A new proof of a Paley—Wiener type theorem
for the Jacobi transform

Tom Koornwinder

1. Introduction

Jacobi functions ¢, (¢) of order («, f) are the eigenfunctions of the differen-
tial operator (4(¢))~(d/dt)(A(¢) d[dt), A(r)=(e'—e~ ") 1 (e'+e™)**1, such that
©,(0)=1, ¢;(0)=0. The Jacobi transform

(1.1) £ = @2 @+1) [T @) e.)A@)dt,

which generalizes the Mehler-Fok transform, was studied by Titchmarsh [23, §4. 17],
Olevskii [21], Braaksma and Meulenbeld [2], Flensted—Jensen [9], [11, §2 and §12]
and Flensted—Jensen and Koornwinder [12]. Some papers by Chébli [3], [4], [5]
deal with a larger class of integral transforms which includes the Jacobi transform.
An even more general class was considered by Braaksma and De Snoo [24].

In the present paper short proofs will be given of a Paley—Wiener type theorem
and the inversion formula for the Jacobi transform. The L2-theory, i.e. the Plancherel
theorem, is then an ecasy consequence. These results were earlier obtained by
Flensted—Jensen [9], [11, §2] and by Chébli [5]. However, to prove the Paley—
Wiener theorem these two authors needed the L2-theory, which can be obtained
as a corollary of the Weyl—Stone—Titchmarsh—Kodaira theorem about the
spectral decomposition of a singular Sturm—Liouville operator (cf. for instance
Dunford and Schwartz [6, Chap. 13, §5]). The proofs presented here exploit the
properties-of Jacobi functions as hypergeometric functions and no general theorem
needs to be invoked. Furthermore, it turns out that the Paley—Wiener theorem,
which ‘was proved by Flensted—Jensen [11, §2] for real ¢, f§, a>—1, holds for all
complex values of o and f.

The key formula in this paper is a generalized Mehler formula

(1.2) (F@+ D)4 @u(t) = 772 [ cos As A (s, t)ds,
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where for Rea>Re > —1, A(s, t) is given as an integral of elementary functions.
Substituting (1.2) in (1.1) we can write the Jacobi transform f~ as the Fourier-cosine
transform of F(f), where the mapping F consists of two successive Weyl type frac-
tional integral transforms. Thus the Jacobi transform is factorized as the product
of three integral transforms with elementary kernels and the Paley—Wiener theorem
follows from the mapping properties of these elementary transforms.

For’ certain discrete values of « and B the mapping F has a geometric and
group-theoretic interpretation as a Radon transform on rank one symmetric spaces
(cf. Helgason [16, Chap, 1,2]). For integer of half integer values of « and 8 such
that a=f= —3 a similar interpretation was given by Flensted—Jensen [10] on
certain pseudo-Riemannian symmetric spaces. A large class of integral transforms
for which the corresponding mapping F is positive was examined by Chébli [5],
Finally, Flensted—Jensen and Ragozin [13] wrote a note on the analogue of (1.2)

' for spherical functions on non-compact symmetric spaces of arbitrary rank.

In section 2 of this paper some properties and formulas for Jacobi functions
are given. Section 3 contains the proof of the Paley—Wiener theorem for all complex
o and B. Formula (1.2) is the only result on Jacobi functions which is needed there.
In section 4 the inversion formula is derived by using the Paley—Wiener theorem,
some estimates for Jacobi functions and a formula for Jacobi functions of the
second kind which is dual to (1.2). The paper concludes with some remarks, in
particular about the Plancherel theorem and about Paley—Wiener type theorems
for the Hankel transform and for Jacobi series.

Notation. This is mainly similar to the notation used in [12]. For reasons of
elegance and in order to avoid singularities if a=—1, —2, ..., some constant factors
have been changed. If no confusion is possible the indices o, § denoting the order
may be deleted.

2. Jacobi functions

Consider for o, f, A€C (the set of all complex numbers) and O<¢<oo the
differential equation

UO) gt ue

d
2.1) (Aa,ﬂ(t))’lg[da,ﬂ(t) =
where g=a-+F+1 and
2.2 Ay p(t) = (¢ —e F)Pat1(el 4 o= 1)2h+1,
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By substituting z= —(sinh ¢)? in (2.1) a hypergeometric differential equation is
obtained (cf. [7,2.1(1)]) with parameters %(g-il),%(¢—iA), a+1. Hence, if
az=—1, —2, —3, ... then the function

2.3 P (1) = F(3(e+i4), (e—iA); a+1; —(sinh £)?)

is the solution of (2.1) which satisfies ¢, (0)=1, ¢;(0)=0. Here the hypergeometric
function F(a, b; ¢; z) denotes the unique analytic continuation for z¢[l, <) of the
power series

o (@)(D)y

;=0 @, " |zl < 1.

Note that (I'(«+1))"*¢$P(z) is an entire function of «, f and 1 (also for a=—1,
—2,..

For A —i, —2i, —3i, ... another solution of (2.1) (cf. [7, 2.9 (9)]) is given by
the function

(2.4) PEh (1) = (¢ — e tyA=e.
cF((—a+B+1—id), (a+B+1—id); 1—ik; —(sinh¢)~2).

This solution is characterized by the property. that P, (1)=e“"(1+0(1)) for
t—~oco. The functions @,(¢) and ®;(¢) are called Jacobi functions of the first and
second kind, respectively.

Using [7, 2.10 (2) and 2.10 (5)] we obtain for non-integer A the identity

(2.5) n?’Z(F(a+ D)) = e, () +3c(-DD_, (1),
where

(2.6) Ca g (@) = 2481 G T (3(1 + i)

TG@+ B+ 1 i) TGe—p+r1+id)’

Note that for real 4, o, B, c(A)=c(—2).
It follows easily from (2.1) and the definitions of ¢,(¢), @,(¢), 4(z) and c(2)
that

(pz(Im’ -1/2) (t) = cos 1t, @)('—1/2, -1/2) @) = et
2.7 :
@7) {A—1/2,—1/2(t) =1, c_yp2,—12(A) = 1,
and _
2.8) { P52 (@) = @i 7P 21), dFI() = o VD (2),
’ Aa,z(t) = Aa,—1/2(2t)’ C’a,u(Z'l) = Gy, —1/2(11)-

The first two formulas of (2.8) can also be interpreted as quadratic transformations
for hypergeometric functions, cf. [7, 2.11 (2) and 2.11 (26)].
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Application of [7,2.8 (20) and 2.8 (27)] gives the differentiation formulas

2.9 (r(a+1))-1ﬂ?%f_)(’-) -

. = —4((a+B+1Y+ %) (I (x+2))"tsinh 2 @+ 1E+D (1)
an
2.10) (I“(oc+2))‘1{l—l;—[(sinh21)’1A¢+1’,,+1(t)(p,‘{’“”’“)(f)] -

= 16(F @+ 1) 4, ()P 1),
Next we derive some useful integration formulas for Jacobi functions. It follows
from Bateman’s integral [7, 2.4 (2)] and the identity

.11y F(a,b;c;2) = (1—z)f* P Flc—a,c—b;c;z)
(cf. [7,2.1 (23)]) that for y=0, Re u=0, Re >0
(212) (Tlc+mw) ty e t(L+y) b e Flatp, b+p;c+p; —y) =

_.._1_ Y c-1 atb-c o s
~1"(6‘)1“(/0/0)6 (1 +x)*"P=¢F(a, by c; —x) (y—x)*1dx.

It follows from Askey and Fitch [1, (2.10)] that for x>0, Re u>0, Re 5=0

2.13) F(b)yx~%F(a, b;c; —xY) =
_T®+p - —b—p o o= IN (=1 -
=T J.° Fla,b+psc;—y™H(y—x)Ftdy.
Translating (2.12) and (2.13) in terms of Jacobi functions we obtain
(2.14) (Ctp+1)) " My prn O @FHHPH0 (1) =

2r+lginh 2t [* _
= TGIDIG /., 4, () 0P (5) (cosh 2¢ — cosh 25)* 1 ds,

where >0, Reu=0, Rea=—1, and
(2.15) (co s (=) 1DEP(s) =

23n+1 had .
= D B+8) (1) (cosh 2f — cosh 25)%~ 1 sinh 2¢ df,
ca+;z,,8+,u(_}“)r(ﬂ) s A ( )( )

where s>0, Rep>0, ImnA>—Re(@+f+1).

The inetgrals (2.14) and (2.15) connect Jacobi functions of order («, ) with
functions of order (x—pf—%, —4) and Jacobi functions of order (a—f—1,
o~ B—%) with functions of order (—%, —%). Hence, by (2.7), (2.8), (2.14) and (2.15)
we conclude that for Rea>Re > —1 »

(2.16) T+ 1) 4@ @) = 7Y [ cos As A(s, 1) ds
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and
2.17) er = (c(~M)1 [T Pu(t)Als, t)dt, Tmi =0,
where the kernel is given by

(2.18) Ay p(s, 1) =
o 2¥sginh 2y [T
Fe=pHre+9 Js

By substituting 7==(cosh t—cosh w)/(cosh t—cosh s) in (2.18) and using Euler’s
integral [7, 2.1 (10)] we obtain

(cosh 2¢ — cosh 2w)# ~2(cosh w — cosh s)*~#~ sinh w dw.

(2.19) A, 5(s, t) = 2%5F2B332([ (o + 1))~ (sinh 2¢)(cosh 1) 172

cosht—coshs ]

. . o—1/2 1 1__8: 1.
(coshz—cosh s) F[Z"‘ﬁ’ b-B et —5 oy

Combination of (2.19) and (2.11) gives
(2.20) V Ay (s, 1) = 20+2B+52(T (¢ + 1))~ (sinh 2¢ ) (cosh )P ~=.

cosh t—cosh s

- (cosh 2¢ —cosh 2s)* 1/2F[oz+/3, a—pf; at+3; —mt—].

Note that for 0=s<¢ the argument of the hypergeometric functions in (2.19) and
(2.20) has.its value between O and }. Hence these hypergeometric functions are
bounded functions in s and . By analytic continuation with respect to « and §
and by using the expressions (2.19) or (2.20) for the kernel it follows that formula
(2.16) is valid for Rea>—1 and formula (2.17) holds if Rea=-:-%,Im A=0.
It is clear from (2.19) and (2.20) that A4, 4(s,?)=0 if 0=s<t,a>- % and [f|=
=max (1, o).

From (2.16) and (2.20) we have the integral representation

I'(e+1) 1

(2, B) — D —a+3/2; "
(2.21) oa"P(1) =2 T'a+HT'@) (sinhz)**(coshr)*+é

coshz—coshs J s,

t
/ cos As(cosh2t—cosh2s)°“1/2F[0t+/3, u—p; at+3; 2 cosht

0
valid for Re a=> —1. In view of (2.9), formula (2.21) in the case of order (¢+1, f-+1)
gives an integral representation for dp®# (£)/dt. This last integral can be rewritten
by using integration by parts and by [7, 2.8 (27)]. Thus we obtain the integral
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representation

doP (1) o peaszp_ LT@+D 4B 1P+2

(2.22) dt I'a+HIr@ A

1 t )
. £ _ \e—1/2
(Si [ 1)2“+1 (C o t)“"ﬁ /;) sin As sinh .S’(COSh 2t —cosh 2S)

cosh ¢t —cosh s ]

-F[a+ﬂ+1, a—f-l ot —F—ae

which is also valid for Re a==—1.

We shall need some estimates which are essentially due to Flensted—Jlensen
[9, Theorem 2], [11, §2], but which will be stated here for all a, f¢C. The proof
of Lemma 2.3 below is different from the proof given in [9].

Lemma 2.1. For each a, <C and 6=>0 there exists a positive constant K such
that for all t=6 and all 1¢C with Im 1=0

]¢§a,{i) (t)’ = Ke—(]m).+ReQ)t.

Lemma 2.2. For each o, B€C and r>0 there exists a positive constant K such
that if 4€C, Im A=0 and 1 is at distance larger than r from the poles of (¢, 5s(—A))™*
then
’ feg, g (=)™t = K(1+[A])*+22,

Lemma 2.1 follows by extending the proof of [9, Lemma 7] to the case of comp-
lex o and f. Lemma 2.2 follows from (2.6) and Stirling’s formula.

Lemma 2.3. For each o, B¢ C and for each non-negative integer n there exists

a positive constant K such that for all =0 and all 1¢C

(I (x+ 1))_1;,%"7 PP () = K1 +1AY R (1 4 1) ellimil—Rea)t,

where k=0 if Rea=>—% and k=[4—Reo] if Rea=-—1.

Proof. Consider first the case that n=0 and Re a> —%. It follows from (2.21)
that
l@=P (¢)] = const. ellm4| +Re@-p¢,

- (sinh 7 cosh £)=*R¢* [* (cosh 2 — cosh 2s)Re* 12 ds =
= const. e(IIml|+Re (@—BNt gD(gReaz,Rea) (t)
Applying [7, 2.10(7)] we have the estimate

(péRea,Rea)(l«) = const. (1 +t)e~(2Rea+1)t.
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By combining the last two equalities the lemma is proved for n=0. The estimate
in the case that n=1, Rea>—% and |i|]<1 follows from (2.9) and the estimate
for @@tLAtD (1), If n=1, Rea=>—1% and |A|=1 then we conclude from (2.22) that

d

= @B (¢

= const. (1 + Ml)eqlmll+Re(a—ﬁ))t(péReu,Rea)(t) =

= const. (1 4 |A]) (1 +¢) ell'm 4| ~Rea)z,

The case that #=0,1 and Re «=—1 follows by complete induction with respect
to k=[4—Re «] where formulas (2.9) and (2.10) are used. Finally we prove the
case that n=2,3,... by a complete induction with respect to » using the formula

n—2

P oD (1) = — @+ ) (T o+ 1) 2

-1
(F(Ot—f- 1)) dt" dtn——?..

PP () +

n—2

+3 @+ (T (@+2) %;_—2 [(ecosh2t+-o— ﬁ)goﬁ“l”’“)(t)].

This formula follows. by differentiating the formula

d? [Qcosh2t+a—,8

7 PP (1) = (¢*+1?) ICEN)) PEFLEFD (1) — tp,‘f"’ﬁ’(t)],

which is a consequence of (2.1) and (2.9). [J

3. A Paley—Wiener type theorem

Let C;° be the class of all even infinitely differentiable functions on R (the
set of all real numbers) with compact support. Let 5# be the class of even, entire,
rapidly decreasing functions of exponential type, i.e., g€ # if and only if g is an
even and entire analytic function on C and there exist positive constants 4 and
K, n=0,1,2,..)) such that for all A¢C and for all #=0,1,2, ...

G- g = K,(1+2) et lima,

Let for f€Cy and Re a>—1 the Fourier—Jacobi transform f—f, , be defined
by

32 faop®) = @PC @+ D) [ 7O 9P () A, 5 () dr.



152 Tom Koornwinder

Clearly f, 4(4) is analytic in «, , A€C with Re a>—1. Substitution of (2.10) in
(3.2) and repeated integration by parts gives

(=1 ”[1 LA PN R
3.3) Jor®) = wmraiain /, [M ) 7O
.(p§a+n,ﬁ+n)(t)A“+n’ﬁ+n(t)dt, n=20,1,2, ...

This formula defines the analytic continuation of £ ;(4) for Re > —n—1. Hence
Ja p(A) is an entire function of a, B, 4.
If a=p=—3% then (3.2) reduces to the Fourier-cosine transform

(34 Flaje, 1A = Q)2 [ f(t) cos At dt.

Theorem 3.1. (Paley and Wiener). The Fourier-cosine transform is a bijection
Jrom C;° onto .

For a proof see for instance Hormander [17, Theorem 1.7.7]. In this section
we shall generalize theorem 3.1 to general complex values of « and B.
Let for feCy and Re a>—1% the mapping f—~F, ;(f) be defined by

(3.5) (Fep M) (8) = [T () duy(s, )dt, s> 0.
Note that (F, ;(f))(s) is analytic in « and B. In particular, if Re a>Re f=>—1%
then by (2.18) we have

(3.6)
23z+3/2 b 1
0= 1o | g

- (cosh w —cosh s)*~#~1d(cosh w). .

/ f(t) (cosh 2t —cosh 2w)f ~1/2d(cosh 2¢)| -

Combining (2.16), (3.2) and (3.5) we obtain that for f€C;” and Rea>—1%

3.7 Sap@) = Qry2 [ (F, 5(f))(s)cos As ds.

This means that the Jacobi transform of order (a, f) of f is the cosine transform

of F, a,f (f )
To analyze the transform F, , consider the Weyl fractional integral transform

#, which is for a¢R, g€ Cy([a, =) and Re p>0 defined by
(3.8) (F(@) ) = (C @)™ [ g(x) (x—yy—tdx

(cf. [8, Chap. 13}). Here C{([a, «)) denotes the class of infinitely differentiable
functions on the interval [a, «) (right differentiable in &) with compact support.
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Repeated integration by parts in (3.8) gives

69 @0 =1 [ g)eyprrrian, n=012

By (3.8) and (3.9) (%(g)) (») is defined as an entire function in p, continuous in
(1, »)€CX[a, ). Clearly, the function #,(g) has also compact support and, since
(#,(2)) =¥,(g") we conclude that #,(2)€ Cy ([a, ==)). It is an easy exercise to prove
that #;=id, #.,(g)=—g', W,oW;=W,,,. In particular, #, oW ,=id=H_,0%,.
This proves the following theorem.

Theorem 3.2. For all acR and 1€ C the mapping W, defined by (3.9), is bijective
Sfrom C*([a, <)) onto itself.

Let us next define for f€Cy°, Re u=0,06=0, s=0
G.10)  (#(N) () = (W)™ [ (¢) (cosh ot —cosh as)*~*d(cosh o).

Again we can extend (’%/ﬁ" (f))(s) so an entire function of p by

3.11)

(#2(f)(s) = I‘((; 1)"11) ) [ p (coil’; e f (t)](cosh ot —cosh a5)**"~1d(cosh ot),

n=20,1,2,..., Repu=-—n.

Let f(f)=g(cosh ot). Then feCy if and only if geCy([1, «)). Hence it follows
from theorem 3.2 that for each pcC the mapping #,° is bijective from Cy onto
itself. The inverse mapping of #,° is #_;. Applying this result to (3.6) we obtain

Corollary 3.3. If f€ Cy then (Fos(f ))(s) has an analytic continuation to an entire
function in o and B which is given by

(3.12) Faz,ﬂ(f) = 23“3/2"//21—,90%24-1/2(1()-

For all a, B€C the mapping F, ; is bijective from Cy° onto itself. The inverse mapping
is given by

(3.13) S= 278 Y% oW o F, 5 (f).

Combination of Theorem 3.1, corollary 3.3 and formula (3.7) gives the Paley—
Wiener type theorem for the Jacobi-transform.

Theorem 3.4. For all o, BcC the mapping f /.. is bijective from Cg onto H-
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4. The inversion formula

It is well-known that the inversion formula for the cosine transform is given by

@.1) F(@) = QmP" [ f 10, 2724 cos At d,

where f€Cy” and [, _;»(A) is defined by (3.4). Substituting cos Ar=3% e +4e™™
and changing the path of integration in (4.1) we also have

(4.2) F@) = Q@07 [ s, 1p (e d,

where # is an arbitrary real number. In this section we shall generalize (4.1) and
(4.2) to inversion formulas for the Jacobi transform.
Let for g€, t=0 and o, fcC

@43 gap(8) = @m) ™2 [ g (D& (1) (4,5 (— 1) U,

where 7=0, n>-—Re(a+B+1), n>—Re(@—f+1), ie., (c,z(—A))"! is a regular
function of A for Im A=#. Let for g€#, A be a positive constant such that the esti-
mates (3.1) hold and choose 6=0. Then by lemmas 2.1 and 2.2 there is a positive
constant K such that for all =6 and all A¢C with Im A=0 and 2 outside arbitrary
small neighborhoods of the poles' of (c, ,(—4))~! we have

@44 |8 BED W) (6,5 (~ 1) = Ke™# (14 |A)=2eA=01m2,

It follows that the integral in (4.3) absolutely converges and that its value does
not depend on the choice of #. In particular, if |Re f]<Re(x+1) then we can put
7=0 in (4.3) and by (2.5) we obtain

12 (" eDeeP )

.5) 8= TGrD )y eayMeas B

Lemma 4.1. Let Re a>—1% and [Re f|<Re(a+1). If g€ A then g, ,€Cy° and
(g;,ﬁ);,ﬂ:g‘
Proof. 1t follows from (4.3) and (4.4) by letting n—~o= that g, ,(¢)=0 if 1>4.

It is clear from (4.5) that g, , is even. The estimates from lemmas 2.2 and 2.3 and
formula (3.1) show that

lg@) [ - (z)] (cap @ p (D)7 =

= const. (1+¢)e”®ReD?(] - 2)~%,
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uniformly if 4, #=0. Hence, by (4.5), g, ;,€C;°. To prove the second part of the
theorem observe that for #=0 and s=>0

(Fop(8ap) () =
= (2m) 12 [ = A, 5(s, 1) dt f ;;,"j: gAYDLP (1) (g (— ) 1A =
= @m)72 [ [ BE0 @) (o p (= W) Ao, 5 (s, 1) dE | g () d,

where the interchanging of integrals is allowed by Fubini’s theorem, in view of (4.4)
and the estimate

|4y, p(s; t)] = const. e?(t—s)*" 12 t >s5=0,

which is evident from (2.20). Inserting (2.17) we find that

(Fop(820) (5) = (27'5)‘1/2‘/;’;"'_‘“: g(Hei*sdi.

By inverting this rormula it follows that

(82 p)ep ) = Q)2 [ (F, 5(gz,p)) (s) cos As ds = g(A). O

Theorem 4.2. Let o, B€C.. Then f€Cy” and g=f, , if and only if g€ H and f=
=5

Proof. In view of theorem 3.4 it is sufficeint to prove that (f ), ,(8)=f(1) if
JeCy, t=0and o, f€C. By theorem 4.1 this is true for Re o> —1, [Re f|<Re(x+1).
By (3.3) and (4.3) (f, ). ;(?) is an entire function of « and B. Hence the theorem
follows by analytic continuation. [

5. Some remarks

Remark 1. Suppose that (c, ;(—2))"* has N poles 1, Ay, ..., Ay such that
Im 4,>0. Then a formula similar to (4.5) can be derived with additional terms of
the type c®Pg(4,) 9P (), n=1,2, ..., N (cf. Flensted—Jensen [11, §2]). Complica-
tions arise if some pole of (€2,3(—=A)1 is not simple or lies on the real axis or
coincides with a pole of (¢, 5()) ™.

Remark 2. Let f€Cy” and ges#. Suppose for convience that (ca, ,,(——/l))‘l has
no poles for Im 1=0, i.e., |Re f|<Re(x+1). Then it is clear from (3.2) and (4.5)
that

[y g 0A@dr = [7 1 (Hg(R) (cMe(= 1) di.
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Here Fubini’s theorem is used together with the estimates of ilemmas 2.2 and 2.3
and formula (3.1). It follows by theorem 4.2 that for f;,f.€C;°

(5.1) [CROLOAG @ = [T @F Q) (cBye(—2) ™ di.
Remark 3. For real « and B, |8]<a+1, formula (5.1) implies Parseval’s formula
(5.2) [oAOROAO d = [ K WD) le@)] 2 d2

where f;, f,€C;° . Hence, since C; is dense in L2(4) and o is dense in L*(lc(1)|72),
the Jacobi transform can be extended to an isometric. mapping from L%#(4) onto
L2(le (M) ~2). This gives an alternative proof for the Plancherel theorem obtained
by Flensted—Jensen [9, Prop. 3]. If (c(—2))~* has poles for Im >0 then a discrete
spectrum must be added (cf. [11, §2]).

Remark 4. A Paley—Wicener type theorem for the Hankel transform can be
proved by similar methods as in section 3. Let Z,(¢) be a solution of the differen-
tial equation () + Qo+ 1)t (£)+u(t)=0, 0% —1, =2, ..., such that Z,0)=1,
Z 0= 0. Then £ (t)=2°T (¢+1)t7%F,(t), where £,(¢) is a Bessel function. If Re
o> —% then it follows from the Poisson integral representation

F(OC—I— 1) it cos ¢ o
F.(1) = I/ZF(OH—I)/ e (sin @)** do
that
’ . 2re+1) [* e
5.3 t¥ 7,(At) = syl B cos As(t? — s 12 gy,
Define for f€Cy° and Re a=—1 the Hankel transform by
- 2041
Then
= 1
") = 1/2 SAsds ——m e
(5.5) ) ‘(2/n) ‘/0 cos As ds AT (D)

[ f@) (=5 Rd(@?), Rea= —1.
Formula (5.5) is analogous to (3.6) and (3.7) and it can be used in a similar way.

‘Remark 5. For certain discrete values of « and 8 Jacobi functions are the spheri-
cal functions on non-compact symmetric spaces of rank one. In this context many
formulas and results of [9] and the present paper were earlier obtained. Formula
(3.7) corresponds to Helgason [15, (9)]. The function e~ %(F, »(f))(s) has a geo-
metric interpretation as a Radon transform, where f is a radial function on the
symmetric space (cf. Helgason {16, Chap. 1,2]). The Paley—Wiener theorem for
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the spherical Fourier transform on non-compact symmetric spaces of rank one
was first proved by Helgason [15].

Remark 6. Formulas (2.16) and (2.18) generalize the classical Mehler—Dirichlet
formula (cf. Mehler [20])

212 [0 oo v+be

Py(cos ) = . J o (cos @ —cos 6)*2

- d(p’

where P,(x) is-a Legendre function. These formulas can also be obtained from the
Laplace type integral representation

2r (e +1)
w2l (a—B) I (B+3)

c(V—r2p 1,2 0 Gin ) drdy, t=>0, Rea>Ref =1

1 T
66 oEP) = / cosh 1 1 sinh £ re¥|ii—e.
0 0

(cf. [18, @], [9, (3.5)]) by substituting first cosh #+sinh ¢ ré =¢*¢ and next cosh
w=cos y cosh z. A general method of transforming integrals of type (5.6) into
integrals of type (2.16) is discussed in [19, §3].

Remark 7. Let R*P (x)=P*P (x)/P*P (1), where PP (x) is a Jacobi poly-
nomial. Then

REP(cos ) = F(—mn+o+f+1;a+1;5i0%40) = @5f), 5.1y:(316).
Analogous to (2.16), (2.18) and (2'.19) we obtain

22121 (5 4 1)
w2 (e —p I (B+3)

'-foo (cos Y — cos 0)F ~V2sin Ly dx//fo“’ cos(n+i@+B+1)o-

r(costp—costP)P1dp, Rea>Ref=—1 0=<0<n,

5.7 R*P (cos 0) = (sin $0)~2*(cos 10) % .

2420 (o +1)

(a, B) ; = M 7
(5.9) R;»P)(cos 6) T D)

(sin $6)~2*(cos 16)~F-1/2.

cos$f—cosig ] do

0
f cos(n+L(@+p+1))e F[%ﬂLﬁa T—f; et 3 2cos 10

0
Rea = —%, O0<0<m.
Quadratic transformation of the hypergeometric function in (5.8) by means of

[7, 2.11 (22) ]gives another integral representation for R®”(cos ), which was inde-
pendently obtained by Gasper [14] in a quite different way.
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Remark 8. Suppose that f is an even C*-function on (-, m) with compact
support. If f is expanded in a Fourier—Jacobi series with respect to R®#(cos 6)
(x=p = —1) then the Fourier coefficients are given by

(5.9)
fom) = (M@+1D)7L [T f(6) R™P (cos 0) (sin $6)*** (cos $6)* +1 40,

n=0,1,2,....
Substitution of (5.7).in (5.9) gives

De=28-3/2

G100 = e, <o 84 Do do

[, (coskp—cos 1y y~F-1d(cos 3y) [, £(0) (cosy —cos 0y’ ~*/2d(cos ).

In the same way as in section 3 we can write

(.11) @) = [Tcos(n+3@+B+1))e (F() (@) do,

where the mapping F is a bijection from the class of even C*~-functions on (—=, 7)
with compact support onto itself. Then the function f~ is well-defined and analytic
for all complex values of its argument. Now the classical Paley—Wiener theorem
implies a Paley—Wiener type theorem for Jacobi series.

Theorem 5.1. Let a>f=>—%. The function [~ is the Fourier—Jacobi trans-
form of an even C™-function on (—n, ) with compact support if and only if there
is a function g€ H suchthat A<m in (3.1) and f~ (n)=g (n+%(@+p+1)), n=0,1,2,....

v Since g is of exponential type less than = an application of Carlson’s theorem
(cf. Titchmarsh [23, §5. 81]) shows that g is uniquely determined by f, ,(n), n=
=0, 1, 2, .... Just as in section 3 theorem 5.1 remains valid for all o, € C. R. Askey
informed me that in the case o= =0 this theorem is due to Beurling (unpublished).
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