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Vector-valued Hardy
inequalities and B-convexity

Oscar Blasco(*)

Abstract. Inequalities of the form 352 | f(mg)|/(k+1)<C||f||1 for all f€ H', where {m}
are special subsequences of natural numbers, are investigated in the vector-valued setting. It is
proved that Hardy’s inequality and the generalized Hardy inequality are equivalent for vector
valued Hardy spaces defined in terms of atoms and that they actually characterize B-convexity. It is
also shown that for 1<g< oo and 0<a< oo the space X=H(1, g, &) consisting of analytic functions
on the unit disc such that fol (1—r)72= MI(f,r) dr < oo satisfies the previous inequality for vector
valued functions in H'(X), defined as the space of X-valued Bochner integrable functions on the
torus whose negative Fourier coefficients vanish, for the case {m;}={2*} but not for {my}={k*}
for any a€N.

1. Introduction

In this paper we shall deal with the vector-valued formulation of certain in-
equalities in the theory of Hardy spaces. The first one, due to G. H. Hardy ({Du,
p. 48]), reads

(H) Z

where H'={feL(T):f(n)=0 for n<0} and, as usual, T stands for the unit circle
and f(n)=["_f(t)e~™ dt/2n for neZ.
Recently K. M. Dyakonov [D] considered the following generalized Hardy in-

<C||f||1 for all fe H?,

equality: There exists a constant C'>0 such that, for any increasing subsequence
{ns} of N satisfying

(+) §= inf kEELTIE o
kEN Nk
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one has

(GH) i )| < 0(1%)11;111 for all fe H.

In particular, besides the classical Hardy’s inequality (H), we have the cases
ny=k® for any a€N and n;=2* (or any other lacunary sequence), the last case
being also a consequence of Paley’s inequality (see [Du, p. 104]).

All of these facts can be regarded as special cases of multiplier inequalities
between H' and I'. Recall that a sequence {m,} is an (H'-I')-multiplier, to be
denoted by {m,}€(H*-1'), if T(,.y(f)={f(n)m,} defines a bounded operator
from H'! into I'.

The (H'-I')-multipliers were characterized by C. Fefferman in the following
way (see [AS] and [SW], [SS] for a proof):

() 1) ={ s (32 55 ¢mj|)2)1/2 <ol

825 Ne>1 Nj=ks+1

The proof of this fundamental result depends upon the atomic decomposition
of functions in H'.

In [BP] the vector valued analogues of several classical inequalities in the theory
of Hardy spaces were investigated. Here we use several techniques from that paper
and from [B2| to deal with the properties corresponding to the vector valued version
of (GH) and some of its particular cases.

A complex Banach space X is said to satisfy the vector valued Hardy inequality
{for short X is an (HI)-space) if there exists a constant C'>0 such that

M S M el foran rem )
where H(X)={fcL*(T, X): f(n)=0 for n<0}.

A complex Banach space X is said to have (H'-i')-Fourier type if for any
{m,}€(H'1") there exists a constant C'>0 such that

(F) ST Imal <ClISl: - for all fe HY(X).
n=0

Given 2<g< 00, a complex Banach space X is said to be a g-Paley space if
there exists a constant C'>0 such that

Sl 1/q
(Po) (an(z’“)nq) <Clflh forall fe H'(X).
k=0



Vector-valued Hardy inequalities and B-convexity 23

The reader is referred to [BP| for examples of spaces with or without these
properties and for their connection with other well-known properties in the theory
of Banach spaces.

Let us now introduce the vector-valued extension of (GH) and some of its
particular cases.

Definition 1.1. Let aeN. A complex Banach space X is said to satisfy the
vector valued Hardy inequality for {ny}={k*} (for short X is an (HI),-space) if

(Hq) > % <C|flly for all fe HY(X).
=0

Definition 1.2. A complex Banach space X is said to satisfy the vector val-
ued Hardy inequality for ny=2% (for short X is an (HI)j,.-space) if there exists a
constant C'>0 such that

(Hiac) Z “J;inl <C|fly for all fe H'(X).

Definition 1.3. A complex Banach space X is said to satisfy a generalized
vector valued Hardy inequality (for short X is a (GHI)-space) if there exists C>0
such that for any {ny} verifying (%),

(GH) Z I/ nk (H—%) Ifll. for all fe HY(X).

Using (xx) it is easy to see that any space of (H!-{!)-Fourier type must be a
2-Paley space (hence g-Paley for any ¢>2) and an (HI)-space (see [BP)).

Actually repeating the proof in [D] one sees that any space of (H'-I!)-Fourier
type must be a (GHI)-space.

It should be noted that now the use of vector-valued atoms is still at our disposal
but the spaces H!(X) and H, (X) (see definition below) are not isomorphic. The
aim of this paper is to make it clear that actually one can get the generalized Hardy
inequality for H} (X) using only the classical Hardy inequality for H1 (X).

Let us now recall the following definitions (see [B1], [Bo2]).

Definition 1.4. Given a complex Banach space X, we denote by H]}_ (X) the
space of functions feL(T,X) such that P*(f)(t)=supgc, <1 [|Pr*f()]|€LI(T),
where P, stands for the Poisson kernel.

We endow this space with the norm || f||max,x =|P*(f)ll1-
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Definition 1.5. Given a complex Banach space X, we denote by H1 (X) the
space of functions f€L'(T, X) such that f=Y, .5 Antn (in the sense of distri-
butions), where 3 [An|<00 and a, are X-valued atoms, that is aj, is either a
constant function or it has the following three properties:

(i) a,eL*(T, X) and supp(a,)CI, for some interval I,;

(ii) [, an(t)dt=0;

(it]) ||anlloo<1/|I|, where |I,| stands for the normalized Lebesgue measure
on T.

As usual the norm is given by || f{lae, x =inf{>", . [An|}, where the infimum is
taken over all possible decompositions.

The facts that HY . (X)=HA(X) and ||f]lat,x ~|fllmax,x can be established
by repeating the scalar-valued proof in [CW].

It is also well known (see [B1]) that H'(X)CHL,, (X) but they are not the
same space unless X has the so-called UMD property, i.e., the X-valued martingale
differences are unconditionally convergent.

Because of this, it makes sense to consider the analogues of (H), (H), and (H)ac
with H},(X) in place of H'(X). The arising “atomic” properties, denoted by (H)2",
(H)at, (H)2' | are stronger than their respective counterparts discussed above.

Let us now recall some fundamental notions in the geometry of Banach spaces to
be used in the sequel. Although they are usually defined in terms of the Rademacher
functions we shall replace these by lacunary sequences ¢?"t which gives an equiv-
alent definition ([MP], [Pi]).

Given 1<p<2<qg<oo, a Banach space X has cotype g (respectively type p) if

there exists a constant C>0 such that for all NeN and for all zg,z1,...,z8€X

one has
N 1/q
(Z faull) " <
k=0

N

ok
§ :.’Ekeﬂ t
k=0

1

(respectively

N - N 1/p
D age®t SC’<Z ||$k||p) )
k=0 1 k=0

A Banach space is called B-convex if it has type >1.

Given a complex Banach space X and a function f(z)=3,_,Z,2" withz,€X,
we write P(f)=3.°0 ,x2n22" for the vector-valued version of the Paley projection
acting on f.

It is well known that X is a B-convex space if and only if the Paley projection
is bounded on HP(X) for some (or any) 1<p<oo. This can be extended to p=1. It
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is a result due to Pisier (see [BP, Proposition 4.2]) that X is B-convex if and only
if [|P(F)las,x SCIIS llat,x for all feH (X).

Definition 1.6. We say that X satisfies the Paley projection property (for short
X €(PP)) if the Paley projection is bounded in H*(X).

In [LLPP] this property was studied for the case of Schatten classes.

Remark 1.1. Observe that, since X =cq¢ (PP), the property X €(PP) implies
that X has finite cotype.

Remark 1.2. If X €(PP) and X has cotype ¢ for some 2<g<oo then X €(P),.
Combining both remarks one easily gets the following result.

Proposition 1.1. If X has the Paley projection property then it also has the
g-Paley property for some 2<q<oo and satisfies the Hardy inequality for ny=2%.

We shall also be using the notion of Fourier-type introduced by J. Peetre ([P]).
Let us recall that for 1<p<2, a Banach space X is said to have Fourier type p if
there exists a constant C'>>0 such that

o

(=

n——o

R AP
O ) <Clflrce for all f € LP(T, X).

It is not hard to see that X has Fourier type p if and only if X* has Fourier
type p. Typical examples are the spaces L for p<r<p’, where 1/p+1/p'=1, or
those obtained by interpolation between any Banach space and a Hilbert space.

' Let us now state the fundamental theorem, due to J. Bourgain, which connects
the last two properties.

Theorem A. ([Bolj, [Bo3]) Let X be a complex Banach space. Then X has
Fourier type strictly greater than 1 if and only if X is B-conver.

Throughout the paper L,(i,Y) (respectively LP(Y)) stands for the space of
Y-valued strongly measurable functions f on a o-finite measure space (Q, %, 1)
(respectively (T,B,dt/2m)) such that ||f|€L,(u), and we denote by HP(Y) the
subspace of LP(Y') consisting of functions such that f(n)=["_f(t)e""*dt/2r=0
for n<0. We write H?(D, X) for the space of analytic functions f from D into X
such that supg_, .y My x(f,7)<oo, where My x (f,r)=(["_|If(re")||P dt/2ﬂ')l/p.

Clearly, if feHP(X) then f(re®t)=fxP.(t)cHP(D,X), but in general the
space H?(D, X)) cannot be identified with H?(X) or, in other words, the functions
in H?(D, X) do not necessarily have radial boundary limits.
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A complex Banach space X for which any function in H*°(D, X) has radial
boundary limits a.e. is said to have the analytic Radon—Nikodym property, for short
X €(ARNP). This was first introduced in [BD], where it was shown, among other
things, that L'(u)€(ARNP).

2. Hardy type inequalities for H(X)

We shall first show an extension to the vector valued setting of one inequality
by Hardy and Littlewood (see [Du}, [HL]). Our proof follows ideas in [F] and uses
the Marcinkiewicz interpolation theorem.

Theorem 2.1. Let X be a Banach space and let 1<p<oc. If f€c H'(X) then
1
[ a=n"or, (g dr <l
0

Proof. Let us first recall that if 0<p<g<oo and ¢ is an X-valued analytic
function then (see [Du, p. 84])

(2.1) My x(9,7%) < (1=r) /97 My, x (9, 7).
To prove the result let us first fix p;<l<ps<p. For j=1, 2, using (2.1) one
has
(lir);l/pMp,X (fs 7") < (1—7“)_1/% If Il prei (D,X)-
Hence

||f||1;fpj (D,X).

{relf0,1]: (L—r)/?M, x(f,r)> A} <C Xz

This actually gives that
fr— F(r,e") = (1—7‘)*1/”]”(7"6“)

defines a bounded operator from H?i (D, X) into the space LPi*°(dr, LP(X)), where
LPi>*°(dr, LP(X)) stands for the corresponding vector valued Lorenz space.
Now using the standard real method of interpolation for #€(0,1) such that

1-6 0
4+ =
P P2
we have (see [BL])

(LP2>(dr, LP(X)), LP>*(dr, LP(X)))p,1 = L' (dr, LP(X)).
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On the other hand, since the Banach space X is the same for both indices, it is not
difficult to extend the scalar-valued proof (see [BX] and references there) to get

(H (D, X), H”*(D, X))o.1 = H' (D, X).

Hence the operator is bounded from H!(X) to L(dr, LP(X)), that is

1
/O (L) YPM(f,r)dr < C| fly. O

Corollary 2.1. ([BP], [Bo3]) If X is a B-conver space then X satisfies the
vector valued Hardy inequality, i.e.

oo
§ :xnemt
n=0

Proof. From Theorem A we have that X has Fourier type p for some p>1.
Then applying Hélder’s inequality and Theorem 2.1 for such a p, one has for f(z)=

Yoo o Tn 2™

leall [t N AN\
= [ Ylealrnars [ (Zmnnprn) (Z) dr
n+ 0 n=o 0 n=0

n=0

m
n=0

1
go/ (1—r)"Y2 M, x(f,r)dr <C|fl1. O
0

The following is a simple modification of a proof in [B2] regarding Paley spaces
{corresponding to the 2-Paley property).

Lemma 2.1. Let 2<g<oo and 1<p<q. IfY is a q-Paley space then so is
L,(p,Y).

Proof. Put r=(g/p)'=q/(g—p). Let us take f(1)=)_, -, zne™, where z,€
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L,(1,Y). Then we have

(Z ||fvzk||qu(ﬂ,y)>1/q= (k>0(/ g () 2 dya(ao ))‘1/17)1/11

k>0
- (Z | Vs ) el d ))1/,,

Ylexl"=1 13

< ([ (S et ||y)m du(w))l/p

k>0
2 :xn w)eznt

<([(=L. #f o)

n>0
=C sup / / Z Ty (w)e™ || |h(w)| dt dp(w)
17l =1 —miln>0
/ Z xn 1nt dt
n>0 Lp(1,Y)

= [ U@yt O

Theorem 2.2. Let 2<qg<oo. Then Ly, (u, Lp,(v)) is a q-Paley space if and
only if 1<p1,p2<q.

Proof. 1t is clear from the definition that a ¢-Paley space must have cotype g.
Now the cotype g condition forces the values of p; and py to be in the required
range.

To get the converse, observe that the classical Paley inequality together with
Lemma 2.1 for Y=C gives that Ly, is a g-Paley space for 1<p;<q. Now apply
Lemma 2.1 again. [

Lemma 2.2. Let 1<p<oco and X (PP). Then L,(u, X)€(PP).

Proof. Using Kahane’s inequality we can write

t/p
([ o)
H (L7 (1,X) HY(X)
1/p
( du(w)>
H'(X)
- 1/p dt
<C/< Tp{w)e™ duw) —. O
(/ }:j @ duw)) 5
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Theorem 2.3. Let 1<p,q<oo. Then Ly(p, Lq(v)) is an (HI)jac-space if and
only if 1<p,q<c0.

Proof. Observe first that ¢g is not an {(HI)j,.-space (take the canonical example
fN(z):Zgzl enz™ to check this fact). Consequently, if X is an (HI)iac-space then
it must have finite cotype.

Assume that Ly(p, Lq(v)) is an (HI)1,c-space. Now the cotype condition forces
the values of p and ¢ to be finite.

To get the converse, observe that the classical Paley inequality gives that Y =
Ce(PP). Now, applying Lemma 2.2 twice, one has that L,(u, Ls(v))e(PP) for
1<p, g<oo. Finally apply Proposition 1.1 to finish the proof. [J

Now we shall consider some classes of analytic functions that will serve us to
get examples of spaces satisfying (HI)5c but failing to satisfy (HI),. The reader is
referred to [B2] for the fact that [P(H*) fails to satisfy (HI) for 1<p<2 but it is a
2-Paley space.

Let us recall that, given 1<p,¢<oco and 0<a<oo, H(p,q, ) stands for the
space of analytic functions on the unit disc such that

</01(1“”)Q“M3<f7 ") dr)uq: 1£llpg0 < 0.

Theorem 2.4. Let 1<g<oo, 0<a<oco and acN. Then H(1l,q,a) is an
(HI)1ac-space but fails to be an (HI),-space.

Proof. That H(1,q, &) is an (HI)juc-space follows from Theorem 2.3, since

£ 111,00 = 19l La(ar/(1—r), 21 (T))

where g(r,0)=(1—7)% f(re'?).
To see that it does not satisfy (H),, let us consider the function

1
o(2) = A2yt logl/ Zanz

It is known (see [L, pp. 93-96]) that

[¢3

2.2 ~

< ) Qn logn’ n— o0,

and

(2.3) My (1) o T r—1-.

log1/(1-7)’
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Consider now f(z)(w)=¢(zw)=3 -, ap,w™z" and write z,(w)=a,w".
Since we have

”mnnl,q,a = |an| ||wnH1,q,a = |an|Bl/q(a(b gn+1)

then, (2.2) together with the estimate B(3,m)~m™?, as m— o0, give

1

2.4 n ~—
(2.4) B “1,11,04 logn

This allows us to say that f(z)=>_," jz,2™ is an analytic function on the open
unit disc with values in H(1,q, o).
Using now (2.3) and the assumption ¢>1 we have that

1 @laa=( [ ) A6 o) drj/“’

§C</ol(1_r)aql%dr>l/q

§C</ol (Y yiiE d")l/q <o

Therefore fe>(D,H(1,q,a)). Using the fact that H(1,q,«) has the an-
alytic Radon-Nikodym property (recall that LI(dr/(1-r), L*(T))€(ARNP)), we
can show that the radial limits exist almost everywhere and hence, in particular
feH(H(1,q,a)).

On the other hand, from (2.4) we have > >  [|Zpal|1,q,a/(n+1)=0c0. U

3. Generalized Hardy inequalities for H, (X)

Let us start by showing the differences appearing when dealing with the vector-
valued versions H),(X) and H(X).

It follows rather easily, using Fubini’s theorem and the scalar-valued result by
K. Dyakonov, that L'(u) verifies the generalized Hardy’s inequality, i.e. L'(u)€
(GHI). Actually the same argument shows that L!(u) even has (H1-I!)-Fourier
type (see [BP]).

Nevertheless L' (T) fails to have (HI)2* for any value of a€N as the following
proposition shows.
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Proposition 3.1. Let acN. Then L*(T) is not an (HI)2*-space.

Proof. 1t is well known (see [Z]) that ¢(t)=3", > e /log |n|€ L*(T).
Now consider f: T— L' given by f(t)(s)=¢(e*¢+*)). Tt is clear that fc L°(L})

and that )
,r|n | ezn(t+s)

P*(f)(t)= su / —_—
(f)( ) O<’r‘81 _7r nZ;éO log }n, 27_[_ — ||¢“1
Therefore, in particular, feH}, (L').

However, f(n)(t)=€™/logn for n€N, which gives Y neN [ f(n%){j1 /n=00 for
all aecN. [

Let us now prove a couple of lemmas to be used later on.

Lemma 3.1. Let feLY(X) and J be an interval in Z. If g(t)=f(t)(1—e~%)
then

(3.1) sup 17 < Z G+ 18G)

jed

Proof. Let us fix jeJ. For any k€J we can write

max(J)—1
IFDI<IF®N+IFER = FDI<IFE®I+ > IFO-Fa+n)].
I=min(J)
Averaging over kc.J we get
max(J)-1
DI 5 an N+ D 1FO-Fa+Dl.
{=min(J)

Finally, taking into account that f(l)—f(l—i—l):'g(l), we get (3.1). O

Lemma 3.2. Let MeN and let {n;} be an increasing sequence in NU{0}
such that there exists a constant A>0 for which

Mool AN
g -k’ '

Then for any l€N,

(3.2) > s (1—1»%)%

{kM<ne<IM+M}
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Proof. For a fixed (€N we may assume that there exists ng€(IM,IM+M].
Let k; be the smallest index with this property, so that ny, | <IM <ng,.
Observe now that

ki1
1 1 1 N —Tk_—1 1 1
2o ESHYA 2 Tn Sy (e )
(kLM <np <IM+ M} E=ki+1

Since ki >1, ng, >IM and ny,, —ng, <M we get (3.2). O

Theorem 3.1. Let X be a Banach space. The following statements are equiv-
alent:
(1) There exists a constant C>0 such that

||fnn)” SCHf”at,X for all fGH;t(X)'

¢

n=1

(2) For any increasing sequence {ng} in NU{0} satisfying that

(3.3) Ll BN %

keN,
ng

for some A>0, there exists a constant C>0 such that

— [[f (n)]] 1 .
; : SC<1+Z>||fHat,X for all f e Hy (X).

Proof. Obviously (2) implies (1).
To see that (1) implies (2) let us fix a sequence {ny} satisfying (3.3). It suffices
to show that there exists a constant C'>0 such that

— A
for any M €N and any X-valued atom a supported on (—w/M,n/M).
Take such an X-atom, say a. Given n€N, using that a has zero mean, we have

(34) el = H / //A; a(t)(ei"w);i;]} <nlal | //A; <o

Let us write F={k:n, <M} and G={k:n;,>M}.
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On the one hand

(35) yo Lot &5 e O S meme <6

On the other hand, letting G;={k:IM <j<IM+ M}, we have

llam)ll i lan,l _ ~o oy 1
yo latml_ < s il Y+
kEG k =1 keG, k =1 M <g<IM+M kEG, k

Now applying Lemmas 3.1 and 3.2 and letting b, (t)=a(t)(1—e~%) we have

5 Il (Hl) R ua@u+(1+1) > UViM 15,6l
keG koo A =1 M GJ=IM+1 A =1 ' j=IM+1
oo IMA4+M oo IMA+M
lla(s) ”Mbl
( > Z %;ﬂ ( ) ;J %ﬂ J
1 — fla(s) 1 | Mb ()l
< <HZ> j:%H — (HZ) j:%:ﬂ —

/M

To finish the proof note that b(t)=M (b1 (t)— " oM

valued atom and b(j)=Mb: (4).
Therefore applying Hardy’s inequality to a and b we get

5 w§2<1+%>0-

kcG

b1(s)ds/2m) is also an X-

We now finish the proof by combining this last estimate with (3.5). O

Corollary 3.1. (See [BP], [Bo3]) Let X be a Banach space. The following
statements are equivalent:

(1) X is B-convez;

(2) X 4s an (HI)**-space;

(3) X is a (GHI)**-space.

Proof. (1) = (2). As in the previous theorem it suffices to show that there
exists a constant C'>0 such that

2 a(n




34 Oscar Blasco

for any M €N and any X-valued atom a supported on (—7w/M,7/M).
Using Theorem A we may assume that X has Fourier type p>1. It is clear
that if a is such an X-valued atom then |lall, <M'/?". Hence, in view of (3.4),

3 IIa(:)II -3 Ha(:)IIJr >y ||a(:)||

n—

H
3
ﬂ‘
3
Il
8
+
S

(2) = (3). This follows from Theorem 3.1.
(3) = (1). By a finite representability argument (see Proposition 2.6 in [BP]) it
is enough to show that L' fails (GHI)®'. This now follows from Proposition 3.1. [J

As a corollary of our previous theorems we get some improvements of results
by H. Ko6nig and V. Tarieladze (see [K] and Proposition 3 in [T]).

Corollary 3.2. Let X be a B-convex Banach space and let acN. If fe
Ups1 LP(X) with f(0)=0 and F(t)=f; f(s)ds/2r then

> nt Y F(n®)|| < .

nez

Proof. Since fe HL (X) and ||f(n)]|=|n| | F(n)|| we can apply Corollary 3.1 for
nip=k* to the function f. O
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