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1. Introduction

This paper deals with some questions that lie at the interface between func-
tional analysis and complex function theory. Let H* denote the algebra of bounded
holomorphic functions on the open unit disk. We may identify a function with its
radial boundary values, and thus view H* as a subalgebra of the algebra L* of
bounded measurable functions on the unit circle. Since H™ is a weak-star closed
subspace of L™, it is easy to see that for every function fin L™, there is a function
g in H= such that | f—g| =distance (f; H™); ie., g is a best approximant to f
from H*. Sarason [10] asked whether functions in L* always have best approximants
from the space H*+C spanned by H* and the algebra C of continuous functions
on the circle.

The space H”+C plays a special role in function theory, since Sarason [9]
has shown that it is in fact a closed algebra and is contained in every closed sub-
algebra of L™ that properly contains H™. The space H*+C also plays a special
role in operator theory, in the following way. Let L? denote the Hilbert space of
square integrable functions on the circle, let H2 denote the closed subspace spanned
by the non-negative powers of the function z, and let (H2)* be the closed subspace
spanned by the negative powers of z (which is just the orthogonal complement
of H?). We write Q for the orthogonal projection of L2 onto (H?®*. For each feL™,
we define a Hankel operator H,: H*~(H»* by H(g)=0Q(gf). If we use the
usual bases for H? and (H?)*, we may characterize Hankel operators as those whose
matrices have constant cross diagonals. It turns out that the distance (in the operator
norm) from the Hankel operator H, to the space of all compact operators from
H? to (H*™ is the same as the distance from H, to the space of compact Hankel
operators, and the latter coincides with the distance (in the L”-norm) from the
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function f to the space H>+C. (In particular, H, is a compact operator if and
only if feH=+4C.) Sarason’s question about best approximants from H*=+C
therefore has a purely operator-theoretic formulation: Does every Hankel oper-
ator have a best approximant from the space of compact Hankel operators?

In its operator-theoretic formulation, Sarason’s question was answered affir-
matively by Axler, Berg, Jewell and Shields [2]. Subsequently, a simple function-
theoretic proof was found by Luecking [8]. Luecking used the F. and M. Riesz
Theorem to show that the quotient space (H=+C)/H* is an M-ideal in L~/H".
(The definition of M-ideal is given at the end of this introduction.) By work of
Alfsen and Effros [1], this implies that elements of L=/H> have best approximants
from (H=+C)/H™. Since H” is weak-star closed in L=, it is simple to conclude
that functions in L= have best approximants in H* +C.

In this paper, we consider Luecking’s result in a more general context. Let 4
be a uniform algebra on a compact space X, with maximal ideal space M,. Fix
@€M,, and let o be a representing measure on X for ¢. We denote by H> (o) the
weak-star closure of 4 in L= (6), and by [H=(¢)+C(X)] the closed linear span of
H=() and C(X). We ask when [HT(0)+C(X)/H=(6) is an M-ideal in
L= (6)/H= (o). In Section 3 we obtain information in a general setting, which is
sufficient to answer the question completely for certain algebras which arise in rational
approximation theory.

Let, for instance, D be a bounded domain in the complex plane, and let A(D)
be the algebra of continuous functions on D which are analytic on D. The results
apply to A(D), with ¢ a representing measure on dD for some point p€D, and
X the closed support of ¢. In this case, [H*(6)+C(X)//H= (o) is an M-ideal in
L= (6)/H= (o) if and only if the representing measures on X for p form a weakly
compact set of measures. This latter condition is satisfied when D is the open unit
disc and o is normalized arc-length measure on 9D, since in this case df/2m is a
unique representing measure on 9D for the evaluation functional at 0€D.

The results in Section 3 depend upon a careful analysis of M-ideals in quotient
spaces of C(X). This is accomplished in Section 2 via bands of measures (cf. Theo-
rem 2). Section 2 also contains some applications to the tight uniform algebras
introduced by Cole and Gamelin [3]. In Section 4 we return to the theme of best
approximants to give an elementary proof of the Alfsen—Effros result that M-ideals
have the best approximation property.

We conclude this introduction by recalling some facts about L-projections,
M-ideals and bands of measures. An L-projection on a Banach space E is a linear
operator P: E~FE such that P?=P and

1Px] +]x—Px|} = |x]

for each x¢€E. A subspace F; of the Banach space F is an M-ideal if its annihilator
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F3- in the dual space F* is the range of an L-projection P on F*. If in addition
there is a subspace F; of F such that Fy@ F,=F and F| is the range of I—P,
we say that F, is an M-summand. These notions were introduced by Alfsen and
Effros [1], and we refer the reader to those papers for further information. ( A word
of caution: Alfsen and Effros consider only real Banach spaces, while we are con-
cerned with complex Banach spaces. However, we shall have no occasion to use
those results of Alfsen and Effros which are particular to the case of real scalars.
For other applications of M-ideals to operator theory, see for example the paper
of Holmes, Scranton and Ward [7].

For X a compact Hausdorff space, we let C(X) be the algebra of continuous,
complex-valued functions on X and let M (X) be its dual space, the space of regular
complex Borel measures on X. A band of measures on X is a (norm) closed sub-
space B of M(X) with the property that if uc®B and ¢ is absolutely continuous
with respect to p, then o also belongs to 8. The complementary band to B is the
band B’ of all measures singular with respect to every measure in 8. The Lebesgue
decomposition theorem shows that M(X)=BHB’; the associated projection Py
of M(X) onto B will be called the band projection associated with B. We say that
the band B is reducing for a subspace 4 of C(X) if Py(4t)c AL. The reducing
band B is minimal if it is not the zero subspace and contains no reducing bands
other than the zero subspace and B itself. Minimal reducing bands which consist
of multiples of a point mass are called ¢rivial minimal reducing bands; all others are
non-trivial minimal reducing bands. For further information concerning bands of
measures, we refer to [3].

2. L-projections, M-ideals and tight algebras

The Lebesgue Decomposition Theorem gives rise to simple examples of L-pro-
jections in the following way. Fix a (complex, regular Borel) measure u on the
compact Hausdorff space X. For each measure ¢ on X we may then write o=o0,+
o,, where o, is absolutely continuous with respect to g and o, is singular with respect
to p. The operator P: M(X)->MM(X) given by Po=g, is then an L-projection
on M(X). Our first result shows that if we replace the single measure u by an appro-
priate band of measures we can obtain all L-projections on all subspaces of 9t (X).

Theorem 1. Let X be a compact Hausdorff space, let € be a (norm) closed sub-
space of M(X) and let P be an L-projection on €. Let B be the band of measures
generated by P€ and B’ the complementary band. Then

() E=(EnBYOEnDB);

(ii) P is the projection of € onto €nB;
(iii) for each measure uc@®, there is a Borel set ECX such that Pu=yxpu.
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Proof. Let uc® and use the Lebesgue Decomposition Theorem and the
Radon—Nikodym Theorem to write Pu=hu-+n, where h€L'(u) and 5 is sin-
gular with respect to u. We claim that #=0 and that 0=hA=1. To see this, note
that, because P is an L-projection and # is singular, we have

luh = [Pul +{p—Pul = lhp+n] +1(1—hp—n|
= [hp| +ln] +[A=B) p] +n] = [ul +2]7].
This immediately yields #=0. Hence

Jdlul=[|hldlul+ [ 1=kl d]ul.
Since |h|+|1—h|=1, with equality only when 0=h=1, we have our claim.

Now suppose that o€€ is absolutely continuous with respect to g, so that
o=gu for some geLl(yw); we want to see that Po=gPu. To see this, we use the
above to write

Po = fo = fau,
Pp = hy,
Plo+uw) =k(o+p).

with £, h and k between 0 and 1. Since P is linear, fg+h=k(g+1) (a.e. with respect
to p). Thus (f—k)g=k—h. On the set where the imaginary part of g is not zero,
we must have f—k=0 and k—h=0 since f, A, k are all real. Thus f=h wherever
the imaginary part of g is not zero. If we replace ¢ by ioc=ign then Po=ifgu.
Arguing in the same way as for o, we see that f=h wherever the real part of g is
not zero. Thus Po=fgu=hgu=gPo, as desired.

Combining the two above analyses, we see that for each €€, there is a func-
tion A such that Pu=hy and P(hp)=h?*u. Since P2=P, we conclude that 4 is
the characteristic function of some Borel set E, which is (iii).

We next wish to see that PE=ENB. Since B is the band generated by PE,
the inclusion PEcCENB is clear. To obtain the reverse inclusion, let s€EnB.
We can then find measures 6y, 0,,... in PE and functions fi, f;, ... such that
o=2",f;0; (norm convergent). (Note that the measures f;o; need not belong
to €.) We may write o=g,0,+0", where ¢’ is singular with respect to g,; we may
then write ¢'=g,0,-+06” where ¢” is singular with respect to ¢y and o,. Continuing
in this way, we obtain a representation o=237, g;0;, where g;0; is singular with
respect to o, whenever j=k. There is a Borel set E such that Po=ygo; if we show
that ypg;0,=g;0; for each j, we will have that Po=o0, or equivalently that o€ PG,
which is what we desire.

To this end, we fix an index j and write =2 .; g0y, *=0; and g=g; so
that o=ga-+f, and B is singular with respect to «. Since Po=yz0, Pa=a and P
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is an L-projection, computing P(x+0) yields
l(A+ga+Bl = |a+xega+xe Bl +1(0 —x) (g2 +B)]-

Since f is singular with respect to o, we may rewrite both sides of this equation
to obtain

1A+ +1Bl = lla+xz gl + 228l +1(1 =20 gl + (1 - x£) B

Now the terms involving f obligingly cancel out. Writing the norms as integrals we
then obtain

S+gldld = f11+xzgldlol+ [ 10 —x2) gl dal.

If we break the integrals up into integrals over E and over X—E, we see that the
integrals over E cancel out and we are left with

Sop Wtgldld= [ dlad+f __lgldlal.

Hence g=0 almost everywhere on X—E (with respect to |«|). On the other hand,
if we replace a+¢ by a—o and perform the same calculation, we find g=0 almost
everywhere on X—E (with respect to |a]). In other words, (1—xz)gu=0 so ypga=
go. Since gu=g;0; and j was arbitrary, we find that Pe=yzo=0, as desired, so
that PE=CnB.

To complete the proof, we need only show that the null space of P, which is the
range of I—P, coincides with En®B’. To see this, note first that if c€(€nB)
then PocEnB=PC, so Po is singular to ¢. On the other hand, Po is always abso-
lutely continuous with respect to o, so Po=0 and the null space of P includes
CnYB’. To obtain the reverse inclusion we must show that if 1€E and Pr=0 then
7 is singular with respect to every measure in 8. Since PE generates B, it suffices
to show that ¢ is singular with respect to every measure o€ PE. We know there is a
set E such that P(o+1)=yz(6+1). Since P(6+1)=0, this yields o=yz(c+1)
and (1—xgo=yxz7, which forces both (1—yz)¢ and yzt to be zero. Thus o is
carried by E, 7 is carried by X—E, and ¢ and t are indeed singular. This completes
the proof. 0O

Since M-ideals are defined in terms of L-projections in the dual space, we can
use Theorem 1 to obtain information about M-ideals. We are interested in pairs
A, B of closed subspaces of C(X) with 4 B; we want to know when B/A is an
M-ideal in C(X)/A. By the definition of M-ideal and the usual identification of
dual spaces, this is equivalent to the existence of an L-projection from the anni-
hilator 4+ in M(X)=C(X)* onto B*. In view of Theorem 1, this implies the
decomposition 4*-=B* @ Q, where every measure in Q is singular to every measure
in B+, and Q may be identified with the dual space (B/4)*. We can say a bit more.
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Theorem 2. Let A, B be closed subspaces of C(X) with ACB. Let B be the
band generated by B*. Then BJA is an M-ideal in C(X)/A if and only if

(i) B is reducing for A, and
(ii) BnALt=B+

Proof. If (1) and (ii) are true, let P be the restriction to A+ of the band projec-
tion of M(X)=BHB’ onto B. Since B is reducing for 4, the operator P maps
AL into itself; since BnA+=B', P is an L-projection of A+ onto B*, so B/A
is an M-ideal in C(X)/A.

Conversely, if P: A+ —~A* is an L-projection onto B+, then Theorem 1 assures
us that AL =(4+"B)D(4+"B’) and that P is just projection onto the first sum-
mand, which coincides with B+. This yields both (i) and (ii). O

If we start with a given band of measure B, we may ask when the projection
onto B is the L-projection associated with some subspace B of 4. We leave it to
the reader to check that this will be so if and only if B is reducing for 4 and BN A4+
is weak-star closed in 9 (X). Note that in this case, B need not be the band gen-
erated by Bt, but rather will be the direct sum of the band generated by B and a
band singular to 4+,

Finally, we consider the case in which the subspace 4 of C(X) is actually a
uniform algebra. For each g€C(X), we consider the Hankel operator S,: 4—
C(X)/A given by S,(f)=gf+A. Following Cole and Gamelin [3], we shall say
that A4 is a tight uniform algebra on X if each of the Hankel operators S, is weakly
compact. Tightness may be thought of as an abstract version of the solvability of
a certain 5—problem with a gain in smoothness. Among familiar uniform algebras,
both R(K) (the algebra of uniform limits on K of rational functions) and A4(K)
(the algebra of functions continuous on X and holomorphic on the interior of K)
are tight for every compact set K< C. In higher dimensions, A(D) is tight if D is
a strictly pseudoconvex domain in C" but is not tight if D is a polydisk (and n=2).
For tight uniform algebras we can sharpen Corollary 2 and obtain a complete
description of M-ideals in C(X)/A4 in terms of reducing bands for A4.

Theorem 3. Let A be a tight uniform algebra on X, and let {B,},¢; be the family
of non-trivial minimal reducing bands for A. Then there is a one-to-one correspondence
between subspaces B of C(X) which contain A and for which BJA is an M-ideal in
C(X)/A, and subsets J of the index set I, determined by

Bl = AL (D B,).
acJ

Furthermore, each such B is a subalgebra of C(X), and BJA is an M-summand of
C(X)/A.
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Proof. For J a subset of I, it follows from Theorem 10.3 of [3] that A+~
(Ducs B,) is a weak-star closed subspace of M(X). It follows from Theorem 11.4
of [3] that B;=,c;(H"(B)NC(X)) is a closed subalgebra of C(X), that B,
contains A, and that Bf =A* N (D,c; B,). Moreover, the band projection onto
@®,c; B, provides an L-projection of A+ onto Bj, so that B;/A is an M-ideal in
C(X)/A.

Conversely, if B/A is an M-ideal in C(X)/A4, let B be the band of measures
generated by A+, By Theorem 10.5 of [3],

At = @ (A°NB).
a€l
By Theorem 2, B is reducing for 4, so the minimality of each B, yields

B =@ (B,n4)
a€d
for some subset J of I

If B is the algebra corresponding to J< 7 and B’ is the algebra corresponding
to I—J, then Theorem 11.3 of [3] yields that B/A@ B’/A=C(X)/A; ie., every
M-ideal in C(X)/A is an M-summand. This completes the proof. O

We mention in passing that there seems to be some similarity between. the
final assertion of the theorem, that the M-ideals of C(X)/4 correspond to sub-
algebras B of C(X) containing A, and results of Smith and Ward. They show in [11]
that M-ideals in a Banach algebra with identity are subalgebras, and that they are
ideals if the algebra is commutative.

As a very simple corollary to Theorem 3, note that if 4 is a tight uniform algebra
with only one nontrivial minimal reducing band, then there are no proper M-ideals
in C(X)/A. This applies for instance to the algebra 4(D) on X=¢dD in the case
that D is a bounded domain in the complex plane. It also applies to 4(D) in the
case that D is a bounded, strictly pseudoconvex domain in C”". (See 3], partic-
ularly Theorem 12.3.)

3. The space H”(0)+C(X)

Now fix a uniform algebra 4 on a compact space X, and a representing measure
¢ on X for some @&M,. Let X(o) denote the spectrum of L>=(s). Then X (o) is a

compact space, and

L=(0) = C(Z(0)).
The measure o lifts to a measure & on X (o). Recall that H>=(g) is the weak-star
closure of 4 in L=(c). If H*(0) is regarded as a closed subspace of C(Z(q)), then &

is a representing measure for the weak-star continuous extension ¢ of ¢ to H> (o).
We will frequently make use of the following result.
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Dual Version of the Hoffman—Rossi Theorem [4, Theorem IV.2.3]: The set
of representing measures on X (o) for ¢ is the weak-star closure of the set of repre-
senting measures for ¢ which are absolutely continuous with respect to 8.

We are particularly interested in the case in which ¢ is a dominant representing
measure, that is, in which every representing measure on X (¢) for ¢ is absolutely
continuous with respect to 6. From the dual version of the Hoffman—Rossi theo-
rem, it follows easily (cf. [4, Corollary 1V.2.4]) that & is dominant if and only if
the set of representing measures for ¢ which are absolutely continuous with respect
to ¢ is a weakly compact set of measures, i.e., the Radon—Nikodym derivatives
form a uniformly integrable subset of L!(0).

In this section, we are concerned with the problem of determining when
[H= @)+ C(X))/H> (o) is an M-ideal in L™ (¢)/H* (). By Theorem 2, this occurs
if and only if there is a band projection from H*(o)+ to [H™(s)+C(X)]*, where
these are both subspaces of MM(Z (¢)). Our main necessary condition for the existence
of such a band projection is the following.

Theorem 4. Let A be a uniform algebra on a compact metrizable space X. Let 6 be a
representing measure for some point 0€ M ,, and suppose that [H* (a)+C(X)/H* ()
is an M-ideal in L= (0)/H* (0). Then & is dominant; equivalently, the set of repre-
senting measures for @ which are absolutely continuous with respect to o is weakly
compact.

Proof. Let B be the band of measures on ¥ (¢) generated by [H* (¢) +C(X)]*.
By Theorem 2, B is a reducing band for H* (), and

(*) BNH=(0)" = [H=(0)+CX]".

Let B, be the band of measures en X (6) generated by the representing measures
for ¢. By [3, Lemma 20.6], B, is a minimal reducing band. Since B N B, is a reducing
band, then either B=B,, or else B B,={0}.

We may assume that ¢ is not the point mass at ¢, since the conclusions of the
theorem are trivial in that case. Then there is a function f€A4 such that f(p)=0,
while fis not identically zero on the closed support of ¢. Thus fo is a nonzero meas-
ure in A*. Hence f61 H%(s), but fé6 is not orthogonal to C(X). Thus
SO4H= (W) +C(X)]*, so that from (*) above we obtain f6¢®B. On the other
hand, f6¢%B,. We conclude that B=B,. By our earlier remarks, B B,={0},
and B is singular to B,.

We next consider the space S of positive measures on X which represent ¢
and which are absolutely continuous with respect to ¢. We want to see that S is
weak-star closed. If this is not so, we let 5 be a measure in the weak-star closure of
S but not in S. Since C(X) is separable and S is a subset of the unit ball of (X)),
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we can choose a sequence {f;o} in S which converges weak-star to 5. We are going
to extract two subsequences from {f;o}.

By assumption, # is not absolutely continuous with respect to o, so there is a
compact subset E of X for which ¢(E)=0 and 5(E)=0. Let ¢ be a small positive
number (to be chosen later), and choose open sets Uy, ¥, in X such that Ec U,c
U,cV, and n(p)<n(E)+e Let ¢, ¥ be continuous functions on C(X) such
that 0=¥=1, o=1 on E, ¢=0 off Uy, ¥=1 on U,, ¥=0 off ¥,. Then

n(E)—e <n(E) = [odn,
[ ¥dn =) <nE)+e.

Since f;o0—-n weak-star, we can find an index j, such that
n(E)—e < [ d(f;,0)
[ ¥af;,0) <n(E)+e.
Combining these two inequalities yields
1(E)~e < fi,0(Uy) < n(E)+e.

We can now repeat this process, and continue inductively to obtain a sequence
{U,} of open sets and a subsequence { fi, 0} of the sequence {f;o} such that:

@ EcUyncUiacU,
(ii) Jewr = Jus
(iid) fi,.06(0) < n(E) +s,
@iv) f.0(0) = n(E)—e.

Since each of the measures f;o is absolutely continuous with respect to ¢, and
6(E)=0, we can also arrange that:

2 f}kU(Uk+1) < é&.
Henceforth, we will write g, for f; . Set
W= kU (U2k_ Uzk+1);
=0
W is a Borel set, and we write yy for its characteristic function. Then

fXWgzk do = gyo W)

= 20 6(Ua) — 80 (Ups 1) = n(E) —2e.
On the other hand,

wag2k+1 do = gy 0(W)
= g +10 (U= Uk 1) + 8ax+10 (U 0) = (’1(5)+3)‘(’1(E)‘“3)+8-
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Since the measures g, ¢ are absolutely continuous with respect to ¢ and represent
@ on the algebra 4, they have lifts to Z (o), which we denote by g, 4, which are abso-
lutely continuous with respect to é and represent ¢ on the algebra H” (o). Let 4,
be any weak-star cluster point of {g,,6} and let 4; be any weak-star cluster point of
{844+16} If we regard x, as a continuous function on X (o), the estimates obtained
above imply that

S aw dio = n(E)—2,
f Awddy = 3e.

In particular, A,=4; if e<n(E)/S.

On the other hand, the measure A,—A; belongs to the band B, generated by
the representing measures for ¢ and is orthogonal to H*(0), since 4, and A, both
represent ¢. Moreover, if h€C(dD) then [ hd(g,6)= f hd(g,0) since 8,8 is the
lift of g,o. Since g,o—n weak-star we conclude that [ hdl,=[ hd}, for each
heC(X); i.e., Ag—4, is orthogonal to H*(¢)+C(X). In particular, 4,—24; belongs
to the band B as well as to the band B,. Since B and By, are singular, we conclude
that A,—A,=0. This contradiction shows that the space S is indeed weak-star
closed, as desired.

We can now show that & is a dominant representing measure. Let v be any
representing measure for ¢ on Z (o). By the dual version of the Hoffman—Rossi
Theorem there is a net {vy} of representing measures absolutely continuous with
respect to & which converges weak-star to v. Since the measures vz are absolutely
continuous with respect to &, each of them is the lift to 2 (¢) of a measure fzg on
X which is absolutely continuous with respect to ¢ and represents ¢ for the algebra 4.
Choose any weak-star cluster point of the net {f;0}; since the space S is closed,
this cluster point is a representing measure for ¢ of the form fo. If we lift fo to Z (o)
to obtain the measure f&, we see as before that v—fé belongs to the band B, and
to H”(o)*, since it is the difference of representing measures. Since v, and fzo
agree on C(X), while fo and fé also agree on C(X), it follows from weak-star con-
vergence that v—fé is also orthogonal to C(X), and thus belongs to the band B.
Since B, and B are singular, we conclude that v= f&; i.e., 8 is a dominant repre-
senting measure. This completes the proof. [

The hypothesis that X be metrizable, in Theorem 4, is necessary. A counter-
example to the conclusions can be obtained by taking A4 to be itself an algebra of
the form H™ (i), for p the harmonic measure on the boundary dD of an appropriate
domain D in the complex domain, a “road runner” domain. One can choose D so
that H>(u) separates the points of X (o), and so that £ is not dominant. Then set

A=H=(u), X=X(u) and o=/. Since 4 is already weak-star closed, we obtain
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H*(0)=2 A, and consequently X(¢)=X, L=(c)=C(X), and é=4. Since & is not
dominant, neither is é. On the other hand, [H=(¢)+C(X)]*={0}, so that
the zero operator is a band projection of H” (o)t onto [H*(o)+C(X)]*, and
[H”(0)+C(X))/H* (¢) is an M-ideal in L= (c)/H" (o).

Now we wish to obtain some sufficient conditions for [H* (¢)+C(X)]/H=(0)
to be an M-ideal. We do not know whether this occurs just as soon as ¢ is dominant.
However, under some rather severe hypotheses, modelled on the algebra A(D),
we can obtain a converse to Theorem 4.

Theorem 5. Let A be a uniform algebra on a compact space X, let €M ,, and
let 0 be a representing measure on X for ¢. Assume that & is a dominant representing
measure for ¢ on HT (o). Assume furthermore that there is a function g€A such
that gA coincides with the ideal of functions in A vanishing at ¢, and such that the
linear span of A and the functions 1/g™, m=1, is dense in C(X). Let P be the band
projection of M(Z (o)) onto the band of measures singular to 6. Then P maps H (o)™
onto [H™(0)+C(X)]*. In particular, [H*(0)+C(X))/H=(0) is an M-ideal in
L= (0)/H* (o).

Proof. Since é is dominant, the F. and M. Riesz theorem shows that the meas-
ures singular to 8 form a reducing band. Consequently P maps H ()" into H>(c)".
Denote the kernel of ¢ on H* (o) by H;°(0). Since g4 coincides with the kernel
of ¢, we see upon passing to weak-star closures that gH>(¢)=H; (s). Thus if

1
v H”(0), then —v 1 H;>(0).
g
1
Suppose v€ H* (o) is singular to . Then — v€ Hy® (o)* is also singular to 6.
g

1
By a corollary to the F. and M. Riesz Theorem [4, Corollary 11.7.9], —v L H;*(0).
g

Proceeding by induction, we obtain
v 3 -
— LH (o), m=1.
g
In particular, v is orthogonal to the powers 1/g™ for m=1. Since these together
with A span a dense subset of C(X), v [H"(¢)+C(X)]. Thus
P(H=(0)") S [H=(0)+C(X)]".

To prove the reverse inclusion, suppose that v | H*(0)+C(X). Write v=h8+
P(v). By the F. and M. Riesz theorem, P(v) L H” (o). According to what we have
proved already, P(v) L H”(6)+C(X). Hence hé=v—P(v) LC(X). It follows
that #=0 a.e. (d6), and v=P(v) liesin the range of P. This completes the proof. [
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Before turning to the algebra 4(D), we wish to consider the problem of cap-
turing a version of the F. and M. Riesz theorem when & is dominant. When is every
measure in 41 absolutely continuous with respect t> 67 The type of problem we
might run into is illustrated by the following example (which however does not
satisfy the hypotheses of Theorem 5).

Let 4= {|z|<1} be the open unit disc in the complex plane. Let E be a compact
perfect subset of the unit circle d4 of zero length, let B te some nontrivial uniform
algebra on E, and let x€FE be a peak point for B. Let 4 consist of all functions
JEA(4) suchthat f|g€B, and f(x)=f(1/2). Let ¢ be the evaluation homomorphism
at 0c¢4, and let ¢ be normalized arc-length measure on d4. By considering the
difference of the point mass at x and the Poisson measure, one sees that there is no
hope of obtaining an F. and M. Riesz theorem for measures in B+ with respect to
o. Yet since H” (o) C(04) is the usual disc algebra 4(4), we do have an F. and
M. Riesz theoremn for measures orthogonal to H™ (6) C(94).

In the case at hand, we prove the following F. and M. Riesz theorem for the
“localized” version H*(6)nC(X) of the algebra A4.

Theorem 6. Suppose that the hypotheses of Theorem 5 are met, and that further-
more H*(0)+C(X) is a closed subspace of L™ (). Then every measure on X ortho-
gonal to HT”(a)nC(X) is absolutely continuous with respect to o. Consequenily,
every representing measure on X for ¢ with respect to the algebra H” (6)n C(X) is
absolutely continuous with respect to o.

Proof. Suppose vl1 H”(6)nC(X). Then there is a well-defined functional L
on H%(c)+ C(X), such that
L(f+h) = [hdv, feH=(o), heC(X).
Now the natural projection
H=(@)+C(X) ~ C(X)[H=(c)n C(X)]
is a closed operator, hence continuous. Since the functional g+(H>(6)n C(X))~
f gdv is evidently well-defined and continuous on C(X)/(H(¢) n C(X)), and since

L is obtained by composing this functional with the projection above, L is continuous.
Hence there is a measure « on Z (o) such that

L(F)= [Fds, FCH>(6)+C(X).

Since L annihilates H> (¢), « is orthogonal to H>(5). Let a=0,+48 be the Lebes-
gue decomposition of o with respect to &, where #€L'(6). By Theorem 5, o, is
orthogonal to H(6)+C(X). Hence the measure /16 also represents L. If GEC(X)
we then have

[Gdv=L(G) = [Ghas = [Ghdo.
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It follows that v=ho, and in particular v is absolutely continuous with respect
too. O

Now we specialize our results to algebras of analytic functions.

Tkeorem 7. Let D be a bounded domain in the complex plane, and let y be har-
monic measure on 0D for some point pcD. Suppose that the closed support of p
coincides with 0D. Then the following are equivalent:

@) [H=(W+CED)H™ () is an M-ideal in L (u)/H* (u),
(ii) there is a band projection mapping H= (u)* onto [H* (u)+C(@OD)]*,

(iii) 2 is a dominant representing measure for the evaluation homomorphism at p of
the algebra H* (1),

(iv) the set of representing measures on 9D for p is a weakly compact set of meas-
ures. :

Proof. The equivalence of (i) and (ii) follows from Theorem 2. That (i) implies
(iii) follows immediately from Theorem 4.

Suppose that (iii) is true. It is a very useful fact from rational approximation
theory that the linear span of 4(D) and the powers 1/(z—p)™, m=1, is dense in
C(D). (To see this, observe first from Runge’s theorem that this linear span is
dense in R(ID). Since each point of D lies in the closure of a single component
of the complement of dD, each point is a peak point for R(9D), and hence by Bishop’s
theorem, R(AD)=C(dD).) Furthermore, (z—p)A(D) coincides with the ideal of
functions in A (D) which vanish at p. Hence the hypotheses of Theorem 5 are verified,
with g(z)=z—p. We conclude from Theorem 5 that (i) and (ii) are true.

If (iv) is true, then in particular the representing measures which are absolutely
continuous with respect to p form a weakly compact set. By the dual version of
the Hoffman—Rossi theorem, (iii) is valid. To complete the proof, it suffices then
to show that the equivalent conditions (i), (ii), and (iii) imply (iv). This can be done
in several ways.

One method, following [5], is to invoke a theorem of Gamelin and Garnett
[6, Corollary 7.4 and Theorem 8.1], to the effect that the representing measures
for p which are absolutely continuous with respect to u are weak-star dense in the
set of all representing measures for p which are carried by the closed support of
u. Suppose (iii) is true. By the dual version of the Hoffman—Rossi theorem, the
representing measures absolutely continuous with respect to p form a weakly compact
set, hence a weak-star closed set. By the theorem just cited, all representing
measures for p are absolutely continuous with respect to u. Hence the set of all
representing measures for p is weakly compact, and (iv) is true.
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Another way to show that (iii) implies (iv) is to appeal to Theorem 6 and the
distance estimate

distance (h, A(D)) = distance (h, H= (1)), h€C(OD),

[6, Theorems 6.3 and 8.1]. This distance estimate shows that C(@D)nH> (u) coin-
cides with the restriction of 4(D) to dD. It also shows that H= (u)+ C(dD) is closed.
Thus, assuming (iii), the hypotheses of Theorem 6 are met, and we obtain that
every representing measure for p on 9D is absolutely continuous with respect to p.
This fact, combined with the Hoffman—Rossi theorem, establishes (iv). O

One consequence of our analysis is that, under the equivalent hypotheses of
Theorem 7, all representing measures for p are absolutely continuous with respect
to harmonic measure p. It is proved in [5] that if the representing measures for p
form a weakly compact set, then all representing measures for p are mutually abso-
lutely continuous.

We refer the reader also to [5] for a discussion of which domains D have weakly
compact sets of representing measures. The situation for road runner domains is
easiest to describe. These are domains obtained from the punctured unit disc AN\ {0}
by excising a sequence of closed, pairwise-disjoint subdiscs which cluster only at 0.
In this case the set of representing measures on 9D for p€D is weakly compact if
and only if 0 is a peak point for A(D). The situation for champagne bubble domains
is much more complicated. See [5] for various constructions.

4. Best approximation

Having obtained necessary and sufficient conditions that (H = (1) + C(0D))/H* (1)
be an M-ideal in L= (u)/H* (1), we want to close this circle of ideas by obtaining
best approximation results. The fact that best approximation is possible from M-
ideals was proved by Alfsen and Effros [1, Corollary 5.6]; since the proof they give
is rather complicated (it is embedded in a much larger and more powerful argument),
it seems worthwhile to give an independent, elementary proof. (In fact, we get the
full strength of their Corollary 5.6.)

Recall that Alfsen and Effros define a subspace F to have the n-ball property
in a Banach space E if whenever n open balls, each of which meets F, have a non-
empty intersection, then that intersection meets F. The paper [1] is devoted to proving
that for each n=3, the n-ball property characterizes M-ideals in E. We aim to
show that a weak form of the two-ball property already guarantees the existence of
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best approximants. Then we will show by a short direct proof that M-ideals have
the property, hence they have best approximants,

We say that a subspace F of a Banach space E has the weak two-ball property
in E if there is a positive, continuous, increasing function ¢(g), ¢=0, for which

N ?@

o o dg <e,

and such that for each 0<g=<1 and each x¢E satisfying
[x| < 1+4¢, distance (x, F) < 1,

there is a y€ F satisfying

Iyl <o), lx—y|<1+0g/2.

The purpose of the integrability condition on ¢ is to assure that

Ji=10(g) <

for any O<g<1 and 0<c<l.

The two-ball property trivially implies the weak two-ball property, with ¢(0)=
0/2. Indeed, suppose x€FE satisfies [x|<1-+¢ and distance (x, F)<1. Then the
open balls B(0; ¢/2) and B(x; 1+9/2) meet each other, and each of them meets F.
By the two-ball property, there exists y€ Fn B(0; ¢/2)n B(x; 1+¢/2), and this y
does the trick, with ¢ (0)=g/2.

It is fairly straightforward to check that any closed subspace of a Hilbert space
has the weak two-ball property, with @(0)=2)¢. Furthermore, no larger power
of ¢ will serve for Hilbert space.

An iteration argument, using the two-ball property, allows us to obtain in
short order the existence of best approximants.

Theorem 8. If F has the weak two-ball property in E, then every element of E
has a best approximant in F.

Proof. Let zcE, and fix O<g<1. We may assume without loss of generality
that distance (z, F)=1, and furthermore that |z||<1+g¢. By the two-ball prop-
erty, applied to x=(149¢/2)z/(1+3g/4), there exists ye€F with |y|<¢(e) and
lx—yl<1+4¢/2. Then wy=(14+30/4)y/(1+0/2) satisfies

Iwal = 2{»] < 20(0),
lz—wi| < 143¢/4.
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Repeating this procedure, with ¢ replaced by 3¢/4 and z replaced by z—w,;, we
obtain w,€ F such that

[well < 20 (30/4),

2wy —waf < 1+G]2g.

Proceeding in this fashion, we obtain a sequence {w;} in F such that

il <26((3) ).

lz—wy—... —w,| < 1+[%]mg.

The estimate for [w,|[ shows that the series Xw; converges to weF, and evidently
|lz—w||=1=distance (z, F). 0O

We remark that the above proof shows that there is continuity of best approxi-
mants, in the sense that if z€ E satisfies distance (z, F)=1 and |z} <1+, there
exists wE€F such that |z—w]=1 and |[w]|<W¥(¢), where ¥(g)-0 as ¢—0.
In fact, we may take

¥ (o) = sf: —‘-’it(’—)dt.

Using the separation theorem for convex sets, we may now show that M-ideals
have the weak two-ball property and hence the best approximation property.

Proposition 9. If F is an M-ideal in E then it has the weak two-ball property,
and hence every element of E has a best approximant in F.

Proof. We are going to verify the weak two-ball property with the function
o(0)=0. Let x€E, with |x]|<1+4+90<2, x¢F, and distance (x, F)<1. Let B
be the open unit ball of E. We claim that there is an element z in the intersection
of the two convex sets x+o(BnF) and (1+¢/2)B. If this is so, we may set
y=x~2z, sothat y€F and ||y|<g¢ (because z is in x+¢(Bn F)) while |x—y|=
lzll<14¢/2 (because z is in (1+¢/2)B), which is what we desire.

It remains to prove the claim. If it were not so, the separation theorem would
enable us to find a nonzero continuous linear functional ¥ in E*, the dual space of
E, such that

su Re¥(u)= inf Re ¥(x+ov
u€(1+1;)/2)B @) vEBNF (x-+ev)
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thus
(1+¢/2)|¥) = |¥(x)|—0 sup Re ¥(v)
vEBNF

= |7 @) —e|¥]s

Since F is an M-ideal in E, there is an L-projection P of E* onto F+. From the
Hahn—Banach theorem and the defining property of L-projections, we have

|¥]#+ = inf {| ¥ —0]: 0c F*}
= inf {| P —0| +|¥ —PYP|: 0¢ F'} = |¥ - PYP|.
Thus using PY 1 F below, we obtain
(1+e2)|¥] = |¥(x)|~o| ¥ —PY|
= |P(x)~PY ()| +|P¥(x)| - |¥ - PY|
= |¥ —P¥||x| +| P¥| distance (x, F)— | ¥ — P|
= |¥-PY[(1+Q)+|P¥]|—o|¥—P¥| = |¥|.

This contradiction establishes the proposition.
As another application of the weak two-ball property, we mention the following,
which is related to the Hilbert space example mentioned earlier.

Proposition 10." Suppose H is a closed self-adjoint subalgebra of C(X),
where X is compact Hausdorff. Then H has the weak two-ball property, with
©(@=2Veo, and hence every element of C(X) has a best approximant in H.

Skerch of proof. Fix 0<=g=1, and suppose f€C(X) satisfies || f]|<1+¢, and
| f—gll<1 for some g€ H. Define

hoo = | £ lg()| = V3e,

V3eg®)/lg®)l, lg®)] = V3e.

Then he€H satisfies [A<@(0). Some elementary geometry in the plane shows
that if |a|=1+¢ and if |b|=}3g, |b—a|<1, then the radial projection of b onto
the circle {|¢|=V3¢} lies inside the circle {|{—a|<1}. Applying this fact to a=f(x)
and b=g(x), we obtain [A(x)—f(x)|<1, which is a stronger estimate than that
required for the weak two-ball property. O

Finally, we combine the above results with weak-star compactness to obtain
best approximation from H* (u)+C(@D).
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Corollary 11. Let D be a bounded domain in the complex plane, and let p be
harmonic measure on 0D for a point peD. Suppose that the closed support of u
coincides with 0D, and that (i is a dominant representing measure. Then every func-
tion in L= (u) has a best approximant in H* (u)+ C(dD).

Proof. By Theorem 7, (H* (u)+C(@D))/H* (1) is an M-ideal in L™ (u)/H" (u).
Thus, given feL™(y) we can find (by Theorem 8 and Proposition 9) a function
gEH= (W) +C(dD) such that distance (f—g, H> (u))=distance ( f, H” (1) + C(dD)).
Since norm-closed balls in H*(u) are weak-star compact, there is an A€ H”(u)
such that

If—g—h| = distance (f—g, H>=(w)
= distance (f, H=(u)+C(dD));

ie., g+h is a best approximant to f from H=(u)+C@®D). 0O

In closing we remark that the question of best approximation from other sub-
algebras of L= () is not well-understood, although Sundberg [12] has shown that
there are subalgebras between H* and L which do not have the best approxima-
tion property.
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