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Introduction

The purpose of this paper is to present a Kiinneth formula for the cohomology
of the de Rham—Witt complex (cf. [15]) for smooth and proper varieties over a per-
fect field k. To explain the details of this let me recall the form the Kiinneth formula
takes for the crystalline cohomology. In this case the cohomology of a smooth and
proper variely X over k is a certain complex of W-modules RT (X/W) where W is
the ring of Witt vectors of k. The Kiinneth formula then takes the form R[" (X/W)®5,
R (Y/W)=RT (Xx,Y/W). The reason for the appearance of the tensor product
is that it is the product universal for the properties of the cup product in crystalline
cohomology namely W-bilinearity. The Kiinneth formula is proved by first, with
the aid of the cup product, defining a morphism R (X/W)®L Rl (Y/W)—~
R (Xx,Y/W) and then noting that as both sides of this morphism are complexes
whose cohomology are finitely generated W-modules to prove that it is an isomor-
phism it suffices to show that W/p®3,(—) applied to it is. Finally, W/pQL ((—)®%
(=) =W Ip&4(—))&% (W [p® L(—)) and Wip&Y% RT (Z|W)=Hyx(Z[K) for any
smooth k-variety Z. That the Kiinneth morphism is an isomorphism is now clear as the
Kiinneth morphism in de Rham-cohomology is. From our point of view this proof has
one drawback. It needs the rather precise piece of information that R (Z/W) has
finitely generated cohomology when Z is a smooth and proper variety over k. This
may be rectified as follows. For a general morphism M —N in the derived category
of W-complexes it is true that if W/p®y,(—) applied to it is an isomorphism then its
completion also is, where the completion functor, (=), is defined to be the composite
Rlim {W/p"®y,, 7},  being the morphisms induced by projections W /p"+'—W p".
We hence get a Kiinneth formula involving the completed tensor product,
((=)®%(—))", this time there being no need to assume that X and Y be proper.
This version of the Kiinneth formula is then completed by a calculation of (M &} N)~
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when M and N has finitely generated cohomology namely in that case it equals
M®}, N. The plan of proof for the present Kiinneth formula is very similar. The de
Rham—Witt complex is a module over the Raynaud ring R, the W-ring generated
by F, d and ¥ and having certain relations. The multiplication in the de Rham—Wiit
complex fulfills, apart from #-bilinearity, certain relations wrt the operations of the
elements of R. We define a product {—)*z{—) on R-modules universal for these
relations. The reduction modulo p is now replaced by reduction modulo V and dV
and a suitable completion functor is defined. As the reduction of the cohomology of
the de Rham—Witt complex is the Hodge-cohomology we conclude the proof of the
Kiinneth isomorphism by the Kiinneth formula for the Hodge-cohomology. This
first step can be done in very great generality. Apart {from some minor technical
conditions it is proved for smooth varieties over a perfect scheme of characteristic
p=0. The last step, the computation of the Kiinneth formula is less satisfactory.
Ideally we would like to compute it completely for complexes with coherent coho-
mology (cf. [16: 1, Déf. 3.9]). The actual result is a far cry from the ideal. We will be
able to compute it only in some very special cases, which still leads to some interest-
ing consequences however.

Here follows a more detailed description of the contents of the particular chap-
ters.

In chapter 1 we develop the necessary R-module formalism. Proposition 1.1 is
our version of Nakayama’s lemma which will enable the reduction to the Hodge-
cohomology. Two points should be noted. Firstly, we will more generally want to be
able to transfer properties of the reduction modulo ¥ and dV to the completion hence
the very general form of the proposition. Secondly, contrary to the case of W-com-
plexes, the Nakayama’s lemma is not true without any boundedness restrictions on
the complexes involved. An R-complex may be regarded as a double complex and the
lemma will be true if the complexes involved are bounded in any of the four direc-
tions. In section 2 we show that the completion functor behaves as expected notably
that the completion of a complex is complete. In section 3 we define (—)%z(~) and
obtain some of its properties the main result being that R« R is free on a countable
number of generators. In section 4 we continue this study. The main result is that the
reduction modulo ¥ and d¥ of (—)xk(—) is what is expected and needed. In section
5 we define the right adjoint of (—)#*gx(—), the internal Hom-functor, and study its
properties which will be needed in some of the explicit computations. Theorem 6.2 is
the main result of the chapter. It says that a certain subcategory of D(R) admits a
structure of a rigid tensor category and that reduction modulo V and dV is a tensor
functor. In section 8 we study the relation with crystalline cohomology or what
amounts to the same, the simple complex associated to an R-complex:

One general comment on chapter 7 should be made. All our results are valid in a
perfectly ringed topos satisfying a certain technical condition. The proofs of our
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assertions are not very different from what they would have been in the pointual case
with one notable exception. Sometimes we want to compute Ext: s by resolving the
first variable by free modules. This is, of course, not possible in general. If we simul-
taneously resolve the second variable by flasque modules it is possible however.

In chapter 11 we prove the Kiinneth formula. With the ground already covered
this is very simple indeed. Using the internal Hom-formalism we also get a new proof
of the duality formula for the cohomology of the de Rham—Witt complex which
also works over any perfect base.

In chapter 111 we get down to some explicit calculations. First we prove in Pro-
position 1.1 that a complex of R-modules bounded from above is coherent iff its
cohomology consists of coherent R-modules. As the category of coherent complexes
is a triangulated subcategory of D(R) this implies that the category of coherent R-
modules is an abelian subcategory of R-mod a fact which, strangely enough, seems
to be difficult to prove directly. Apart from the case when one of the varieties is ordi-
nary (cf. Prop. 2.1) the terms in the Kiinneth formula are very difficult to compute.
We do it in some particular cases by the following method. We know the associated
simple complex by the Kiinneth formuia for the crystalline cohomology and the
reduction modulo V and dV by the Kiinneth formula for the Hodge-cohomology.
The results of chapter I enable us to obtain these formulas purely algebraically. By the
tensor formalism we can also comrpute the fixed points under F, the logarithmic
cohomology. Combining this we obtain our computations. As one particular con-
sequence of these partial computations we can prove that ((—)*5(—))" has ampli-
tude [~2, 0] on the category of coherent complexes. Finally, we apply our results
to compute the cohomology of the product of the Igusa-surface with itself. As a
consequence of this we obtain an example of a smooth and proper morphism f: X~W
such that the higher direct images in the flat topology R'f, G, are not pro-repre-
sentable for 7=3, 4. In the course of proving this we obtain for a smooth and proper
morphism f: X’—~Spec k the relations between the R'f,G, and the H'(X, W0)
without assuming that the R'f, G,, are smooth, a result which is hopefully of independ-
ent interest (cf. [2]).
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0. Conventions and preliminary results

1. By the word ‘““functor” we will always mean a covariant functor. To any con-
travariant functor F: A—~B there is associated a functor A4°°—~B which we, by
abuse of language, will denote F. Similarly for multifunctors of mixed variance. We
will use the usual sign conventions for complexes (cf. {1: XVII, 1}). Note that for a
contravariant additive functor 4—~B we obtain two different associated functors
C(A)*®*~C(B) which however are canonically isomorphic (cf. [1: XVII, Lemme

1.1.5.4 ii]). This should cause no confusion.
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If 4 is an abelian category with countable sums and X ™ is a double complex in
A then s(X™) will be the associated simple complex whose component in degree n
is 34 ;=n X"’ and similarly for multiple complexes. s(—) will then commute with
direct limits. Dually, s”(—) will denote the simple associated complex using products.
If T(—, —): AXB—C is a biadditive functor between abelian categories, if C has
countable sums and if T(—, —) commutes with sums then for X € C(4), Y € C(B),
T(X,Y") will use s(—) in its definition. Similarly for multifunctors. Dually for
multifunctors commuting with products we will use s’(—). Hence if S(—, —):
Ay X A;~A commutes with sums and G(—, —, —):=T(S(—, =), —) then
GX,Y,Z)=T(S(X",Y),Z) for X'€C(4,), Y'€C(4,) and Z'€C(B). Simi-
larly and dually.

Example: Using all conventions introduced we see that Homz(X'®,Y", Z')=
Hom, (X", Hom,(Y", Z")) for X', Y'€C(Z)*® and Z'c¢C(Z).
For a complex X° in an abelian category put

(1.1 T X = (LS X L 7 0.1, X = X X
X = (L0— XL XL, N X = X, X

If T(—, —) is a biadditive functor AXB—C between abelian categories then we
clearly have canonical isomorphisms of bicomplexes when X°€C(4) and Y'€C(B);

1.2 1_1l_rg (T X, Y} =TX,Y)
lim {7'(t>, X", Y)} = T(X", ¥")
and if C has countable sums
1.3) 1_1_n3 (TG X, V) =s(T(X, YY)
im {s(7(r.. X", Y))} = s(T(X", Y)).
Similarly for multifunctors and dually, if C has countable products:

(1.4) lim {8'(T(t-, X", Y))} = 8(T(X", 7))

lim {s'(T(t=, X", YY)} = s(T(X", Y')).
Let us also recall

Definition 1.5. If A and B are abelian categories, T: D*(A)—~D(B) is an
exact functor and d is an interval in Z then T is said to have amplitude d if, for X€ A,
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H(T(X))=0 if i¢d. Tis said to be of finite amplitude if it has amplitude d for some
finite d. Similarly for multifunctors.

2. In case a topos T has sufficiently many points one usually constructs the
canonical flasque resolution of a sheaf by considering the morphism &~ 7 where
P is some conservative set of points of T and ¢ the pointual topos. The only proper-
ties of p& and ¢ that are used is that epimorphisms split in & and that ¢ is a
surjection (i.e. ¢* is conservative). In general Barr’s theorem (cf. [18: 7.51]) confirms
that for any topos T thereis a surjection ¢: P-T where all epimorphisms in P split.
I will refer to such a topos P as an acyclic topos. Again we may define the canonical
flasque resolution wrt ¢ of an abelian sheaf M in T which will be denoted C*(M)
even though this time it is somewhat less canonical. As there are two slightly dif-
ferent ways of constructing such a C*(M) we will, to be definite, choose the one
which is the cobarresolution associated to the pair of adjoint functiors (t*, ¢,) (cf.
[18: 8.20]).

We will in the following, unless otherwise mentioned, consider only graded
rings, modules and morphisms. Note that this means that functors generally are
applied degree wise e.g. if M is a graded group in a topos S and f: S—T a mor-
phism of topoi then f, M is the graded group in T whose i:th component is f, M".
If M is again a graded group sheaf and X a graded sheaf (i.e. a disjoint union over Z
of sheaves) then M[X] will denote the internal copower of M over X with M[X]'=
i=j+x M[X*]. If M is a graded module over the graded ring A then we have a
canonical epimorphism A[M’]-~M of A-modules where M’:= w;M"® as a graded
sheaf. Asin [14: I, Lemma 4.6 1] we can construct the canonical free resolution of
any X€C~(4).

A functor T from A-modules to B-modules where 4 and B are rings in a topos S
will be said to be internally additive if it commutes with internal sums over arbitrary
sheaves and internally right exact if it commutes with all small internal (or local in
the terminology of [1: V, 8]) direct limits. Clearly every internally additive right
exact functor is internally right exact.

3. Let F: (S, 05)—~(T, 0;) be a morphism of ringed topoi. I will prove the
following version of ““trivial duality”” for lack of reference (cf. [14: II, Prop. 5.10]).

Lemma 3.1. Let McD—(0;) and NeD+(0g). Then
(3.1.1) Rf,RHom,_(Lf*M, N) = R Hom,,_ (M, Rf,N).

Furthermore, if f, is of finite cohomological dimension and f of finite Tor-dimension M
can be arbitrary.

Proof. Let us agree to let f* denote the inverse image of ringed topoi and f!
the usual inverse image. Let ¥ be a group in 7, M an ¢y-module and N an @g-mo-
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dule. Then
Homy 4 (Y, £, Hom,, (f*M, N)) = Homs_, (f 'Y, _H_m_‘f_lws(f*M’ N))
= Hom,_ (/7Y®,f*M,N) = Hom,_ (f*(Y®,M),N) = Hom, (Y®,M, f,N)
= Hom;_,, (¥, Hom,_(M, f,N)).
As this is natural in ¥ we get the module version of (1.1.1) and as f, commutes
with products we get the underived version of (1.1.1). To get (1.1.1) we may assume

that M has f*-acyclic componznts and N injective. Then Hom, (f*M,N) is
flasque as in the proof of (I: 5,2) and we are through.

4. Let again f: S§—T be a morphism of topoi and let C be a small category.
We then have morphisms S¢->S(T¢-:~T) where the direct images are the
limc and the inverse images are the constant objects functor. Clearly the following
diagram commutes. '

SC £, TC
(4.1) ) )
A
which gives P
4.2) " RlimcoRfE = R(limeof) = Rf,oRlime.

Furthermore, if M¢TC—ab then lim’ (M) is the sheafl associated to (U
Hi(I*U, M)). If p: T/I*U~TC is the projection then [ (I*U, M)=[ (T/I*U, M)
and as the projection T¢/[*U—¢ factorsas T</I*U=(T/U)"~S°—~S we get

@.3) Rr(I*U, M) = Rlim¢ (RTE(I*U, M)).

On the other hand, if c€C, then T°—T(X—X(c)) is the direct image of a morphism
of topoi and we also get a diagram corresponding to (4.1). As this functor is exact
we get for NED*(S€—ab)

(4.4) RfEN(Q) = RLN(0.

Applying this'to 7/U—~S and using (4.3) we get a spectral sequence

(4.5) mé{CHHf(U, M(c))}:>Hi+j(l*U, M).
In case C=N this degenerates to a short exact sequence
(4.6) 0 — im'{H'-*(U, M)} -~ H'(I*U, M) -~ lim {H'(U, M)} - 0.

Definition 4.7. A topos S is said to be of finite cohomological dimension if there is
a set S¥°° of generators and an integer N such that T (U, —) has cohomological dimen-
sion =N for all Ue S,
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Remark: i) Strictly speaking such a topos should rather be said to be uniformly
locally of finite cohomological dimension which explains why 1 have chosen the less
appropriate expression. Note that BG for a discrete group G is of finite cohomological
dimension in this sense even if T (BG, —) may well have infinite cohomological
dimension.

ii) Typical examples of topoi of finite cohomological dimension are the Zariski-
topos of a scheme whose underlying space is locally Noetherian of finite Krull di-
mension (cf. [12: Thm. 3.6.5]), most étale topoi of interest etc. As any topos locally
isomorphic to one of finite cohomological dimension also is, one may for instance
take the classifying topos of some group in one of the above-mentioned topoi.

iii) In all of the cases in the present paper there will be a fixed prime p such that
it will suffice that [ (U, —) be of finite cohomological dimension when restricted to
Z,) -sheaves.

Lemma 4.8. Let S be a topos of finite cohomological dimension and C a small
category such that T (¢€, —) has finite cohomological dimension then lim.: S€—ab—
S—ab has finite cohomological dimension.

Indeed, using the notations of (4.7) and supposing that H'(S¢, —)=0 for
i>M, then (4.5) shows that H'(I*U, —)=0 if />M+N and U¢S*". When taking
the sheaf associated to (U—H'(I*U, M)) we need only let & run through S®°
and thus limL(-) is zero for i>M+N.

- Let us also note that (3.1.1) applied to the morphism /: §°~S, a ring 0
in S, a C-system of rings ¢ and a morphism [*Os—~0 gives us for McD™(0y)
and NeD*(0)

(4.9) Rlim¢ R Hom, (LI* M, N) = R Hom,_ (M, Rlim¢ N).

If O=I1*05 and S and T (¢, —) has finite cohomological dimension then (4.8)
shows that (4.9) remains true for arbitrary M.

5. For the rest of this paper, unless otherwise mentioned, (S, 05) will be a ringed
topos with S of finite cohomological dimension and with @ a perfect ring of charac-
teristic p=>0. W(@g will denote the ring of Witt vectors and the W, 0 the rings of
truncated Witt vectors. Rg will denote the graded W0s-ring with generators F, V in
degree 0 and d in degree 1 and relations (cf. [16]) FV=VF=p, Fa=a°F,
aV="va®(acW0ls), FdV=d, d*=0 and da=ad(acW0s) where o: WOs—~W0s
is the ring-automorphism induced, by functoriality, from the p: th power-map-
ping on 0. R,s:=Rgs/dV"Rg+V"Rs, Rg:=lim R,s. As in [16: I, 1.1.4—5 and
1.3.3] one sees that

(5.1) Ry = SunoWOsV"® S, 0g WO F'® 3, s W5 V"D 3, WO F" d,
RnS hd 2n>m>0vVn—m(QSVm®2mé() I/Vn@Slrmga21n>m>()VVn—m(OS de@ ZmZOWIﬂJSFmd
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By analogy with [15] we define right Rg-modules Z, and B, as the kernel and cokernel
respectively of multiplication by d to the left on R,. I claim that F: R,—~R, induced
by multiplication to the left by F on R induces an isomorphism C~': R,
6,Z,/o,B,. This and relations to follow can be proved in two ways. Either by
direct inspection using (5.1) or by observing, as has done Illusie, that if £(f) are the
“formes entidres” of [15: 1, 2] then Rg—E(t), (1) presents Ry as a direct factor,
as Rg-modules, of E(7) and then the desired relations follow from the ones
already proved for the de Rham—Witt complex. 1 will have nothing further to say
concerning the proofs but just refer to the result for the de Rham—Witt complex.
Again by analogy we define Z, and B, recursively by the exact sequences

(5.2) 0->B ~B,.,~ B, ~0
0——>B1——> «n+1£~>Zn—>0’

where C is the inverse of C~t. Welet =n,: R,,;—~R, be the projections and ¢,: R,~
R,.. the morphisms induced by multiplication by p. We put

(5.3) 0—+gr—>R,;;~R, >0
0 >R, >~ Rys1—~gri—~0
and then we have exact sequences (cf. [8], [15] and [16]):

(5.4.1) 0~B ~Z,<~R ~0

(5.4.2) 0 — 6% R,/B, — gr" —~ " Ry/Z,(—1) ~ 0

(5.4.3) 0—B,(1) ~grt—2Z,~0

(5.4.9) 0—>2Z, ~0,R —~ B (1)~ 0

(5.4.5) 0~ 0, Ry/Z; — 6" LRy Zy 41 — 0% RyfZy — O
(5.4.6) 0 > 0, R/Z, ~ 0"+ Ry/B,,, ~ ¢ Ry/B, = 0
(5.4.7) 0-REL=D, roREY, R~ B (1) >0
(5.4.8) 0-R-1DE=2, R—1N)ORZLE, R~Z, -0
(5.4.9) 0> R(—1) &=, R—1)pRHY", R~ R, ~ 0.

((5.4.5.-6) are not to be found in the references and / leave their verification to the
reader. They are clearly “dual” to (5.2).)

If X" is a complex of R-modules then we will say that X* is bounded (from above,
from below, to the right, to the left, horizontally resp. vertically) if there is an N&N
such that H'(X)’=0 unless —N=i,j=N ((=N,i=—N,j=N,j=—N, —N=j=N,
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resp. —N=/=N). Wewill say that X" is bounded in one direction if X" is bounded
either to the left, to the right, from above or from below. D*°(Ry) will denote the
derived category of complexes bounded in different directions according to * being
@ (no vertical restriction), + (from below), — (from above) and b (vertically) and
0 being § (no horizontal restriction), / (to the left),  (to the right) and 4 (horizontally).

Recall ([8: III, Def. 2.1]) that an inverse de Rham—Wiit system on S is a system

(5.5) (an M, M, ,,FFM,~o, M, ,,d: M, ~ M, (1)(1),
Vio M,y — M,),

where M, is a W,0-module, (z, F, d, V) are W,0-homomorphisms with the relations
nlF=Fn, di=nd, nV=Vr, FV=p=VF, FdV=d, d®*=0. (R,, n, F,d, V) is such a
system denoted R. and, by functoriality, for any R-module M R.®x M :=(R,QxM,
n, F, d, V) is an inverse de Rham—Witt system. Its left derived functor

(5.6) R ®k(—): D~(R) » D (inv—drw—S)

has amplitude [—2, 0] by (5.4.9) and hence extends to D(R).

If M. is an inverse de Rham—Witt system then lim {M,, =} is in a natural way
an R-module, the (F, d, V) being induced by the (F, d, V) of M., giving a functor
lim: inv-drw—S— Rg-mod. The forgetful functor from inv-drw—S to inverse sys-
tems of graded sheaves commutes with inverse limits so the free objects functor
exists and inv-drw — S has a set of generators. As inv-drw—.S evidently is an Ab-5-
category we see, by the criterion of Grothendieck [12: Thm. 1.10.1], that inv-drw—§
has sufficiently many injectives and hence that lim derives to

(5.7) Rlim: D*(inv-drw —S) - D*(Ry).

We have forgetful functors inv-drw—S—SY~ab (M.—~(M,,n)) and R-mod-—
S—ab and the following diagram commutes

inv-drw — S l‘%n; R-mod
|

¥ .
SN—gb 1M g gp
Lemma 5.8. The following diagram commutes

D*(inv-drw — §) RIM  p+(R)
(5.8.1) | S
DH(S¥—qb) RUM preg 4p)
What needs to be shown is that if M. is an injective object in inv-drw —.S then

(M,, ™) is lim-acyclic. It is clear that the system (M,,, 7)=(2=, M;, n) of “disconti-
nous sections” has a structure of inverse de Rham—Witt system such that the cano-
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nical embedding M.—~M is a morphism in inv-drw—S. Hence M. is a factor in
M . and therefore has surjective transition morphisms 7. I claim that M, and Ker r:
M, ,—~M, are flasque for all n. To see this it suffices to embed M. in some object
in inv-drw —§ with this property as M. is injective. Choose an acyclic topos T and
asurjection t: T—S. Ring 7 with the perfect ring 1*@g thus making 7 a flat morphism
of ringed topoi. We get functors 7, : inv-drw — 7—~iny-drw — S and ¢*: inv-drw — S —
inv-drw—T. By acyclicity of T and left exactness of t, every N€inv-drw—S in
the image of 7, has N, and Ker =, flasque for all n. Now M. embeds in 7, *M..
1t is now clear that for all U¢SH' (U, M.)=0 for i>0 and as , is surjective and
Ker 7, flasque, [ (U, M.) has surjective transition maps. (4.6) now shows that
H(I*U, M .)=0 for i=0 which implies that lim‘M.=0 for i=0.

Corollary 5.8.2. lim: inv-drw—S— Rg-mod has finite cohomological dimension
and hence Rlim extends to all of D(inv-drw—S).
This follows from Lemma 4.8.

If McD(Rs) we define the completion M of M, by
(5.9) M = Rlim (R, ®%M).

There is a canonical morphism
(5.10) M->M

defined as follows: We may assume that M has R.®z(—)-acyclic components and
therefore that R.®kM=R.Q@xM. We have the projection morphism M~
(R.®M,n) and the induced morphism M-lim (R.QzM) is evidently an R-
morphism. Now define (5.10) as the composite M —~im (R.®x M)~ R lim (R.Qz M).
We will say that M is complete if (5.10) is an isomorphism.

It is clear that without the assumption of finite cohomological dimension on S
all these results and definitions make sense and are true on D+ (Ry).

Lemma 5.11. Let f: (T, 0;)~(V, 0,) be a morphism of ringed topoi where Oy
and Oy are perfect rings of characteristic p. Then Rf,: D*(Rp)~D*(Rs) commutes
with completions and hence takes complete complexes to complete complexes.

Indeed, (4.2) and (5.8) show that it suffices to show that Rf,(R.®%(—))=
R.®% Rf,(—). As the functors M.—M, form a conservative set of exact functors
it suffices to show that Rf,(R,®%(—))=R.®F Rf,.(—). This is just the projection
formula which in this case follows from (5.4.9).

Lemma 5.12. Let (=) be an endofunctor of an S-enriched category C and
¢t id—~(= )a natural transformation such that if X<C then c=¢: X-X. If X,YeC



64 Torsten Ekedahl

then the following diagram commutes:
Hom, (X, Y) <~ Hom¢ (X, Y)

Cx o lc*
) =)

Hom, (X, ¥)<~~ Hom,(X, ¥).

(5.12.1)

Indeed, the right hand triangle is just naturality of c. Let ¢: X—Y. Then
¢, (p)=ce which equals ¢c by naturality of c. On the other hand, by functoriality

S
of (=), (c*(9))=¢¢.

Definition 5.13. A complex M of Rg-modules is said to be coherent (perfect) if
R,®5 M is coherent (perfect) and M is complete. The category of coherent ( perfect)
complexes will be denoted D .(R) (D,.¢(R)). Here a complex of Os-modules is said to
be perfect if there is a finite interval d in Z such that the complex is locally isomorphic
to a complex concentrated in d whose components are free Og-modules on finite sets.

Remark: The notion of coherentness and perfectness for R-complexes has little
to do with the usual notions. They should rather be thought of as giving the right
notions on the “ringed” protopos (S, R.s). Indeed, it follows from (I: 1.1) that if
Os is a coherent ring and MeD~(Rg) is coherent then R,®% M is coherent. Note
however that even if M is perfect R,®% M will rarely be. Note also that our notion
of a perfect @s-complex differs slightly from the usual notion in requiring uni-
form boundedness. Of course, if the final object of S is quasi-compact there is no
difference.

Finally, if f: (S, O5)~(T, 01) is a morphism of perfectly ringed topoi of cha-
racteristic p let us agree to write f,: (S, W,05) (T, W,0,) tesp. .. (SY, W.05)—~
(TN, W.07) for the induced morphisms of ringed topoi.

6. Let W, 0gd] be the ring of dual numbers where d has degree 1. As usual, if
M, N are W,0s[d]-modules we may endow Homy, , (M, N) and M®y, , N with
canonical W, 0s[d]-module structures and we let R Hom, o, (— —) and
()% W 05 (=) denote the corresponding derived functors. As ”W,, Osld] is flat
over W@s the underlying W, 0g-complexes of R Homy, o (M, N) and M R o N
for Mc D(W,05{d)) Ne D+ (W, 04(d]) (resp Ne(W, 04 d])) are simply R HomW Os
(M, N) and M®y, ,_ N now computed in D (W,05)°® X D (W,0s) (resp. D(W, (OS)X
D(W,05)). A complex of W,04[d]-modules will be said to be perfect if its underlying
W,0s-complex is perfect. The category of perfect complexes will be denoted
Dyt (W, Os14). |

Left multiplication by d on R, gives R,@z M a structure of W,0s[d]-module for
any Rg-module M and hence gives a functor

R,@%(—): D(Rs) -~ D(W,0s[d]).
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7. Recall [15] that for f: X—S a scheme smooth over a perfect scheme S there
is defined a sheaf of graded commutative differential algebras W Qy s which is an
Rg-module and such that the following relations hold:

(7.1) F(w; - wp) = Fo, - Fw,, -V, = V(Fw,-0;) 0, 0,6WQ%/s.
Furthermore, (cf. [16: II, Thm. 1.2])
(7.2) R,®WQx = R, QxWQx = W,Qx
W = fim {(7,25).
We also know that W, Q% is coherent as W,0y-modules for all i and n and
W1Qy=Qys. From (4.6), (7.2) and [6: Thm. 1.3.1] it then follows, as (|X|, W,0x)
is a scheme, that W Q=R lim {¥, 2,}=R lim (R®LW Q) =WQ; ic. that W,

is complete as R-module in the ringed topos (|X|,*0g). Thus by (5.11) Rf, W Qy
is complete.

8. Recall ([16]) that if S=Speck where k is a perfect field of characteristic
2>0 an Rg-module is said to be coherent if it is a sucessive extension of R-modules
of the following types:

1. An R-module which is finitely generated as W-module.

1I. 4 degree shift of the R-modules

Ui: [Ti=0 kyit, [l i=okdVi*ti where dV~*:= F*d for k=0.

Recall also (loc. cit.) that an R-module M is said to be a domino if it is a successive
extension of U;: s and that in that case one puts dim, M:=dim, M%VM® which
is always finite.

In [8] a canonical filtration 0CT*MC T M T°M=M of a coherent R-mo-
dule by coherent submodules such that T*M is a successive extension of shifts of
U;: s and the R-module k (F=d=V=0), T'M/T*M is a successive extension of
R-modules of finite length as W-modules, with d=0 and F bijective and F-crystals
of positive slope i.e. a finitely generated free W-module with F and V topologically
nilpotent in the p-adic topology and d=0 and M/T'M is a slope zero (or unit
root) F-crystal i.e. a finitely generated free W-module with F bijective and d=0.

Following [16], we put, for any R-module M:

(8.1) F=BM = \JIm F"d
V==ZM = |JKer dV*
Coeur M’ := V~=ZM!|F~ BM*
dom M*:= M/V—=ZM'L> F>BM'+!
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which all are R-modules. We will call and denote (cf. [8]) 43M':=Coeur T?M’
the nilpotent torsion (in degree 7) of M, A:M*:=p-tors (T*M/T*M)' the semi-sim-
ple torsion (in degree 7) of M, A:M':=(T'M|T*M)/p-tors the positive slope part
(in degree /) of M and A°(M):=M/T'M the slope zero part of M (in degree 7).

Let us also agree to call a coherent R-module elementary if it is one of the follow-
ing types of modules: Slope zero, semi-simple torsion killed by p, positive slope, k
or U,. It is then clear that any coherent R-module is a successive extension of shifts
of elementary modules. (Note that we have exact sequences 0-U;—~U;_;—-k—0
and 0-k(—1)~U;~U;,,~0.) Also put E;;,;:=R%F'—V’, i=0.

9. In [8] a contravariant functor D(—) from complexes with coherent cohomo-
logy to complexes with coherent cohomology is defined by putting
Di(M)=H'(D(M)) for such a complex and A*N):=T3N for a coherent R-
module N.

Theorem 9.1. i) There is a natural exact sequence of R-modules

0 ~ A%(D'(M)) ~ D(H~ (M) - DA(H'~*(M)) — A*(D'+'(M)) - 0

i) A(D'M)Y = DHALH T (M)~ D) (= 1)
AUD' (M) = DNA(H'~ (M)~
iii) AXD (M) = DAF(H> (M)~ ~)(—1).

If M is a coherent R-module then
D*(M) = Homy, (4°(M), W), (F,d, V)= (FY0,,0, pFY),
DY(41(M)) = Homy, (Ax(M), W)(1), (F,d,V)=(V*0,,0, F*oi"),
DY A4} (M)) = Homy, (4X(M), K|W), (F,d, V)= (F%¢,,0, pF 1),
D*(4XM)) = Homy, (4AM), KW)(1), (F,d,V)=(V*o,,0, FroiY),
D2(U) =U_;(2), D'U)=0,
DiM)=0, i#0,1,2.

10. If G is a finite type formal group over a perfect field k then G,.4 is a sub-
formal group scheme. Put

(10.1) Gy:=Gry G;:=G/[G,y.

Note that G, is a smooth formal group scheme and G, a finite group scheme.
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1. The tensor formalism of perfect complexes

Proposition 1.1. Let A be a thick subcategory of W0s-mod (ungraded) stable
under o, and let M¢cD(Rg). » ‘

i) If M is bounded from the left or from above and H'(R,Q% MY €A for (i,j)€
G, )): (+j=r; i=s)v(i+j=r—1; i=s+1)v(i+j=r+1; i=s+1)} for some
r,s€Z then, for all n, H'(R,®% MY¢A for i+j=r; i=s.

il) If M is bounded from the right or from below and H'(R,@%M)EA for (i, j)€
{G.)):(G+j=r; i=s)v(i+j=r+1; i=s)v(@+j=r—1; i=s—1)} for some r,scZ
then, for all n, H{(R,QRxMY¢A for i+j=r; i=s.

ity Under the conditions of 1) the conclusion remains valid for R, replaced by gr".

Let us first agree to write B=C if B and C belong to some Abelian category and
B is a subquotient of C. This is clearly a transitive relation and B=0 implies that
B=0. Let us also, for simplicity of notation, put R:/, Zb/ Bi/ etc:=H'(R,Qx MY,
HY(Z,@%k MY, H(B,®@kM) etc.

Lemma 1.1.1. Let MED(R). If R;/=0 then Bif%i=Zbi+ Bhitl=ZzLi+1

i j < RiJ L i+l j-1
ZbI < B, Zbi=pitri-1,

This follows immediately from the long exact sequences associated to (0: 5.4.1)
and (0: 5.4.4).

Lemma 1.1.2. Let M¢D(R).

i) If M is bounded to the left or frcm above ard RYI=0 for i+j=r or r—1,
i=s then Zi/=B\i=0; i=s.

ii) If M is bounded to the right or from below and R:I=0 for i+j=r or r—1;
j=r—s then ZH=BY=0 for i+j=r; iss.

Indeed, (0: 5.4.8) and (0: 5.4.7) show that Zi:'~i=Bir—=0 for >0 (resp.
i«0). On the other hand, by lemma 1.1.1,if i=s then Z} ~'=Bi " i=Zitbr-(+D=
BitLr=GHD g Zi+2r—(4+9 = =0 (resp. if i=s then Bi'~'=Zir~i=Bibr-G-D=
Zi-Lr=0-D=  =(0) and hence, by the remark made above,

Zpt=Bl-i=0 if iz=s (resp. i=ys).

We can now prove the proposition assuming first that 4=0. (0: 5.2) shows
that if B:>/=0 then, for all n, B>/=0 and (0: 5.2) again shows that if Bi/=
Zb =0 then Z4/=0 for all n. By (0: 54.2) Z%/-1=pBi+ti=RiI=R/1=0
implies that (gr")>’=0 and (0: 5.4.3) shows that if Z:/=B:/*'=0 then
(grM>i=0. Lemmas 1.1.1-2, (0: 5.3) and induction on » enable us to conclude
the proof. In case A#0 we just redo the argument calculating modulo A.
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Remark: 1t should be noted that even when S is the spectrum of a perfect field
there is a non-zero M¢D (Rg) s.t. Ry®5M=0.

Corollary 1.1.3. Let M, NcED(R) and suppose that they both are bounded in the
same direction and that there is a morphism f: M—~N such that R,®% f is an isomor-
phism in D(Og). Then f is an isomorphism upon completing.

This follows immediately from the proposition applied to a mapping cone of f
and all pairs (r, s) of integers.

Corollary 1.1.4. i) Let N be an R,-acyclic R-module. Then N is acyclic for al!
the R-modules appearing in (0: 5.4.1-9) and the exact sequences (0: 5.2-3, 5.4.1-9)
remain exact when tensored with N.

ii) Let N be as in i) and T€S. If N is T (T, —)-acyclic then so is N tensored
with any of the R-modules occuring in (0: 5.2-3, 5.4.1-9).

Proof: Z,- and B;-acyclicity follow from lemma 1.1.2. Acyclicity for the rest
of the modules follows from (0: 5.2, 5.4.2-3) and then the sequences obviously remain
exact when tensored with N. As for ii) we note that all the R-modules involved have
finite resolutions by finite free modules. As N is acyclic for these modules the resolu-
tions remain exact when tensored with N and then we get an exact sequence

0 - N(ip)'s - N(ig)s ~...N(i,Y» - X®@z N — 0,

where X is one of the R-modules in question. This shows that X®xN is I'(T, —)-
acyclic.

Proposition 2.1. Suppose McD(R). Then the morphism M -M induces an iso-
morphism
2.1.1) R.QkM =~ R QL M.
In particular M =1\24.

Fix X an acyclic topos and a surjection ¢: X—S and ring X by ¢*05. The
projection formula R,®% ¢, ¢*N=0¢,¢*(R,®%N) shows that if N is an R,-acyclic
module then so are the components of 7, C*(M) (cf. [1: XVII, 4.2.9]). As
R.®g(~—) has finite amplitude we may first replace M by a complex M’ with
R.®g(—)-acyclic components. If S has finite cohomological dimension =A and
S*" is the set of generators required in (0: 4.7) then s(t=,C*(M)) will be a complex
whose components are R.®g(—)— and S$*"-acyclic. As (=) has finite amplitude
we may hence assume that M is an R.®gx(—)— and S*"-acyclic R-module. I claim
that

(2.1.2) 0> MDD, oM Y M.~ M, -0



On the multiplicative properties of the de Rham-Witt complex. 11. 69

is an exact sequence of pro-objects, where M.:=R.QxM and M,=R,QzM.
(This is due to Illusie.) Indeed, suppose it true for M a free R-module (not necessarily
St -acyclic). We may then take a free resolution f: F'-~M. Put Y:=C(f). Then
Y..=R.®gY and Y,=R,®.Y are acyclic as M is R,-acyclic. Hence the simple
complex associated to

(2.1.3) 0->Y(~1) > Y(~1)BY. Y. > Y, >0

is acyclic and the second spectral sequence of (2.1.3) plus exactness of (2.1.2) for free
modules show exactness of (2.1.2) for M. As for exactness of (2.1.2) for a free module
we may, as internal sums are exact, assume that M is free on one generator in which
case it is a simple calculation (cf. [16: 111, 3.3.3]). Let us return to the case of M being
R.®g(—)— and S*"-acyclic. If we can show that M. is lim-acyclic the lim applied
to (2.1.2) is still exact which by (0: 5.4.9) is exactly what we want to show. By
(0: 4.6) it suffices to show that M, is S*"-acyclic for all # and that [ (T, M, )~
(T, M,) is surjective for all n and TE€S*".M, is S*"-acyclic by (1.1.4) and,
again by (1.1.4), we have an exact sequence 0-gr'®xM-M, ,~M,~0 with
gr'"@gM S®"-acyclic, which shows that [ (7, M,.)—~T (T, M,) is surjective for
T€ S,

Definition 3.1. Let M, N¢ R-mod. My N is defined to be the R-module gene-
rated by m+n (meM, n€N) using the relations;

i) Vmsn =V(mx Fn), mxVn=V(Fmxn)
i) F(mx*n) = Fmx Fn
i) dim*n) =dmxn+(—1)*"mxdn

iv)  (mpt+my)sn =myxn+myxn, Aimxn=A(mxn), AcWOg
mx*(ny+ny) = mxn,+mxn,, mxin=A(mxn), AEWO;s.

The existence of Mx ;N is obvious and it is clear that (—~)*g(—) is an internally
biadditive and right exact functor.

Proposition 3.2. R«zR is a free R-module on generators
(3.2.1) Fix1l, i>0; 1%F, i=0,
Fid+1, i>0; 1xF'd, i=0.

From (0: 5.1) and (3.1 iv) it follows that Rx R is generated, as an R-module, by
VigVy, FixVi, Vi Fi, Fix Fi,
avisvi,  FidxVi, dVixFi, FidxFJ,
VisdVi, FsxdVJ, VisxFid, FxFid,
AVisdvi, FidsxdVJ, dVisFid, F'dxFid.
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By i), 1) and iii) we get

VisVIi=Vipi(Ix Fi=9) if izj;, Vip'(Fi~'s1) if i<j

FixVi=VIi(Fitix1)

Vix Fi = Vi(1 % Fit))

FixFi=F(sFi-% if j=i; F(F-i%1) if j<i

AvixsvIi=VIi(Fi-idx1) if j=i; pdVi(ixF-)-Vi(ixF-id) if j<i

FidsVi=Vi(Fi+ids1)

dVix Fi = dVi(1 F't)—plVi(1% Fi*i d),
3.2.2)
FildxFi=Fi(Fi=idx1) if izj; Fd(lxF~)—Fpi~i1xFi-id) if i<j
VisdVi = Vi« Fi~id)y if i=j; pdVi(Fi—%\)—VIF~dxl) if i<j
FisdVi= dVi(F'+ig1)—pVI(F+ dx1)
Vis Fid = Vi(lx Fi*id)
FixFld=F(1xFi-id) if j=i; FIdFIx)—Fip—i(F-ids1) if j=<
AVixdVi=dVi(lx F=id) if i=j;, —dVi(FI-'d%1) if i<j
FldxdVi=—dVi(F+I dx1)
AVix Fid = dVi(1 % F'*J d)
Fid«Fid=Fld(xF-'d) if j=i; —F/d(F-id«1) if j=i.

This shows that R*g R is generated by (3.2.1). To shoyv that they freely generate

it one must show that every morphism of sheaves | ;o F *1U Fidx1 U J;zo 1 # F!
Ul% Fid—~M where M is an R-module extends to a morphism RxzR-—~M of R-
modules. By (3.1 iv) and (3.2.2) one can define this extension on r % s (r, s€ R)and it only

remains to show that (3.1 i—iv) are fulfilled. This is a very tedious and completely
straightforward verification which 1 leave to the reader.

Corollary 3.2.3. If M is an R-module then
RxgM =@V (1« M)®(PH FxM)d (D dVi(lxM))®(@ F'dxM).
i=>0 i=0 i=0 i=0

Indeed, there is an evident additive morphism from the right hand side to the
left hand side. Both are internally additive and right exact so to show that this mor-
phism is an isomorphism we may assume that M =R but then it follows easily from
the proposition.
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Proposition 3.3. Let M, Nc R-mod and suppose that F is bijective on N. Then
(3.3.1) MxxN = M®yo,N. |

Proof: By (3.1 iv) there is a morphism of Wg-modules
(3.3.2) M®yo N ~ MxgN

men — m#*n.

On the other hand, we may put an R-module structure on M®,,,N by

(3.3.3) F(m®n) = Fm®Fn, d(m®n)=dmen+(—1)*"m®dn,
Vim®n) =Vm®Fn.

It is easy to see that m@neM®,,N fulfills (3.1 i—iv) so that there exists a mor-
phism of R-modules

(3.3.4) M¥*gN - MQyuN
men—mn

and again it is easy to see that (3.3.2) and (3.3.4) are inverses of each other.
Let us also record that for M, N¢ R-mod there is a canonical isomorphism;

(3.4) M*RN—’ N*‘RM
m%n — (_ 1)degm~degnn *m.
4. We will now study the derivation of the functor (—)z(—).

Definition 4.1. An R-module M is said to be x-flat if Mxg(—~) (and hence
(—=)*gM) is an exact functor.

Lemma 4.2. i) Every free R-module M is *-flat and every W@g-flat R-module
having a bijective F is x-flat.

iiy Let M and N be R-complexes such that N is bounded from above with
*-flat components. If either M or N is acyclic then Mxx N is acyclic.

That a free R-module is *-flat is clear as (—)%z(—) is internally additive and
(3.2.3) shows that a one generator free module is *-flat. The second assertion of 1)
follows from Prop. 3.3. As for ii) note first that by (0: 1.3) and exactness of inductive
limits we may assume that the non-acyclic component is bounded in which case it is
obvious.

Definition 4.3, WO([F, F~Y] is defined to be the R-module 3, ., WOsF' con-
centrated in degree 0, with d=0 and F and V having the obvious action.
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Lemma 4.4, Suppose that M is a complex of R-modules bounded from above
and to the right. Then there exists a quasi-isomorphism X—M such that X is bound-
ed to the right and from above and has components of the type

R[TI®WO[F, F~[T"] T, T'ES.

Indeed, consider the category Ay(N€Z) of R-modules M such that M'=0
for />N and F is bijective on M ¥, Tt suffices to show that Ay has sufficiently many
objects of the required form as Ay is a thick subcategory of R-mod. By (4.21), if
M¢c Ay then put F(M)=R[U;<y M'|®WO[F, F7Y][M"]. As F is bijective on R*
(i.e. Re€Ad;) F(M)cAy, and we have an epimorphism of R-modules F(M)—-M.

Proposition 4.5. (—)x5(—) is defined on D(R)xD-(R)yuD~(R)xD(R). It
takes D~ (R)xD~(R) to D—(R); D"(R)xD—"(R)yuD~"(R)xD"(R) to D'(R) and
DY (RyxD~"Y(RyuD—YR)xD(R) to DY(R).

The first statement follows from lemma 4.2. The statement concerning D~ (R)

is obvious. The one concerning D"(R) follows from lemmas 4.2 and 4.4 and the one
concerning D'(R) is clear as taking free resolutions preserves boundedness to the left.

Lemma 4.6. Let M, Ne R-mod. The mapping
@ MQuywoN - M*xN

mn— mxn
induces an isomorphism
4.6.1) (R, @ M) Qo(R, ®g N)—=> R, Qp(Mxg N).

Proof. o(Vm@n)=Ve(m@Fn), ¢(dVm@n)=+dVe(m® Fn)+V(p(me Fdn))
etc. which shows that ¢ does indeed induce a morphism (4.6.1). To show that we have
an isomorphism we reduce, by internal additivity and right exactness to M=N=R
where we use (3.2) and (0: 5.1). to explicitly calculate both sides.

Remark: For n=>1 it is in general not true that
(R, ®@r M) @y, o(R, 2r M) = R,Qr(M xg N).
Proposition 4.7. Let M¢D(R), NéD~(R). Then

(4.7.1.) (R, Q5 M) Q6 (R, @5 N) = R, @k (M *kN).

Suppose first that ME€D~(R). Then we may assume that M and N are free com-
plexes and hence so is M#*xN by (3.2). By (0: 5.1) R, ®QzxM and R,®yN are free
Og-complexes. Thus R,z M QLR Q®FN=R@xM®,R;®,N and R;®%
(M x5 N)=R,@r(M %z N). We now conclude by Lemma 4.6. In particular
this shows that if M is an R;-acyclic module and F a free R-module then My F



On the multiplicative properties of the de Rham-Witt complex. II. 73

is Ry-acyclic. As R, has finite Tor-dimension M¢D(R) can be assumed to have Ry-
acyclic components and N to have free components. Thus MxzN has R, -acyclic
components and R,®z N has ¢s-free components so the argument above still works.

Definition 4.7.1. Let M, NéD(R) be such that Mxy N is defined. Put
(4.7.2) M5 N = (MxkN) (:= Rlim (R.®%(M x5 N))).

Theorem 4.8. Assume that McD(R) and NED—(R) (or vice versa).
i) If M and N are both bounded either from above, or to the left or to the right,
then so is M*%N. Furthermore,

R @k (M ¥ N) = (R, @5 M) ®" (R, ® N).

i) If McD+(R), Ry®LM is bounded to the right, NED} (R) and M is
complete then Mx% NeD*(R).
iy If M, NeD' (R) then so is M*gN.

Indeed, i) follows from (4.5), the fact that completions preserve boundedness in
any direction and (4.7) combined with (2.1). To prove ii) we will need the following
result which we record for future use:

Lemma 4.9. i) If McD~(R) and R,®% M is bounded to the left then so is M.
i)y If McD*(R) and R,Qx M is bounded to the right then so is M.

This follows immediately from (1.1) and the fact that lim preserves boundedness
to the right or to the left. The lemma now implies that M and N are bounded to the
right and hence so is M%XLN. As R,®@%(M¥%N)=(R,®Qf M)®"(R,®% N),
the assumptions imply that R,®% (M %% N) is bounded from below and hence (1.1)
together with the fact that lim preserves boundedness from below and Prop. 2.1
show that Mx% NeD+(R). iii) now follows from ii) and 1).

5. The next step is to define the adjoint of (—)#z(—), the internal Hom-functor.

Definition 5.1. For M, N¢ R-mod put
(5.1.1) Homgi (M, N) := Homg (R% M, N)

Homg (R* M, N) (and hence Hom} (M, N)) will be given the R-module structure
induced by the right R-module structure on R#pM induced by right multiplication
on R.

Lemma 5.2. i) If X is a complex of R-modules and Y is a complex of injective
R-modules then Hom%(X, Y) is acyclic if either of X and Y is. RHomy(—, —) is
hence defined on D(R)**xD*(R).
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ity If M is either R[T)] or WOIF, F7Y[T] and I is a flasque R-module then
RHom} (M, I)=Homg (M, I).

Suppose that X is acyclic. If ¥ is bounded then i) is clear as R*z(—) is exact
by (3.2.3). In general Homj (X, Y)=lim {Hom} (X, 7.,¥Y)}. We thus have the
following general situation: An inverse system of double complexes F." such that
F}J s essentially constant and s’(F:") is acyclic. Furthermore, as Homk (M, N)=
Homg (R%z M, N) Homp (M, N) is, by [1,V, Prop. 4.10], flasque when N is injective,
and so F?/ is flasque. I claim that in this case lim {s’(F: ")} is acyclic. Indeed, as lim
has finite amplitude there are two convergent spectral sequences lim' {H/(s"(F:"))}=
R*lim {&"(F:)} and lim’ {s'(F:")}=R*lim {s’(F:")}. The first shows that the
second converges to zero and it only remains to show that s’(F:°) is lim-acyclic
for all j. By the assumptions it is the product of essentially constant systems with
flasque components and (0: 4.6) gives lim-acyclicity. The case of ¥ being acyclic is
shown similarly or using that ¥ is actually contractible.

By definition R Homk (M, I)=R Homgz(RxxM, I) and, by (3.2), if M is free
then so is RxxM on a sheaf T”, say. Hence R Homy (M, I)=R [[ . 1. [[1.(—) is
simply jrujf (=), joi Syp—S, 80 R [ I= [[ .1 as j}, I is flasque by [1: V, Prop.
4.11. As for M=WO[F,F[T] (3.3) shows that Homk(M,N)=
Homyg (RQy, M, N)=Homy,, (M, N) for any R-module N. As R is flat (freec even)
as a W0-module R Homy(M, I)=R Hom,,(M,I) and M is free as W0-module,
We now redo the argument for R[T].

Remark: i) could also be proved as in [14: 11, 3.1].

Proposition 5.3. R Homy(—, —) takes D* (R)**xD~(R) to D*(R), D'(R)*®X
xD*+"(R) to D'(R) and D'(RY*xDV(R) to D(R).

Indeed the first statement is obvious, for the second we need to show that every
complex bounded from below and to the right has an injective resolution with the
same properties. Let M be an R-module such that M*=0 i>N. I claim that if 7
is its injective envelope then I'=0, i>N. In fact, ;. y I’ is a submodule of 7 whose
intersection with M is trivial and as M, I is an essential extension . y I' is zero.
It 1s now clear that the desired resolution can be found. For the last statement we
reduce, using (0: 1.4) as in (5.2), to the case of the complex in the first variable being
bounded from above. We then take a resolution as in Lemma 4.4 in the first variable
and a canonical flasque resolution in the second (which preserves boundedness to
the left) and then use (5.2 ii).

Proposition 5.4. If M, N, P€ R-mod then

(5.4.1) Homy (M #g N, P) = Homg (M, Homj (N, P)).
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Proof: Consider an R-morphism ¢: M-Homjg (N, P). It gives rise to ¢:
M@y NP, m@n—@(m)(1%n). Onchas ¢’ (VmRn)=e(Vm)(1 xn)y=@(m)(V*n)=
oMV (1 x Fn)=Vo(m)(1 « Fn)=Vo (m® Fn) and similarly for the other rela-
tions. ¢’ thus induces an R-morphism ¢": MxxgN-—~P. Conversely, given ¢”:
MxgxN—-P an R-morphism we obtain for mcMe,: RQyN—-P; r@n—
@ (rm«n) and one verifies immediately that for variable m it gives an R-morphism
@: M —~Homg (R+x N, P) and that these two processes are inverses of each other.

Remark: The existence of an internal right adjoint of (—)xz(—) follows from
commutation with internal direct limits and the form (5.1.1) is forced upon us by
putting M=R in (5.4.1).

Definition 5.5. Let M, N¢ R-mod. The morphism
(5.5.1) R,®x Hom} (M, N) -~ Homy, ,(R,®xM, R,QxN)

is defined to be the adjoint of R,@xM®y oR,®x Homy(M, N) L~ R, ®p(M*g
Hom} (M, N)) 2222, R @, N where ev: M*g Homk(M, N)—N is the composite
of (3.4) and the adjoint of id: Homy(M, N)~Homy(M, N) and ¢ is induced from
Ni®w Ny—~Nyxg Ny as in (4.6.1).

Proposition 5.6. Let Xe¢D(R), YED (R) and ZeDH(R) then
(5.6.1) RHomg (X*£Y, Z) = RHomg (X, RHomg (Y, Z))
RHom} (Xx%Y, Z) = RHom} (X, R Homg (Y, Z)).

Indeed, we may assumethat ¥ isa free complex and Z isinjective. Note that (5.4.1)
shows that Homg (M, I) is injective if M is *-flat and 7 is injective. As products of
injectives are injective Homjy (Y, Z) is an injective complex and the first part of
(5.6.1) now follows from (5.4.1) and (0: 1). The second part follows in the same way
replacing X by RsgX.

Proposition 5.7. Let XeD~(R), Y¢D*(R). The morphism (5.5.1) extends to
(5.7.1) R,®% RHomj (X, Y) ~ RHomy, ,(R,®%X, R,®%Y).
1) If n=1 then (5.7.1) is an isomorphism.

ii) Suppose that F is bijective on H*(Y) and that H'(Y) is bounded horizontally
for all i then (5.7.1) is an isomorphism.

Let us first define (5.7.1). As R, has finite Tor-dimension we may assume that ¥
has R,-acyclic components. Fixing, again, an acyclic topos and a surjection onto S
we see, as above, that s(C*(Y)) has R,-acyclic and flasque components and hence
we may assume to begin with that ¥ has. Similarly, we may assume that X has free
components. By (5.2 i) R Homj (X, Y)=Hom}(X,Y) and, by assumption,
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R,®5 X=R,®z X and R,®LY=R,®zY. Hence, using (5.5.1), we may define
(5.7.1) as R,®% RHomp (X, Y)~R,®x R Homj (X, ¥)=R,® Homj; (X, ¥) ~
M;Vn@ (Rn®RX9 Rn®R Y) :M'Wn@ (Rn®115 X’ Rn®112 Y) »RMW"@ (Rn®112 X’ Rn
®LY).

To show 1) we may assume that X is a free R-module on a sheaf 7"and Y is an
R-module which is R;-acyclic and flasque. Then R,®zY is flasque by Cor. 1.1.4
and R, QrX=R,[T] isa free Og-module by (0: 5.1). Thus, by the analogue of Lem-
ma 5.2, RHom,(R;®zX, Ri®Y)=Hom,(R,®@zX, R,®rY). We thus want to
show that R,®% [Jy Homg(R, Y)= ][ Hom (R;, Ri®xY). To be able to see this
we need a description of Homg (R, ¥)=Homg(R*xR, Y). Note that Homy(R, ¥)
has a structure of R-bimodule, the first structure being the natural one and the second
being induced by right multiplication on R.

Lemma 5.7.2. i) Let M¢R-mod. Every ¢€Hompg (R, M)=Homg (R¥xR, M)
can be uniquely written as a product

(5.7.3) Iliso Vimi‘f“]]izo m—iFi+]]i>0 dVini+Hi»zD n_; F'd
where Vim, mF', dV'm and mF'd are the homomorphisms taking the value m on
Fidx1, —(1x F'd), Fix1 resp. 1 x F' and is 0 on the other basis elements (cf. (3.2)).

Any such product may be multiplied by A€W and F, d and V to both the right and the
left, where, apart from the usual relations, we also have

(5.7.4) Fm = F(m)F, mV =VF(m), VmF=V(m)
dm = d(m)-+(—1)**"md
(E.g. VimF)=VmF*=VmFF=V(m)F, FmF)=FmF=F(m)F?).
In this way (A, F, d, V) of the first R-module structure on Homk (R, M) is given
by left multiplication by (A, F, d, V') and the second by right multiplication by (1, V,d, F).
i) If M is flasque and acyclic for Ry and has F injective then

(5.75)  R,®% Homi (R, M)= [[4ino V(R i @rM)® [[iz0 (R, M) F'
69[]n>i>0 dVi(Rn—i®RM)®Hi.§0 (R11®RM)Fi da
where the temsor product is taken wrt the first structure.

i) follows from (3.2) and the relations (3.1). As for ii) the proof is a simple cal-
culation almost word for word as (0: 5.1) and [16: II, Thm. 1.2], the only point being
that the assumptions together with (1.1.4) and the fact, proved in (1.1.4), that
(V"R+dV"R)®@rM is flasque allow us to compute at the presheaf level.

Let us return to the relation R,®% [[7 Homkg(R, Y)= J]; Hom,(R;, R;®gY).
As F is injective on R we may assume that apart from being flasque and R;-acyclic ¥
also has F injective. (5.7.2 1) shows that Homg (R, Y) is the product of flasque sheaves
and hence is flasque. The projection formula for j,: S/T—S then shows that
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Ri®g [+ Homp(R, ¥)=R [[1 (R,®; Homp(R, ¥)). By (5.7.21) Homp(R,Y) is
Ry-acyclic and as it is flasque, R,®z Hom} (R, Y) is flasque by (1.1.4). Thus,
Ry®% [I+ Homp (R, Y)=[] ; R,®g Hom% (R, ¥) and we are reduced to showing that
R;®g Homg (R, Y)=Hom, (R;, R;®zY). The left hand side is described by (5.7.5)
and (0: 5.1) shows that the right hand side has the same description and it is easy to
see that under these identifications (5.5.1) is the identity.

In proving ii) we may assume that Y is an R-module with F bijective and bounded
horizontally. By filtering by 3. 5 ¥* we may assumethat Y is concentratedin a single
degree and by shifting that this degree is 0. By truncating a resolution by modules of
the type WO[F, F-1[T], T¢S, and dévissage we may assume that Y is R,-acyclic
and p is injective and by taking a canonical flasque resolution we may assume that
Y is flasque. As in the proof of i) we reduce ourselves to showing that
R,®x Homy (R, Y)=R Homy, ,(R,, R,®rY) and that Homy, ,(R,, R,QgY) is
flasque. Let wus first convince ourselves that R Homy, 0 (R,, R@rY)=
Homy, ,(R,, R,®QgY) and that it is flasque. By (0: 5.1) HomW o (R, M)=
Insi>0 V! Homy, o (W,_,0, M)® [] 150 Homy, o (W, 0, MYF'® [] 15:50 V' Homy, 4
w,_.0, M)@]],>0 HomW oW.0, M)F'd where M is a W,-module and V‘(p,
goF’ dVie and oF'd are "the morphisms taking the value ¢(1) on dV', Fid, V'
resp. F'. This represents Homy, ,(R,, —) as the composite of Hom,, ,(W,_;0, —):s
and a product. It is therefore clear that it suffices to show that R ﬂno_mw o Wy-i0,
R,®gY)=Homy, ,(W,_;0, R,®;Y) and that it is flasque. As F is bijective and
d=0 on Y R,®xY=Y/p"Y. Thus Hom,, (W, 0, R,QzY)=p"""(¥YIp") = Y/p"~"
as Y is p-torsion free. ¥/p"~" is flasque because of the exact -

~Y/p"'>0 and ‘ﬂasqueness of Y. Furthermore, the exact sequence ..—~W, 0x.
W,0 X W,0 2> W,0-W,_,0~0 shows that, for j=0, Ext), o(W,_;0, M)=
pi(M)[p"~*M if j is odd; p*~ 1(M)/pM if j is even. This shows that, for j=0,
Exty o(W,-:0, Y[p"Y)=0. We have just described Homy, ,(R,, R,®rY) as

I i>is0 ViY/Pn_iYEBH»o YIP"Y)F' D[] 550 dViY[p"=tY® [[ 150 (Y/p"Y) Fid.
By (5.7.5) R,®g Homy(R, ¥) has the same description and it is easily secen that
under these identifications (5.5.1) is, up to a sign, the identity.

Lemma 5.8. Let M, N¢ R-mod. Then Homp (M, N)=Homg (M, Homg (R, N)),
where the first R-module structure on Homp(R, N) is used to compute Homg
(M, Homy (R, N)) and the second to give this sheaf the structure of R-module inher-
ent in Homy (M, N).

Indeed,
Homj, (M, N) = Homg (R+ M, N) = Homg (M x R, N) = Homg (M, Homj (R, N))

and the rest of the lemma is obvious.
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Remarf: In the case where S=Speck, k a perfect field, (5.7.3) and [8: III,
Prop. 3.5] show that Homg(R, W)=R in the terminology of [8]. The lemma then
shows that R Homy(—, W)=R Homg(—, R). The results of [8] then make it
eminently reasonable that R Homi(—, W) should be dualizing in the general case.
(5.8) also enables us to compare the results of [8] and the present paper. Finally, the
expression of R Homg(—, R) as R Hom}(—, W) could be said to throw some
further light on [8].

Proposition 5.9. If XcD(R), YED*(R) then
(5.9.1) RHomk (X, Y)" = RHom} X, ¥),
(5.9.2) RHomg (X, ¥) = RHomg (X, 7).

Proof: Put M':=RHomkL(R, M) for McD+(R). Then RHomi(X,Y)=
RHomg (X, Y"). This should be interpreted as follows: Y' is a complex of R-
bimodules and R Homg (X, Y') should be computed by replacing ¥' by a complex
of bimodules whose components are injective when considered as R-modules through
the first structure. However, as Homg (R, —) has an exact left adjoint, R¥g(~), ¥
has injective components if ¥ has and the desired equality follows from Lemma 5.8.
As R, has a resolution by finite free R-modules R.®% R Homg (X, Y")=
R Homg (X, R®§Y') and by (0: 4,9) Rlim (R Homg (X, R®%Y"))=R Homg
(X, Rlim (R.®%Y")). Thus R Hom} (X,Y) =R Homg (X, (¥)"). The following
lemma then finishes the proof.

Lemma 5.9.3. Let X¢D(R), YD+ (R).
i) (rH" =y
if) RHomg (X, ¥) = RHom, (X, Y).

The analogue of (5.7.5) for the second structure shows that, when M is R.-
acyclic and flasque and has F injective, R.®% M'= [ ;=9 VI(R®xM)® []i50 (R._;: Qg
MYF'® []iz0 AVI(RQgM)D [[ ;50 (R. Qg M)F'd. Thisanalogue may either be pro-
ved directly or by noting that (3.4) exchanges the two structures of Homyg (R%x R, M).
We thus see through (1.1.4) that R.®Q% M' is lim-acyclic and Rlim (R.QfM")=
o VIMO [ 1o MF'D [[120dVIM & [ 5o MF'd  as  lim commutes with
products. This is, however, nothing but Homj, (R, M). On the other hand, as for
TSR (T, M)=R[ (T, M)" (0: 5.11) and R (T, M)=M(T) and by Cor. 1.1.4
R.®% M(T)=R.®QxM(T) has surjective transition maps and hence is lim-acyclic,
we have R[ (T, M)=T(T,M) so M is flasque and thus, by (5.2 i), M'=
Hom}, (R, M)=M'". Having i) for R.-acyclic and flasque R-modules with F
injective we easily get it for X¢ D+(R). Incidentally, it is clear that this isomorphism
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is characterized by the commutativity of
(5.9.4)

As for ii), by (2.1) it suffices to show that if ¥ is complete then X—X induces an
isomorphism R Homg (X, ¥)—~R Homg (X, Y). This follows immediately from
(0: 5.12.1) once we have verified the condition of (0: Lemma 5.12). We may as
usual assume that X is a flasque and R, -acyclic R-module and then we need to verify
that a sequence {x,} in X is equal in R,®zX to the constant sequence {x,}. This
follows from (2.1.1).

Proposition 5.10. i) If McD[, (R), NeD+YR) and R,Q%NeD~(0) then
R Hom) (M, N)“€D~(R).

11) R Mk ('— > —) takes D]baerf (R)op xD?]BTf (-R) to Dgerf (R)

Indeed, (5.3) and (4.9) show that R Hom} (M, N) and hence R Hom}, (M, N)"~
is bounded to the right and (2.1) and Prop. 5.7. 1) show that R,®% R Hom}, (M, N)~
€D=(0) so by (1.1) RHom} (M, N)"¢D~(R). ii) now follows from i) and (5.3)
and (5.9) which shows that R Hom}, (—, —) takes complete complexes to complete
complexes.

Definition 6.1. If McD(R) put
(6.1.1) D(M) := RHom) (M, W0)
where WO has the obvious R-module structure.
The following theorem is the main result of this chapter:

Theorem 6.2. i) (—)*% (—) is a coherently commutative and associative (addi-
tive) functor D! (R)xD? (R)~D} (R).
ii) R Homj (—, —) is an (additive) functor

Dzerf(R)op xD?,erf (R) ~ DZerf R).
1ii) WOg(—) =1id on Db (R).
v) R Homg (WO, R Homy (—, —)) = RHomg(—,—) on
Dpers (R)PxDjers (R).
v) RHomi ((—)¥(-),—) = R Hom}(—, RHom}(—, —)) on
Dpert (R)P XD} et (R)P X Dps (R).
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vi) For all finite sets I
i€1%% R Hom (—, —) = R Hom} (i€ 178 (~), i€ IR (~))
vii) id=D(D(-))
viii) Ry®g (—): Db (R)—~D (0[d]) is a conservative tensor functor.

Remark: This shows that, in the terminology of [5: II], D} (R) admits a struc-
ture of a rigid additive tensor category.

i) and ii) are clear. For iii) we have WOx5 X=W0®},,X=X.

Hence WO X=X but any XeD) (R) is complete. If X,Y,ZeDb (R)
then RHomg(X*5Y,Z)=RHomg (X*5Y,Z) by (59.2) and by (5.6.1)
R Homyg (X5 Y, Z)=RHomg (X, R Homy (¥, Z)). This shows that R Hom}, (—, —)
is an internal Hom in the sense of temsor categories. v) is now formal
from this (cf. [5: IL, 1.6.3]), 1 now claim that R,®f(—): D} (R)~D5 +(0)
preserves the adjunction units. As, by (4.8 1), it is a tensor functor; this is, however,
purely formal.

The morphisms vi) and vii) are now defined by the general theory of tensor cate-
gories. As R,;®% (—) preserves adjunction units and internal Hom: s, (5.7), applying
it to the morphisms of vi) and vii) gives the corresponding morphisms in D?_.(6)
where they clearly are isomorphisms. We now conclude by Cor. 1.1.3. that viii) is

clear and iv) follows from (5.6.1).

Remark: 1t is easy to see directly that v) is valid only under the assumption that
the complex in the last variable be complete. One of the isomorphisms obtainable
from vi) and vii) can also be defined directly, namely, D (X*% ¥)=R Homk (X, D(Y))
for XeD(R), YeD~(R).

Proposition 7.1. Let X¢D(R). Then R,®%D(X)=R Homy, , (R,®% X, W,0)
in D(W,0[d)).

This follows directly from (5.7 ii)).

Definition 7.2. i) An R-module of level n (n=0) is an R-module concentrated
in degrees 0 to n with F bijective in degree n. The category of R-modules of level n
will be denoted R-mod-n. R-mod-n is evidently an Abelian subcategory of R-mod
closed under kernels, cokernels, extensions and internal sums and products.

il) An F-crystal of level n on S is an ungraded W@g-module together with a
o-linear map F and a o~ '-linear map ¥ such that VF=FV=p". The category of
F-crystals of level n (on ) will be denoted F-crys-n. It is clearly equal to the category
of (ungraded) WO[F, V] (n)-modules where WO[F, V] (n) is the W0O-ring with gene-
rators I and V and relations Fa=da’F, aV=Va’, FV=VF=p" acW0 (cf. [16: 1,
4.17).
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Lemma 7.3. i) If McR-mod-m and N€R-mod-n then M%xNER-mod-(m+n)
and Hom}, (M, N)(—m)¢€ R-mod-(m+n).

i) If M¢cF-crys-m, N F<crys-n then MQ®y N and Homy (M, N) may be
given structures of F-crystals of level m+n by F(m@mn=Fm®Fn, V(m@n)=
Vm®@Vn and Ff(my=F(f(Vm)), Vf(m)=V(f(Fm)).

As ii) is obvious let us consider i). It is clear that every T€ R-mod-t is the image
of L=R[X1®&WO[F, F~'[Y] where X is concentrated in degrees O to t—1 and ¥
is concentrated in degree . Furthermore, as it has been noted in Lemma 4.4,
LeR-mod-t. As (—)%x(—) is right exact and commutes with internal sums and
Homk (—, —) is left exact and commutes with internal products we may assume that
M is either R(—i), O=i<m, or WO[F, F~1(—m). The first case is now clear
from (3.2.3) resp. (5.7.3). We learn from Prop. 3.3 and the proof of Lemma 5.2
that WO[F, F\%g(—)=WO[F.F Y ®y,(—) tesp. Homj WO[F, F1], —)=
Hom,,(WO[F, F~1], —) which again makes everything clear.

Lemma 7.4. i) (—)*x(—) derives to a functor D~ (R-mod-m)xD(R-mod-n)u
D(R-mod-m)xD+ (R-mod-n) ~D(R-mod-(m+n)) whose composite with D(R-mod-
(n+m))~D(R-mod) is (—)%k(—) and hence will also be denoted (—)xg(—).
Hom (—, —)(—m) derives to a functor D(R-mod-m)°*xD*(R-mod-n)—D (R-mod-
(m+n)) whose composite with D(R-mod-(m+n))~D(R-mod) is R Homy(—, —)
and hence will also be denoted R Homy(—, —).

ii) (—)®pe(~) derives to a functor D~ (F-crys-m)xD (F-crys-n) U D (F-crys-m)
xD~ (F-crys-n)—~D(F-crys-(m+n)) whose composite with D (F-crys-(m+n))—~
D(W0-mod) is (—)®%,(—) and hence will also be denoted (—)®%q(—)-
Hom,o(—, —) derives to a functor D(F-crys-m)® xD* (F-crys-n)—~D(F-crys-(m+n))
whose composite with D(F-crys-(m+n))~D(W0-mod) is RHomy,(—, —) and
hence will also be denoted R Homy,(—, —).

Proof: That (—)*g(—) derives as stated is clear as, by the proof of Lemma 4.4,
there are sufficiently many *-flat objects in R-mod-f for all ¢=0. This also makes
the second statement concerning (—)%x(—) clear. As for Hom%(—, —), R-mod-n
is evidently a Grothendieck category so it has sufficiently many injectives and
Hom}(—, —) derives as stated. We also have a natural transformation from this
derived functor composed with D (R-mod-(m+n))—D(R-mod) to R Homy(—, —).
To see that this is a natural equivalence we may, as in the proof of Prop. 5.3, assume
that the complex in the first variable is bounded from above and then compute
R Hom},(—, —) by taking a resolution by modules of the type R[X]1®WO[F, F (Y],
X concentrated in degrees 0 to m—1 and Y in degree m, in the first variable and a
canonical flasque resolution in the second. These will be resolutions in R-mod-m
resp. R-mod-n and thus will also compute the derived functor of Homj (—, —).
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Remark: Injective objects in R-mod-7 will rarely be injective in R-mod. An in-
jective object in R-mod-0, for instance, will be injective as R-module only when it is
Zero.

In ii) the case of (—)®y(—) is similar to that of (—)%z(—) as WO[F, V](n)
is flat as W0-module. The case of Homy,,(—, —) will follow if we can show that an
injective WO[F, V](n)-module is injective as W@-module which is true as the forget-
ful functor WO[F, V](n)-mod—~W0-mod has an exact left adjoint by W0-flatness
of WO[F, V](n).

Definition 7.4. i) W.OQ,(—) is the functor M—{WO/p"WO®y,M, proj}
from F-crystals of level n to inverse systems of F-crystals of level n or, as the case
may be, the same functor from W@-modules to inverse systems of W@-modules.

ii) lim will denote the functor {M.}—lim {M.} from inverse systems of F-
crystals of level n to F-crystals of level n (or, as the case may be, ...).

iii) (2): D(F-crys-n)—~D(F-crys-n) is defined to be Rlim {W.0®%,(—)}
(Idem for (Z): D(W0-mod)—~D (W0-mod).)

Lemma 7.6. i) There is a canonically defined functor (=): D(R-mod-n)—
D(R-mod-n) whose composite with D(R-mod-n)—D(R-mod) is the (=) of (0:
5.9).

ii) The canonical natural transformation id—-(=) in D(F-crys-n) induces an
isomorphism

(7.6.1) W4 (—=) ~ W (=)

In particular (2)=(2).

To prove i) it clearly suffices to show that if M¢R-mod-n is flasque and R,-
acyclic then M€ R-mod-n. We already know that M as a complex is concentrated in
degree 0. It is immediately clear that M is concentrated in degrees 0 to n so it suffices
to show that F is bijective in degree n on M. As M=lim {R.®xM} this will be
proved if we can show that F is an isomorphism of the pro-object (R.®rM)".
This is a condition closed under cokernels, finite sums, and internal copowers. We
may therefore assume that M=R(—i) O0=i<n or WO[F, F~Y](—n). The second
case is obvious as R.QxWO[F, F~1]=3,W.OF'. In the first case we want to show
that F is an isomorphism of the pro-object R which is an easy calculation using
(0: 5.1).

ii) is proved in the same way as Prop. 2.1.

Definition 7.7. i) W0 (n) is defined to be the F-crystal of level » whose under-
lying W@-module is W@ and which has F:=p"s, V=072
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ii) For any MEC(F-crys-m) M(n):=M®, W 0(n)eC(F-crys-(m+n)). If
n'=n any F-crystal N of level n, may be regarded as an F-crystal of level n’ with the
new (F, V) being (F, p"~"V). By abuse we will regard the functor thus obtained an
inclusion and say that M is an F-crystal of level .

Remark: The reason for putting the two similar functors (M, F, V)—
(M, p"~"F, V) (resp. —(M, F,p"~"V)) on unequal footings is, of course, that
F is the basic endomorphism and ¥ should rather be regarded as putting conditions
on F. When M is torsion free F determines ¥ and this is literally true.

Proposition 7.8. Let M¢eC(F-crys~-m), NcC(F-crys-n) and Q€ C(F-crys-q). Put
r=max (m+n, g+n) and s=max (m, q+n). Supposing that Q Is torsion free we
have an isomorphism in C(S—ab)

(781)  HOMcryer (M &y N, Q1)) = HOmi.ryy (M, Homiyo(N, ).

We clearly have Homiye(M®y, N, 0)=Hom;,(M, Homiye(N, 0)) and it
only remains to show, assuming that M, N and Q are concentrated in degree 0, that
0: M®yoN—~Q(n) is a morphism in F-crys-r iff its adjoint ¢”: M ~Hom, (N, Q)
is a morphismin F-crys-s. As Q istorsion freeand FV'=some power of p it suffices
to check this condition for F. We have ¢’o Fm)(n)=¢(Fm®n) and Fo’(m)(n)=
Fo(mQ®Vn) whereas @oF(m@n)=9(Fm®Fn) and Fop(m@n)=p"Fe(mn).
Assume now that Fop=¢oF. This implies by torsion freeness of Q:

O(FmQFVn) = p"Fo(m®@Vn) = p"o(Fm®n) = p"Fp(m® Vn) = ¢(Fm®n) =
Fom®Vn) = ¢’ o F(m)(n) = Fogp’ (m)(n).

Conversely, if Fo@'=¢'oF then (poF)(m®n)=¢(Fn®Fn)=Fp(mQVFn)=
p"Fo(m®n)=(Fog)(m3n).

The moral of (7.8) is that although it does not show that F-crys-r-mor-
phisms M®g, N--Q(n) corresponds bijectively to F-crys-s-morphisms M~
R Homy,, (N, Q) it does so for all practical purposes. Let us illustrate this by show-
ing how to define the evaluation morphism ev: M®j,, R Homy,, (M, N)->N(m)
MéeD~ (F-crys-m), NeD+(F-crys-n) as a morphism in D(F-crys-(2m+n)). We may
replace M by a complex of free WO[F, V](m)-modules which is, a fortiori, W 0-free
and N by a torsion free flasque complex. Thus M®j, R Homy, (M, N)=
M®y,, Homy,, (M, N) and R Homy, (M, N)y=Homy,, (M, N). As N is torsion
free we may apply the proposition and define ev as the adjoint of the identity.



84 Torsten Ekedahl

Definition 7.9. i) Let M be an R-module of level n. Let M denote M considered
as a complex of F-crystals of level n where F and V are defined as follows (cf. [19]):

MOA L M1, M A, ML, Mt
V- ip"'l 11)"‘2V Jp"‘f‘V lV IF-I

¥
)7L Ve BNy VLN V Lo Y Ve
MO My A M Mt M
FZ lF 1pF 1p2F ip"‘lF +p"F
Mo M, M2 A MY M,

(The relations dF=pFd, Vd=dpV show that F and V are morphisms of complexes
and VF=FV=p that we get complexes in F-crys-n.)

If M is a complex of R-modules of level n let s(M) denote the associated simple
complex regarded as a complex of F-crystals of level n. s(—) certainly preserves
quasi-isomorphisms and hence defines a functor s: D(R-mod-n)~D(F-crys-n).
We define similarly s: D(W,0[d]-mod)—~D (W ,0-mod) and s: D(R-mod)—~
D (W 0-mod).

Proposition 7.10. i) Let M¢eD(R-mod-m) then

(7.10.1) WO/ p"WOQyes(M) = s(R,% M).
P TN
ii) s(M) = s(M).

Proof: First assume i) and let us prove ii). As usual we may assume that 34 has
R, —, W.0— and S*™-acyclic components. Then s(3/) has W.0-acyclic components
and, using i), s(M)=s(lim (R.®xM))=lim (s(R.®xM))=lim (W.0®,5(M))=

s/(\]ll). Note that only finite sums are in this case involved in s(—) so s(—) and
lim do commute.

Let us now prove i). As p"R,=0 we have a mapping R/p"R—R, of right R-
modules. Furthermore, as R is torsion free R/p"R®% M=C(p", M), the mapping
cone of p” on MED(R). We thus have a morphism WO/p"WOQLs(M)=
C(p" s(M))=s(C(p", M))=s(R/p"R®% M)~s(R,®% M) and to show that this
is an isomorphism we must show that R/p"R®% M —>R,®% M induces an isomor-
phism on the associated simple complex. By (0: 1.3) we may assume that M is
bounded from above and by taking a free resolution (which means that we leave
R-mod-n) we may assume that that M is a free R-module. As the problem commutes
with internal sums we may finally assume that M =R and we are thus reduced to
showing that s(R/p"R)~s(R,) is a quasi-isomorphism which is a simple calculation
using (0: 5.1) (cf. [15: 1, 3.17.2]).
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Definition 7.11. M¢cD(F-crys-n) is said to be perfect if 0®y,,MED,, (V)
and M~M is an isomorphism. The triangulated subcategory of D(F-crys-n) con-
sisting of perfect complexes will be denoted D, (F-crys-n).

Remark: The exact sequences 0—~WO/p—~W0O/p"+1-W/p"~0 show that if M
is perfect then W.0®j,,M is bounded and hence M=R lim (W.0Q%,M) is.
Therefore D, (F-crys-n) S D*(F-crys-n).

Theorem 7.12. a) s(—) maps Dfmf(R-mod-n) to D,.c(F-crys-n). b) For
MeD! (R-mod-n),  NeD! (R-mod-n)  s(MigN)=s(M)&L,s(N)  where

(S)8Wo(—):=((—)®%e(—))" and s(RHom} (M, N)(—m))=R Homy,(s(M),
$(N)) in D(F-crys-(m-+n)).

Indeed, a) follows from Prop. 7.10. By the definition of (—)xgz{—) we have a
morphism (—)®yo(—)~(~)*x(—) and this gives

(7.12.1) $(—)Bpes(—) = s((—)Bpo(—) ~ s((—) #x(—))

and therefore a morphism s(M)®y,8(N) £> s(M+§ N) which clearly will be a
morphism in D(F-crys-(m+n)). Applying WO/pW 0®%,,(—) to ¢ and using (7.10)
and (4.7) give s(R,®f M)Q"s(R,®% N)—~s((R,®% M)®(R,®5 N)) which clearly
is an isomorphism. The exact sequences 0—Wd/p—~WEp"+ ~W0O[p"~0 show
that W.0Q®y,,(¢) gives an isomorphism and thus applying R lim (—)s(M)®%
S(N)=s(Mx; N)"=s(Mx} N), the last step by (7.10 ii)). A morphism

(7.12.2) s(R Homg (M, N)(m)) ~ R Homy, (s(M), s{N))}

is defined, using (7.8), as the “adjoint” of s(—) applied to the evaluation mapping
M*} RHom} (M, N)(m)—~N(m) composed with s(M)&%Ls(RHom} (M, N)(m))
=s{Mx§ R Hom}y (M, N)(m)). WO/pRL,(—) applied to (7.12.2) gives by (7.10)
and (5.7) an isomorphism and (7.12.2) therefore becomes an isomorphism after comple-
tion. By (5.9), a) and the analogue of (5.9) for R Homy,,(—, —) both sides are already
complete and (7.12.2) is an isomorphism.

Remark: The interested reader will easily find analogues of (6.2) for (—)®%,(—)
and R Homg,(—, —).

8. Later we will need the following result.

Lemma 8.1. Let (R.Q%M)*, McD(R), denote the complex of prosystems
{Cone (R, 1, @5 M T2 R,@5 M)} and (Rjp'®% M)F the complex of prosystems
{Cone (R/p"+*@% M £=X. R/p"+*®L M)}. The projection (Rip'@% MY~ (R.@% M)F
is an isomorphism in D (pro-S-ab),

Indeed, we reduce first to M being a free R-module and then, as the problem is
stable under internal copowers, we may assume that M is R. Note also that in
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D(pro-S-ab) (R/p’®% M)*={Cone (Rp"" '@k M =2 Rip"®% M)}. As F and 1
are of degree O we may consider the degrees separately. In degree O R{=R%/V"
and R°/p"—R® is surjective. Hence we need to prove that F—1 is a proisomorphism
on Ker:=Ker (R%p"—~R%V"). As V Is injective on R and VF=p this system is
isomorphic to {...~RYF*** X RYF"~ ). F—1: Ker,;,~Ker, lifts to F—1:
Ker,,,~Ker,,,; and the two cones are proisomorphic so it suffices to consider the
last morphism, but F is nilpotent on R/ F"*! and thus F—1 is an isomorphism. In
degree 1 it is clear that F—1 is injective on R/p” and hence on Ker (R/p-—~R.).
On the other hand it is easily seen from (0: 5.1) that W@dV"— R induces a surjection
W,0dv"—(Ker (R/p"~R.)'/F~1), and thus that Ker(R/p'~R)/F—1 is the
zero system.

9. Let me finally say a few words on functoriality. If f: (S, O5)~(S’, Oy’ is
a morphism of ringed topoi where both O and Oy are perfect rings of characteristic
p and both S and S’ are of finite cohomological dimension we have functors Lf,:
D~(W,05)~D~(W,0s) (resp. D~ (Rs)—>D7(Ry)). It is further clear that
LA (R,®% (=) =R,@% (Lf*(-)) and

LF((—)%k(=)) = A=) L (—). If we put  Lf*(=) = (L (=)

this shows that Lf* takes D% (Rs) to D} (Rs) once it is known that Lf™* preserves
boundedness to the right (cf. (4.9)). This is clear because it is easily seen that Rg=
W0sQ;-1we, S ' Rs: which implies that W0s -flat Rs-modules are f *.acyclic
which in turn implies that W0 [F, F~'][X] is f*-acyclic and we conclude by (4.4).
(This also shows that Lf* preserves D~(R-mod-n)). We get furthermore morphisms

LF(=) kL (=) = LA((—) %k ()

LI (=) L(=)  L((=)5&(-))
Applying R, ®F% (—) gives us nothing but isomorphisms and we thus get isomorphisms
after completing. Hence Lf*(—)xk Lf*(—)=Lf*((—)*%(—)). This shows that
Lf* is a tensor functor between rigid tensor categories and [5: II, Prop. 1.9] shows
that Lf*(R Homy (—, —))=R Homy (Lf*(-), Lf*(-)).
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II. The Kiinneth and duality formulas

0. In this chapter S will be a perfect scheme whose underlying topological space
is locally Noetherian of finite Krull-dimension and hence, by [12: Thm. 3.6.5], its
Zariski-topos will be of finite cohomological dimension.

Lemma 0.1. a) Let MED(R) be bounded in one direction and suppose that
R,®@x M€D,(05). Then R,Q%MED, (W,0s). for all n.

b) Suppose that MED(R) is bounded to the left or from above, that
H'(R,®kM)=0 for i=N and R,@%MeD,(05). Then H'(M)=0 for i>N.

Proof: Let 4 be the category of W 0s-modules killed by some power of p, p”,
and quasi-coherent as W,0g-modules. Then A fulfills the condition of (I: Prop.
1.1) and a) follows immediately from this. As for b) it follows from (I: Prop. 1.1)
that H'(R,®%M)=H'(gr"®% M)=0 for i=N and that H/(R,®% M) is quasi-
coherent for all j. Thus lim’ (H*(R.®§ M))=0 for i>1 by (0: 4.6). Furthermore,
as HV*t'(gr"®f M)=0, the transition maps HY(R,,,®% M)~HY(R,05 M) are
surjective, which together with quasi-coherence and [6: Thm. 1.3.1] implies that
lim' (H¥(R.®5 M))=0. b) now follows from the spectral sequence

lin' (B (R. @} M) = H'+I (0.

Theorem 1.1. i) Let XL~ S, Y 2> S be schemes smooth over S and suppose
that either Rf W Qs or Rg W Q% is bounded from above. Then

(1.2.1) Rf*WQ}/s 3"%{ Rg WQys = R(fxs g)*WQkst/s .

ii) Let XL~ S be smooth and proper of relative dimension N. Then Rf,W Qy,s€
€D} ;(R-mod-N) and

(1.2.2) D(Rf,WQy,5) [~ NI(—N) = Rf.WQys.

Indeed, let us first define (1.2.1). The relations (0: 7.1) show that for open US X,
VSY multiplication in WQy, s induces a mapping W Qj,(U) *x W Qy5(V)~
W Q% y;s(UxsV). Hence, taking affine hypercoverings U™ and V" of X resp. ¥
and an affine refinement W of U'xsV" we get [ (U’, WQy ) *gl (V', Wy 5)~
CW', W, ys)- Using that (U, WQy)=R[ (X, W) etc. and sheafi-
fying we get Rf,W Q. r RE W Qy ;s> R(fxs8), W, yjs- Deriving and com-
pleting and using (cf. (0: 5.11)) that R(fxs8), W Qx, y;s is complete we obtain
(1.2.1). As the two complexes involved are complete and bounded to the left to
show that (1.2.1) is an isomorphism it suffices to show that R, ®% (1.2.1) is an isomor-
phism. Using (0: 7.2) and (I: (4.7)) we conclude by the usual Kiinneth formula for
the Hodge-cohomology. As for ii) the hypercovering argument shows that Rf, W Qy €
€D(R-mod-N) and R,®; Rf,WQy s=Rf, Q;s, which is perfect by [17: 2.5]. We
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also get from [6: Cor. 4.2.2] and a limit argument that Rf,Qy=0 if i=N
and clearly R'f, Qys is quasi-coherent. By Lemma 0.1 R'f, WQ;s=0, i=N. The
spectral sequence R'f, W Qfs=H+I(s(Rf, (W Qy5))=R*If, (W|W05) shows that
R¥f (X]W O5)=RYf W QY (JdR"F, WQyis'. From [II: VI, Prop. 1.6] we get a mor-
phism R2Vf, (X/W05)~W0s and hence a morphism of R-modules of level N Tr:
RYf W Qys~WOs(—N). As Rf,WQy,=0 if i>N we obtain a morphism in
D(R-mod-N)

(1.2.3) Tr: Rf,WQy;s ~ Wo (—N)[~N].

From (1.2.1) we get the internal product Rf, WQ;(,S%IL{R W Qx s> REW Qi s
and composing with Tr we get the pairing

(1.2.4) Rf . WQ%,s %ﬁRf*WQ}(,S - We(—N)[-N].

Taking the adjoint gives us (1.2.2). As all complexes involved are bounded in all direc-
tions and complete, to show that (1.2.2) is an isomorphism it suffices to show that
R,®% (1.2.2)is. By (0: 7.2) and (I: 5.7) this is simply the duality morphism for Hodge
cohomology which is proved to be an isomorphism in [17: 2.5].

Corollary 1.2.5. Let f and g be affine. Then fW Q%58 W Qy;s=
(fxs8)x WQ}(xSY/s .

Remark: Ttis clear that (1.2) admits many variants. One could for instance throw
in finite groups acting on f and g and (1.2.1) resp. (1.2.2) would then be equivariant.

One could also replace WQy; and WQy s by WQyQF tesp. WQy®F
where E and F are unit root crystals (cf. [7]).

III. Consequences and some calculations

0. In this chapter, unless otherwise mentioned, S will be the spectrum of a per-
fect field and X and Y will be smooth and proper S-schemes.

1. We will now convince ourselves that the results of [16: I—II] remain valid in a
slightly more general context.

Proposition 1.1. i) Ler McD—(R). Then MED;(R) iff H'(M) is a coherent
R-module for all i.

iiy Let M€DY(R). In the spectral sequence

Ept = H'(M) = H*/(s(M))Bi) € F=BHI(M) S V—=ZHI(M) < Zii
(“survie du coeur”).

itiy Let MeD~(W). Then MeD,, (W) iff H HM) is a finitely generated W-
module for all i.



On the multiplicative properties of the de Rham-Witt complex. IT. 89

The proof of i) and i) is, up to a change of notation, the same as the proof of [16:
II, Thm. 2.2, Thm. 3.4]. T will do this change for i) and leave it to the reader in the
case of ii). (For a different proof of ii) see [9].) From [16: 1, Cors, 3.6-7] it follows that
a coherent R-module is in D (R) considered as a complex concentrated in degree 0.
As D,(R) is a triangulated subcategory of D(R) we get one implication and for the
other we may assume that H'(M)=0 for i>r and that we want to show that
H'(M) is coherent. By assumption H'(R,®% M) is of finite length and hence
H'(M)=lim (H'(R.®% M)). (I: (1.1)) then shows that H"(M) is bounded hori-
zontally. The spectral sequences

(1.1.1) Tor®(R,, H!(M)) = H* (R, Q% M)

show that R.QgxH"(M)=H"(R.®%; M) and hence that H'(M)=lim (R.QxM)
and R,®@pM is of finite length for all n. In the terminology of [16] this says that
H"(M) is a profinite R-module. (1.1.1) shows that Tor®(R,, H"(M)) is of finite
length and in [16: I, Thm. 3.8] it is shown that a profinite module N, bounded in
degrees, with Tor®(R,, N) of finite length is coherent, iii) is well known and may be
proved in a way similar to i).

Proposition 1.2. i) If M, N¢D%(R) and F is bijective on H*(M), then Mx% N=
M3y, N.

i) If NeD}, (F-crys-n), MEDD (F-crys-n), then M&yN=M®N.

To see i) note first that by (I: 3.3, 4.2) Mgy N=M®% N so it only remains to
show that M5 N=M@®%L N is complete. Clearly if P is an R-module with d=0
and F bijective and Q is any R-module then R,Qx(PRw O)=PRw(R,Qz0).
Taking *-flat resolutions in both variables we get R.Q% (M Q% X)=MQL(R.Q% X)
for XeD~(R). This shows that the question of completeness only depends on the
structure of H* (M) as W-module. It is clear, however, that H*(M) is finitely generated
as W-module (cf. [16: II: Cor. 3.8]). By dévissage we are thus reduced to M=W
where it is obvious. i} is shown similarly.

Let (Sperss @Sperf) be the ringed topos of sheaves on the étale site of perfect
S-schemes ringed by the structure sheaf and let f: (S, 0Sperf)"'(S’ Os) be the
natural projection. Put (—)":=(R.@% Lf*(—))': DY(Rg)—~D*(pro-Syep) (cf.
(I: 9.1) and [16: IV, 3.6.3]).

Lemma 1.3. i) (=) has amplitude [0, 0].
ii) If MeD®(R) then H* (M) is a pro-quasi-algebraic group of finite type whose
connected part is essentially constant.

Indeed, by [16: I: Cors. 3.6-7], R.Q5M=R.®xM in D(pro-S)if M is a co-

herent R-module and by [16: IV, 3.8, 3.10] F—1 is surjective, in pro-S, on
SHXR.@gM). As f and hence f. is flat we get MT=(Lf*(R.Qx M))  =Ker F—1:
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FHR.@xM)=MT in the terminology of [16: IV, 3.6.3). i) is now clear and i) fol-
lows from {16: 1V, 3.11}.

Lemma 14. Let kSk’ be an inclusion of perfect fields and f. S’—~S the cor-
responding morphism of schemes. Lf*: D®(Rs)-D%(Ry) is a conservative functor of
amplitude [0, 0].

We have Lf*=Rlim (Lf*(R.®%(—))) and R.®z(—) has amplitude [0, 0]
on D(R)by [16: 1, Cors. 3.6—7], f. is flat as fis and R lim has amplitude [0, 0] on
systems whose cohomology has components of finite length. This shows that ILf*
has amplitude [0, 0] and it is conservative as Lf*: D(0s)~D(0y) is (cf. (I: 1.1.3)).

Lemma 1.5. The following sequences are exact for S a perfect scheme:

(1.5.0) 0-RLEZL R Ejyy;~0, i>0
(1.5.2) 0 -RE=D, RpREY, R~k >0
(1.5.3) 0->R1DELD, R-DBRIE, R~ U, ~0

where F'—V7 etc. denote multiplication to the right.

Indeed, (1.2.1) is well known in degree O so it suffices to show that F'— ¥/
is bijective in degree 1. It follows from (0: 5.1) that ¥V is bijective in degree 1 and that
F*' is topologically nilpotent. Hence Fi—V/=V/(V~/F'—1) is bijective. (1.5.2)
is the simple complex associated to

F
—

S
=

14 14

———
~—

fy

RE-R.
It therefore suffices to show that F is bijective on R, injective on R/¥V and that
R/(F, V)=k. However, V is injective on R and bijective in degree 1 and it suffices
thus to show that F is injective on (R/V)° and (R/(F, V))°=k. This is clear from
(0: 5.1). It follows from (0: 5.1) that U,=R/(Fd, F). Exactness at the other places
is shown exactly as [16: 1, 3.2]. (Indeed, the isomorphism R--R®® taking (F, d, V)
to (V, d, F) transforms (1.5.3) to the completed version of (0: 5.4.9).)
If M is complete (I: 5.9.3 ii) shows that R Homg (R, M)=R Homg (R, M)=M
and hence

Corollary 1.54. Let M<D(R).

) RHomg (Ejjy;, M) =s(0 ~ M ZZY M > 0) >0,
if) RHomg (k, M) =s(0 ~ MEL=0, poMEEY. M ~0),
iiif) RHomg (Uy, M) = R, ®% M[—2](1).
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Proposition 1.6. The functor D(-): D(R)*®—~D%(R) coincides with the one
of [8].

This follows from the remark following (I: 5.8).

2. Recall that X is said to be ordinary if Fis bijective on R* |- (W Q%) and that X
is said to be Hodge—Witt if R*[" (W Q}) is finitely generated as W-module (cf. [16:
IV, 4.6, 4.12]). Note that an ordinary variety is Hodge—Witt.

Proposition 2.1. i) If X is ordinary then
RT(WQy.y) = RT (W) @4 RT(WQy).

i) (¢f. [16: 1V, 4.14]) if X and Y are ordinary then so is XX Y.
iiiy If X is ordinary and Y is Hodge—Witt then X XY is Hodge—Witt.

Indeed, i) follows from (I1: Thm. 1.1) and (1.2 i) and ii) and iii) follow from ij.
Remark: We will see later that iii) is the only case where XX Y is Hodge—Witt.

Corollary 2.1.2. If X is ordinary there is a canonical, (non-canonically) split,
short exact sequence

(122 0~ @ RAT(WQY)QuR:T(WQy) ~ RIT(WQixy)
J=jit+Js
-~ @  Torf (Rh[(WQy), R:I(WQy)) — 0.
J+i=jy+1J,
3. Definition 3.1. For M, Nc¢D~(R) put
(3.1.1) Kink (M, N) := H™ (M ¥ N).

Proposition 3.2. i) If M, N are coherent R-modules then Kiinf(M, N) is a cohe-
rent R-module for every i and 0 if i<0.

i) For M, NEDY(R) there is a spectral sequence of R-modules
(3:2.1) Eyi= @ Kin},(H:(M), H:(N))=Kink ;(M, N).

J=iy+iz

iily There is a spectral sequence of R-modules

(3.2.2) @ Kiin®, (R (WQy), RLET(WQY)) = R T (WQk«y)-
J=isti,

Indeed, the first part of i) follows from (I: Thm. 6.2) and Prop. 1.1. The second
part will follow from the proof of ii) and iii) follows from (II: 1.1) and ii). Let us
therefore prove ii). If F; and F, are free R-modules then FyxgF, is also free by (I:
3.2). Hence R.QF(Fi*gF)=R.Qg(Fi%xFy) and as R.®xM has surjective
transition maps for any R-module M (Fy%gxF,) " =lim (R.®g(FixxF,)). Thus
Fy %%k F,=Kiin® (Fy, F,). This shows that M%% N may be computed by taking free
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resolutions F° and G* of M resp. N and then taking the simple complex associated
to the double complex whose components are the Kiinf (F?, GY). ii) now follows
from [4: XVII, 2].

Remark: Even though (—)%x(~) is, Kiinf (—, —) no doubt is not, in the ter-
minology of [4: V, 8], left balanced as a bifunctor on R-modules.

4. We will now attempt to compute Kiinf (M, N) for some coherent R-modules
M and N. To do this we will on the one hand use the spectral sequence which follows
from (I: 7.12 b) and (1.2 ii)

4.1) Kiin®; (M, NY = Tor¥ ; ;, (s(M), s(N))

and on the other hand that we can compute D (M %% N) and (M*5N)?. Namely, by
(I: Thm. 6.2) we get
4.2) D(M 3% N) = D(M)&ED (W)

and if f: S,.s—S is the natural projection we get from (I: 6.2, 9.1, 10) and Cor.
1.5.4 i):

(Myx N = Cone (F—1, Z)p'®%5 Lf*(M %5 N)) = Z[p'®5 R Homy
(W05, R Homy (Lf*D(M)), Lj*N) = Z/p'®% R Homy (Lf*D (M), Lf*N).

We will compute the last term using Cor. 1.5.4. In fact, I will only compute the geo-
metric points i.e. I will assume that k is algebraically closed and compute Ext}
(D(M), N) and then identify the pro-quasi-algebraic group. With some abuse of
language we may then write

(4.3) Kiin® , (M, N)¥ = Exti(D(M), N)

using that (—)F is, by Lemma 1.3 i), exact and hence H'(PF)=H!(P)* for PED:(R).
I leave to the reader the task of making the computations in §,,; and hence justify-
ing my alleged identifications.

Recall (cf. [16: IV, 3.11]) that a shifted domino in degree i and i+1 gives rise,
through (—)*, to a connected quasi-algebraic group in degree i+ 1 whose dimension is
equal to the dimension of the domino, that semi-simple torsion gives rise to finite
quasi-algebraic groups whose (graded) rank as such is equal to the (graded) length
of the module, that slope zero gives rise to finite type torsion free étale pro-quasi-
algebraic groups whose rank as such equals the -rank of the module and that all
other parts of coherent R-modules give rise to the zero pro-quasi-algebraic group.

Letnow £ and F be coherent R-modules of positive slope (cf. (0: 8)) concent-
rated in degree 0. By (0: 9.1) D(E)=E"[-11 (1), D(F)=F"[-11 (1) (E”:=
Homy, (E, W), F~:=Homy(F,W)). Hence, using (42), D(ExjF)=
E” %k F'[—2] (2). This implies, by (0: 9.1), that KiinR(E, F)=0, i=2, as the
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different parts would be dual to parts in Kiin¥(E™, F”) for negative j:s which are
zero by (3.2 i). By the same reasoning Kiin¥(E, F) consists solely of slope 0 and
Kiin®(E, F) is of finite type as W-module (cf. [8: Rem. foll. IV, 3.5.1]).

We know from (I: 7.4) that Kiin® (E, F) is of level 2 and hence that it is zero in
degrees >2 and <0 and that F is bijective in degree 2. Furthermore, s(E)®5 s(F)=
E®wF which is an F-crystal of slopes <2. This implies by (4.1), “survie du coeur”
and what has already been proved that Kiing (E, F)=0, Kiin} (E, F) is 0 except in
degree 1 and Kiinf (E, FY'SEQyF, Kiin® (E, F) is 0 except in degree 0 and 1 and
Kiind (E, F)'=dKiing (E, F)*. In particular, Kiin® (E, F) is torsion free being a
subgroup of EQuwF.

Let us now further assume that E=F=EFE,,. We have (Eyy*gFi) =
R Homy, (D(Eys), Evjp)=RHomg (Eys, E1p) (11 (—1). (1.54 1) shows that
Homg (Eyjs, Eyp) =W (¥ 2)- 1&W (¥ o) F and Exty (Eyjg, Ey)=W - 1/pW - 15 G,
This shows that Kiing (Ey, Eys) contains a one-dimensional domino and no semi-
simple torsion. As E,;,QwE,; is of slope 1, (4.1) shows that Kiing (Eys, Eip)
is torsion and Kinf (Eyj, E1j)t is of slope zero, of rank 4 as E 12®w Eyy 1.
I now claim that Kiing (E,s, Eyj5)°/V >k. Indeed, from (I: 6.2 viii) we get for
M, NeDE(R):

(4.4) TorR,(R,,KiinR;(M, N))= & Tork; (R, M)®,Tor®; (R, N).

i+j=jitis

Note that this is a spectral sequence of k[d]-modules. In particular, Kiin}
(Eyjas E1/2)0/V = Torg (Rl’ Kiing (Eyjzs El/z))0 = Torg (Ry, E; ;)@ Torg (Ry, Eyp) =
Eip/VQy Eyp/V >k. As Kiing (Eyjs, Eypp)/V-tors is F-torsion free dim, Kiiny
(Bvjg, Eypp)°/V=dimy, V-tors/V+dimy, Kiinl (Ey s, Ey )"/ V-tors/V but the domino
part contributes 1 to the last term so V-tors/V and hence V-tors itself is zero. There-
fore Kiing (Ey, Eys) is a 1-dimensional domino and by (0:8) isomorphic to U;
for some 7. As it has already been observed d is surjective in degree 1 which shows
that i=0. Clearly E%’=Ker (Kiing (Eyj, Eq/2)° L. KiinR (Eyjy, Eyjp)) in the spec-
tral sequence (4.1) and it also clearly equals Im (E;,,®w Eyjp~Kiing (Eyja, Eyp)°).
We have a morphism of spectral sequences from (4.1) to

4.5) Tor®; (Ry, M¥k N) = Tor? ;. ;, (k, s(M) ®%s(N))

and hence E; Qw2 King (Eyj, Eyjp) is a factor of  EpQ@upkEys—
R QrE1p@ Ri®rErp>k and so is non-zero. On the other hand, ¢ factors
through E;p¥gEiz and  Eyg#pEy—~Kiing (Eyj, Eyp) i an R-morphism. As
FE,;s=VE;;s we get Im (VEypxgEy)s)°=VIm (Eypxg FE )" =V Im (Eyjpxg VE; )" =
V2Im (FE, g% g Eyjp)°=... ), V" Kiing (Eyj, Eyj2)° which is 0 as Kiing (Ey s, Eyj)
being a coherent R-module is separated in the V-topology. Thus Im (VE,,;®w E; )
and similarly Im (E;,Qw VE;;,) is O and ¢ factors through E,,/V Qu Eyp/V 5k
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and we see that the k-dimension of Im¢ and therefore of Ker: Kiing (E, s, El,z)"—‘!»
Kiing (Eyje, Eyjp) is exactly 1. This shows that /=1 and in conclusion:

Kiing (Eyjas Erp) = Uy
(4.6) Kiinf (Evjp, Eyjp) = wH—-1)
K]‘.lnf{ (E1/27 El/z) = 0, i # 0, 1.

Remark: If E is a supersingular elliptic curve R[C(WQp)>W @E;[—1]®
WI—1(—1) and R[ (W)W 0L, S~ 11(-D)OW[-2(=2) S Eyj*zEyn
[—2] and (4.6) gives a computation of the Hodge-Witt cohomology of EXE. Of
course, the same argument applied directly to the Hodge-Witt cohomology of EXE
gives the result without using the Kiinneth-formula, the last argument being replaced
by considerations of the cup-product. H'(WO)xg H (W 0)—~H?*(W ). The same
type of considerations applied to a super-singular Abelian twofold not the product

of elliptic curves show that in that case R (WQ)sU,@W(—2) thus giving a
direct proof of [15:1I,7. 1b)].

5. Let us now consider U,*5U,. Note first that by [16: I, 3.7] and (1.5.4 iii)
we have

R1®RU0 > (k _1'2_) k (— 1))
5.1) Torf (R, Up) =0
Torf (Ry, Up) =~ (k(=1) = k(=2)),
Homg (U,, Ug) = k®k(—1)
(5-2) Extk (Uo, Uo) = 0
Ext} (U, Up) = k(D) Pk.
Finally, as s(Uy)=0 (4.1) converges in this case to 0.

By (0:9.1) D(Uy)=U,[—2](2) which implies that D(U,*5Uy)=
Uy Uy[—4](4). By “survie du coeur” there is no heart and by (5.2) and (4.3)
we have one 1-dimensional domino and one shift one step to the right of one in
Kiin® (U, U,), the shift one step to the right plus the shift two steps to the right
of 1-dimensional dominoes in Kiin} (U,, Uy) and the rest of the Kiinf: s are zero.

(4.1) then shows that H'(Kiing (U,, Up), d)=0 if i20. The long exact sequence
of cohomology associated to the short exact sequence of complexes:

0 - (dOmO I(.‘ijl’lf;z (Uo, Uo), d) - (KﬁnOR (U(), Uo), d) -
(dom? Kiin (Uy, Up)(—1), d) — 0

shows that H*(dom! Kiing (Uy, Uy), d)=0 and as dom® Kiind(U,, U,) is a 1-di-
mensional domino it is necessarily isomorphic to U,. On the other hand,
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dom® Kiinf(U,, Up) is isomorphic to U; for some 7 and the long exact sequence
from above shows that /=0. If />0 then d: R,®g KiinX (Uy, Uy)*~ R, ® Kiink
(U, Ug)t is 0 but (5.1) and (4.4) show that it is not. Therefore i=0 and
Kiin{ (U,, Up) is an extension of U, by U,(—1). (5.2) shows that such an extension
is trivial so Kiing (Uy, Up) 3 U, @Uy(—1). By duality and using (0:9.1) we get
Kiin§ (U, Up) = Uy Uy (—1)
5.3) Kiinf (Up, Up = Uy(~ DUy (~2)
Kiin® (U,, Up) =0 i =0, 2.

Considering U,*5 E where E is of positive slope concentrated in degree 0 we
see, a8 R,QrE=E[VE, TorX (R, E)=E/FE(—1) and TorR(R,, E)=0, that
Kiin§ (Uy, E) consists of a dim, E/ VE-dimensional domino killed by p. If one admits,
which is not hard to show (cf. [10]), that every domino killed by p is a direct sum of
U;: s an argument similar to the one above shows that

Kiinf (U,, E) => UgimeE/VE

(5.4) Kiin® (U,, E) = U,(—1)dimeE/FE
Kiin® (Uy, E) =0, i0,1.

Consider, finally, Uy*kk. The same type of arguments show that

Kiin® (U,, k)= U,

(5.5 Kiing (U, k)= Uy@Uy(—1)
Kiing (U, k) = Uy(—1)
KinR (U, k)=0, i=0,1,2.

6. Let us now turn to k% k. We have from (0: 9.1) that D(k)=k[—2] (1).
(1.5.4 ii) gives
Homg(k,k)=k

6.1 Extk (k, k) = k2
Ext} (k, k) = k.

This gives that Kiing (k, k), Kiinf (k, k) and Kiink (k, k) contain a domino of
dimension 1,2 resp. 1 and that the rest is of finite type. We see also that there is no
semi-simple torsion,

From [16: I, 3.5] we find that, as k[d]-modules;

R®rk=k
(6.2) TorR (Ry, k) = (k2> k(~1))
Torf (Ry, k) = k(=1),
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which gives
TorR (R, k%kk) =k
Tor® (Ry, k%% k) = (k222> k2(—1))
(6.3) Torf (Ry, k#%k) = (k&= (1) 29, p(—2)@k(—1)
Tor® (Ry, k¥kk) = (k2(—1) > k2(—2))
TorR (Ry, k%% k) = k(—2).

It is clear from (0: 5.4.9) that if M is an R-module concentrated in non-negative de-
grees then TorX (R, M)"=0. (4.4) and the fact that Kiin¥ (k, k) is concentrated in
non-negative degrees show that

(6.4) R, @Kiink (k, k)° < Tor (Ry, k4 kk)°.

If N is a domino then dim, (R,®@zN)*=dim, N°/VN°=dim; N. The dominoes in
Kiin® (k, k), KiinX (k, k) and Kiin] (k, k) thus give a contribution of 1,2 resp. 1 to
the dimension of R,®g Kiin® (k, k)°, R,®g Kiin¥ (k, k)° etc. (6.3) shows that
dim, Tor® (R, k¥kk)® is 1,2,1,0,0... for /=0,1,2,3... and (6.4) shows that
R,®g Kiin® (k, k)*=Tork (R,, k¥5k)* which, with the aid of (4.4), shows that
Tory (Ry, Kiinf (k, k))°=0. As Kiin® (k, k) is zero in negative degrees (0: 5.4.9)
shows that Torf (Ry, Kiinf (k, k))°=,Kiinf (k, k)* and hence that ¥V is injective in
degree 0. This implies that there is no nilpotent torsion in degree 0 and by
duoality and (0: 9.1) we see that there is no nilpotent torsion whatsoever. As
the Kiinf (k, k) are torsion and, as we have seen, they contain neither semi-
simple nor nilpotent torsion they have no hearts. The same argument as in the
case of Ejp*g Eyp shows that Kiind (k, k)= U;. Duality and (0: 9.1) imply that
Kiin® (k, k)3 U_;. (4.1) degenerates in this case at E, for trivial reasons and, as we
have seen, E%° and E%~? both have dimension 1 and therefore fill out the whole
E..-term which implies that H*(Kiin% (k, k), d)=0. As Kiin¥ (k, k) is a domino
killed by p we conclude:

Kiinf (k, k)= U,
6.5) Kiin® (k, k) = U2

Kiin® (k, k)= U_,

Kiinfk, k) =0, i=0,1,2.

Consider next k% E with E of positive slope concentrated in degree0. By the
now familiar arguments one shows easily that modulo finite type Kiing (k, £) and
Kiin¥ (k, E) contain dominoes and that the rest is 0 and that there is no semi-simple
torsion. One sees by duality that only Kiin¥ (k, E), i=0, 1,2, could possibly con-
tain nilpotent torsion. Hence Kiinf (k, E)=0 for 7i=>2.
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7. We can now use these calculations to obtain some general results.
Proposition 7.1. (—)*% (=) has amplitude | —2, 0] on D(R)xD’(R).

Indeed, we want to show that Kiin® (M, N)=0 for i>2 and M, N coherent.
Every coherent R-module is a successive extension of elementary ones (0: 8) so by
half exactness of Kiin® (~, —) we may assume that M and N are elementary. (1.2 1)
takes care of the case when either M or N are of slope zero or semisimple torsion and
sections 4—6 take care of the remaining cases.

Proposition 7.2. i) Let M, N¢D(R) and assume that KiinX (M, N) is of
finite type as W-module. Then H* (M) and H*(N) are of finite type over W and one of
them has F bijective.

il) Let X and Y be smooth and proper varieties over k. If X XY is Hodge—Witt
then one of X and Y is Hodge—Witt and the other is ordinary.

Proof: Assume i) false for some M and N and choose m and n such that H (M)
(resp. H/(N)) has F bijective for i=m (j>n) and such that H™(M) (H"(N)) does
not, supposing this is possible. Using Props. 1.2 and 3.2 we see that H™*+" (1=, M%%
7=, N) is of finite type over W. By Prop. 3.2 again we see that Kiinf (H™ (M), H"(N))
is of finite type over W. It is easy to see that any coherent R-module with F not bi-
jective has (a shifting of) k as quotient. By right exactness of Kiinf (—, —) we reach
a contradiction using (6.5). We thus see that either H*(M) or H*(N) has F bijective
and from (1.2) we see that the other one must be finitely generated over W. ii) is now
clear from (II: 1.1).

Remark: (7.2 ii) has been shown, independently, by Katz in the case that
HZ (XXY[W) is without torsion.

8. Let p=2 and k=k and consider two elliptic curves E, and E, over W such
that the special fibre of E; is ordinary and the one of E, is supersingular. Fix a V-
point o of E; such that it and its reduction mod 2 have order 2. Let Cy={0), the
cyclic group of order 2, act on E;XFE, by o(x,y)=(x+a«, —y) and put I:=
E, X E,/C,. We will want to calculate the cohomology of 7 and IX7 and their
special fibers and also to draw some consequences of these calculations.

To be able to do this we will need some preliminaries. For these it will not be
necessary to assume that p=2.

Proposition 8.1. Let f: X—S be smooth and proper with S p-local.

1) If T is a finite S-scheme then there are exact sequences
(8'1-1) O*II,fli(Ta Ri—lﬂkém) 91{}1(XT’GAm) QRl.f:kGAm(T) -0
where the R'f, G,, are the flat higher direct images and (—) denotes the infinitesimal part
ie. HXy, G,):=Ker (H'(Xr, G,) ~ H'((X1),ea, Gn) ete. (cf. [20]).
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iiy We have V-tors (H'(X, W0))='TC((R'"'f,G,);) and
Hi (X, WO)V-tors = TC((R' £, G,,),)-

Proof: We know from [20] that the R'f, G,, are pro-representable. The proof of
the theorem of Grothendieck [13: Thm. 11.7] extends to show that if G is a smooth
formal group over k then HY(T, G)=H}(T,G)=0 if i>0. Any formal group is
an extension of a smooth formal group by a finite group scheme which in turn is a
successive extension of a,: s and g,: s which embed in smooth formal groups.
Hence HJ(T,G)=0 if i>1 for any formal group G. This applies in particular to
the R'f,G,. Leray’s spectral sequence for the projection f Xpy—~X, takes the
form

(8.1.2) H} (T, R f,G,) = H} I (X1, G,)

and by what has just been observed (8.1.2) degenerates to give (8.1.1). For ii) we start
from (8.1.1) for T,=Spec k[#}/(r"), go to the limit and split off the non-typical part
thus getting

(8.1.3) 0 -~ ITC(R~1f,G,) — H'(X, W0) ~ TC(R'f,G,) 0.

By the theorem of Grothendieck *TC(G)=0 if G is smooth and as it is well-known V
is injective on 7C(G). Furthermore, one proves easily that {H'(T,, G)} is a Mittag—
Leffler system for 7=0,1 and G a formal group and hence that TC(—) (1T Cc(-))
is left (right) exact. By dévissage and explicit computation for «, and y, one then
shows that if G is a finite group scheme then 7C(G)=0 and 'TC(G) is killed by a
power of V. Therefore, if G is a formal group, TC(G)=TC(G,) has V injective and
'TC(G)='TC(G,) has V nilpotent. This together with (8.1.3) gives ii).

Lemma 8.2. Let - X~V be flat and proper where V is the spectrum of a com-
plete discrete valuation ring.

i) The dimension of R'f,G,, at the generic point is less than or equal 1o the di-
mension at the special point.

ii) If R'f, G,, and R+ £, G,, are pro-representable then R'f, G,, is equidimensional.

Indeed, recall [20: Thm. 2.3.7] that there is a complex G* whose components are
smooth formal groups and such that R'f,G,,=H'(G") where cohomology is taken
in the flat topology. The cycles Z* are formal groups and hence dim Z'=dim Z'
where dim and dim denotes the dimension at the generic and special points respecti-
vely. The exact sequence 0—~Z'—G'~B*'~0 shows that dim B'=dim B’ and
the exact sequence 0—B'~Zi-H'~0 gives dim H'=dim H’ which shows 1).
In case H' is pro-representable then so is B’ being the kernel of Z'-~H' Hence
dim B'=dim B' which together with the inequality proved above implies that
dim B'=dim B’. The exact sequence 0-Z' " '-~G' '-~B'~0 now reveals that
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dim Z'"*=dim Z~. If both H' and H'*' are pro-representable then dim H'=
dim Z*—dim B'=dim Z*—dim B'=dim H".

Put E:=E;,/p. From (1.5.1) we get an exact sequence 0—-R-Z2E. Rg
RY=E*?, RLE—~0 which gives

Homg (E, E) = (Z/p)*®k
(8.3) Exty (E, E) = (Z/py®k*
Ext% (E, E) = k.

This gives us the number of dominoes appearing in Kiin® (E, E) but also that we will
have semi-simple torsion as well as the exact amount appearing. Using arguments
very similar to those used in the calculation of Kiin® (k, k) one shows that

Kiinf (E, )= U,
(8.4) Kiinf (E, E)= U_,@U,a(W/p)*(— 1)
Kinf (E, E) = U_,@(#/p)*(-1).

(One also has to use that an extension of U; by W/p killed by p splits but this follows
by taking fixed points of F and using the corresponding result on extensions of G2
by Zjp.)

Let us now return to the calculation of the cohomology of 1 and I'XI and let us
begin with the Hodge—Witt cohomology of the special fiber I. The Kiinneth formula
gives us

ROT (WQg,x5) = WOW(-1)

8.5) R'T (WQg, xE,) = WO E 3 {DE p(— D OW (- OW (-2)
R (WQE,xE,) = Eippl SW (- DB Eyp(— H{OW(-2),

where { denotes the non-trivial character of C, thus giving us also the action of C,
on the Hodge—Witt cohomology.
We will now compute the cohomology of I using the spectral sequence

(8.6) H!(C,, RIT (WQE,x5,)) = R+ (WQy).

(Notethat C, acts freely on E; X E,.) Thisis a spectral sequence of R-modules. (Actually
of coherent R-modules. As every coherent G-equivariant R-module, where G is a finite
group, can be embedded in a [ (G, —)-acyclic coherent R-module and coherent R-
modules are closed under kernels and cokernels it is clear that H'(G, M) is coherent
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for M a G-equivariant coherent R-module.) If we consider first (8.6) in degree 2 we
see that HO(WQH=0, H*(WQH>W and H2(W Q%)= W. This shows that H*(W ;)
contains no semi-simple torsion as it would be dual to the semi-simple torsion of
H'(WQD. (8.6) in degree 0 now shows that H2(C,, H*(W0p .z ))=W/2 must
be killed and as H*(C,, HO WUy, 1 ))=0, H(Co, H*(W0p yp))=E survives and
hence injects into H*(W0y). Finally H(Cy, H*(W0g . ;))=0 which implies that
H*(W0,)>E. In degree 1 we get from (8.6) that HO(WQ)sW, H'(WQ)>W?
and H2*(WQp/torsion>W. The nilpotent torsion in H*(WQ}) is dual to the
one in H*(W0;) and is hence isomorphic to E. The semi-simple torsion is dual to
the semi-simple torsion in H(WQ}) and is therefore 0. Splitting HXW Q}) into its
nilpotent and semi-simple parts we get:

R T (WQp—= WaeWw(—-1)
8.7 R (WQp = WoeW(—-1)eW(-2)
R (WQp =~ EeW(-D@E(—D W (-2).
Using very similar arguments one shows that
R (Q)= Wl (-1)
(8.3 R (Q) = WoW(~ 1) oW [2(- 1) W (—2)@W [2(—2)
R (@)= W2eW (- DeW/2(-)eW(-2).
We now want to use (8.7) and the Kiinneth formula to compute the Hodge—Witt

cohomology of I XI. In order to avoid fighting with more spectral sequences we note
that

(8.9) R (W) = @ RWap[~1l.

This is seen as follows: The obstruction for splitting a complex M¢D®(R) into the
sum Tz, M@t ;M is the morphism 7=;M~—7 ;M [1] which is part of the triangle
ToiM—>M—t15;M—~7_;M [1]. From Lemma 1.5 and dévissage it follows that every
coherent R-module has projective dimension 2 over R. Hence Hom o) (T=: M,
;M [1)=Ext} (H (M), H~*(M))". Using again Lemma 1.5 one easily sees that
for M=Rr(WQ;). Exty (H'(M), H~*(M))=0 for all 7 and we get the asserted
decompesition. We therefore obtain RIT(WQ,, )=RI (WQ)*iR (WQ)) >
@, ; RT(WQY*5 R (WQ;) [~i—jl. Expanding this, using the additivity of
(—)*5(—), that W acts as a unit and (8.4) we get

RC (Wi )= WOW(—1) @ W(-2)
R W)= Wi W (—)eW* (-2 W (-3)
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R (W) = WO B U9 E' (- Naw (- ) o UL, (- )& (W)2)* (- 1)
SWH(-2)®E (-2 (-2 U_(-2)DW*(-3)
W2 (-3),

(8.10) R (WQixp) = E2@U,@U_»E(—)aW(— D) W/2*(—1)
U= UL (- DWW (=29 E (-2)D(W/2)*(~2)
BU(-2)BU_(-2)® E2(—=3) W (-3)
eW2(=-3)emw?(—4)

RT (W)= U, @ E(-DoUi(- DWW (-2)® EX(-2)a U (-2)
OW2A-3)® E2(—3)pW(—4).
From (8.1 ii) we see that for f: IXI—>S:
(R*f,G,)= G, DG,
8.1 (R £, G,), = G
(R 1. G => G,.

On the other hand, using the Kiinneth formula for the Hodge cohomology of the
generic fiber I’ of I and (8.8) we see that h**(I’XI)=1 and A%*(I’'XI)=
h*4(I’x1")=0. As in characteristic zero A"’ equals the dimension of Rf, G, we
see that none of R'f,G,,, i=2,3,4, with f': IXI-~Spec W are equi-dimensional.
As R.G,, (cf. [20: Thm. 4.1.2]) and R’f,G,, are pro-representable we conclude
from (8.2 ii) that none of Rf.G,, i=3,4, are pro-representable.

Let us also note that the Hodge-polygons of the generic fiber of 7X[ coincide
with the Newton polygons of the special fiber yet IXI is not ordinary, in fact not
even Hodge—Witt.

Remark: 1) Similarly we can consider E, and E, over Spec k[[7]] with E; ordinary
at both the special and generic fiber and E, ordinary at the generic and supersingular
at the special fiber. We will then get an example of a fourfold with R, G,, and either
R*f.G,, or R3f,G, non-pro-representable.

if) p=2 is not essential. In general we would consider E,@E,®,M where M
is the augmentation ideal in Z[C,] and let C, act by translation by an element of
order p on £, and its natural action on the second factor. The quotient X will then
have H2(W0y)sE and we would have phenomena similar to the ones just en-
countered. If we want a 2-dimensional example we will have to take successive hyper-
surface sections of sufficiently high degree as in [3] and use a weak Lefschetz theorem
for the Hodge—Witt cohomology proved as in [3]. We will then have H2(W@y)—~
H2(W0@y) for such a 2-dimensional section Y. (The details will appear elsewhere.)
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