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Introduction

In [1] A. Connes proved that, for an arbitrary C*-dynamical system (A, a,R), there is a
natural isomorphism

¢, K(A)>K,, (AX R), i€Z2Z.

He showed also that, given an a-invariant trace t on A, with dual trace £ on AX /R, the
equality

0, ([u])) = = o(u*S(w)) )
2i
holds for any unitary u in the domain of the infinitesimal generator é of a.

In the terminology of [2], the right hand side of the above equality is just the
pairing of a unitary and a cyclic one-cobycle. Of course,  is a zero-cocycle. Therefore
the above equality reveals a certain relation between cyclic cocyles on an algebra and
those on its crossed product.

The purpose of the present paper is to construct a machine which makes precise
the relation between the cyclic theory of an algebra and that of a one-parameter crossed
product.

Given a Fréchet algebra o and a one-parameter group a of automorphisms of &
satisfying certain smoothness conditions (see Section 2.1), a Fréchet algebra that we
shall call the smooth crossed product #X,R can be defined. Our main result is as
follows.
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THEOREM 1. There exists a natural map
#,: Hi(f)— H (4%, R)
which commutes with the operator S and defines isomorphisms
H®(A) = H* (A% ,R),
H*Y%(sf) = H"(s4%  R).

In the course of the proof we prove the following result.

THEOREM 2 (Stability). Let H” denote the algebra of smooth compact operators
(defined in Section 2.6). Then there exists an isomorphism

H*(A)=H¥* (AR K").
As a corollary to Theorem 1 we also have
THeoreM 3 (Bott periodicity). There exists an isomorphism

H*(A® #R) = H**\(A),
and hence an isomorphism

H*({ ® P(R?) = H*(A).

The contents of this paper are as follows. In the second section we construct the
smooth crossed product &¢X,R of & by a smooth action a of R. We also define the
algebra %*, and prove a smooth version of the Takesaki-Takai duality theorem. In the
third section we construct the map #, and derive its basic properties. In the fourth
section we prove the stability theorem. This is used in the proof of the main theorem,
which is given in Section 5. The sixth section is devoted to the comparison of the map
#, with Connes’s map ¢, in K-theory. We obtain the following generalisation of (3¢):

THEOREM 4. The equality (@, x)=(%,@, p.(x)) holds for any cyclic cocycle ¢ on
oA and K-class x of HA.

Finally, the last section is devoted to a variant of the main theorem in the case
that the action a is not smooth in the sense of Section 2.1.

All the cochains considered in this paper will be understood (proved if necessary)
to be continuous. By the tensor product of locally convex spaces (that are not C*-
algebras) we will mean the complete projective tensor product.
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2. Smooth one-parameter crossed products

2.1. Let of be a Fréchet algebra with topology given by an increasing sequence of
seminorms ||-||,, n€N.

Definition. A homomorphism
a: R— Aut oA

is called a smooth action if the following two conditions are satisfied.
(1) For each a € o the function

t—adfa)

is strongly infinitely differentiable.

(2) For arbitrary m, k€N there exist n, jEN and a positive constant C such that, for
all a€ o,

< C1+)7"|dll,.

m

k
P

2.2. A typical example of a smooth action is given by a smooth flow on a closed
C>-manifold. An especially pertinent example is translation on S(R).

2.3. Notation. ¥(R) denotes the Fréchet algebra of rapidly decreasing functions
with pointwise multiplication. S*(R) denotes the Fréchet algebra of rapidly decreasing
smooth functions with convolution.

2.4. Remark. Since #(R) is nuclear, the tensor product #(R)® # can be considered
as a function space, (R, &), for any complete Hausdorff locally convex space . If,
in particular, &{is as in Section 2.1, the topology of Y(R)® is given by the seminorms

I£1le,m = sup (1+£)
tER

ar
—
dt’"ﬂ )

k

2.5. Suppose that a is a smooth action of R on . Then it is easy to see that the
formula

(f*g)) = f fis)a(g(t—s))ds
R

defines a jointly continuous product on #(R, &).

181—888286 Acta Mathematica 160. Imprimé le 20 mai 1988
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Definition. s¢x 4R denotes the Fréchet algebra ¥(R, f) with the product defined
above and is called the smooth one-parameter crossed product of by a.

2.6. Example. Let us consider the action y of R on ¥(R) by translations. This
extends to an action of R on the C*-algebra Cy(R), and it is easily seen that #(R)X, R is
embedded as a dense subalgebra of the C*-algebra crossed product Cy(R) X, R. Via the
canonical isomorphism of Co(R) X, R onto the algebra K(L*R)) of all compact operators
on L¥R), the subalgebra FR)x,R is identified with the subalgebra # * of those
Hilbert-Schmidt operators whose integral kernels belong to $(R?). Furthermore, this
subalgebra consists of trace class operators ([3], Proof of Theorem 3).

2.7. Let (4, @) be as in Section 2.1. The dual action d of R on #X,R is given by
8,(f )0 = e™Ae).

It is easy to see that & is a smooth action, and so we may form the iterated smooth
crossed product

AX RX;R.
The following lemma will play a crucial role in the proof of our main result.
2.8. LEMMA (Takesaki-Takai duality). The two Fréchet algebras
AX ,RX;R and ARK~

are isomorphic.

Proof. The proof follows the usual proof in the C*-algebra case, with the simplifi-
cations due to the fact that we are dealing with function spaces instead of operator
algebras. For later use we shall give some of the details.

Let y be the action of R on 4/® F(R) given by

(e £)(s) = a,(fls—1)),

and let 8 be the action of R on s/X,R, where t,=Id, tER, given by

B, N@ = e a(f@).

We define maps
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7 AQH® - (A F(R)) X, R,
0: (AQ®F(R)) X, R— (X, R)X4zR,
P (AX,R)XgR— AX,RXsR

as follows:
a(f)(s, 1) = a(f(s, s—1)),
o(f)(zT, )= f s, Dexp (—27ist) ds,
R

YN, 1) = ™A1, 0.

Since we are dealing with function spaces, it is straightforward to see that &, ¢ and y
are isomorphisms of topological algebras, and hence the composed map

T=vyon
gives the required isomorphism.
2.9. Notation. We shall denote by T, the isomorphism
T, ARHK ™ — AX,RX4R

constructed in the proof of Lemma 2.8.

3. Construction of the map #,

3.1. Let & be a locally convex topological algebra. The construction of the universal
differential graded algebra (Q(sf), d) given in Section II.1 of [2] extends to the topologi-
cal case if we set

Q)= ® Q (L),
n=0

Q(A)=A " @R, n>0,
Q)= A,
where &~ denotes the algebra of with unit adjoined, and the graded multiplication and

differential are extended by continuity to the projective completions of the algebraic
tensor products. Furthermore, any automorphism a of & has a natural extension to an
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automorphism of Q(sf) commuting with d. In the particular case when & is a Fréchet
algebra and a acts smoothly, it is immediate to see that for each n=0, the extension acts
smoothly on Q. ().

3.2. Set

E=Q(F*R)/® Q(F*R)).
n=2

E carries a differential graded algebra structure induced by the quotient map
QF* R)—E.

In what follows we shall assume that &/ is a Fréchet algebra and that ¢ is a smooth
action of R on &f. We will endow the space

QA)BE

with a structure of locally convex differential graded algebra as follows.
(1) Define

d: QA)YRE— QA)RE
by
dw®x) = do®x+(—1)**“wRdx.

(2) Define a left Ej-module structure on Q(f)®E, as the one induced from the
product structure of

QA) X, R

and the inclusion of 1®FE, into the algebra Q(sf)” X,R.
(3) Define a left E-module structure on Q(A)®E by the formulas

Aw®gdh) = (fo®g)dh,
dflo®g) = d(fo®g))-fdw®g),
dflw®gdh) = 0.

(4) Define the product in Q(sf)QE by

(w®x)(0'®x") = w(x(w'®xY)).
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It is a straightforward computation to check that the above formulas extend by
continuity to all of Q(sf)®E and together with the differential d define the required
structure.

Definition. Q(s4)®.E denotes the differential graded algebra constructed above.

3.3. Suppose that ¢ is a closed graded trace of degree n on Q(sf). Set, for
SEQ(HA)RE,

27i f dt f dA oo, (-1, 1) if fEQOF RIS R)cQ,®E,
#,0(/)= o Jo

0 otherwise.
LEMMA. #,@ is a continuous closed graded trace of degree n+1 on Q(A)®E.
Proof. This is seen by a routine computation.

Using Proposition II.1 of [2], we may reformulate this lemma as stating the
existence of a linear map

#: ZUA)— Z7T (A% R).

3.4. Remark. Note that the map #, is natural with respect to smooth actions, i.e.,
given two smooth actions (sf,a) and (%,8) and an equivariant homomorphism
o: 4— 3R, then

é*#ﬂ = #a Q *9
where ¢ is the induced homomorphism of crossed products.

3.5. LEMMA. #,(Bi())cB; (4%, R).

Proof. Let C denote the Banach subalgebra of B((N)) generated by all infinite
matrices (ay), i, JEN, a;€C such that

(I) the set of complex numbers {a;} is finite,

(II) the number of non zero a;’s per row or column is bounded.

Let y € Bl(f). We can extend  to an element 3 € B}((£ ™). Using the argument of
Proposition I1.8 of [2] we get a cyclic n-cocycle T on o ~®C. Following the construc-
tion of Section 3.2 applied to &£~ ®C and the action a®:, we get a differential graded
algebra

At~ ® C) ® g, E

19-888286 Acta Mathematica 160. Imprimé le 20 mai 1988



292 G. A. ELLIOTT, T. NATSUME AND R. NEST

and a closed graded trace #_o, T of degreen+1. Since we have a natural homomor-
phism
(A%, R)” Q@ C— (A~ ®C)®,0,E")

this leads to a cyclic (n+1)-cocycle T on (fx,R)~"®C such that
o*T=4#,v,

where o is the map x—>x®e,, from xR into (¢x,R), ®C, and an application of
Corollary IL.6 of {2] finishes the proof.

3.6. According to Lemmas 3.3 and 3.5 the linear map #, descends to cyclic coho-
mology, i.e.

#,: H(sf)— H}' (4%, R)

is well defined.

3.7. LEmMa. #,5=S#,.

Proof. This is obtained by an argument analogous to that of Proposition 8.2 of [4].

3.8. Let us denote by ¢ the trivial action of R on C. We have

Cx,R=%"R)
and
CxX,RX;R=¥".

Let 7 be the normalised trace on C and set

e=1#1,

w=#%,¢.

ProrositioN. The following equalities hold:

(1) &(f, g) = 2mi f fi-Ng®)dt for fgEF*R),

Q) o(f, g, h) = —2x{Tr(fID, gIM, h)—-Tr(fIM, gIID, h1} for f 8 hEX",

where D and M are the unbounded operators on LXR) given by (DE)(x) =—id&(x)/dt
and (ME&) (x) =x&(x), respectively.
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Proof. (1) By definition,
e(f, g) = (#.7)(fdg)
= 2nij dtf dAt(f—0g®)
R 0

=2m'f tfi—1) g dt.
R

(2) Using the Fourier transform, ¥*(R) becomes identified with #(R), £ becomes
the cyclic cocycle given by

&(f, 8) = f fdg,

and the dual action { becomes the action of R on #(R) by translations y. The rest of the
computation consists of a straightforward chasing of the definition of #,¢, and an
application of the fact that #(R)X,R acts on LXR) as integral operators with kernels

fis,s—D, fEFSR)X,R=F(R?).

3.9. Let p be a rank one projection inside % . Then, using the equality [D, M]=1/i,
we get

o(p,p,p)= —2mi.
3.10. Note that in the case of trivial action,
AX R=A® F(R)
and
Ho=¢He @EHN(A).

3.11. Suppose that a is a smooth action of R on & and that 7 is an a-invariant trace
on ¢¢. Then the formula

() =1(R0), fEAX,R,

defines a trace on &/X,R. Let e be the projection of L*(R) onto the one-dimensional
subspace spanned by hy.
Then e€ X *, and we can define a homomorphism
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rA-AQK”

a—a®e.

ProrosITiON. If 0 denotes the derivation of o associated to a and T, is the
isomorphism constructed in Section 2.9, then

(r*T* #,2)(a’, a") = ©(a"6(a")).
Proof. First, recall that

(T, r(@)(s,A) = f e¥ishe= 2y (a) hy(u—s) hy(u) du. (36)
R

Given y°, y' €(fx,R)X4R we have, by definition,

#,8(y%y") =27 f At(YU(=A)é_,(y' @) dA. (%)

R
Inserting (%) in (%¢%) we get, by a routine computation,
#,8(T, r(a®), T, r(a")) = —1(6(a°) a') = ©(a’(a")).

3.12. One illustration of Proposition 3.11 comes from differential topology. Let X
be a closed C”-manifold and a a one-parameter automorphism group of C*(X) generat-
ed by a smooth vector field £. For any a-invariant measure x on X, a one-dimensional
current C, called the Ruelle-Sullivan current, is defined by

Clw)= j w(§) du.

This current is, in a natural way, a cyclic one-cocycle on C*(X). Proposition 3.11 says
that

4. The stability theorem

4.1. Given an n-cycle (2, 0, T) over &, the canonical extension (Q™, 07, T ™) is a n-cycle
over &~. Moreover, if (Q,0,T) and («',0',T’') are cobordant over &, then
(Q 7,07, T7) and (Q'~,0'~,T'") are cobordant over &~. By Lemma I1.28 of [2], the
characters 7, and 7, of two cobordant cycles over & satisfy



CYCLIC COHOMOLOGY FOR ONE-PARAMETER SMOOTH CROSSED PRODUCTS 295
1,—T, =By
for some Hochschild cocycle @ € Z" (£ ™, (£ )*); hence
[St,]=[(S%,] in H;™(«").
Since the operator § commutes with the restriction map
H{(A™)—> H{(A),

it follows that [S7,]=[S7,] in H"(sf).

This observation in particular extends the homotopy invariance of H*(sf) ([2], p.
341) to the case of nonunital .

4.2. THEOREM. Let X be a locally convex topological algebra. Suppose that

(1) there exists an idempotent e EX and a cyclic cocycle wGZﬁ"(.sd) such that
w(e, ..., e)=k!Qmi,

(2) the flip 0 € Aut (¥ ®X) defined by oc(a®b)=b®a is connected to the identity by
a C'-path of endomorphisms of ¥QX.

Then, for any locally convex topological algebra s, the map

H*(d)— H (AR K)
[pl— o # w]

is an isomorphism.

Proof. Denote by r and #' the homomorphisms f—> AR K and AR H— ARHRH
produced by tensoring with e. We have immediately

)@ Hw)=Sp,
r"*(Idy @ o)X eHw)=rpHe,

for any @ € Z{(ARK).
According to Section 4.1 and our assumptions,

Idy®o0)*=1d on H¥(ARQH®XN)
and hence

[¢] = [r*e H w] € HXH (AR K).
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If we denote by #w the map g—@Hw, the last equality says that
(Hw)r*=1d on H*(AR®X).
For any cyclic cocycle ¢ on &,
(F(w) @ = S

It follows that #w and r* are inverses of each other at the level of periodic cyclic
cohomology; in particular, they are isomorphisms.

4.3. THEOREM (Stability). The Fréchet algebra X~ constructed in Section 2.6
satisfies the conditions of Theorem 4.2, Consequently

H*(X™)=H*(C)
and
H¥(A® K*)=H*(A)
Jor any locally convex topological algebra HA.

Proof. The existence of an idempotent and an even cocycle as required in Theorem
4.2(1) was shown in Sections 3.8 and 3.9. To deal with the flip automorphism ¢, note
that %> consists of the integral operators with smooth rapidly decreasing kernels, and
that one has isomorphisms of topological vector spaces

K@K =FR)® FR)=FRY.

Since any one-parameter subgroup of rotations in the coordinate space acts smoothly
on $(R% and gives automorphisms (unitarily implemented in L*(R?) of the algebra
H™®K™, the result follows.

5. Main theorem
5.1. Assume for the rest of this section that & is a Fréchet algebra and a is a smooth
action of R on 4.

PROPOSITION. Given @€Z}(A), the classes of the cocycles S(p#w) and
S(T* 4,4 ,) ¢ coincide in H} " (4®X ™).
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Proof. We will use the notation introduced in the proof of Lemma 2.8. Extending
the homomorphism e we get a homomorphism

Y0: (UAA)RE)R,E— (QAA)®,E)RHE
and hence an equality
(1/)0)*#& 4.‘#a Q= #y(‘p #® 3)1

where ¢ is the canonical one-cocycle on #(R) (see the proof of 11.3.2 of [2]).
Let ¥* be the action of R on

A ® F(R)= SR, A),
given by
(v £)8) = an(f(s—uw)),
t€[0, 1]. Define an action § on
FR, 4)® C\[0,1])
by
Bufds) = ((y")u f)(s), tE[O,1].
Notice that 8 is smooth and therefore we can form the smooth crossed product
(YR, ) ® C=([0, 1])) XsR.
The evaluation maps (gy 1)(s)=1o(s), and (g, f)(s)=f1(s) are equivariant homomorphisms
g YR, )R C*([0,1)—> FR, A), i=0,1,
and hence give rise to homomorphisms
gy (YR, ) ® C*([0,1D)X;R— S (R, A)X 4R,
& (YR, ) ® C*(0,1D)%;R— F(R, #)x R
We define a homomorphism

0: AR H*— (SR, ) ® C*([0, 1)) XzR
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(s, N = au(f(s,r),

where €0, 1] and r is the variable introduced by the crossed product with 8. It is an
easy observation that

O*ET(H (@ # ) =T #,#,9,
Q*é;"(#yl(tp HO)=T)#,#,0.
Let us consider the two (n+2)-cycles over &K~ given by
(AA)®E) ®yoE» doo, ¥ (@ #9)),

(UA)®E)Q | E, ¢,0, # (¢ #8)).

We claim that these two cycles are cobordant. In fact, let 4 be the canonical
graded trace of degree one on the differential graded algebra Q*([0, 1]) of smooth
differential forms on [0, 1] (see {2], p. 341). The graded trace

H#5((p #e) # )

over
(QA) P E®Q*([0,1]) O E
gives us the required cobordism. As a result, applying Section 4.1, we get
ST* 4, 4, @ = ST #, 4,9 in H(A®K").

5.2. THEOREM. For a smooth action a of R on a Fréchet algebra o the map #,
induces isomorphisms

H(4) 3 H*Y(4X,R),
H"Y () 5 HY(AX R).

Proof. Consider the diagram

HYst) — B9, pra@a™) — " HYA)
i, T
H*(sx ,R) — 2%, H*(fxRX4R).
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According to Proposition 5.1 and the stability theorem, this diagram is commutative
and #w is an isomorphism, In particular, #, is injective and #, is surjective (since r*T;
is an isomorphism). Applying the same argument to the dual action & we conclude that
#, is injective, and hence that #t,, is surjective.

5.3. CoroLLARY. (1) H¥*(FR")=C, with a generator given by the n-cocycle
(fo,-.-,f")r-»ff"df‘...df”.

(2) H¥ (AR FR))=H**'(A).

(3) H*(A® SRY))=H*(A).

5.4. Let G be any connected, simply connected nilpotent Lie group. Since G can
be written as an iterated semidirect product

G=RXRX ... XR,

and since nilpotency of G implies smoothness of the successive actions, we can apply
Theorem 5.2 and get

H*($* (@) = H**™(C),

where $*(G) is #(R™), as a topological vector space, with convolution over G as
product.

5.5. In the case of the Heisenberg group the corresponding generator of HY*(H)
is given by the cyclic 3-cocycle

T(foy f],fzs f3) = (2'7“.)3]:[J’ fo(go) fl(gl)fz(gz)fa(g3) C(gp 82 33) dg1 dgzdg:,
80818,8=1

where c is a continuous normalised group 3-cocycle generating H>(H; R)=R.

6. Comparison with the Connes isomorphism in K-theory

6.1. Let a be an action of R on a C*-algebra A. In [1], Connes constructed a map
9L K(A)— K, (A%, R),

satisfying certain natural axioms, and proved that it is unique up to a choice of
orientation, and is an isomorphism. We review briefly the construction of ¢g.
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The subalgebra & of smooth elements of A with respect to a has, in a natural way,
a structure of Fréchet algebra, and the inclusion of & into A induces an isomorphism

Working, if necessary, in a matrix algebra over &£~, we may assume that we are given a
projection e € .
With h=4(e) e—ed(e) we get

(0—adh)e)=0,

and hence 6—adh generates an R-action a’ on & such that a;(e)=e. Note that both
actions a and a’ are smooth on . By Lemma 1.3 of [1], there exists an isomorphism

it AX,R—>AX_ R,
and it is easy to see that i (as constructed in {1]) also defines an isomorphism
it X, R— AX R,

Let U be a unitary in C*(R)™ such that the class of U is the positive generator of
K(C*R)), and U-1€ *(R). Then

i(1—e+el)

is a unitary element of (%X, R)™, and represents ¢’(le]) in K ,(A %, R). For the definition
of K, for a Fréchet algebra see Section 12 of [3]. According to Lemma 12.1 of [4],
¢g([e]) can be evaluated on any odd-dimensional cyclic cocycle on &£x R.

6.2. THEOREM. Given ¢ € H(sf),
(@, [e]) = (3,0, 05(leD).
Proof. Assume first that e is actually a-invariant. Then the homomorphism

0:Co oA
A de,

induces a map

6: CX,R— #X4R.
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By naturality of both ¢? and #,, we can pull everything back to Cx, R and thus reduce
the computation to the case /=C and a=:. We have thus to show that

(w,1) = (#,0,0)D)).

By construction, ¢%(1) is the positively oriented generator of K;(C*(R))=Z. Using
the Fourier transform, we identify F*(R) with #(R), and choose

$2(1) = exp 27ih
where h is any C” real-valued function on R such that
ht)=0 for =<0,
h®)=1 for r=1.

Since #, commutes with .S, we may assume that w is equal to 7, the normalised trace on
C. Then

(r,1) =1,
and
(#,7,9%1)) = (&, exp2nih)
= 5:; e(exp (—2ih)—1, exp (2ih)—1)

=1

> e—ZJrihd(eZJrih) =1.

The following lemma finishes the proof of Theorem 6.2.

6.3. LEMMA. The following diagram is commutative.

H*(.sd\ 71(&0( ‘R)
H**'(sfx,R).

Proof. Let us recall first the construction of the isomorphism i. Given an action a
and a smooth a-cocycle V,, one defines an action y of R on
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My(A)
such that

Ya® en) =ala) ey
y(a ® ey) =a'(a) ® ex.

From the smoothness of a and V it follows that y is a smooth action and so we can
construct the crossed product

M. 2(.54 ) Xy R
and the two imbeddings

éll AX,R— Mz(.Sd)XyR
6y X, R My(d)X R,

where p{a)=a®e;. The isomorphism i is now given by
0-1
d .
r(()
Since
#,0=01(#,9),
#, 9= 03(,9),
and since
0-1
r()%)
is connected to the identity by a smooth path in Aut(Mx(£)X,R), an application of
Section 4.1 (homotopy invariance of H*) gives the required formula

i*H, = #,.

6.4. Let us consider ¢!: K,(A)—K(AX,R). Note that ¢! is the inverse of ¢}. Since
#, is the inverse of #,, we have by the above the following result.

ProposITION. Let (A, a) satisfy the conditions of 6.1. Let u be a unitary in {~,
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and suppose that qb;([u]) is represented by an element of K (X ,R). Then, for any odd-

dimensional cyclic cocycle y on A4,

(¥, [u]) = (#, 9, po((uD).

7. Further remarks

7.1. Let us consider the action of R on R given by
a(s) = e¥s.

The corresponding semidirect product group is a minimal parabolic subgroup of
PSL,(R). If we try to use the procedure of Section 2.1, we get the action o of R on
F*(R) given by

(o, f)s)=e Y f(e ¥ s),

which is not smooth in our terminology. We will sketch below how to extend our results
to such a situation.

7.2. Suppose we are given a Fréchet algebra &f and a strongly infinitely differenti-
able action of R on &{. Suppose, moreover, that there exists an increasing sequence of
functions

ot R->R,,
satisfying the following conditions:
() 1+, (D<o,(1), tER.
(2) 0,(=<0,(s)0,(t—s), s,tER.
(3) |ID*aa)|,<e,®|a|, uniformly in tER and a € A, n'=n'(n, k).

Denote by E/’Z(R) the convolution algebra of functions satisfying
I flli, » = sup @, ()D* f(1)] < .
t

One checks that ¥,(R) with topology defined by || ||c.»» k, nEN, becomes a Fréchet
algebra, nuclear as a locally convex space.
Define
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AXCR=F,R, ) (=F,R)® )

with the multiplication defined by the formula in Section 2.5.
It is straightforward to see that the construction of #, goes through and defines a
map

#,: H*(f)— H**'(fX2R).

The all-important, though completely trivial, fact is that the dual action & on
#Ax¢R is smooth, and so we can form (AXx¢R) X, R. It is easy to see that the proof of

Takesaki-Takai duality still goes through and gives
(AXCR) X, R=A R H°,
where X' 9=5":(R) X¢R. Furthermore, #? satisfies the conditions of Theorem 4.2.
Using Theorems 4.2 and 5.2 we get
H*(Ax2R) = H**!(fx2RX ,R)
= H**!(oA ® ¥?) = H**(f).
We have thus sketched the proof of the following result.

7.3. PROPOSITION. Suppose that %, a, g satisfy the conditions of Section 7.2. Then
#, gives an isomorphism

# . H*(A)— H**'(4%°R).
7.4. The preceding proposition applies to the example of Section 7.1 if we set
Qn(t) — e2n|t|-

In general, given an infinitely differentiable action a of R on a Fréchet algebra &
such that a, is continuous with respect to each of the seminorms defining the topology
of &, then we can use the weight functions g, given by

e,,(s)=i§(£ .-‘”)n

k=0 i=0

L
¢’

(cf. Section 1 of [4]).
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Incidentally, it is only in this last construction that & need be a Fréchet alge-
bra—everywhere else in this paper & may be any locally convex algebra.
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