
Weak sequential convergence in the dual 
of a Banach space does not imply norm convergence 

Bengt Josefson 

We shall prove that for every infinite-,limensional Banach space E there is, 
a sequence in E' ,  the dual space, which tends to 0 in the weak topology a (E', E)  
but not in the norm topology. This is well known for separable or reflexive Banach 
spaces. See also [3] for other examples. The theorem has its main applications in 
the theory of  holomorphic functions on infinite-dimensional topological vector 
spaces (TVS). 

Let 1 ~ be the Banach space of  all complex-valued, bounded functions on the 
natural numbers N; z=(zj)T= 1 denotes a point in 1 =. Let co be the Banach space 
co--- {zEl=; z j ~ 0  a s j  . . . . .  }, c-=-{zEl*~; l imi t=  zsexists}andP={zEco, ~ = 1  Izj] < 
< ~ } .  Let L(F, 171) denote the set of all bounded linear mappings from F into F~ 
and let ~ ( F )  denote the set of Gftteaux-analytic, locally bounded functions on F, 
where F and F 1 are locally convex TVS. See [5]. A set B c F is called bouding i f  
supzcn [ f ( z ) [<~  for eve ry fE~(F) .  Put ~b(F)=  { fE~(F) ; f i s  bounded on bounded 
subsets of F}. 

Theorem. To every infinite-dimensional Banach space E there exist 9jEE' such 
that llgjll- 1 andlim,~= q~j(z)=O for every zE E. 

Corollary 1. No neighbourhood of  0 E F, where F is a locally convex TVS, is a 
bounding set. 

Proof. See [2]. 

Corollary 2. ~b(E)#~(E)  for very infinite-dimensional Banach space E. 

Proof. Se [2]. 

Proof of the Theorem. Let F c E  be a separable, infinite-dimensional subspace. 
From [1] and [2] it follows that there are zCOEF and ~O~EE" such that [l~Oj[[=l, 
I[z(J)l[=l, ~Oj(z%=l and l i m j ~  ~ j ( z ) = 0  for every zEF. Let ~EL(E, 1 ~) be the 
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mapp ing  ~O(z)=(~/q(z), ~2(z), . . . ,  ~ / j ( z ) ,  . . . ) .  Put D=~b(BE) where Be is the closed 
unit  ball in E. We shall say that  E has property A if  there are linear functionals 
as in the theorem. We recall tha t  1 = has p roper ty  A which follows f rom the fact 
that  there is qgEL(I ~, I~(B)), where card B - - c a r d  R and 12(B) is the Hilber t  space 
on B, such tha t  ~o is onto  [6]. In  the rest o f  the p r o o f  we shall prove  tha t  if  there 

is no q~oEL(l ~, l ~) such tha t  ~p0(D) is separable and not  compac t  then D is like 
the  unit  ball in l = in the sense tha t  we m a y  use a technique to prove  tha t  E has 
p roper ty  A which is similar to that  used to prove  that  l = has proper ty  A. More  
explicitly, i f  there is no (P0 as above  L e m m a  6 gives that  X, in the Proposi t ion  m a y  
be taken such tha t  (X,) is not  domina ted  by a geometr ic  series and then the sequence 
of  mappings  (qg,) in the Propos i t ion  and L e m m a  4 replace (pEL(I ~, 12(B)). If, on 
the other  hand,  there is ~o0EL(l =, 1 ~) such that  ~po(D) is separable but  not  compact  
then it follows trivially that  E has proper ty  A. 

Definition 3. 
o f  A the vector  
•  . . . . .  + 1 )  for  

Definition 4. 
j =  1, 2 . . . . .  2 "-1} 

a ( ,  - i)-~ _ ~-a(1) 
" " ~  s ) ' - - \  I ' 

MO, =N. 

Definition 1. Put, for zEl ~ and M c N ,  supp z = { j E N ;  zjr and P r o j t u ] z =  
F �9 P =(zj)j~ N where z j=z j  if jE M and z j = 0  if j ~ M. Let l=(M) - {zEl= ; zj=O i f j E M } .  

Definition 2. Put, for  zEl ~ and M c N ,  N~t(z)=limj, k.=,j, kEM Zj--Zk (NM(z) = 
= 0 if M is finite). 

A set A c 1  ~ is called a 1-set if  for  all finite subsets  {a (1), . . . ,  a (k)} 

o f  componen t s  (a~ ~, ..., a~k))EC * assumes exactly the values (_+ 1, 
all possible 2 k choices o f  signs. 

Let  {a(k)}~= 1 be a 1-set and r a positive integer. Let  {Mj(r, {a(k)}); 
be the part i t ioning of  N into 2 " - t  disjoint parts such that  (as(~) .... 
. . . .  a} ~-1)) if  and  only if  s, IEMoF(r, {a(k)}) for some j. Put 

We note that  IIZ~'=I &akll->�89 ~;=1 &l if  (ak} is a 1-set. In  fact, C. O. Kiselman 
has  proved tha t  the constant  1/2 can be replaced by 2In and this is best possible. 

L e m m a  1. l f  E does not have property A there exist an infinite set V c N  and 
a number 5 > 0  such that for every infinite U c V ,  sup=~oNv(z)>e. 

Proof. Assume tha t  the l emma  is false. Then  there are infinite sets Uj such 
that  UjcUj_IOzUj and sup=EoNvj(z)<2-J. There is an infinite set U c N  such 
that  Uf3 F, Uj is finite for  e v e r y j E N .  Hence sup~Eo Nv(z) = 0  which is a contradic-  

tion. 
We m a y  assume that  V = N .  Let  eel  ~ be {1, l . . . . .  l,  ...}. 

L e m m a 2 .  There exist an index set B, HkCB,  goEL(l% 12(B)) where lZ(B) is 
lhe Hilbert space on B, C 1 > 0 ,  C 2 > 0  and a l-set {a(k)}~=lcl~ such that cardB---  
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= card  R, B \ H k  is finite, 

. ~ s  }[Projtn~]q~ (Projt~j(k+~, (.(.)})]e}[ < 10 - a .  k - k -1 .  ,~. (71 

and ~o (e) = q~ (z)  = 0 i f  z E Co. Here e is the constant in Lemma 1. 

Proof. From [6] it follows that  there is qglEL(l ~176 l~(B)) such that  ~0t is onto.  
Since c a r d B > c a r d N  it follows there are C~>0 ,  b(k)El ~ and H ~ B  such that  
H~ ~ Ilk_ ~, B \ H ~  is finite, 

Ib(~)[l < �89 and [[Projtn~_~\n.]q)l(b(~)l[ > C 1 .  

Let  {a(n}~~ be a 1-set and F c l  ~ the subspace generated by a (k) and c. Then  

a E F  i f  and only if a = ~ ' f f= l  Zka(k) + x  where x E e  and ~ =  (,~, . . . , 2  k . . . .  ) E P .  Let  
OEL(F,  1 ~) be the mapping defined by ~0(a(k)) = b  (k) and O(x) = 0  i f x E c .  We have 

11~011 ='~ 1 because 

But 1 ~176 has the norm preserving extension proper ty  hence lp can be extended to 
~01EL(I ~176 l =') such that  [[~O~[[ = l[~O[[. Put  ~o = ~01o~/1, 

Assume now that  we have found ( j k )~= lcN ,  where sEN,  and ~(Ht~ =a c B  
such that  /-J~_IDH~, H~=Hjp~ for somejp~EN,  

'fPr~ _ ~\n;a q~ (au~)) II > C~ 
and 

~,~ IlPr~ q~ (Pr~ +x. (.(J")))l e) ll < 

i f  k~_s 

C~.e i f  k<=s. 
10 4 . kk+X 

Choose now j~+~ E N and then H~+I = Hip,+ 1 for  some jp,§ E N such that  

HProjr~;\H;+~]q~(a(J,+~)ll > C1 
and 

C 1 ~ 
~ l  IIProjtn;+nqg(ProjtM,(,+2,(,u,,~)]e)ll < 104. ( s +  1) ̀+2 

which of  course is possible according to the construct ion of  9 and the fact that  
a vector in /2 (B)  is "smal l"  outside a finite subset of  B. Hence {aUk)}~=~ and (H;)  
have the desired properties. Q.E.D. 



82 Bengt Josefson 

L e m m a  3. Let jEN  be a f ixed number and qg, {a(k)}k=l and (Hk) be as m Lemma 
2 and z E l ~ be such that Ilzll < 2 and 

2 - j .  e .  C 1 
]lProjtnj\n~lq~(z)[] > C3 > 5 

for some k > j .  Then there exist an infinite set V c N ,  q) 'EL(I~(V),  1~), a 1-set 
{b(')}~=lCl~(V) and h~..EC such that 

[[Projtvlz he "~2+1 N" - ~ . j -J .C~ - -  -- x..~,=:t .~as n,,~ ProjtM. (,, {b(,)))lb")[[ < 10 4o Cu ' 

and 

q)'(ProjtM,(,,lb(,,i)]b(') ) = PrOjtM,(,,(,(,)i)la(') zf r<'=j 

~p'(e) = e, 9"(z)Eco if ZECo, q)'(b (i+')) = a(k+~)r > 1 

C8 
Ilerojrnj\n~l q~o ~o'(z) ll > 3--2-" 

Proof. I t  is an immedia te  consequence o f  the definition of  NM.(j+I,{a(,)})(Z) 
tha t  there exist an  infinite set V ~ c M ~ ( j + I ,  {a(O}), a 1-point 5~EI=(V~), p l . s E C  
and  hj+I,~EC such that  

Ihj+~,~[ = -  �89 

]]Projw, l ( z -p i , , . e -h i+l , , .50 l  I < 8"J-J 'C1 and Nv~(z--hj+a ,Os) = O. 
10 4 �9 C2 

Put  V =  [J~V~anda0 (j+l) = ~ 6 ~ .  I t  is obvious  that  we can take {ao(')};=j+2c 
c l~  such that  {ao(')}2"=1 is a 1-set in l~(V)  where a(o')=Projtv]a (') if  r<-j. Since 
Ng.(j+l,C.(oD(z--hy+l,~a~oJ+l))=O it follows f rom the definition that  we can find 
h j, s E C and P2, ~ E C such tha t  

a n d  

(j + 1) ( j )  = N~. ( j , ( .g ) ) ) ( z - -Z ,  hj+a,,'Projtm,(j+a,l.g)))lao -hj,~ao ) 0 

bs 

l; "j--J" C 1 
IIPr~176 "< 10 4.C2 

In  the same way we m a y  cont inue and after j +  1 steps we get tha t  there are 
h,, ~ E C and h E C such that  

(1) IIProj v (z- he -- .r r=i~'~J+iZshr,~ " arojtM, (,, Og,})l ao(')l[ < 

]h,.~[<2 because {a0~O}~~ 1 is a 1-set and because [[z[]<2. 

- j - J -  C1 

10 4.  C 2 
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In the same manner  it follows that  there are h ' E C ,  h'r. sEC and z ' E l  ~ such 

tha t  th't < 2, lh;.~/< 2, 

z = z'+h'e+.~Jr=l.~sh;,s.Proj[M~(r,{a,,})ia (r) 
and 

ri E M s ( J +  I , {a(O}) 

L e m m a  2 gives that  
ClO ~ - j  - j C 3 

t[Projtnj\n~q~(z')[ [ > C~ 10' > -2 -"  

Let  {d(~ be a 1-set such that  there are disjoint infinite sets U}~)lc 
4 c M l ( j +  1, {d(')}) such that  U~=I UJ~,}:Mt(j+ 1. d (')) and 

{erojtv}~11 d(')}~'=j + 1 

is a 1-set for  every l and s. Let  z " =  {z~'}t(v be such tha t  z~' =( i )~-[hj+l ,  tl if tE UJ,~ 
Le t  F ~ I = ( V )  be  the subspace which is generated by  z". d ~ ProjtM.(,,lno~l)ld (') 
1 <= r <--j and c. b E F if and only if 

J ~ �9 (r) b = ?o .Z"+x+~r=l~7~ ,~ .ProJrM, ( , , t a ,~ i ) jd  -~Xk=j+l,~k d(k) 

where xEe  ?oCC, ? , ,~6C and 2={2 j+~ ,  . . . ,2j+~ . . . .  }61~. Let ~ L ( F , I  ~) be the 
mapp ing  ~b (z') = z'/2, ~/, (e) = e, ~b (d (')) = a ('), lP (z) = 0 if z ~ e0 and 

(Proj~M~ ~,, (d~'~))l d(') = Pr~ a(~), 

r<=j. I t  is easy to check that  I}~bH = 1. But to has the n o r m  preserving extension 
p roper ty  hence ~ can be extended to Ol~L(I=(V),  1 =) such tha t  IOa[I = 1. We m a y  

assume that  
C3 

lPro j tn~ \~]  (p o ~,~ (Projt ~ v~p, U v~;Dz")ll > ~ - -  

(Since otherwise 

IlPr~176176 v},~I U vJ3,Ilz")]l > --~-" 

Hence there is t = (tl ,  t2 . . . .  ) where tj = 1 or  -- 1 such that  

�9 ~ ( J + )  > (2) l{Proj~nj\u,,~ooO~(Projtov~,~Uvj4,~j(~t~hj+~,~PrOJrM,(j+~,{b~o)))jbo )]] Ca 
1 6 '  

U(2~ where bo( ' )=d (r) if  r # j + l  and  b(oJ+l)={xt},~vissuchthatx~= 1 if tE t,j, x t = l  
if  t E U(} ~, and  x,  = 0 elsewhere. 

Let  G c l = ( V )  be the subspace which is generated by c, {a0~~ and 

Proj[u.(r,{%.)})la r~ if r =_< i4- 1. 
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As above it follows that  there is J~L(G, I~(V)) which can be extended to J16 

~L(I~*(V), I~(V)) such that  llJII = llJl[ = 1, J(e)=e, J ( z ) = 0  if  Z6Co, J(a~o'))=bg ) 
if  r ~ j +  1, 

j ( P r o j t u  ,(,,{."ml) ]ao(o , I,(,) = Pr~ ~})]~'o if  r~_j 
and 

J (Pro j tu .  (j + 1, {%"~})a %0 + 1)) = t , .  Proj[M. (j + 1, (bo<"})a bo ~ + 1). 

But then (1) and (2) give that  r  and b(~176 have the properties in the 
lemma. Q.E.D. 

Proposition 1. There are q).EL(I ~, F(B)),  H, cB ,  X~>O and z(")6D such that 
Xn>CI"~'2 -~ where C~ is the constant in Lemma 2 and ~ the constant in Lemma l, 
B~H~ is finite 

H n c H ~ _ l c . . .  c l i o  = B, sup IlProjwk_l]~o.(z)l[ ~ Sk 
zED 

and 
[Projt~k_l\rt~aCPn(z~k))][ > Yk" 10 -2 if  k<=n. 

Proof. Let ~p, {a(k)}ff=l and H k be as in Lemma 2. Put  X1 =sups, supped Iq9 o ~p'(z)[I 
where cp' satisfies the following conditions. 

a) There is an infinite set V c N  such that  ~o'6L(l~(V),l ~) and I1~o'1 = 1 .  
b) There are a 1-set {b(k)}~=lcl~(V ) and j ~ N  such that  ~p'(b(k))=a O+k) if 

k > l .  

c) ( p ' ( e ) = e a n d  q/(z)=Oifz6co. 
Take %EL(I~(V),I  ~) and z(1)CB such that I[~oo~o~(z(1))ll>32/sox1 and such 

that  ~Po satisfies conditions a) - -c)  for  a l-set {bCok)}~=lcl~(Vo) and j0EN. We may 
assume that  

32 
II Proj EB\Hjo ] q~ o tp' (Z (~)) II > 3-6 Xl '  

since otherwise we just  have to take a bigger j0, omit  finitely many  b~o k) and renumber.  
Now, if  we assume Xx>CI.e,  a direct application o f  L emma  3, where ~p 0 %  cor- 
respond to ~o and (Hjo+k)~=x correspond to (Hk)~=l in Lemma 3, we get that  there 

b(k) . . . .  are an infinite set V1CVo, a 1-set { (1)}[=1c1 (VO and ~olEL(I (V1),I~(Vo)) h (1) 
and h(t 1) E C such that  

(1) []erojtr~](z(1)_h(1) e _  1 (1) e'Cx 
hlbc1))[[ < 10 4"C2 

and  ~kl=~ooo~o ~ satisfies a)---c) with V, {b(k)}~,~ 1 and j replaced by V1, H,(k)~ /u(1)Jk=l 
a n d j o + l .  Tha t  X l > C a . e  follows because there is z~ such that NN(Z~ 
according to Lemma  1, hence there are an infinite set V ' c N  and a 1-set {a~0k)}~=lC 
cl**(V') such that  Nr,(z~ for  some h~C such that  [hl>n. Assume 



Weak sequential convergence in the dual of a Banach space does not imply convergence 85 

now that  there are, for  every t<n, an infinite set Vt~ Vt-x, ~ptEL(I~ l~ 
~otEL(l=(Vt, I~(B)), a 1-set {b~)}~=icl=(V), z(OED, jtEN, X t > C 1 - e . 2 - ' ,  h(~ 
and h~t)~ E C such that  

(t) X t  t �9 IIPr~176176 )][ > -5-0" where j ( t )  = ~ , = l J . .  

~. t - t  �9 C1 
~ ' ~  [[Pr~176176 })~e)[I < " 10 ~. C~ 

b t) (r) ~ht(ProjrM.(. ,{ I,)}nb(o) = PrOj[M.(r,{b[l))})]b~)_x) i f  r < t ,  

~1 t r~.(r)'~ ~.(A+r) W(O) = u(t-t) if r > t, 

HProjtva(Z(,)_h(O e _  S't S '  h(,) ProjtM.(,,Og~})~b~:])[ [ < e . t - ' . C ~  x..~ ~=~ , ~ s  ~,s" 10 ~ �9 C~ 

Then it follows, since Ih(Of, lh~',)~[<2 because sup=ED [[z[[= 1, that  

X~ if k<=t. 11Projt~ (~_ ~)\ .s  ~)a r (z(k)) [I > 100  

�9 0 t (lOt Put  X . =  sup~ sup:Eo [IProjt.~(._t)]q~._ 1 q~ (z)l[ where satisfies the following condi- 
t ions: 

a') There is an infinite set V c V , _ I  such that  q~'EL(l~(V),Io~ and 

Iko'll--1. 
b') There  a r e a  1-set {c(k)}~=lclo~ ) and j E N  such that  .~,t~(kh_t.(Y+k) t l, ~t. ] - -U(n_ l  ) 

if  k > n  and 

q~' (Projt~t. a, (~(o})j c(~)) = �9 ~(.) PrOJtM.(.,OC,L~)})~v(._~) if  r<=n--1. 

c') q~'(e)=eand(p'(z)=OifzEco. 
Take  now q)oEL(F~ I=(V._I)), j0EN and z(")ED such that  

32 
IIProjt.s(._.\n.._.+~dq~._lOq~o(Z("))l [ > - ~  X. 

and such that  q~o satisfies the conditions a ' ) - - c ' )  for  a 1-set {C(ok)}~=lcl*O(Vo). The  
existence o f j o  follows as before. Now,  i f  we assume X.>C1.  z- 2-" ,  an applicat ion 
o f  Lemma 3, where q~._loq~ 0 correspond to q~ and . -1  ** (Hj (k ) )k=l  U ( U j ( . - 1 ) +  Jo+k)k= 0 
correspond to (Hk)~~ in the Lemma,  give that  there are an infinite set V.CVo,  
a 1-set (k) r oo , ~ {b(.)}k=~Cl (V.) and cP0EL(l (V.),I*~ such that  ~k.=gOoOgOo, go.= 

go._~o~., V. , j .= jo+I ,  (k) ~ z(.) = {b(n)}k= 1 and satisfy the conditions 1)--5) for  some 
h (") E C and (") h..~EC. X . > C ~ . e . 2 - "  because there is sE N such that  

[[Projfns(._.lcp._l(ProjtM.(.,0~kl,))lb~g)_l))[I > C 1 . 2 - "  
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and because supped NM,(,, (~,,,,_~}) (Z) > 2 - e  

X~ if k<--n. II Projtuj  (~_ ~)\u~ ~,~ % (z~)) ' > 1--~ '  

because of  b') and 5). Hence ~o,, Hi(,), X,  and z (") have the desired properties. QED 

Lemma 4. E has property A i f  there exists to every given tEN a mapping q)tE 
E L(I ~, C ~) and to every given 7 > 0  a number CrE N such that sup,~o 1Projt, ~ q~t(z) ~ 1 

for every hE{l ,  2, ..., t) and such that for every zED and tEN ]Projt, ~ ~o,(z) =>7 

for at most Cr different n E {1, . . . ,  t}. 

Proof Assume the lemma is false. It is easy to see that we may assume without 
loss of  generality that  suptSUpnSUp~D P r o j t , ~ o , ( z ) < 2 .  It is well known and 
easily seen that  there are uncountably  many  g~E G=/_/1 X U2 •  • U, • .... where 
U ,=  {1, 2, . . . ,  t}, such that  if ax~a~ Projtj~g~ = Projt~g,~ for  at  mos finitely many 

j.  Let ~oEL(E,I=(G)) be the mapping cp-{~o~oq~, ~o~o~,, ..., q~,off, ...} where ~E 
EL(E, 1 ~) is the mapping in the beginning of  the p roo f  o f  the theorem. Since {g,}, 
is uncountable  it follows f rom the argument  in the p roo f  of  Lelnm al  if E does 
not  have proper ty  A that there are {09}~~ s0>0, infinite sets V j ~ V ~ _ I ~ N  
and z (j) E D such that  

lim q9 (z (j)) = So. 

t E Proj[vj] g~j 

Let  ~IEL(I ~, C) be such that  II~Olll<l/so, ~ I ( X ( J ) ) : � 8 9  and ~k(z)=0 .if supp z A  Vj 
x ,  = 0  if nEC is finite for  some j E N  where x (j)= ~.r"(J)~J,=l, ~,"(J)-~ if n E Vj and (J) Vj. 

Let  Ol, jEL(l=(g,j), C) correspond to ~1. F r o m  the p roo f  o f  Lemma 1 it follows, 
since IO~,j(~o (z(Y)))! =�89 that if E does not  have property A there are a subsequence 
{jk}~~ 6 > 0  and zED such that  Oa,jk(~o(z))l>6 for every kEN.  Hence there 
are, to every rEN, t, EN and Y r c N  such that  Y, contains r elements and 
IProjt,ltp,r(~k(z))]>fi's0 if nE Yr since otherwise there are z(J)El ~ such that  supp 
z (jl) (-1 supp z (~j)- 0 if Jl r and ~9~ (z (j)) > 1 for all jE  N which is impossible. Hence 
we get a contradict ion ifr>C~.~0. QED.  

Lemma 5. I f  E does not have property A there exist to every 7 > 0  a number 
C~EN and number T~EN such that i f  t>-C~ and s u p ~ o  ,~'~"--1 NM(~"~ (z)=>l, where 
Mkt")cN, for every nE{1, . . . ,  t} then there are z(r)ED and Vc{1 ,  2, . . . ,  t} such 
that ~ . , c v  ~.ak=~J" ~'Mk"~r ( )t~r)~>2r~--~r~~ ) and such that V contains 2T~ elements. 

Proof It is easily seen that  it is enough to prove the lemma if ,_~"=1 NM~"~(z) 
is replaced by lProjt,l~ot(z) where ~otEL(l =, Ct). F r o m  Lemma 4 it follows easily 
that  there is to every 7 > 0  a number  PrEN such that if t>=Pr, q)tEL(l ~, C t) and 
s u p ~  IProjt, zq~t(z)l=>l for  every nE{1, ..., t} then there are T E N  and zED such 
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tha t  IProjr,~gt(z)l_->2 - ~ ' r  for at  least 2 T different nE{1, . . . ,  t} wherTe perhaps  
depends on the choice of  9t .  Assume tha t  t>-(P~) ~ and let T o be the biggest T E N  
such that  2T<=P r. I t  follows f r o m  above  tha t  either there is z(~)ED such tha t  
IProj[,]~ot(z(~))[~2-~"zo for  at  least 2 r0 different hE{l ,  . . . ,  t} os there are z"SED 
and disjoint sets V [ c { 1 ,  . . . .  t}, where l<=r<=To-1 and I<_-s~j,  EN such tha t  

-1 s=l V~ contains more  than t -P~ elements, V s' contains 2 r elements or  is 
emty  and IProjtn~0,(zr's)l-~2-r'~ if  nE Vs r. Hence there is 

~1 v~ 
~olEL(C s=x , CJ1) 

such that  [Iqolll=l and Projrs]pt, l(z 1,s) ->21-r for  every sE{1, - - - , J l}  where q~,.t= 
= 9 1  o~ot. But  then it follows f rom above that  there are z .... lED and disjoint sets 

T O Vsr, 1 V~'Ic{1, . . . , t}  where 2<=r<=To and s<=irEN such tha t  U ,~2Us  contains 
more  than  t - P ~ - 2 . P ~  elements V~ '~ contains T elements or  is empty  and 

t -  ~o 1 we can ~,~v~,~ IProjt,~gt(z~'S'l)]=>2"-"L Since ~ = k.Pr>O repeat  this argu-  
ment  and we get at mos t  To steps that  there are z(~)ED and V c  {1, . . . ,  t} such that  
~,~vlProJt,  jq~t(Z(~))I>=2r~176 where V contains 27,0 elements. Hence  C~=(Pr) 8, 
Tr=To, z(r)=z ~> and V have the propert ies  in the lemma.  QED.  

Lemma 6. I f  E does not have property A then, for every y > 0 ,  s u p ~ o  ~'~"=~ 
Nu2,(z)>2-~ '"  .j, if  n is big enough wehre M(~")cN are infinite sets such that for 
fixedn, M(2 ) are disjoint and 1 <-k<=j,<=2 ". 

Proof. Take  7 o < ?  and take C~o and Tro as in L e m m a  5. Let  I, EN be the greatest  
integer I such that  ~l~=lC~o-2("-~)Tro=<j,. Repea ted  applicat ions o f  L e m m a  5 
give, since sup~ ~ o NM~, (z) >e ,  that  

"<']"  NM~(Z) > 2--~~ ~ 2 - " ~ o . J n "  ~ 2-- r r0  2-~'"jn sup .~, k = t > > 
z E O C~, o 

if  n is big enough because 2tn'rro<=2 n, hence l.<=n/Tro and because Cvo. 2(l.+x)r~o>j.. 

Q.E.D.  

Proof of the theorem, continued�9 We shall use the nota t ion  in the propos i t ion  
and its proof .  I t  is easy to see that  we may  assume tha t  Xn decreases. There  is 6 > 0  
such tha t  X . < ( 1 - 2 6 ) " -  C a if n is big since if  (X,,)~= 1 is not  domina ted  by  a geometr ic  
series there is, to every tEN,  ntEN such tha t  X.,/X.,+t<l+l]t hence 

100 , ~ 200 
q~t ~  and  e~ --- 72 

X'nt+t ]t=l 
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have the same properties as (~ot)~*= ~ and C~ in Lemma 4 for a suitable choice of  
,' $ 

~o~EL(I ( H , _ I \ H , , + t _ O ,  C t) which is impossible. Divide now, for each n, {1, 2, 
2 " - ~  into [2/6]+ 1 disjoing parts U , ,  ([ ] denotes the integer pa r t )  such that  

(1) 1 - r .  �9 IIProjtR.,~q~,_ ~ (b~k))ll 

<---- [IProjt Lr. _ iaq~ . - ~ (Projt~t j (., tb[~_ 1, ~)~b/~)-~)ll "<= 

<= ( r -  1 t.~ - [IProjt~t._al~p._l(b~._~))][ if  jC Ur, n. 

Since (n) IlProjt~.j~%_~(b(,_~))[l>C~ it follows that  there is GEN such that  ( 1 -  
- r n 6/2)" >= 1/4" and 

(2) 

b(.~ 6 ] l P r o j t n . - d ( ~ . ~ v  . . . .  q~.-~(ProjtM.(.,tb['.k,~/)l ~.-~))11 ----> ~-][Projtn._ll~o.-l(b[~)--x))ll. 

Lemma 6 gives that  to every T > 0  there is z(r)ED such that  

(3) Z s  ~ v.., .  NM. (., {b~.k t,}) (Z(~)) > 2 -  r.. "Jn, 

if n is large, where j .  is the number of  elements in Ur.,.. But then the proposition 
and the proof  of  Lemma 3 give that  

Xn 
6 > - ~ .  

1 r.2.6 )". 

l 1 ( r . - 1 ) . 6  
2 

( n )  - - 7 . n - - 1  ' [IProjtn._ll ~On_~ (b~._~)ll. 2 . j .  

according to (1), (2) and (3). But since 1-r . .6 /2>-1 /4  it follows that  r..6<=3/2 
hence tha t  

1 r,. 6 
2 26 = > 1 -  

1 (r . - -1) .6  1--26 
2 

hence if T is samll and n is big enough it follows that  Xn>(1--26)" .  C1, because 
[]ProjtR._lW,_x(b~)_x))][>C1, which is a contradiction. Q.E.D. 
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Added in proof 

The results  in  this  p a p e r  were a n n o u n c e d  in M a y  1973 at  an  in te rna t iona l  

conference on  inf in i te -d imensional  h o l o m o r p h y  in Lexington ,  Ken tucky ,  USA.  

The  T h e o r e m  has  been p r o v e d  independen t ly  b y  A.  Nissenzweig.  
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