loop is prescribed on R,
and assume that it is not retractable to a puncture (or a point in R). Allowing again for
limiting cases, there is a g-geodesic in the class which is also a simple loop (it may run
through punctures). Either it is unique, or for some @, e’ dz* has a closed horizontal
trajectory in that class. The @-geodesic, when unique, is a union of ¢-straight segments
whose end points are critical points.

1.5. We continue working with a compact surface R, possibly with boundary,
possibly with a finite number of punctures. Suppose that ¢ dz” is a negative differential
on R. Then a non-closed vertical trajectory of finite g-length has both end points at
critical points (recall that, by definition, punctures are critical points).

Let R, denote the open set resulting from the removal of all non-closed vertical
trajectories of finite length (the ‘‘critical graph’’). The components A of R, are of two
kinds:

(i) A is an annular domain swept out by closed vertical trajectories not retractable
to a point or puncture of R.

(ii) A is a spiral domain in which each vertical ray of infinite @-length from a point
of A is dense in A (A may be punctured). A is not doubly or triply connected.

Suppose now that ¢ dz? more generally is real on dR. Then in addition to the
possibilities listed above, a vertical trajectory of finite length may be a cross-cut. That
is, both its ends lie on components of SR.
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If ¢ dz? is not negative, then in addition to the two possibilities listed above for
components A of R, is the certainty of a third:

(iii) A is a cross-cut domain swept out by parallel vertical trajectories whose end
points lie on 3R. These trajectories are not retractable into AR\ {critical points}.

A (non-critical) vertical ray starting from a point of 3R can only end at another
point of R and therefore determines a cross-cut domain.

1.6. Decomposition of a spiral domain into strips. This important technique was
introduced by Strebel in [15]. We continue to work with a finite surface R as in §§ 1.4,
1.5. Taking in hand a spiral domain A, fix a short horizontal p-segment a. Regard this as
two sided a* and a”. On each of these sides mark the finite set of points {x;"}, {x;}
determined as follows: (i) the vertical trajectory ray leaving from x; or x; hits a
critical point (necessarily in A™) before returning to a, or (ii) x;" or x;” is one of the
two end points of a, or a_, or (iii) the vertical trajectory ray from x;" or x; hits an
end point of a before otherwise meeting a.

The points {x;"} and {x;"} divide a* and a~ respectively into a number of
intervals {I;"} and {I;}. The total number of intervals is even and they are arranged in
pairs as follows.

To each interval I there corresponds I’ such that the pair (I, I') have the following
property: A vertical trajectory departing a from an interior point of I first returns to «
(without leaving A) by hitting an interior point of I'. The intervals I, I’ are either on the
same side of a, or they are on opposite sides. The two intervals (Z, I') of all pairs are on
opposite sides if and only if a branch of V¢ dz can be globally defined in A.

Moreover corresponding to each pair (I,I') is a ‘‘strip’” or @-rectangle S whose
interior lies in A. The two segments I,I’ from the two horizontal sides of S. Each
vertical side goes through a critical point of order n=—1 subtending in S the angle
27/(n+2) at that point (n=0 means a puncture with no singularity), and/or has as one of
its end points an end point of a.

The interior of S is mapped by any choice of ®(z)=J*V ¢ dz onto a proper rectan-
gle in the plane whose sides are parallel to the coordinate axes. Its height b and width a
are independent of the choice of branch ®. Its area is

f f |®'(2)dxdy = j f lp|dxdy =ab.
N s

The union of all the (closed) rectangles S fills the closure A™.
For later purposes it is very convenient to introduce a technical refinement in this
strip decomposition. A strip is of the first kind if its horizontal sides lie on opposite
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sides of a. We leave these alone but observe that the totality of their horizontal sides
covers the same length of a™ as of a~. Each of the remaining strips, those of the
second kind, has both its horizontal sides on the same side of a. The totality of these
covers the same length of a* as of a™. Hence by further subdividing these strips, they
can be arranged (not uniquely) in distinct pairs (S, §'). The ¢-widths of S and §” are the
same, but one has its horizontal sides on a™, the other has its on a™.

2. Heights

2.1. We return to the general situation of §§1.1 and 1.2 of a Riemann surface R,
possibly with border R, and a quadratic differential ¢ dz> on R with at most simple

poles at the punctures. For each simple loop y on R define its ¢-height to be the
number,

h(y)=inf | ImV ¢ dz| =inff |dv).
~rJy 7~y
Here the infimum is taken over all simple loops in the free homotopy class of y and the
integral is the total variation of the imaginary part dv,

dw=du+idv=®'@dz=V ¢ dz,

(locally away from the critical points). We will automatically assume the class is non-
trivial, that is, not retractable to a point or puncture of R. In any case for those cases,
the height is always zero.

Heights can just as easily be defined for cross-cuts. By a cross-cut on R we mean a
simple closed arc y whose end points lie on the border 3R of R (so if 9R= there are no
cross-cuts in this sense). Two cross-cuts y;, ¥, are called freely homotopic (homotopic
modulo JR) if there is a continuous map of a closed rectangle into R taking one vertical
side to y,, the other to y,, and the horizontal sides into OR. When y is a cross-cut, hg(y)
is defined exactly as was done when y is a simple loop. Again we exclude the trivial
cases that y is retractable to a point or puncture in 6R.

Remark. In the competition for the infimum one can include not only simple loops
and arcs but also those with self-intersections without lowering the infimum. This fact
follows from Lemma 2.9 and the remark following it.

2.2. The height of a simple loop or cross-cut y composed of horizontal and vertical
@-segments such that the two vertical arcs f;, §;.1 meeting a horizontal arc ¢, end on
different sides of a; (forming a step as shown)
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Bi

a;

B+

is computed by the simple formula
hq:r(y) = 2[' bj .

Here b; is the @-length of §;. In particular, the height of a closed vertical trajectory is
simply its @-length while the height of a closed horizontal one is zero.

When the surface is compact, possibly with boundary, possibly with a finite
number of punctures, and the differential is real, more can be said. There are always
simple loops or arcs in the free homotopy class over which the integral achieves its
infimum (allowing, as usual, for limiting cases). One such curve or arc is the ¢-
geodesic. The height is zero if and only if the free homotopy class contains (possibly as
a limiting case) an element made up entirely of @-horizontal segments.

2.3. On a finitely punctured compact surface, suppose real differentials ¢,—¢
converge locally uniformly (uniformly on compact subsets), hence uniformly. It is clear
from what was said above in §2.2 that for each simple loop or cross-cut y, lim h(p"(y)

=h,(y). On the other hand for a general surface, matters are not so simple.

The rest of the chapter will be occupied by the proof of the following important
general fact.

PROPOSITION 2.3. Suppose R is an arbitrary Riemann surface possibly with
border 3R and {@,)} is a sequence of real quadratic differentials that converges locally
uniformly to @. Then for every simple loop or cross-cut y,

limhg (y) =h,(y).

2.4. Proof. Assume first that y is a non-trivial simple loop. We will make use of the
annular covering surface A(y) of R corresponding to ¥ (see [20]) which is conformally
equivalent to a standard annulus. It is characterized by the following property;
7: A(y)— R denotes the projection. Namely for each simple loop « in the free homotopy
class [y], exactly one component a* of {7 '(a)} in A(y) is a loop and for that
a~':a—a* is a homeomorphism. The other components are open simple arcs, each
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covering a infinitey often. Conversely, if a} is a simple loop separating the contours of
dA(y), then m(a}) E[y] but it is not necessarily a simple loop.

A differential ¢ dz*> on R can also be lifted to a differential ¢*dz* on A(y). In
particular it will satisfy

f [ImV ¢* dz|=f|lmv_adzl.

This holds even if a=n(a*) is not simple. Thus for the heights,
hos V) =h, )

where for the left, the infimum is taken over all simple loops in A(y) separating the
boundary contours.

2.5. LEMMA 2.5. Suppose o< A(y) is a simple loop separating dA and is the union
of g*-straight segments. There is an integer M with the following property. Suppose
AgcA(y) is a simply connected region whose boundary 3A, is the union of an arc of o
and a @*-horizontal segment a. Then Aq contains at most M critical points of ¢*.

Proof. A is a p*-polygon with certain vertices {Z;} (including critical points on
dAp) and interior angles {;} at those. According to Teichmiiller’s lemma (see [20])

z<1—0j

m+2)
=2+%n,
27

where n;20 is the order of §; and {n;} with n;=1 denotes the orders of the critical points
of p* lying in A,. All the quantities on the left are determined by o except for the two
angles at the end points of a. There is an upper bound for all possible values the left
side can have. Therefore Xn; has an upper bound M>0 as well.

2.6. COROLLARY 2.6. With o as in Lemma 2.5 there is a humber M, with the
following property. There exist at most My mutually disjoint arcs {6;} of 0 such that to
each o; corresponds a @*-horizontal segment a;, with the same end points as o; but
otherwise disjoint from o, such that o;Ua; bounds a simply connected region in A{y).

Proof. Suppose Aq is a simply connected region such that 3Ag is the union of a ¢-
straight segment oy and a horizontal segment a. If A, has no critical points then there
are exactly two vertices and the interior angles are ¥ and n—+¢. By Teichmiiller’s
lemma,
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2+Zn; = (1-9/m)+(1—(r—9/m) = 1

which is impossible (that is, a is the unique geodesic in its homotopy class). Such
regions Ay do not exist. The proof of Corollary 2.6 follows from this fact.

2.7. LEMMA 2.7. With the hypothesis on o and the horizontal cross-cut a as in
Lemma 2.5, let d denote the @*-length of 0. Then the @*-length of o does not exceed d.

Proof. The horizontal ¢*-segment a is the unique @*-geodesic between its end
points (in its homotopy class).

2.8. Suppose o is as in Lemma 2.5, and a is a ¢*-horizontal segment meeting ¢
only at its end points. The end points of a divide o into two (connected) arcs exactly
one of which, say oo, has the property that gy Ua bounds a simply connected region in
A(y). It will be convenient to say that o, is the arc of o determined by the horizontal
cut a.

We will also use the terminology band of horizontal cuts of height b to refer to the
following situation. That (i) there is an open vertical segment 8 of height b, and a family
a, of horizontal segments (without critical points) such that (ii) each a, intersects
once and {a,} is indexed by the height parameter ¢ on 8, 0<t<b, and (iii) the end points
of a, lie on o but otherwise a, does not meet o.

LEMMA 2.8. With o as in Lemma 2.5 suppose that 0y is the arc of o determined by
a horizontal cut ao. Set h=fao ImV @* dz|. Then in the simply connected region

AocA(y) bounded by ogUay there exists a band of horizontal cuts {a,} of height
hI123M)?S. The arc o, of 0 determined by a, satisfies fa, ImV @* dz|>h/23M)* S for

each t. Here S is the number of straight segments of o.

Proof. From the at most M critical points (according to multiplicity) in Ao draw the
critical horizontal rays until they meet 0. These critical rays divide A, into at most 3M
simply connected regions {B;}. For some i, say i=1,

f ImV @* dz|=hi3M.
3B

1

There are at most 3M arcs of o contained in 8B,. Therefore at least one of them, say o,
has ¢*-height not less than #/(3M)S. There is a band of horizontal cuts {a,} of height
h/(3M)*S leaving o; and lying in B,. (Actually the vertical interval 8 used in the
definition may have to be replaced by some steps composed of horizontal and vertical
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segments.) But instead of taking the whole band take only half of it, cut off at the 1/4
and 3/4 level. Then we can be sure that the arc o, of ¢ determined by a, has @*-height
greater than h/23M)*S.

2.9. The e-height condition. A simple loop ocA(y) separating the contours will be
said to satisfy the e-height condition if it has the following properties: (i) o is a union of
a finite number S of ¢*-horizontal and vertical segments without critical points, and (ii)
for any finite collection {0;} of mutually disjoint subarcs of ¢ which are determined
respectively by horizontal cuts {a;}, it is true that

Ef ImV @* d|<e.

LEMMA 2.9. Suppose o satisfies the e-height condition for some €>0. Let T be any
simple loop in A(y), separating its boundary contours. Then

fllmv o* dz|>f|lmv ¥ dz]-2e.

Proof. For simplicity assume first t is disjoint from o, say it lies to the left of o.
Consider the horizontal rays {a,} leaving from the left side of interior points {p} of
vertical segments of o. If a, returns to ¢ before meeting 7 it determines an arc g, of o
such that o, and a segment of a,, bound a simply connected region A, in A(y). Take the
union UA,, of all such regions. In view of Corollary 2.6 this union has a finite number of
components. Each is simply connected and bounded by an arc g; of ¢ and a horizontal
segment «; which may touch r without crossing it and/or pass through a critical point.
Let ¢'=0\\Uo;.

Recall the following elementary fact. If K is a simply connected relatively compact
regionn and 9K is the union of (i) two horizontal segments which may pass through
critical points, (ii) a vertical segment 8, and (iii) some other arc y then

fllm\/ o* dz|>f|lmv @* dz.
4 8

It follows easily from this fact that

f|Imv P* dz[?f ImV ¢* dzlzfllmﬁdzl—s.

In the more general case we can proceed as follows. Among the components of
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A@)\(tUo) there are exactly two, B and B’, that are not relatively compact in A(y);
say B is adjacent to the contour of SA(y) on the left of o and B’ to the contour on the
right. The relative boundary components b of B and b’ of B’ can be decomposed as

b=UoUt;, b =UogiU1]

where {0;,0{} are mutually disjoint arcs of ¢ and {z;,7;} of 7 (ignoring end points).
Since o and b, as well as 7 and b’, are ‘‘essentially’’ mutually disjoint (can be
pulled apart by an arbitrarily small deformation) the argument above proves,

f[lm\/ @* dz|>j|lm\/ @* dz]—¢
b 4

j|lm\/ p* dz|>f|ImV @* dz]—e.
b’ [4

Adding these two inequalities, using the decomposition of b and b’ as well as the fact
that {o,, 0/} are mutually disjoint on o and {z;, 7/} on 7, we end up with

f|ImV o* dzl?f

Urug

ImV ¢* dz|>f|lmv @* dz]-2e.

Remark. Lemma 2.9 holds even when 7 is not a simple loop by essentially the same
proof.

2.10. LEMMA 2.10. Given >0 there exists a simple loop ac A(y) satisfying the ¢-
height condition and for which

fllm\/ @* dzj<h (y)+e.

Furthermore o may be chosen so that n(6)cR is also a simple loop.

Proof. The loop g is selected from a minimizing sequence for h,(y). Critical points
can be avoided by arbitrarily short detours.

2.11. Completion of the proof of the proposition. We may assume that =0 for
otherwise Proposition 2.3 is obvious. Given £>0 choose o as in Lemma 2.10 but with ¢
there replaced by £/2(3M)° M, S where M is given by Lemma 2.5 and M, by Corollary
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2.6. Lift the @, to ¢ in A(y). Then @¥—¢*, uniformly on compact subsets of A(y).

Let U be a relatively compact annular neighborhood of ¢ whose closure contains
no critical points of ¢*. For some N, ¢ for n=N has no critical points there either.
When N is sufficiently large, we can construct for each n=N a simple loop 0, U with
the following properties: (i) o, is the union of § ¢f-horizontal and vertical segments,
and (ii) these segments can be indexed with those of ¢ so that as n—x, each segment
converges to the corresponding segment of ¢. (In fact z(0,)<R will be a simple loop
t00.)

It is important to observe that the constants M, M, hold uniformly for all o,, n=N,
as well as for 0. We may also assume that ¢, for n=N satisfies Lemma 2.7 with d there
replaced by (d+¢).

We claim that for all large n, o, has the e-height property with respect to ¢,f. For
suppose to the contrary that an infinite subsequence {o0;} does not. By Corollary 2.10
there is a @j-horizontal cut of o, which determines an arc 7, of o, whose @#-height is
=e/M,.

According to Lemma 2.8, there is a @f-band of horizontal g, cuts of ¢f-height
£/2(3M)* M, S. Further, each cut a,, in this band bounds a simply connected region in
A(y) with some arc o, of o, whose @i-height exceeds e2M)* M, S.

We may orient the band and so locate the two arcs Sy, 8 of g such that the band
consists of the trajectory segments leaving the points of B, from the right and arriving
from the left at the points of §;. Passing to a subsequence if necessary we can assume
that the arcs {8}, {Bi} converge to arcs 8, 8’ of 0. Since S, Bi have equal p¥-height
of e/23M)* M, S so B, B’ have g*-height also of &/2(3M)> M, S.

Suppose by taking a suitable subsequence we can get one cut ay, of the k-band to
converge to a ¢*-horizontal cut a, of ¢. Then a, determines an arc o, of o whose @*-
height is not less than £/2(3M)> M, S. But this is in contradiction to the choice of ¢ to
satisfy the £/2(3M)? M, S-height condition.

The k-band has an upper (horizontal) edge and a lower edge. We designate the
lower edge to be the one that, with an arc of o,, bounds a simply connected region
containing the rest of the band. In fact the k-band can be regarded as a gf-rectangle.
The modulus of this, namely the ratio of its @#height to its @fwidth, is uniformly
bounded above zero and less than infinity as k—« by Lemma 2.7. Therefore if the
lower edge has limit points on the inner contour, say, of A(y), the upper edge cannot.
Actually (after passing to a subsequence if necessary) all the interior cuts a;, of the
band converge to g*-horizontal cuts a, of 0. But we had just concluded that this is
impossible.
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Consequently the situation does not arise in the first place: for all large n, o,
satisfies the e-height condition. Now apply Lemma 2.9 to ¢.¥. It implies

hq,n(y)zf ImV @, dz]—2e.

Therefore in view of our choice of o,
liminfh, ()= h(y)—2¢.
The opposite inequality,
limsuph, () <h,(y),

is clear. Since ¢ is arbitrary the proof of the proposition is complete when y is a simple
loop.

2.12. The case that y is a cross-cut (end points on dR) is handled in a very similar
manner. We first find a replacement for the annular covering surface. The double 9 of ¥
in the double R of R is a simple loop invariant under the anticonformal involution J of R
that fixes dR. The lift J of J to the annular covering surface A(f) is an anticonformal
involution that fixes exactly two open arcs. These arcs separate A(p) into two ‘‘rectan-
gles’’ exactly one of which A(y)’ contains a cross-cut which projects one-to-one onto y.
We specify the two fixed arcs under J to be the two vertical sides of A(y). Let A(p)
denote the result of removing from A(y)’ all those points not lying over R. The
“rectangle’” A(y) has the same vertical sides as A(y)’ and there is exactly one lift of y
that runs between them, in fact that even touches them. If 7 is a cross-cut of A(y)
between the vertical sides, the projection of 7 to R is freely homotopic to y. Converse-
ly, each arc freely homotopic to y is the projection of exactly one such 7.

The lifted differential ¢* to A(y) is real on the vertical sides. That is, the vertical
sides are the union of g*-horizontal and vertical segments.

Using A(y) with its vertical sides distinguished we can follow the proof above step-
by-step. In particular, the corresponding e-condition is easily formulated. The desired
conclusion follows.

2.13. Remark. The analogous statement holds for lengths L (y) (see §4.3) as well:
if {@.} converges locally uniformly to ¢ then limL‘pn(y)=L¢(y) for all simple loops and

cross-cuts y.
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3. A minimum norm property

3.1. Heights can be defined for more general objects yet which are still modeled on
quadratic differentials. Let R be a general Riemann surface, possibly with border 9R.
Denote by 0 a system of real C' function elements defined locally on R, outside a

discrete set of points E (without accumulation points in R). Assume that on overlapping
domains the elements are related as

U, = £0,+constant.

For example, 6=Im(JV ¢ dz) for a quadratic differential ¢. Outside E,
|db|=|0, dx+0, dy| is invariantly defined. We assume that it has finite Dirichlet integral,

{Idv|? =f (ﬁi+ﬁ§) dxdy <.
R

For such a system ¢ and any simple loop or cross-cut y define the g-height as

h(y) =inf | |dol.

~vJy

As before (§2.1), the infimum is taken over the free homotopy class.

3.2. A surface R is called parabolic if it has no Green’s function. This means that
the ideal boundary is small: if R=C the complement is a set of capacity zero. For our
purposes this means that for a differential ¢ of finite norm, the set of its horizontal
trajectories that tend to the ideal boundary in both directions covers a set of @-area
zero.

The remainder of this chapter will be occupied by the proof of the following basic
result.

THEOREM 3.2. Assume that R is a parabolic Riemann surface or surface with
border 3R whose double across 3R is parabolic. Let ¢ dz* be a real quadratic differen-
tial of finite norm on R and U a system of function elements as specified in §3.1.
Suppose that for all simple loops and cross-cuts v on R the heights satisfy

k) Zh, ().

Then

lldoll* = |l
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with equality if and only if (d0)*>=(Im V ¢ d2)>. If @ dz® is negative, then only simple
loops y need be considered for the conclusion to hold.

3.3. We will first prove the theorem under the assumption that R is a compact
surface, possibly with boundary R, possibly with a finite number of punctures. As in
§1.5 let R, denote the open set resulting from the removal of all critical vertical
trajectories of finite length. The proof proceeds by analyzing each component A of R,
separately.

Case 1. A is an annular domain. Fix a horizontal cross-cut a of A joining its two
boundary components. Cut A along a and map the result onto a rectangle in the
w=u-+iv plane, say {0<u<a, 0<v<b}, by a choice of w=®(z)=[*V ¢ dz.

For the closed vertical trajectories §§ in A, hi(8)=b. In the rectangle they become
the vertical cross-cuts §,,, 0<u<a. By hypothesis,

oo(u,v)

dv,
v

b
b = h(p(ﬂu) = hﬁ(JBu) = j |dﬁ| =f
B 0

where we have represented do in the w-coordinate system. Integration in du yields,

a (b
abs[ f
0 Jo

Then we apply the Schwarz inequality to obtain,

a (b ~\ 2 arfrb " ~\ 2
(ab)zsabf j (i> dudeabj f [(—gv—>2+<ﬂ) ]dudv,
o Jo \OV o Jo L\Ou v
or more simply,
G \2 3\ 2
jf|<p|dxdy=absff [<ﬂ> +<ﬂ> ]dxdy. (1)
A L L\ Ox dy

The at most finite number of exceptional points in A cause no trouble.

dudv.

ov(u,v)
dv

Case 2. A is a cross-cut domain. This is exactly the same as Case 1 except there is
no need for a preliminary horizontal cut in order to obtain a rectangle.

Case 3. A is a spiral domain. Given a small ¢>0 fix a non-critical horizontal
segment a of g-length < £ in A which does not meet the exceptional set E. Construct a
strip decomposition of A based on a as described in §1.6. Consider each strip S
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separately if its horizontal sides lie on opposite sides of a (first kind); otherwise
consider S together with its partner S’ (second kind).

As above, a finite number of points of E may lie in A but because of our hypothesis
of finite Dirichlet integral these do not affect the area integrals.

Case 3 (a). S is of the first kind. The vertical segments between the horizontal sides
of S all have the same @-length, say b. For each such vertical segment there is one way
to add a segment of a between its end points there so as to form a simple loop 8*.

R

N
/|

-

The added segment of a of course has @-length<e and h (8*)=b. Using the
w=u+iv=P(z) coordinates in S where ® is chosen to map S onto {0<u<a, 0<v<b}, in
view of our hypothesis on heights,

dv+Me.

£
v

b
bshﬁ(ﬂ*)sf |dﬁ|sf
* 0

Here M is an upper bound for |00/3u| on a. Integrating in the u-direction,

oo

Case 3 (b). S and 8’ are a pair of strips of the same width of the second kind. Let a
denote the common width. Parametrize the vertical lines 8, in § and §,, in S’ so that
they sweep out SUS’ as u increases from 0 to a.

dudv+Mea.

£
ov

i

12848283 Acta Mathematica 153. Imprimé le 14 Décembre 1984
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Let b denote the common g¢-length of the 8, and &’ of the §,,. To §,UB, two (not
necessarily disjoint) segments of a can be added so as to obtain essentially a simple
loop B (it will be a simple loop if one of the horizontal segments is pushed a little off
o). Again in w=u+iv=P(z) coordinates,

b+b’shﬁ(ﬂ*)<jf D gy+2Me.
5,61 | OV
Integrating in the u-direction we obtain
, o
b+b)a<s — | dudv+2Mea.
sus | OV

Sum the expressions from Case 3 (a) and 3 (b) over all strips using the notation

Iplla=Jfadudv,
llplla =< f f
A

The integral is not independent of the choice of local coordinates so it must be
interpreted in terms of fixed local patches of the ®-coordinates. Let é—0 and then
apply the Schwarz inequality to the result. We obtain

2 35\ [ 37)\?
2 < < —} +|—) |dudv,
ol <ligl, f f dudy ||¢|uf ”(a) (55 Jaua
and finally,
35 \?, {80 \?
llella fL[(au) (80)] waw @

Therefore the same inequality (1), (2) holds irrespective of whether A is a ring
or cross-cut domain or a spiral domain. Suppose for some A equality holds. Then
90(u, v)/3u=0 in AN\ANE so that i=0(v) in terms of the natural parameter v in A. But
there is still equality in the application of Schwarz inequality and this forces |dd/dv|=
constant on ANANE. The equality b= [4|di| in Case 1 or 2, or the analogous thing in
Case 3, implies that |do/dv|=1 in ANANE. Therefore i=*v+constant in ANANE and
di=*dv=+ImV @ dz with either one sign or the other holding locally.

Finally to obtain Theorem 3.2, sum up the inequalities (1) and (2) over all
components A of the decomposition R, of R.

3.4. It remains to deal with the general case. Start by finding the annular domains

i dudv+Me?.
du

£
dv
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and cross-cut domains, if any, in R. In particular each non-critical point on the border
AR about which @ dz?>0 lies in (or rather, on the edge of) a cross-cut domain. The
boundary of the annular domains, and the relative boundary in IntR of the cross-cut
domains, is a countable union of possibly critical vertical trajectories of finite length.
For each of these domains Case 1 or 2 from above applies and we arrive at (1).

Let then R, denote the complement of the closure of the union of the annular and
cross-cut domains. The relative boundary 3R, of R, in R, which may include all or part
of 3R, is a union of possibly critical vertical trajectories: ¢ dz><0 on 3R,. The double
of Ry across 3R, is parabolic, or more precisely, each component of the double is
parabolic.

We will apply the technique introduced in [19] to obtain a strip decomposition
of Ry.

Let a be a g-horizontal segment and a*, a~ its two sides. On a* Ua™ mark those
points {x} from which the vertical ray (i) hits a critical point of ¢, (ii) has limit points on
the ideal boundary of Ry, or (iii) hits an end point of a before otherwise meeting . The
set {x} is closed on a™ Ua~ because the vertical ray from any point { not in it again
meets o and there is a maximal neighborhood of { from which the ray-segments sweep
out a rectangle whose horizontal sides are components of a*Ua~\ {x}. Because the
double of R, is parabolic, {x} has linear measure zero (cf. [19, §1]). It need not be
countable.

The complement F(a) of {x} on a*Ua~ is a finite or countably infinite union of
intervals. These are arranged in pairs, each pair comprising the two horizontal sides of
an open @-rectangle. Its vertical sides tend to critical points, end points of a, and/or
ideal boundary components of R,.

Each rectangle in the strip decomposition can be classified of the first kind or
second kind according to whether its horizontal sides are on opposite sides of a or on
the same side. The lengths of a* and a~ occupied by sides of the first kind are the
same. Therefore, since {x} has measure zero, the lengths of a* and a™ occupied by
sides of the second kind are the same too. As was done for compact surfaces in § 1.6,
here too, after subdividing if necessary, the rectangles of the second kind can be
arranged in pairs (S, §'), where § with sides on a* corresponds to S~ with horizontal
sides of the same length but on a™.

Suppose a; is another horizontal segment, disjoint from a. If a; does not intersect
the closure of the union of the vertical strips for a, then the strips for a; do not
intersect those for a. If on the other hand a, lies in one of the strips for a, then the
strips for @, are contained in the closure of the union of those for a.
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Now R, can be covered up to a set of g-area zero by a countable number of ¢-
rectangles whose horizontal sides are of @-length less than some prescribed ¢ but we do
this in the following way. Given 6>0 choose compact sets C and C’ with Cc Int C’ such
that (i) C’ contains no points of E or critical points of ¢, and (i) {|¢||c=||¢|l—3. Given
£>0 we can find a finite collection of g-rectangles contained in C’ yet which cover C
and each has @-width less than £. From within these choose horizontal segments {a;},
each of length <¢, for which the associated strip decompositions cover C without
overlap up to a set of g-area zero. Let {A;} denote the strips (¢-rectangles) based on
a;.

Let a; denote the length of a;. Then L=Xa;<. Also since all a;=C’, there is a
constant M<o such that
0
Su

<M

on each a;, in terms of the natural ¢-coordinate w=u+iv on it.
For each «;, exactly as in Case 3 of § 3.3 even though there may now be infinitely
many rectangles {A;} based on a;,

Hﬂh$ff
Ai

Here A;=UA;. Summing over i, since UA; covers C up to a set of g-area zero,

lest

Again the integral must be interpreted in terms of a fixed covering by g-rectangles.
First let £—0. Then let 6—0 so that C—R,. We get

Hﬂmgjj
RD

The proof is completed with Schwarz’s inequality as in §3.3.

% dudv+a;Me.
ov

99 dudv+LMze.
ov

86 dudv.
ov

4. The Heights theorem and other corollaries

4.1, The most important consequence of Theorem 3.2 is the Heights theorem. For
compact surfaces it was first proved by Hubbard and Masur [4] using quite different
techniques.
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HEIGHTS THEOREM. Assume R is a parabolic Riemann surface or a surface with
border 3R whose double across R is parabolic. Suppose ¢ and y are real quadratic
differentials of finite norm satisfying hy(y)=hy(y) for all simple loops and cross-cuts y.
Then p=vy. If both @ and y are negative, then only simple loops y need be considered.

Proof. Recall that ¢ is real if Im (@ dz%)=0 along 3R and negative if more restric-
tively @ dz’><0 along AR. If 3R=0, by definition there are no cross-cuts so only the
statement involving simple loops is operative. Let §; denote the function elements de-
termined by Im (fV @ dz) and &, by Im (JV' ¢ dz). The singular set E is the union of the
critical points of @ and . Theorem 3.2 applied to 3, and y shows that ||@||=|ldo,||*=||y]|
and applied to 7, and ¢ shows that |ly||=||d6,)*=|l¢||. Hence ||do,||=|ly|| and
Im &=+ ImW+constant, locally for the integrated functions. Hence locally,
®=+W+constant, and then ¢ dz>=(®'(z) d2)*=(V'(z) d2)*=y dz*.

4.2. COROLLARY 4.2. Suppose R is a parabolic surface or surface with border
whose double across 3R is parabolic. If ¢ dz*=£0 is a differential of finite norm then
there is a simple loop or cross cut y on R with hy(y)+0.

4.3. There is a theorem analogous to the Heights theorem with lengths in place of
heights. Given @ dz* define the g-length of the free homotopy class of the simple loop
or cross-cut y as

i R~
L () =inf | || |dz]

bard v

when 7 runs over all (locally rectifiable) simple loops or cross-cuts in the free homotopy
class of y.

THEOREM 4.3. Assume R is a parabolic Riemann surface or a surface with border
AR whose double across SR is parabolic. Suppose ¢ and v are real quadratic
differentials of finite norm satisfying Ly(y)=L,(y) for all simple loops and cross-cuts
y. Then y=e'¢ for some constant angle © with 9=0 or &t if SR*QD. If both ¢ and v are
negative only simple loops need be considered and 9=0 (if OR+D).

Proof. As |@|'”|dz|=|dw|=|dv|, where w=u+iv and w=®()=[*V ¢ dz,

f |dv| < f lp(2)] 2 |dz].
y 7

Therefore h,(y)<L,(y). Our hypothesis thus implies that h,(y)<L,(y) for all y. Now
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refer back to the proof of Theorem 3.2 and carry out the same calculations but with
[¢|'?|dz| in place of |d5|. We obtain

”‘P“gjj [w(w)|"* dudv.
R

By Schwarz’s inequality

lolfi< f f dudy f f v )| duudo = gl Iyl
R R

Consequently ||¢||<||y|| and by symmetry there is equality. But equality forces
|¥(w)|=constant and this constant must be one. Therefore y(w)=e" for some 3. In the
original z-coordinates this equation becomes zp(z)=ei"<p(z).

4.4. Example. Let R be a domain in the plane bounded by b=2 smooth curves. A
harmonic measure in R is a real harmonic function which is constant on each boundary
contour. The harmonic measures form a real vector space of dimension (b—1).

To each harmonic measure u associate the quadratic differential

@ dz? = (du+idv)?

where dv is the conjugate differential to du; ¢ dz? is negative. For these differentials our
definitions become,

h,(y) =inf | |dv|,

y~v 7
L (y)=inf | |gradu]|dz],
7~y 7y

12

where |grad u|=(u§+u§) . The Heights theorem, Theorem 4.3, and homology can be

compared as follows:

COROLLARY 4.4. For two harmonic measures u,, u, in the plane domain R, the
Jollowing are equivalent
(i) u,=zxu,+constant
(ii) h¢2(y)=h%(y), all simple loops vy
(iii) L¢2(y)=Lq,l(y), all simple loops y
(iv) [,dvo=[,dv,, or =—[,dv,, all simple loops y.
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4.5. We record one more application of the proof of Theorem 3.2. This is to a
useful uniqueness theorem; for example it implies the uniqueness of Teichmiiller maps
between compact surfaces. It shows that subregions bounded by trajectories of quad-
ratic differentials are essentially rigid. For the case of compact surfaces, see loffe [5].
We will not explore its consequences here.

THEOREM 4.5. Assume that R is a parabolic Riemann surface or a surface with
border 3R whose double across 3R is parabolic. Let @ dz* be a real quadratic differen-
tial of finite norm on R. Suppose RycR is an open set, not necessarily connected,
resulting from the removal of at most countably many vertical trajectories or trajectory
segments from R. If f Ry—R is a C' homeomorphism homotopic in R to the identity
then in terms of the g-coordinates w=u+iv=[*V ¢ dz,

llgll = f f Re (f,,—f, ) dudvs j f If.,~ful dudv.
Ry R,

Equality occurs between the ends if and only if 3fldv==%1.

Proof. A simple loop or cross-cut y is mapped by fonto a freely homotopic one (fis
not required to keep SR pointwise fixed).

We work with the individual components of R, and sum the results in the end. In
each component S express fin the local g-coordinates: w=fw) and

dw =di+ido =f, dw +f, dw.
Refer back to the proof of Theorem 3.2. In place of di there use the present expression
do = Im(f, dw+f, dw).
Along a g-vertical segment this becomes,
|do| = |[Im (f,,idv—f, idv)| = |Re (f,—f,)| dv.

As in the proof of Theorem 3.2 we obtain,

loll< f f Re (f,~f,)|dudo.
Ro

From this Schwarz’s inequality gives

ol <ol f f Re (f,—f, ) dudv.
Ro
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Furthermore if equality holds, then
[Re (f,—f,)| = [Imaf/ov| = 1.

If there is equality in addition on the right terms in Theorem 4.5, then |f,—f;|=1. The
two together imply that 3f/dv=+1.

Remark. If instead horizontal slits are used,
llell = j f IRe (f,,+f,)[ dudv< j j If,+ ol dudv
R, R,

with equality at the ends if and only if 3f/du==x1.

5. Convergence of simple differentials

5.1. Let R be an arbitrary Riemann surface, with or without border oR, and ycR a
simple loop not rectractible to a point or puncture (we call these non-trivial loops).
There exists a quadratic differential ¢[y] dz” of finite norm, uniquely determined up to a
positive scalar multiple by the following properties:

(i) the non-closed trajectories cover a set of area zero,
(i) each closed trajectory is freely homotopic to y.

That is @[y] dz* has an annular domain A which is dense in R. The boundary of A is a
union of horizontal trajectories of finite total length. In particular A contains R and
@lyldz* is a positive differential.

Quadratic differentials of finite norm which satisfy property (i) are called Jenkins-
Strebel differentials. The simplest of these are the differentials {¢[y]} and for that
reason are called simple Jenkins-Strebel differentials, or simple differentials for short.
These were discovered as the solution of extremal problems by Jenkins [6], Strebel
[14], Jenkins-Suita [9] and Strebel [16]. We will always normalize them so that
letyill=1.

When it is preferable to work with vertical trajectories, the corresponding simple
differentials are {—g[y]dz?}.

5.2. In this section we record two properties of the normalized simple differential
¢lyl. The first compares it to other normalized differentials ¥ on R. The second
concerns its dependence upon R. We stick to the notation 4,(y) for height introduced
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in §2.1 and L,(y) for length in §4.3. Because we have not introduced a **horizontal”’
analogue of height, we will work with —¢[y] instead.

LEMMA 5.2.1. (i) hy()<h_gp(p) for all Y+—¢ly].

(i) Ly <Lypn(y) for all p+e? gly].

LEMMA 5.2.2. If R is properly contained in a larger surface R* and the simple loop

ycRcR* is associated with the normalized simple differentials @[y] on R and @ly]* on
R*, then

Lop(¥) = h—gp1(¥) < h—gpy1(y) = Lypa(y):

Proof of Lemma 5.2.1. Let A denote the maximal annular domain swept out by the
closed horizontal trajectories of ¢[y] and fix a vertical cross-cut § of A. When A is cut
by B it becomes a g-rectangle A, w=®(z)=[*V @ dz=u+iv maps A, onto a rectangle
in the w-plane. Denote its width by a (=¢-length of closed trajectories=(—¢)-height of
closed trajectories) and denote its height by b (=g-length of §). Then ab=||ply]||=1.

Index the horizontal cross-cuts of Ay by a,, 0<v<b. Each of these has g-length

equal to a and closes up in R. Using the w-coordinates in Ao, since |[ImVy dw|=
ImVy|du along a,,

hw(y)sf ImVy |du (resp.,Lw(y)sf lw|"? du),

v

bhw(}')Sff ImVy |dudv (resp., wa(y)sff hp|"2 du dv).
Ay A
Apply Schwarz’s inequality, using [ [, dudv=1, to get,
bzhw(V)zgjf ImVy Izdudvs” | dudv =1
4o A

(resp., b’L,(y)'<[[ 4 |¢|du dv=1).

Inequality (i) and (ii) result from the relations
lb=a= h—w[y](y) =L<p[y](y)'

If there is equality in (i) then [ImVy|=1 and also |y|"?=1. Therefore Re V y =0,
Vy =%iand y=~1. Equality in (i) is analyzed similarly.
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Proof of Lemma 5.2.2. Recall that the modulus of the annulus {1<|z|<k} is
(log k)/2 7 and this can also be interpreted as the reciprocal of the extremal length of the
class of curves separating the contours. Similarly on the surface R, the extremal length
of the class of curves in the free homotopy class of y is a/b where a is the width and b
the height of the glyl-rectangle A, described above.

Move on to R*. We assume that R*\ R contains an open set. On R* the free
homotopy class is larger so its extremal length is smaller. In fact it is strictly smaller
(because otherwise the extremal metrics would coincide). That is,

a _ a*

b b*

where a*, b* denote the corresponding quantities for ¢[y]* on R*. Since however the
differentials are normalized on their respective domains, ab=1=a*b*. Consequently,

h_gp @) =a>a*=h_g . (7).

We remark that the assertions made regarding extremal length are established by
the same type of length/area arguments already used.

5.3. The geometric intersection number i(o,y) between two simple loops on a
Riemann surface R is defined as follows:

i(o,y) = infcard (6N y: G~0, ~y)

where & runs through all simple loops freely homotopic to ¢ and ¥ through those freely
homotopic to y. In computing the infimum we need only consider loops G, 7 that
intersect a finite number of times, and cross when they meet.

In particular i(o,y)=0 if there are representatives of the two classes which are
disjoint.

Suppose now ¢ is a cross-cut of R. By our earlier definition (§2.1) this means that
R has a border 3R and o is a simple closed arc whose ends lie on dR. The above
definition holds just as well if o is a cross-cut and y a simple loop (see §2.1 for the
definition of free homotopy class of a cross-cut).

A useful way to view the intersection number is in terms of the Poincaré metric on
R (analogous assertions can be made for those few surfaces which don’t carry one).
There is a unique Poincaré geodesic in each free homotopy class of a simple loop. If ¢
and y are simple loops, and 0y, y¢ denote the corresponding Poincaré geodesics, then
exactly
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i(a,y) = card gy N ¥,.

When o is instead a cross-cut there are also analogues to the geodesic gy so that
the above formula continues to hold. We will indicate how to find one such o,. Let
7t: H—R denote the natural projection from the universal covering surface, say the unit
disk. Consider a component ¢* of {z~'(Into)}. It has well defined end points on the
unit circle 3H. Let o be the non-Euclidean line with the same end points. The projec-
tion 0p=m(0§) has the same end points as ¢ on 3R and is a simple arc homotopic to it.
For the simple Poincaré geodesic yq, card (opN¥y,) does not depend on the choice of o,
hence oy, in its free homotopy class.

5.4. Suppose R is a subsurface of R* so that the relative boundary 3R of R in
IntR* is a finite union of simple loops. Suppose further that each of these bounds a
component of R*\R which is not simply or doubly connected. The following two
results are required to go back and forth from R to R*,

LEMMAS5.4.1. Assume y is a simple loop in R and o is a simple loop or cross-cut in
R* which is not freely homotopic in R* to one in R. Position o in its free homotopy
class so that it crosses each component C of 3R exactly i(a, C) times. With this done
denote the components of oNR by {0;}; these are all cross-cuts of R. Then

i(0,y) = Li(0; y)
where each intersection number i(o;,y) is computed in R.

Proof. In the Poincaré metric on R* we may assume that y and each component of
3R is a geodesic, and that o is as well, using the modification above if it is a cross-cut.
Then i(o, y)=X card (0;ny). By looking in the universal covering surface of R*, we see
that card (o;Ny)=i(o;, y) follows directly from the convexity of R in R*.

LEMMA 5.4.2. Assume o is a cross-cut of R.

(i) Suppose both end points of o lie on the same component C of IR. Let 0, be a
cross-cut in R*\ R joining the end points of 0 and which is not retractable in R*\R
into C. Let o' denote the simple loop resulting from joining o and o,. Then for any
simple loop y in R, i(o, y)=i(0’, y) (with i(¢’,y) computed in R*).

(ii) Suppose the end points of o lie on different components C,, C, of 8R. Choose
a simple loop o; in the component of R*\R bounded by C;, with origin at the end
point of 0, and not retractable in R*\ R into C;. Then form an (essentially) simple loop
o' by going along o toward C,, around o, in a suitable direction, back along o to C,,
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and then around o, (in symbols, 00,07 '0,). Then for any simple loop y in R,
o', y)=2i(o, y).

Proof. Again this is most easily analyzed in the universal covering surface by using
the hyperbolic metric. We omit the details.

Remark. Without changing the conclusions above, we may allow more general
types of embeddings R<R*. For example, (i) a component of R may be a (non-trivial)
cross-cut of R*, and/or (ii) the relative boundary of a component of R*\ R may consist
of more than one component of 3R. In the example of (i), if a cross-cut o of R has both

end points on such components, o can simply be extended in R*\ R to a cross-cut
of R*,

5.5. The following fact ties the geometric intersection number to quadratic differ-
entials.

LEMMA 5.5. For the annular domain A associated with the normalized ¢lyldz®,
let a=L,,(y) denote the @lyl-length of the closed horizontal trajectories in A and b
denote the @lyl-length of the vertical cross-cuts of A. Then for any simple loop or
cross-cut 0 of R,

hyy(0) = bilo, y) =21

Proof. Let a be a closed horizontal trajectory of ¢[y]. Then deform o in its free
homotopy class so that cardona=i(o, y). Next look at the components of N A. Those
which do not cross a, i.e. whose end points both lie on the same component of 8A, can
be pushed into 3A. The other components can be deformed to vertical cross-cuts. We
end up with a loop ¢’ freely homotopic to o which is a union of i(a, y) vertical cross-cuts
of A, and horizontal segments lying in dA. For this ¢’,

f [ImV gly] dz} = bi(o, ).

Although ¢’ may not be a simple loop it can be made into one by arbitrarily small
deformations. The integral expression on the left is indeed kg, (0) because for any
simple loop oy freely homotopic to o, 6;NA must contain at least i(g, y) components
whose end points lie on the opposite components of A. Finally, recall that normaliza-
tion implies ab=||@ly]||=1.
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5.6. The key to a geometric understanding of general quadratic differentials in
terms of simple ones is the following concept. It is due to Thurston and forms the basis
of his theory. Actually here we are modifying it slightly to include cross-cuts (closed
simple arcs whose end points lie on the border of a surface). See [3].

Definition 5.6.. A sequence of simple loops {y,} on a surface R, possibly with
border 3R, is said to converge if there is a sequence {¢,} of positive numbers such that

i(o,y,)

lim
exists for all simple loops and cross-cuts ¢ and if for at least one such o, the limit is not
Zero.

Note that the sequence {r,} is uniquely determined, up to a positive factor,
asymptotically by {y,}. Namely if {s,} is another sequence that can be used in the
definition then for some C=0,

lims,/t,=C.

For set C(o)=limi(o,y,)/t, and C'(0)=limi(o,y,)s,. Then C(0,)*0 for some o, and
C'(02)*0 for some o,. Therefore lim s,,/t,=C(0,)/C'(05)=C(0,)/C’(0}).

5.7. At this point it is well to make some remarks concerning the convergence of a
sequence of normalized real differentials {¢,} to a differential ¢ on a Riemann surface
R, possibly with border 3R.

Suppose first that R is a compact surface, possibly with boundary 3R, possibly
with a finite number of punctures. Then the following are equivalent:

() {@n} converges locally uniformly (i.e. uniformly on compact subsets) to ¢,
(ii) {@,} converges uniformly on R to ¢ (at puncture z=0 parameterize by V z),
(iii) {@,} converges in norm to g, i.e. lim||@,—¢||=0.

In addition, because all [|g,||=1 so also ||¢||=1.

On a general surface R matters are much more complicated. We will usually assume
that ¢, converges locally uniformly to ¢. But in general we cannot claimin addition that
(@) |lgll=1, or equivalently, (b) {@,} converges to @ in norm, or even that (c) ¢=0. In
fact if ||g||<1 the normalized sequence {(¢,—@)/||p.—@||} converges locally uniformly
to the zero differential.
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However in all cases it is true that a sequence of normalized differentials has a
subsequence that converges locally uniformly to a differential on the surface with
norm <1.

5.8. LEMMA 5.8. Suppose R is a parabolic surface or a surface with border 3R
whose double across 3R is parabolic. If for a sequence {y,} of simple loops on R the
normalized simple differentials {@[y,]} converge locally uniformly to a differential v,
then for every simple loop or cross-cut o,

i(o,v,)

lim = hw(a).

Here a,, denotes the @ly,)-length of its closed trajectories. In particular, if y#*0, the
sequence {y,} also converges.

Proof. The principal statement is the union of Proposition 2.3 and Lemma 5.5.
Then see Corollary 4.2. Note that y is also a positive differential.

5.9. The main result of the chapter is this.

THEOREM 5.9. Suppose R is a parabolic Riemann surface or surface with border
OR whose double across AR is parabolic. Assume that {y,} is a sequence of simple
loops all contained in a relatively compact surface Ry of R and let {¢ly,)} be the
corresponding normalized simple differentials on R. Then {y,} is a convergent se-
quence on R if and only if {@[y,)/||ely.]| Ru} converges locally uniformly to a differen-

tial on R. In the latter case the limit differential has finite norm and is not identically
zero.

Proof. First assume that {y,} converges with associated sequence {t,}. Consider
the situation in Ry. There let {@[y,lo} denote the normalized simple differentials. In
view of Lemma 5.4.2, {y,} also converges with respect to Ry with the same {¢,} (we
may assume R, satisfies the hypothesis). Take any subsequence {y,} of {y,.} for
which {glyn.lo} converges on Ry. Let (a,,)o denote the @[y,lo-length of its closed
horizontal trajectories. By Lemma 5.8 and § 5.6, there exists

Co = lim tm/(a,,,)o +0.

Now move on to R itself. By Lemma 5.2.2, (a,,)o>a.,. Hence from Lemma 5.5,

i(0,7,,) S i0,y,,)

(am)O .

hw[vm](o) =
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Therefore if o is suitably chosen,

i(o,
( )’m)*o'

liminfh,, (@)= C, lim

m

From this we conclude that no convergent subsequence of {¢[y,.]} converges (locally
uniformly) to the zero differential. Going back a step to the choice of {y,,} we can also
conclude that no subsequence of the original {¢[y,]} converges to the zero differential.

Consider two convergent subsequences of {@[y.,]}: {¢ly,]} that converges to v,
and {g[y,]} that converges to 1. Set

C,=limty/a,, C,=limtjla,
as we may by Lemma 5.8 and §5.6. For any ¢ in R,

.. o,y .
h,(0)=C, llm——tL, h, (0) =C,lim

P q

io,7,)
—

Consequently for any o,
hwl(a)/CI = h%(a)/Cz.

This calls for the Heights theorem (§4.1)! Because ¥, and 1, are real, in fact positive,
differentials

lp]/Cl = 1/)2/C2.

If v, and y, were known to have unit norm, as would be the case if R were a
finitely punctured compact bordered surface, then we could conclude that C;=(5,

Y1=1,, and {@ly,]} converges. But in general we do not know this and to deal with it
we in effect change the normalization.
Set

%[}’,,] =¢[yr1]/”‘p[yn]”Ro and 1/’:" =¢:/I|WIHR0‘

Then locally uniformly, lim[y,]=v; and limgy[y,]=v;. But |[y,|[z /C,=llysllr /C:
so that now for all g, 4,,(6)=h,(0). Thus yi=y5 and we can conclude that {@o[y.]}
itself converges.

Conversely suppose {@oly.]} converges locally uniformly on R to a differential y.
Because {y,} lies in Ry it has a convergent subsequence {y,,} on Ro by Lemma 5.8 and
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then on R by Lemma 5.4.1. The argument just completed shows that {goly..]1}
converges on R to a non-zero differential of finite norm. That can only be y. Now we
can apply Lemma 5.8 to the full sequence {y,}.

We remark that in place of Ry, we could have just as well used any relatively
compact subset of R to ‘‘renormalize’’.

5.10. Examples. Without the assumption that the free homotopy classes of {y,}
contain representatives in a fixed compact part of R, the corresponding sequence of
normalized differentials {¢[y,]} may indeed tend to the zero differential, uniformly on
compact subsets, while {y,} converges. For an example take the doubly infinite ladder
so constructed that it is a parabolic surface R. Take the loops i, ¥, ... as indicated.

Then {y,} converges with associated sequence {z,} where all 7,=1. The sequence
{@{ly.]} tends to zero. For suppose there were a subsequence {@[y,,]} with non-zero
limit 1. Let a be a horizontal trajectory of y through a point p € R. The trajectory a,, of
¢ly,.] through p—we may assume it is a closed trajectory—tends to a uniformly on
compact subsets. Given any compact set K, for large m, a,, meets the complement of
K. Therefore a does as well. So given a vertical segment § for y, the horizontal rays
from § all meet the complement of any prescribed compact set in R. But such rays must
have linear measure zero on 8. This is impossible.

Another example of this phenomenon is the following. Remove from the real axis
an infinite sequence {x;}, —o<k<o, with x;,<x;4 for all k. Let y, be a simple loop,
symmetric in R that separates {x;}, 0<k<n, from all other points. The modulus of the
free homotopy class of y, is given by means of the conformal mapping onto an annulus
of the sphere with two slits, one along R from x, to x,, the other from x_; to x,.,
along R and over % to be disjoint from the first. By suitably spacing the {x,} we can get
the modulus to approach zero. The corresponding normalized simple differentials can
likewise only converge to zero, while for each simple loop o, limi(o, y,) exists.
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6. Approximation by simple differentials

6.1. Let {y;}, 15j<r, be a system of simple loops on a surface R, none retractable to an
ideal boundary component (or a point) of R. In this section we will describe a method,
due to Thurston, of joining them together in a controlled manner to form a single simple
loop.

In addition to the loops {y;} we start with the following:

(i) a simple loop 7 with i(z, y;)+0 and equal to the actual number of crossings of ¢
and y;, 1sj=r,

(ii) the least common multiple M of the numbers {i(z, y))},

(iii) mutually disjoint thin annular neighborhoods {S;} about the {y;}.

In each §; replace the single loop y; by M mutually disjoint strands, each parallel
to y;.

We will describe the procedure by focusing on one of the {S;}, say on §,.
Represent §, as a proper annulus with the strands as M concentric circles and the
components of 7N.S, as i(r, y,)+0 radial cross-cuts. Start with a point {€7Nn3aS,, say
lies on the outer contour. Move along 7NS, from ¢ until hitting the first strand. Turn
left along that strand and continue along that until again hitting 7N S,. At that point turn
right along 7N S, until the next point of intersection with a strand. Then turn left along
that strand. And so on.

@ M=i(z,y,) =3

After making M right turns from a strand onto 7NnS,, we end up at a point {’ on the
inner contour. That final point ¢’ and the initial ¢ are the end points of the same radial
cross-cut—a component 7, of 7NS,,.

13848283 Acta Mathematica 153. Imprimé le 14 Décembre 1984
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In following this process we have traced out a simple arc. This arc is homotopic to
what results to 7y, if the outer contour is held fixed while the inner is rotated clockwise
exactly M/i(z,y,) times. Or equivalently if the inner is fixed and the outer rotated
counterclockwise M/i(z,y,). This is called a Dehn twist of order M/i(z,y,). In particular
it is in the positive direction and this direction is determined solely by the orientation of
R (and then §,), not by choice of inner and outer contour of S,,.

To continue with the construction, we have entered S, at { and left it at §’, the
other end of the component 7, of 7nS,. Following along 7 we next enter some S,.
Possibly §,=5, but unless NS, is connected we will then enter S, along a different
component of 7N S,. Repeat the process in S,. And so continue.

In the end we come back to the initial point {. In the process, every segment of 7
and of each of the strands is covered exactly once. Adjusting slightly at the corners we
end up with a simple loop I'y. [N S, consists of i(z,y,) parallel spiral cross-cuts, each
twisting M/i(z,y,) times around in the positive direction.

If 79 is a segment of 7 in Iy, then following along I'y near o, we turn right on 7q
from some strand, and then turn left along another. Deform Ty slightly to T’ which is
now transverse to (crosses) 7. Because of the observation just made, the number of
crossings of I" and 7 is exactly i(I, 7). This is seen in the universal covering surface of R,
by following the construction there.

To
To

6.2. The following fact is important.

LEMMA 6.2. Let o be a simple loop or cross-cut on R and T as constructed from
{y;} and t© as above. Then

MZXi(o,yp—i(o,v)<i(o,T)<MZXi(o,y)+i(o, 7).

Proof. (After A. Fathi [3, p. 68).) Position ¢ in its free homotopy class so that it
crosses each y; exactly i(o, y;) times and 7 exactly i(o, 7) times. Then the right inequality
is clear.

Now position o so that it crosses I exactly i(o, ') times and 7 exactly i(o, 7) times.
We know that o must cross at least MLi(o, ;) times the Mr distinct loops of the system
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3 obtained by replacing each y; by M strands. Think of forming the point set I'Uz from
3 as follows. Let little arcs grow out from 3 coalescing to form 3Uz. Then along 7 pull
apart the

=== —T® === e = = ——

]
]
]
I
]
p—
===

corners slightly to form I'y Ut (this is the critical part: because 7 is included there is no
essential change in the local structure). Finally deform Ty to I" to form ['Ur. We
conclude that o cannot cross I'Uz fewer than MZi(o,y;) times. That is,

i(o,D)+i(c,))=MZXi(o,y).

Note that we have allowed the possibility that a number of the {y;} are parallel to
each other.

6.3. LEMMA 6.3. Let {y;} be a finite collection of mutually disjoint non-trivial
simple loops on a surface R, none retractable to an ideal boundary component of R.
There exists a simple loop t with i(t, y)+0 for all j.

Proof (cf. Lemma 5.4.2). We will prove by induction a more general statement.
Namely if R has a border 3R and one or two of the components of 3R are prescribed,
then 7 can either be chosen as a simple loop as stated, or as a cross-cut with end points
on the designated component(s) of oR.

The assertion is clear if there is only one loop y. Assume it is true for (k—1) loops
on any R. Suppose then we have {y;}, I5j<k on R with y, not parallel to any y; with
j<k. Denote the two sides of y; by yi, v« and cut R along y;.

Case 1. The resulting surface R’ is connected. Then y{, yi are two components
of 3R’. There are two cases. (i) Apply the induction hypothesis to find a cross-cut 7, of
R’ whose ends are on the opposite sides of y; and such that i(zy, y)+0, 1<j<k—1. On
R, 7 closes up to form a simple loop t with i(z, y)=1 while i(z, ;) is the same as i(to, 7))
computed in R’, j<k. Or (ii) find a cross-cut 7y of R’ from a point of y{ to one of the
designated components of 3R with i(zo, y))*0, j<k. Because 7o does not divide R’ there
is a disjoint cross-cut 7y from y; to the other designated component of dR. On R,
7=T¢U 75 comes together to form a cross-cut of R with i(t,y»=1and i(t, y;)=i(to, y,) for
Jj<k.
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Case 2. R’ has two components R] with y{ in dR] and R} with y; in 3R5. To (i)
get a simple loop 7 on R join a suitable cross-cut of R} with both ends on y; with one of
R5 with both ends on y;. If (ii) the designated components of 3R lie in different
components R, R} a suitable cross-cut  of R is found similarly. If (iii) the designated
components of AR lie in say R}, then two disjoint cross-cuts of R must be joined with
one of R).

As with §5.2, these constructions are best carried out in the universal covering
surface with non-Euclidean geometry.

6.4. We start with the simplest situation that illustrates the method.

LEMMA 6.4. Suppose R is a compact Riemann surface, possibly with boundary
3R, possibly with a finite number of punctures. Assume that ¢ dz* has a spiral domain
which is dense in R. Then @ dz* can be approximated by simple differentials.

Proof. Fix a short vertical segment 8 of ¢ in its spiral domain (which may be all R).
Let {S;} be the horizontal strip decomposition based on 3 (see § 1.6 where instead
vertical strips are described). Denote the corresponding intervals on U8~ as {B;}.
These are arranged in pairs, the two intervals of a pair forming the vertical sides of
some @-rectangle S;.

Since by assumption ¢ has no closed trajectories the g-lengths of the {8;} are not
all rational multiples of the ¢-length |8| of 8. Given a large integer N we now deform R
to a new surface Ry as follows. Take the vertical segment 3 but change the position of
the end points of the {3;} slightly, each by an amount less than 1/N, to get new intervals
{By;} such that (a) all their @-lengths are rational multiples of |§|, and (b) they remain

paired as before, two intervals of a pair having the same length. Exactly as R is con-
structed from the @-rectangles {S;} based on the {f;} so construct R, from rectangles
{Snx} with the same widths but based on the {8x;}. Just as @ dz*> on R results by
pasting together the Euclidean elements dw? on the rectangles {S;} in the w=®(z)=
{*V'¢ dz plane, so a differential @ndz? on Ry is formed by pasting together the
elements dw? on the {Sy}.

By construction there is a piecewise affine map fy: R—Ry in terms of the &-
coordinates on R and ®,-coordinates on Ry. It sends each f; to Bn; and S to Sax. In
general fy has different values on the two borders 8%, 8~ of 8 so that it is not actually
a homeomorphism of R. However to each simple loop y in Ry transverse to 8
corresponds a well-determined ‘‘preimage f5'(y)’’in R which is (essentially) a simple
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loop obtained by inserting short segments of 8 to adjust for the discontinuities. As
N—oo, fo converges uniformly to the identity because each Sy;— S, in the ®-plane.

Take Qp to be any integer such that the length of each By; is an integral multiple
of |B|/Qn- As N>, Qn—>,

- Divide each horizontal strip Sy into ht(Sxi) Oa/|8] congruent horizontal sub-
strips Snrs (Where ht(Sny) denotes the gn-height, i.e., the @-length of the modified
B forming a vertical side). Let anx, denote the middle horizontal cross-cut of Sxxa.
Altogether there are Qn of the horizontal segments {anxs}. They join end-to-end to
form a number (which depends on N) of mutually disjoint simple loops {dnm}.
Correspondingly the rectangles {Sais} join together end-to-end to form annuh
{ANm}-

Next, take a simple loop o on R and consider the corresponding loop fap{o)=0x On
Ry It can be positioned in its free homotopy class so that it crosses each dy,, exactly
i(on, @nye) times. In fact we can assume that the intersection of on with each Apy,, is
a union of horizontal segments on dAy,,, possibly running through punctures, and
i(on, G, Vertical segments between the components of 8An,,. In this form the @a-
height is easily computed to be

h(pN(oN) = (Iﬂl/QN) Zmi(O'N, de)

since the height of each Ay, is |8)/On-
On the other hand on Ry, kq,N(aN) can also be computed by integration on oy

realized as a finite union of guy-straight segments between critical points. Therefore
lim h¢N(UN) =hgy(0).

We can find a simple loop 7 on R such that for an infinite sequence of {N},
Ty, Gnm)*0 for all corresponding {m}, where rx=fn(1). For example if § is chosen
so that there is a horizontal segment a connecting one end point of 8 to the other with-
out otherwise meeting §, then t can be taken as aUp.

Apply the twisting procedure of §6.1 to obtain from 75 and the {dn,,} a single
simple loop I'yy on Rp. Do this for each N.

From Lemma 6.2, dropping the index from 7 and o,

MnE,. (0, GNm) =10, T) <i(0,TA) SMnNL,, i(0, Gnm) +ilo, T).

Comparing this with the formula above for hploy)=h, (o),

0,0 . K0TV __, 5 i@0B

h <
MO~ My~ @n M) OvMy




190 A. MARDEN AND K. STREBEL

In the limit when N—® this becomes, (reintroducing the index)

ey . o)
h =l =
o) = Um OMIB) ~ A0 M,BD

where T'y=f3(T'y) is a simple loop on R.

By Theorem 5.9, the normalized simple differentials {¢[T'y]} on R converge. They
converge to a differential with the same heights as cg for some constant ¢>0. We may
assume g is normalized too. Then by the Heights theorem, in fact lim @[I'y]=¢, which
we had set out to prove.

6.5. COROLLARY 6.5. Suppose R is a compact surface without boundary, possi-
bly with a finite number of punctures. Any quadratic differential ¢ dz* on R can be
approximated by simple ones.

Proof. We can choose 9 so that there is no ¢-straight segment of slope ¢ (i.e.
arg ¢ dz*=21) going from one critical point to another. For such a segment would be the
unique geodesic between its end points, in its homotopy class. There are finitely many
critical points, and between any two of them countably many homotopy classes. In
each homotopy class there is a unique g@-geodesic composed of a finite number of ¢-
straight segments between critical points. The slopes {#} of the countably many
segments that appear form a countable set. As long as 1 is not in it, no such segment of
slope & will exist.

Even more, we can find a sequence ©,—0 of such angles. Each differential
e_Zi”"(pdzz will then have a spiral domain dense in R. Moreover the sequence {e_m"
@dz?} converges to ¢dz?. By Lemma 6.4 each ¢ *"gdz? can be approximated by
simple differentials, and therefore ¢ dz* can as well.

6.6. LEMMA 6.6. Suppose R is a parabolic surface or a surface with border 3R
whose double across R is parabolic. Assume that ¢ dz* is a positive differential on R
with closed horizontal trajectories which sweep out a finite number of annular do-
mains. Assume none of these is retractable to an ideal boundary component of R. Then
@ can be approximated by simple differentials.

Proof. Denote the annular domains by {A;} and fix a vertical cross-cut §; of ¢-
length || in each of them. Also fix a closed horizontal trajectory y; in each. By Lemma
6.3 there is a simple loop 7 with i(z, y;))+0 for all ;.

Let o be a simple loop or cross-cut on R. If all {A;} are relatively compact we can
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position ¢ in its free homotopy class so that gNA; consists of exactly i(g, y;) cross-cuts,
for each j, and the remainder of o consists of horizontal segments. Then

he(0) = Z|B}i(0, ,)-

The same formula holds in the general case and can be proven, for example, by
exhausting the {A;}.

For each large integer N, determine the positive integer py; and number gn;,
0=<gn;<1, such that

N|B)| = pnjtan;.

Replace each y; by pa; parallel simple loops {y;}. With 7 and the mutually disjoint
system {y;} in j and &, construct a simple loop I'y as in §6.1. Because

Lii(o,vi) =pnji(o,v)),

Lemma 6.2 gives the inequality

i(o, r)+M2qui(a, 7)) - i(o,T)

i(0,7)—MZLqy;i(o,7)
MN MN ’

<I|B)i(o,y)+

in which M also depends on N. When N— this becomes,

.
h(0) =lim l((;wx;V) .

It follows from Theorem 5.9 that for any relatively compact subregion K of R, the
sequence {@[Ln)/||l@[Tnl||x} converges locally uniformly to a differential of finite
norm. By the Heights theorem this can only be ¢/||¢||x. Thus ¢ is the limit of a
(suitably normalized) sequence of simple differentials as asserted.

Remarks. (1) If R is a compact surface, possibly with boundary 8R, possibly with a
finite number of punctures, then the sequence of normalized differentials {@['y]} itself
converges to ¢, if also ||¢]|=1.

(2) The condition that no annular domain is parallel to the ideal boundary is also
necessary. For suppose one component C of 3R is a simple loop and @dz’ is a
differential in R satisfying ¢ dz>>0 along C. Assume that some sequence of simple
differentials {@[I'y]} converges locally uniformly to ¢, in particular uniformly on C.
For each large N, ¢[I'y] must have at least one critical point on C (unless ¢ is already a
. simple differential). But then ¢ must as well, a contradiction.
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6.7. We now put together the techniques of Lemmas 6.4 and 6.6 to the following
end.

COROLLARY 6.7. Suppose R is a compact surface, possibly with boundary R,
possibly with a finite number of punctures. Assume that @ dz’ is a positive differential
with no closed trajectories parallel to a component of 3R. Then ¢ dz* can be approxi-
mated by simple differentials.

Proof. The complement R, of the critical graph of ¢ (critical trajectories of finite
length) is a finite union of annular domains {A;} and spiral domains {B;}. For each large
integer N, we can build a model domain B;y for each B; as in § 6.4. But then we attach
them to the {A;} and to each other to form a surface Ry, exactly as the {A;} and {B;}
are attached to each other to form R. Just as before there is a differential ¢ on Ry
(arising from dw’=¢ dz? on the flat pieces) and a piecewise affine map fy: R—Ry in
terms of the ®-coordinates on R and ®p-coordinates on Ry. As N—, fyy converges
uniformly to the identity.

On Ry we take the following collection of mutually disjoint simple loops: (i) the
loops {dnn} in each B;y as constructed in §6.4, and (ii) a closed trajectory y; in each
A;. By Lemma 6.6 there exists a sequence of simple loops {I'yo} on Ry such that

i(oy,T i(o,T}
k(o) = lim On-Tng) _ jim 10 Tno)
Q- tQ Q- tQ

for some sequence {t,} depending on N, and for any simple loop or cross-cut ¢ on R.
Here hy(oy) denotes the @,-height of oy=f,(0) and F,’VQ=f;,’(FNQ).

Again as in §6.4, limha{(on)=h,(0). Therefore we can choose a diagonal se-
quence N—o, O=0Q(N)—», such that for the sequence of simple loops {T'o} on R
and any o,

i(o,Ty,)
h,(0) = lim 10 Tho).
N—ox tQ
Consequently the sequence {@[['yol} of normalized simple differentials on R con-
verges (Theorem 5.9), and if @ is normalized, it converges to ¢.

Remark. A different proof of Corollary 6.7 is contained in Theorem 6.8 below. It
was first proved by Masur [12] (for no boundary and no punctures).

6.8. We do not know whether every differential of finite norm on a parabolic
surface of infinite topological type can be approximated by simple ones. However the
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following result is useful at least in some of those cases (§86.9, 6.10). The proof uses an
area method, rather than a height-intersection number method, to reduce it to a point
where Lemma 6.6 can be brought in.

By a spiral domain on R for a differential @ we mean a domain (i) whose closure in
R is a compact surface, possibly with boundary, possibly with a finite number of
punctures, and (ii) which has the properties with respect to the horizontal trajectories
of @ as described in §1.5.

THEOREM 6.8. Suppose R is a parabolic Riemann surface or a surface with border
3R whose double across 3R is parabolic. Let @ dz* be a positive differential of finite
norm on R such that it has no closed horizontal trajectory parallel to a component of
AR. Assume that up to a set of @-area zero, R is the union of annular domains and
spiral domains for the horizontal trajectories of ¢ dz*. Then @ dz? is the locally uniform
limit of simple differentials.

Proof. We will show following [18] that ¢ is the limit (in fact even in norm) of
Jenkins-Strebel differentials {¢x} each with a finite number (depending on N) of free
homotopy classes of closed trajectories. For this part the assumption that no closed
trajectory be parallel to a component of AR is not required. Theorem 6.8 follows at once
from this fact coupled with Lemma 6.6.

Fix a vertical cross-cut in each annular domain. Given £>0, choose a non-critical
vertical segment of length less than ¢ in each spiral domain. Denote the possibly
countably infinite set of vertical segments by {f;}. Given an integer r>0, let R, denote
the union of the annular and spiral domains corresponding to §; for 1<j<r; R, does not
depend on ¢.

We now focus our attention on one of the vertical segments f;, 1<\j<r; denote that
one simply by 8 and assume that it corresponds to a spiral domain A. Following the
procedure and notation of § 6.4, take the horizontal strip decomposition {§,} based on
B. Given a large integer N, build the model surface Ay formed by rectangles {Syui}.
Measuring Euclidean area in the ®-plane we can arrange matters so that

[(area U, Snp)—(area U, Sy)| < C/Qn ¢))

for some constant C independent of N.

Also consider the mutually disjoint simple loops {dn,,} on Ay and their ‘‘pre-
images”’ an,=f '(dn.m) in A. These are composed of horizontal and vertical (which
lie in f) p-segments in such a way that successive horizontal segments meet the
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intervening vertical segment on opposite sides. Therefore [15, p. 364] the g-length
Lg(anm) of the free homotopy class satisfies,

Lo CNmp @p < Lo ONm) € Zp CNmp Gp+ Onim €. (2)

Here ¢y, is the number of components of dnmNSnp, 4, is the length of Sy,=¢-
length of §,, and

QNm = Ep cNmp; ZQNm = QN

(we had divided the {Sxy} into a total of Qn sub-rectangles each of height |5|/Qn).

We have worked with only one of the original {8;}, 1<j<r, and one which
corresponds to a spiral domain. The same construction with the same integer Qn (if
that is suitably chosen) can be carried out for each of the spiral domains among the j,
Issj<r. We may even assume that for each of those, the heights |3;|<e are the same.

Let now {an,} denote the complete collection of (essentially) simple loops from"
all the spiral domains and also one closed horizontal trajectory from each annular
domain in R,. Consider the following extremal problem: among all differentials i of
finite norm on R which satisfy

Lw(aNm) = Zp CNmp Qp (3)

for all simple loops in our collection {an.,} find the one of smallest norm |[[y||. (Here if
anm 1S just a closed trajectory, we interpret the right side as being a,,, its ¢-length.)
According to [9], there is a unique solution ¥, dz?. In particular, it satisfies

llwall<liell- @

Restrict the indices {N} to a subsequence for which {yxn} converges locally
uniformly to a differential .. We need an inequality in the opposite direction.

Return again to a spiral domain A of R,. In the rectangles {Sa:s} of height
50=|B/Qx arising by subdivision of the {Sn:}, parameterize the horizontal lines as
Ania(s), 0<s<sy. Choose the orientation for s so that when the Sx;, are joined end-
to-end to form annuli, for each s the {dx.(s)} simultaneously join end-to-end to form
simple loops parallel to the corresponding {dnn,}. Project each Snis isometrically
into S (they have the same length), filling up S, as much as possible but there may also
have to be some overlap. That will be governed by (1).

Denote the projection of dars(s) into S; by anks(s). Integrating in R in the
w=u+iv=90(z) coordinates associated with ¢,
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2.2, f du<X, L (ay,),
Opil(s)
Z,Ly, () STZ, ] [wpl"? du+MeQy
AglS)

The first inequality is just (2). The second follows from the definition of minimum
length L, (ay,); here M is the maximum of |yx|"> on § with respect to the ®-

coordinates. Therefore from (2) and (3),

):kzdj duSZkEdj lwp|"? du+(M+1)eQ,,. 5)
ade(s) ade(-")

We claim that on integrating this in s, 0<s<|g|/Qy, there results an inequality,

”‘P”Agff lwal"? dudv+(M+1)elB|+C\/Qy ©)
4

for some constant C;. By (1) the integral of the left side of (5) differs from the @-area
|l@]|la of A by less than C/Qu. On the other hand by (4)

2
( f f |wN|“2dudv) <ol f f dudv,

for integration over any subregion of A. Therefore if there is overlap, the error caused
by that in integrating the right side of (5) is bounded by C||@||/Qx. This establishes (6).

In (6) let N—. By assumption A is the interior of a finitely punctured bordered
surface so that yy—¥. uniformly on A. Therefore

||<P||A<ff Y| "2 dudv+e(M+1)|B).
A

Now yo=1.l¢;r] depends on both ¢ and r. First take a sequence é—0 so that
{¥} converges locally uniformly on R to some 9.-[r]. Then take a sequence r—
50 that {Y[r]} converges locally uniformly too, to some o, on R. It satisfies

llplla< f f [l dud. ™
A

Inequality (7) holds for each spiral domain in R since R,—R (to a set of @-area
zero) as r— oo, But it also holds for the annular domains. For if A is one with cross-cut
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B, we can parameterize the closed trajectories in A as af(s), 0<s<|8|. By (3),
asj lpl"? du,
a(s)

where a is the @-length of the {a(s)}. Letting N—, then ¢—~0 and r— this becomes
for each s,

asf [l du.
a(s)

To get (7) integrate in s.

Summing (7) over all spiral and annular domains in R and then applying the
Schwarz inequality, we find that [|@||<[[y4||. On the other hand as a consequence of (4),
llv«lI<llp|| and there is equality. In particular there is equality in the application of
Schwarz’s inequality to y,. That forces [yp,|=1 where y, is the representation of the
differential in terms of the g-coordinates. Hence for some constant &, 0<d<n/2,
Y=g _

Before dealing with this, we point out that v, is the limit in norm of (necessarily
positive) Jenkins-Strebel differentials on R, namely a ‘‘diagonal’’ sequence taken from
the collection {yale;r]}. Each yy was obtained as the solution of an extremal problem
for a certain system of loops {an,}. It has the additional property that an annular
domain lies in the free homotopy class of each ayp,, and these domains cover R to a
set of area zero. Because

[+l < liminf lynl| < lim sup [yl < figll = l[w.ll,

lim [l nl| = [[4ll which implies lim [lyy—v.]| = 0.

If then 3R+, because both ¢ and y, are positive, #=0. But #=0 in general. For
otherwise for large N the ywa-length of its closed trajectories would be smaller than
their @-length, by a factor independent of N. This would imply that the ya-area |[yn|
of R is uniformly bounded less than the @-area ||¢]|, a contradiction. For the details we
refer to [18]. This completes the argument for Theorem 6.8.

6.9. COROLLARY 6.9. Let R be the complement with respect to C of a countably
infinite set of points {z;} without limit points. Every quadratic differential of finite
norm in R can be approximated by simple differentials uniformly on compact sets.

Proof. The surface R is parabolic. If ¢ dz* has finite norm on R, it follows from a
result of Bers [2] and Reich [13] that ¢ dz® can be approximated in norm by the
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restrictions to R of rational differentials ¢, dz> on CU{%}. Furthermore the poles of
@, dZz? all lie in the set {z,} plus < (and are necessarily simple ones). Let S, denote the
finite set of poles of ¢,.. On the sphere punctured at the points of S, @, is the limit (in
norm) of simple differentials by Theorem 6.8. Each simple differential used in the
approximation of ¢,,, when restricted to R, in general is no longer simple. Rather it has
a finite or countably infinite number of annular domains which cover R to a set of area
zero. But as a consequence of Theorem 6.8, such differentials can be locally uniformly
on R approximated by simple ones. Therefore ¢ dz” itself can be so approximated.

6.10. In this section we will restrict our attention to those quadratic differentials
which are squares of first order holomorphic ones. We will establish the following
result.

COROLLARY 6.10. Assume that R is a parabolic Riemann surface and
@dz?=(adz)* is a quadratic differential of finite norm which is the square of a first
order differential. Then @ dz> can be approximated by simple differentials, uniformly
on compact subsets.

Proof. The first step is to recall from [1] the facts concerning reproducing differen-
tials on the parabolic surface R. Given a 1-cycle ¢ on R there is a uniquely determined
real harmonic differential o(c) €T, (= the Hilbert space of real harmonic differentials
with finite Dirichlet integral) with the properties,

fw=(w,a(c)*) = —fj’ wAo(c), (1
c R

f o(c)=cxd (algebraic intersection number), ()
d

for any w €', and 1-cycle d.
Furthermore if ¢, ¢, are 1-cycles and m,, m, are integers,

o(my cy+msc3) = my o(c)+myo(cy). 3

In view of (1), the closure in I, of the linear subspace spanned by the set of
conjugates {o(c)*} of the reproducing differentials is just I', itself because no non-zero
element is orthogonal to all of them. Since I', =T}, I, is the closure of the linear span
of the reproducing differentials {o(c)} themselves. In fact,
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LEMMA 6.10.1. Given w €T, there is a sequence {c,} of l-cycles and {q,} of
positive integers such that
ofc

w=lim—=—, convergence in norm.
qx

Proof. A differential L%, x;0(c)) is the limit in norm of a sequence {Z¥ , x, o(c)}
where for each i, {x;,} is a sequence of rationals converging to x;. Find a common
denominator and use (3).

To each o(c) we associate the analytic differential a(c)=o(c)+io(c)* and the
quadratic differential

Y(c)dz* = —a(c)® = (ia(c))>.

The norm of y satisfies ||y(c)||=(o(c), o(c)) where (o(c), a(c)) is the Dirichlet integral of
o(c). The horizontal trajectories of y(c) are the curves along which o(c) vanishes (level
curves).

LEMMA 6.10.2. Up to a set of y(c)-area zero, R is the union of annular domains of
y(c).

Proof of Lemima 6.2. Let 3 be a vertical segment of y(c) of y(c)-length <1 and denote
the two sides of # as 8 and B~ as usual. As in §3.4 find the set of points {y} on
B UB~ with the property that the horizontal ray leaving y (i) hits a critical point of
w(c), (ii) has limit points on the ideal boundary of R, or (iii) hits an end point of § before
otherwise meeting 8. The set {y} is closed and because R is parabolic, the trajectories
through {y} cover a subset of R of y(c)-area zero [19].

Choose §EB*UB \{y} and consider the horizontal ray from ¢. This ray must
eventually return to 8. We claim that it returns exactly at £, on the opposite side of
from whence it started, and therefore the trajectory through ¢ is closed. For suppose
instead it returns first at {,#+¢. Consider the simple loop y formed by the horizontal
segment from ¢ to ¢; and the vertical segment on 8 from &, back to . For this,

j o(c)
Y

Thus the integral on the left is a non-zero integer by (2) while at the same time its value
cannot exceed the length of 8 which is less than one. This contradiction establishes the
fact that the trajectory through each point of S*UB~\{y} is closed. The lemma
follows at once from this property.

0+

=|exyl.

J' ImV y(c) dz
Y
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Completion of the proof of Corollary 6.10. Given ¢ dz?=(a dz)* we can approxi-
mate ia dz in the Dirichlet norm by some sequence {a(c,)/q,} by Lemma 6.10.1. Hence
in norm, @dz* is approximated by {—a(c,)*dz¥/q2}. But —a(c;,)2d22=1/)(c,,) dz? ful-
fills the conditions of Theorem 6.8 because of Lemma 6.10.2. Therefore it in turn can
be approximated by simple differentials, uniformly on compact subsets. The job is
completed by taking a diagonal sequence.

7. Geometric determination of Teichmiiller mappings

7.1. A Teichmiiller map f: R—S between two Riemann surfaces (possibly R=S) is a
quasiconformal homeomorphism that satisfies a Beltrami equation on R of the form,

fi=k-Zf, 0<k<l,
lol

where @ dz” is a (holomorphic) quadratic differential on R. Automatically, there is also
a quadratic differential y dz? on S, uniquely determined up to apositive constant factor,
such that the inverse map f~!: S—R satisfies,

(F =~k (r ),
S
The differentials ¢, y are said to be associated with f. The maximal dilatation of fis the
constant
1+k
K=—— 1I<K<>,
1-k
Geometrically Teichmiiller maps have the following structure. First, given fand its
associated @ on R, then y (more precisely the positive constant factor implicit in ) is
uniquely determined by the relation

f f (ol drdy = f f wldsdy
R, AR,

for every relatively compact subsurface of R. Introduce the @-local coordinates
w=f‘\/<_p-dz in R and the y-coordinates {=[*Vy dz in S. Then fis area preserving in
these coordinates, it maps the critical points of ¢ to those of v, and away from these it
has the form,

w+kw

Ve
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That is, in the ¢- and y-coordinates, R and S become locally flat and fis an affine map
between these flat pieces.

In particular on a torus represented as a lattice in the plane, every quadratic
differential has the form

pd? =ae *Pdz?, a>0,

and the Teichmiiller maps are exactly the non-singular, orientation preserving, affine
maps.

If R has a border 3R, and ¢ dz? is real (or positive) on 3R then y dz? is automatical-
ly real (or positive) on fIGR)=3S.

As a consequence of this geometry, if y is a simple loop on R, or a cross-cut
between R where @ dz°=0 on AR, then

h,(F) =h VK. 0

If R is a compact surface, possibly with boundary 3R, possibly with a finite
number of punctures, and fy: R—S is a homeomorphism, according to the celebrated
theorem of Teichmiiller there is a unique Teichmiiller map fin the homotopy class [fo]
of fo. Its associated differential ¢ on R will have finite norm and be real on the
boundary AR of R, if 3R*J. For surfaces R of infinite topological type the situation is
much less clear. However it is known that if [fp] contains a Teichmiiller map of finite
norm (that is, @ has finite norm on R and hence also 3 on §), it is the only such map
there.

7.2. In the following two results, the simple differentials will as usual be normal-
ized (unit norms). On the other hand the differentials associated with the Teichmiiller
maps will not even be assumed to have finite norms. For a discussion of convergence,
we refer to § 5.7; the height h,(y) is defined in § 2.1 and length L,(y) in §4.3 for a simple
loop or (when there is a border) cross-cut v.

LEMMA 7.2.1. Assume f: R—S is a Teichmiiller map of maximal dilatation K and
associated differential ¢ dz* on R. Given a simple loop y on R,

1 —
\/7<—L¢[y](y) < Lwlﬂy)](f(y)) SVKL w[yl(y) ’

and for all simple loops and cross-cuts «,

VE by @) by @) >y
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Equality occurs on the right (in the second inequality, for an a with i(y, a)*0) if and
only if g=cly). Equality occurs on the left (in the second inequality, for an a with
i(y, @)*0) if and only if p=—celyl. Here c is a positive constant.

LEMMA 7.2.2. Let f: R—S be a Teichmiiller map of maximal dilatation K and
associated differentials ¢ on R and vy on S. Suppose that {y,} is a sequence of simple
loops on R with the three properties:

L Ry
. . NV ' n 1
(G Lim— """ =K (resp., — |,
! Lopy, v VK
or that for some a with y,,a)*0 for all n,
h (fla)
m [t = (resp., VK).

hopa@ VK

(ii) The sequence {@ly,]} on R (resp., {p(Ay)]} on S) converges locally uniformly
to a differential @ (resp., to V), and

(iii) the sequence of image differentials {@[fly,)]} on S (resp., {@ly.]l} on R)
converges in norm to a differential .. (resp., in norm to ¢ on R).

Then there is a constant ¢, 0<c<l, such that p.=ce (resp., Y=—cy). In
particular ¢ and Y have finite norms.

COROLLARY 7.2.3. In addition to the hypotheses of Lemma 7.2.2 assume

(iv) R is a parabolic surface or surface with border R whose double across IR is
parabolic, and

(V) @dz? is real.

Normalize @ and y to have unit norms. Then p=¢ and Y=y (resp., o=—¢
and P.=—y).

In the statements of Lemma 7.2.2 and Corollary 7.2.3 the parenthetical statements
are to be read as a unit and to substitute for the adjacent statement.

Proof of Lemma 7.2.1.(1) The g[yl-length of its closed trajectories is exactly
Lypi(y)=a. Similarly set a'=Lg,)(f(y)). We will use g[yl-local coordinates w=u+iv
in R and ¢[f(y)]-local coordinates {=&+in in §. From the relations,

o e o ()

8z dwdz’ 08z Ow\dz

(") The statement also follows from the moduli inequality of § 7.4, using (9) and (10).

14—-848283 Acta Mathematica 153. Imprimé le 14 Décembre 1984
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it follows that,

_ =k @lplyD )
Flf o) w=wi lo/ely]|

If a denotes a closed trajectory of ¢[y],

a’ =Lypy(Ry) < f

Ra)

¢ =f Vot saldu.

By integrating in dv, thinking of a=q, sweeping out the annular domain of area one for
@lyl, we obtain,

a_’sf Y t+foldudv. )
a Jr

The expression

Tyl =|f, = If,

is the Jacobian of the map {=Afw) relative to the ¢[{f{y)]-coordinates ¢ in § and @[y]-
coordinates w in R. The form J{yl(w)dudv on R is however independent of the
coordinates on R, but it still depends on y. The following ratios are computed to be,

ploly] |°
Vo tfal =J l+ﬁ¢/«p[y] @)
Jiyl@w) -k
([fw|+lfwl) ? -
T =K. 3)

Applying the Schwarz inequality to (1) and making use of (3) we obtain,

(i’)ZSff lfw+fw|2dudvsff (lfw|+lfw|)2dudv=K,
a R R

since [ frJAyI(w)dudv={[sdEdn=1. Note that if there is equality at the ends, then
Vool = Il + 1l

Inserting (2) we obtain

(“;')Zs(l—kz)-' f L

-1 [2
1+k%§‘;—{7}:%|- Jiylw)dudvs<K. “)
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In the case of equality when a’/a=V K,

2oyl 2=(1+k)2 )
lo/ply]] '

Squaring and comparing sides in (5) we find for the meromorphic function @/@[y] that

Re ¢lply] = [@/oly]|. ()

Therefore @/gp[y] is a positive constant c. In particular ¢ has finite norm and c=||g||.

When ¢g=¢[y], f consists of a stretch of magnitude VK along the trajectories of
@ly] and a compression of 1/VK along its vertical trajectories. The inverse map f '
does the opposite and stretches by a factor VK the vertical trajectories of g[f(y)]. That
is, when @=¢[y], the associated differential ydz2 of fon S is

v =glfiy)l.

Consequently when a'/a=1/V K, by considering f~! in place of f, we conclude
that p=—ce[y] where c=||¢||.
For the height inequality in Lemma 7.2.1 recall from §35.5 that

where b is the @[y]-height of its annular domain. Correspondingly in S,
o)) =b'ifly),.Ra)) =b'ily, @)
where b’ is the @[f(y)]-height. Because the differentials are normalized,
L4 (y) =b'Lyygy Ay = 1.
Consequently,
LoD gipn(Aa)) = Loy () gy (0), @
and the remainder of the lemma follows from the first part.

Proof of Lemma 7.2.2. By (7) the two conditions in (i) are equivalent. Also by (7),
@ is not the zero differential, since ., having unit norm as the limit in norm of
normalized differentials, cannot be zero.

Before going to the limit in (4), we must clarify the dependence of J{y}(w) on y.
Instead of using @[fly)]-coordinates on S use the g[fla)}-coordinates for some fixed a.
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Then

_ | o) (flw) R
e ‘q)[ﬂa)] ) | ¥

where J{w) is the Jacobian relative to the ¢[fla)]-coordinates on S. Set

¥ (w))

=| =Ty
) ’tp[f( Ny |1

Note the behavior of the Jacobians of f with respect to the various coordinates on S:
Let U be a small open set on R then

JAyldudv, Jf dudv on U transforms to |p[fiy)]|dxdy, |[¢|dxdy on RU).

Here z=x+iy is the ‘‘generic’’ coordinate system on S.
To deal with (4) we rewrite it as,

(1- kz)

1 ‘P@[V]‘ .w[f(y)] \J dudo<(1+ 0%
+k T (p[ﬂa)](w) f(w) udv<(1+k)

We want to replace y by y, and take the limit. If we can do this under the integral we
will end up with

J1

This in turn will imply that

1+k

Jf(w)dudv (1+k)* = f f (1+k)* J¥(w)du dv. ®)

Re ¢p/pe = /@

and that @..=ce. It will follow that ¢ has finite norm and c=||@||/||¢|l. Concerning
||| we only know that ||p.||<I.
To justify the limit set

glylw) =

14 i 2l ] l
/eyl

so that |g[y] (w)|<(1+k). Also write g*(w) for the result of replacing ¢[y] by ¢.. Now

glyn Jdyva)—e*JF = gly Ay =T +(glyal—g*) J}.

Working on each term on the right separately,
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{ f f el Ura]—IF) dudo

= ’ f f (&[] of ) (@)l —lw=| )y dx dy

<1+ le[fy)]—v-ll,

and for the other, the dominated convergence theorem implies,
limJ'f le[v.]—&*|Jf dudv=0.
R

Together, these facts justify (8).
Finally, to prove the parenthetical facts, work on S as the domain of f~!.

Proof of Corollary 7.2.3. Because f is quasiconformal, § has the same type
(parabolic, etc.) as R. The new ingredient that can be used here is the Heights theorem.
From (7) and Proposition 2.3,

h, () ‘7'_" 0 (@)= \/_hq,(a)

and this holds for any a, even cross-cuts. As noted in §7.1 (1),
h(a)=V Kh,(fla)).

Consequently by the Heights theorem, y.=c. But both 1., and ¥ have unit norm, so
c=1.

The parenthetical statements are proved by working on S.

Remark. Note that the corollary implies that if S9R+@, @ dz” is not only real on R
but in fact is positive (¢ dz?=0).

7.3. It is worth restating Lemma 7.2.2 for the case when there is no trouble with
convergence.

LEMMA 7.3. Suppose R is a compact surface possibly with boundary 3R and with
at most a finite number of punctures. Assume f: R—S is a Teichmiiller map of maximal
dilatation K and associated quadratic differentials @ on R and ¢ on S, where ¢ and ¢
are real if 3R+0, and they have unit norms. Suppose {y,} is a sequence of simple loops
on R such that either

L(p[f(yn)](ﬂ)/n))

VK ., L)
Ly, ) (’”” Vi
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or that for some a with i(y,, a)*0 for all n,

- PR _

1 ., VK).
@ VE (resp., VK)

Then with convergence in norm,

p=limgly,], w=Ilimg[fly,)] (resp., —p=Ilime[y,], —y =1im@[fy,))).

7.4. The modulus of a domain conformally equivalent to an annulus
{z€C: 1<|z|]<r} is defined to be (log r)/27. This quantity is the reciprocal of the extremal
length of the family of curves separating the boundary contours.

The modulus M(y) of the free homotopy class determined by the simple loop y is
likewise defined to be the reciprocal of the extremal length of the family of curves
forming the free homotopy class. It is a fact that this number is exactly the modulus of
the ring domain determined by g[y] dz*>. With the usual normalization ||@(y]||=1 then,

1
(L)’

If f: R—S is a K-quasiconformal mapping then

M@y)=

K™'M(y)r < M(lY))s < KM(y)r
for all simple loops y. It is the purpose of the following theorem to examine

M(fy)s

sup | resp., inf) .
yp< P M)y

4

THEOREM 7.4. Suppose R is a parabolic Riemann surface or a surface with border
9R whose double across AR is parabolic. Let f:R—S be a Teichmiiller map with
maximal dilatation K and associated differentials ¢ dz* on R and ydz* on S, with ¢
real on OR.

(@) Assume that (i) ¢ and v have finite, unit, norms, and for a sequence {y,} of
simple loops, (i1) {@ly,]} converges to ¢ (resp., to —@) uniformly on compact subsets,
(iii) {@[fly)]} converges to a differential . on S, also uniformly on compact sets.
Then y=yol|ly=| (resp., —y=yu/|[y=|)) and

mM(ﬂyn))S= 1 (resp K )
My Klw.|P " walP
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(b) Assume for a sequence of simple loops {y,} on R that

. M@Ry))s 1
) llm74_(}',,TRs=? (resp., K),

(i) {@ly,l} converges to a differential ¢ on R (resp., {@lfiy)]} to Y= on S),
uniformly on compact subsets, and

(iii) {@[Ry)1} converges in norm to a differential Y on S (resp., {@ly,1} in norm
t0 @ on R). Then @ and v have finite norms and if normalized,

Pu=@ and Y=y (resp., Pu=-@ and P=—Y).

Proof. Continuing the analysis of § 7.3 note the relations,

MAy)s _ ( L) )2 ©)
M(y)g Lo (f))
@)
hypnRa)) = % o1(®)- (10)
Uy

The latter is just (7) and a is any simple loop, or possibly cross-cut.
First we prove (a). Take a subsequence {y,,} so that

i MO 1
M ()’m)R L

for some L<K. Then by (10) and Proposition 2.3 for all a,

1
hww(f(a)) =\/——fh¢(a).
But from §7.1 (1),
h,(fla) = \/_hq,(a)

Since y and . have finite norm, the Heights theorem implies that y.=V L/Ky.
Therefore
L= K([w=lwl)* = Ky«

and is independent of the subsequence {y,,} of {y,} chosen for the proof.
For the parenthetical case, proceeding as above we find

h (f(a)) —\/—_‘h (o).
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From §7.1 (1) applied to !,
h_,fa) =VKh_a).

Consequently y.= —V LKy where now L=|jy.|? K.
Part (b) is just Corollary 7.2.3.

7.5. In the nicest case Theorem 7.4 reduces to the following assertion. Results in
this direction were earlier found by Kerckhoff [10].

COROLLARY 7.5. Suppose R is a compact surface possibly with boundary 3R,
possibly with a finite number of punctures. Assume f: R—S is a Teichmiiller map with
maximal dilatation K and associated positive, normalized quadratic differentials ¢ on

R and y on S where no closed horizontal trajectory of ¢ is parallel to a component of
oR. Then:

) M(f(}’))s 1
@ . K

If {y,} is any minimizing sequence then lim @ly.l=@ and lim ¢[f(y,)]=y.

M(f('}’))s _

(®) P M),

If {yn} is any maximizing sequence then lim @ly,]=—¢ and lim p[fiy,)]=—y.

Given a Teichmiiller map f:R—S, one commonly knows that the associated
differentials @ on R and y on S are real. From Corollary 6.7 and § 6.6, Remark (2), one
knows that @ can be approximated by simple differentials if and only if (When R=+Q) ¢
is positive and furthermore has no closed horizontal trajectories parallel to a compo-
nent of oR. If, for example, ¢ dz>>0 along a component of 3R, then as a consequence
of Corollary 7.5, both sup M(fly))/M(y)<K and inf M(f())/M(y)>1/K.

7.6. On an arbitrary Riemann surface R denote the set of quadratic differentials
with finite norm by Q(R). There are two natural topologies that may be considered: The
norm topology and the in general weaker topology of uniform convergence on compact
subsets. Fix a relatively compact subsurface R, of R and denote by ||*||o the norm over
that. We will focus on the following set: €o(R)={g € Q(R): ¢ is the locally uniform limit
of the sequence {g[y,)/||@ly.]|lo} for some sequence {y,} of simple loops}.

The differentials in Co(R) have finite norm on R and unit norm on R,. The set
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Eo(R) is closed in the topology of uniform convergence on compact sets. It is also
essentially independent of R,. In the case of a compact surface R, possibly with
boundary AR, possibly with a finite number of punctures, €y(R) is essentially the unit
sphere in Q(R).

THEOREM 7.6. Suppose R is a parabolic Riemann surface or a surface with border
OR whose double across OR is parabolic. Let f:R—S be a Teichmiiller map with
associated differentials ¢ on R, ¢ on S with ¢ real on 3R and @, Y so normalized that
llello=ll¥llo=1. Then in the topology of uniform convergence on compact subsets, f
determines a homeomorphism

S C(R)—=C(S).

If p ECH(R) then also yECy(S) and f,(@)=y. If —p EC(R) then also —y € Cy(S)
and f, (—@)=—y.

Proof. First consider the situation that {¢[y,]} converges to @. uniformly on
compact subsets. By passing to a subsequence if necessary we can assume {@[fy.)]}
converges too, to a differential y. on S, uniformly on compact subsets. Necessarily

@« €EO(R), Y € Q(S) since their norms do not exceed one.
For some simple loop or suitable cross-cut a on R consider the formulas

hw[y,,](a) =i(a,y, ) M(y, yz

Mool floN) =ila, y,) MPy, )5
where
M(y,)r/K< M(fly,))s < KM(y,)r,
with K the maximal dilatation of f. In view of Proposition 2.3, these show that
K“h%(a)shwm(f(a))sKh%(a).

In particular ¢, =0 if and only if .=0.
Suppose ¢..#0. The formulas also show that

) n

12
hwm(ﬂa)) = Ch%(a), ¢ =lim <£(f(_’yn)_)-s>

M (}’n)R

where the positive number c¢ exists. Suppose also limg[d,]=¢. but that
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lim ¢[AJ,)]=y%. In view of the Heights theorem, y.=dy. for a positive constant d.
A similar conclusion holds if lim ¢[f{d,)]=1. but lim¢[d,]=¢%.

Pass now to the differently normalized differentials, @[ylo=@lyV|l@[¥]o,
M=ol Y)V|lelAM]llo- We have shown above that ¢[y,lo converges in So(R) if and
only if @[fly,)]ly converges in €y(S) (convergence uniform on compact subsets). Of
course in this normalization, the limit differential is never the zero differential.

We are ready to define f,,. Start with

Sfu:@lyly— ol AN,

The analysis above shows that f,, not only has a well defined extension to €o¢(R) but in
fact is a homeomorphism of €y(R) onto €y(S). This in the topology of uniform
convergence on compact subsets.

Suppose for the differential ¢ associated with f, that ¢=lim ¢[y,]o. We know that
{@(fly,)lo} also converges. Then according to Theorem 7.4, lim ¢[f{y,))o=vy. The same
theorem shows that if —@=lim ¢[y,]o then lim @[fy,)]lo=—vy.

7.7. Again the classical case is nicest.

COROLLARY 7.7. Suppose R is a compact Riemann surface with b=0 boundary
components and p=0 punctures in the interior. Let g: R—S be a homeomorphism to
another Riemann surface that preserves punctures. Denote by Qo(R) (resp., Qo(S)) the
unit sphere in the real vector space of real quadratic differentials Q(R) (resp., Q(S)) of
dimension 6g+2p+3b—6. There exists a homeomorphism

f#: Qo(R)‘“)Qo(S)

which depends only on the homotopy class modulo 3R [g) of g. It has the property that
L @)=y, fu(—@)=—vy for the quadratic differentials ¢ on R, y on S associated with
the Teichmiiller map in [g].
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