Riemann’s zeta-function and the divisor problem

Matti Jutila

1. Introduction and statement of the results

This work was finished when the author was visiting the Institute Mittag-Leffler in spring
1981. The support from the Royal Swedish Academy of Science is gratefully acknowledged.

It was found by Atkinson (see [1], [2]) that the mean value problem for
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problem.

Let

2
has “more than superficial affinities” with the classical Dirichlet divisor

I(T) =f0T (& +io)ar,

D(x) = Z,zx d(),

where d(n) denotes the number of positive divisors of n. In [1] Atkinson reproved
Ingham’s result, viz.

1.1 I(T) =Tlog(T)2n)+(2y— T+ E(T)
with
(1.2) E(T) < TV2te,

via the formula
I(T) = 2aD(T/2n)+ O (T2 +%),

(Atkinson’s proof is also presented in Titchmarsh [11], pp. 120—122.) An application
of Dirichlet’s formula
(1.3) D(x)=xlogx+2y—Dx+4(x)

with the elementary estimate 4(x)<x'/? yields now (1.1) — (1.2). In (1.1) and (1.3)
y denotes Euler’s constant.
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The error term 4(x) in (1.3) can be given by a formula of Voronoi, which in a
truncated form reads as follows (see Titchmarsh [11], eq. (12.4.4)): for 1=N<x

(1.4)  A(x) = (rV2)~1x* 3,2y d(n)n=3" cos (4n Vnx—n/4)+0 (xV/2+eN-V2),
In [2] Atkinson proved an analogous result for E(T). Let

-1/4 12 1/2yy1—1
nn 2T . n
(1.5) e(T,n) = (1 +—2?) {(?n—) ar sinh [[—27;) J} "
)"
(1.6) f(T, n) = 2T ar sinh [(—ﬁ] ]+(n2n2+27rnT)1/2—7z/4,
a.7n (T,n) =TI [ r ]~T+7t/4
. g bl - Og Znn .
Atkinson’s formula states that
(1.8 E(T) = Z,(T)+2:,(T)+0 (log®T),
where

(19 Z(T) = V220 3 ,an (1) d(m)n~3/e(T, n) cos (£ (T, m),

(1.10) ()= =25 = d(m)n=12 [10g (-2%1—)]— cos (g(T, n)),
(1.11) AT = N = A'T,
(1.12) N’ = N'(T, N) = T)2rn + N2 —(N?/4 + NT)2m)V'2;

in (1.11) 4 and A4’ are any fixed positive constants with 4<A4’. (In the formula-
tion of the main theorem in [2] the sign in front of the second sum should be +,
as can be seen by (4.4), (9.1) and Lemma 3.)

By (1.5) and (1.6) we have

(1.13) e(T, n) = 1+0(nT-Y),
(1.14) AT, n) = —nfd+A4n(nT|2m) 2+ O (W32 T ~1/2)

for n=N. Now a comparison of (1.9) and (1.4) reveals a similarity between X,(T)
and 2nA(T/27), apart from the oscillating sign (~1)* in (1.9), for the first o(72/3)
terms in the respective sums are asymptotically equal in absolute value. In applica-
tions the effect of the sum X,(7') can usually be eliminated by a smoothing process, so
that in a certain sense there is also an analogy between E(T') and 2rnd(T/2n).

It is somewhat surprising that Atkinson’s formula has found concrete applica-
tions only recently, in two interesting papers of Heath-Brown ([7], [8]). However,
in future this formula will probably play a more central réle in the theory of the zeta-
function. Therefore it would be desireable to have a more flexibie version at disposal,
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with the condition (1.11) replaced e.g. by the condition 1=N<T?2, in analogy with
the approximate functional equation for {2(s). This generalization seems to be pos-
sible, if the error term in (1.8) is allowed to depend on N.

The estimate (1.2) for E(T) was sharpened by Titchmarsh, who was able to

1 S, . .
replace Eby D in the exponent. But in view of the above mentioned analogy, one

would expect that if 8,, 6, are the least constants such that for all x=2, T=2 and any
fixed &=0. A

(1.15) A(x) << xhte,

(1.16) E(T) < TP,

then #,=6,; also there are reasons to conjecture that 6,=0,=1/4. It is not known
whether or not 6,=6,, but anyway the best known estimates for these constants are
equal. This result was first obtained by Balasubramanian [3], by using the Riemann—
Siegel formula and very complicated techniques. Another proof was given by Heath-
Brown [6]. But it seems to have remained unobserved that this result can be deduced
fairly easily from Atkinson’s formula. We shall sketch the argument in the end of
the paper.

The best known estimate for 8, and 6, is 346/1067=0.3242 ..., due to Kolesnik
[9]. It follows from (1.16) that

(1.17) [c(-;-+it)| < 2+ for 1=2,
for by Lemma 3 of Heath-Brown [7] we have
(1.18) ]c(§+it)|2<< (og 1) (14 e~

—log2¢

{5 +iG+w) du).

For the time being nothing better than (1.17) is known. This argument has, however,
a theoretical limit, for it is known that 6,=1/4 (see Good [5], or Heath-Brown [8]);
this is an analogue of Hardy’s theorem 8,=1/4.

In attempts to analyze or utilize the analogy between 2y(7T) and 27A(T/2n),
one faces two difficulties: firstly, there are the extra factors (—1)* in (1.9), and se-
condly, the terms with n=T/3 in the respective sums are no more comparable in
absolute value.

The first obstacle can be removed by going over from D(x) to the function

(1.19) D*(x) = —D(x)+2D(2x)—5 D(4x),
for which we have by (1.3) the asymptotic formula

(1.20) D*(x) = xlog x+QRy—Dx+A4*(x),
(1.21) 4*(x) = — A(x)+24(2x) — 5 4 (4%).
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It turns out that 27zA™(T/2=) is the “right” analogue of Z,(T), for with 1=N<x
we have

(1.22)
A* (@) = (wV2) %Mt 3, o (— 1) d (n)n =% cos (4n Vnx — n/4)+ O (xM2+e N-1/2),

It may be of interest to point out that the function D*(x) can also be interpreted
as the sum function of a certain arithmetic function d*(#). Namely, by elementary
considerations it is easy to verify that

(1.23) D*(x) = Sysax d*(n),
where
(1.24) d*(n) = Dapen 1—% Zp=n (D

(see the remark in the end of section 2). Observe that d*(#) takes both positive and
negative values.

The other difficulty mentioned above was how to treat the tails of the sums in
(1.9) and (1.22). By a smoothing process, similar to that in Heath-Brown [7}, we first
truncate these sums, and take then mean squares of the truncated sums. By a lemma
of Gallagher, the mean squares are expressed in terms of coefficient sums over short
intervals, The absolute values of these short sums are still comparable with each
other, though a termwise comparison is no more useful. This argument leads to a rela-

1 2
tion between integrals of IC (E--l—it) over short intervals, and sums of d*(n) (or

d(n)) over other short intervals. This correspondence with its consequences is the
main topic of this paper.

Because of the square roots in (1.6) and (1.22), it is convenient to work with the
functions

(1.25) 43() = 204" (3)27),
(1.26) Ey(y) = EGP.

We introduce some notations. Let T be a large positive number, 7=T12,
L=logT. Let G be a parameter satisfying, for some constants 1/2=>a>b>0, the
inequality
127 To=G=T"?

and write H=GL. The main result will be stated in terms of the smoothed functions
(1.28) @) =G 1 M (x+u)e” @D du,

(1.29) E®=6"f fH Ey(x+u)e~ @6 dy,
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1
and the corollaries are formulated for “natural” functions E(2), 4*(x),and l{ (— + it)' ,
. . . . 2
which we are in the first place interested in,

Theorem. Suppose that G satisfies (1.27) with b=1/6, and write K=T "12G2,
Then for 0<é<G and any fixed ¢>0 we have

(1.30) f‘EK(El(r+y+<f)—-E1<r+y))2dy

<T* [* (41 C+y+O— M@ +))P g dy+TH(T G+ T-12G7),

K2+ 2

Corollary 1. Let TV <X <<T'3, Y=TX 2, andlet A, ..., Az be non-over-
lapping subintervals of lenght A=>X of the interval [T—Y, T+ Y] such that

(13D sup |[E(t)—E(y|=U>X, i=1,.., R
1,1,€4,

Then
(1.32) R« AU2T2+*X~% sup sup Z—me”z (4* (e +1) — 4* (x))2dx

0<n=X Y=Z=T/8 T/2
+ AU-Te(TA X1+ TX9).
Note that for t, <1, the difference |E(t;)— E(#,)| indicates how much the integral
ty 1 2
ftl ’C(z +lt)| dt

deviates from its expected value. Hence Corollary 1 gives information on both large
and small values of such integrals.

1 1
Let us consider large values of IC (5—+it]‘. If for some #¢ [5 T, 2T]

(1.33) G+ it) = VT,
then by (1.18) and (1.1)
(1.34) E(t+LY)—E(t—L% > V2L

An application of Corollary 1 gives the following result.

Corollary 2. Suppose that V=TV, andlet t,, ..., 1g be a set of points in the
interval [T—TV ~*, T4+TV ~*] such that (1.33) holds for each t;, and |t;—t)|=1
for i#j. Then

(1.35)
R Tobey—4 sup - sup 72 [TAH% (A5x4 o) — A* () dx+ T4V =4,

0<p=V3 TV~ aszs T/8 T/2
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The truth of the famous conjecture
(1.36) A(X) < xHMA+e

would imply the same estimate for 4*(x) by (1.21). On this conjecture, the first term
on the right of (1.35) is < T??*°) 20, Then for ¥V=T3%20+¢ the inequality (1.35)
is impossible even for R=1. Thus we obtain a conditional improvement of the esti-

|
C[~2—+it]’. The hypothesis (1.36) would also imply a new estimate for E(¢).
1

Corollary 3. If the conjecture (1.36) is true, then for all t=2

mate of

1.37) lC (%+ it)l « fl20te,
(1.38) |E(f)] << t5/16+2,

For comparison, the respective best known exponents are 173/1067=0.1621 ...,
346/1067=0.3242 ..., as was mentioned earlier, while 3/20=0.15, 5/16=0.3125.
Thus the improvements would not be very striking, but it is of some interest in prin-
ciple that such implications exist. Also it should be noted that we do not need the
full power of the conjecture (1.36) at all, for (1.37) follows already from the local
estimate
(1.39) Ax+y)—A(x) < x4+e, 0<p<<x?10,

and the consequence of this is, beyond (1.37), that

[2 7 G+ d ~ Xlog Tor 79+ =X =T.

This does not follow e.g. from the Lindelsf hypothesis.

Though the hypothesis (1.39) may seem to be essentially easier than (1.36), both
problems are nevertheless of equal difficulty at the present state of knowledge, for we
cannot estimate non-trivially the change of 4(x) in an interval [x, x+x,] which is
shorter than the best known estimate of A4(x). However, the mean value estimate

(1.40) [T dG+y)~4@)pde < XyloghX, 1=y=X"

suggests that perhaps
Ax+y)—A(x) < pV2x5.

This would give the exponent 1/8+¢ in (1.37). The estimate (1.40) is an analogue of
a result of Good [5] concerning differences of the function E(¢). In fact Good has an
asymptotic formula with an error term, and a similar refinement is possible also in
(1.40). The proof can be based on Voronoi’s formula (1.4).
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In conclusion we point out that if E(¢) changes rapidly near T, e.g. because
1
IC (—E—H'T ]I is very large, then A4*(x) also necessarily changes rapidly near T/27.

This means that d(#n) behaves in an anomalous way near at least one of the numbers
T/2r, T/m and 2T/%. We do not formulate a quantitative result in this direction. Quali-

1
tatively it can be said that if ’L’ [5+iT], is very large, i.e. of the order T* with «

near 1/6, then there exists an interval [T/2n—T?, T/2r+T*] with B slightly larger
than 1/3, where the oscillation of 4*(x) exceeds T, with y slightly less than 1/3.

2. The analogue of Voronoi’s formula for 4*(x)

We are going to prove the expression (1.22) for A*(x) by modifying suitably the
proof of Voronoi’s formula (1.4) in Titchmarsh [11}, § 12.4.

1
Let N<x be a positive integer, N +3 =T2[@4n%x)"L, a=1+1/log x. We shall
evaluate the integral

__L pawir s—1)2 72 -1,
I= 5 Jamir (1—2"122(s)x"s1ds
in two ways.

First, by Perron’s formula,

2.1) I= 77171 T ()5 [xs - (2x)s+—i—(4x)s) ds

= D(x)—~D(2x) +%—D(4x)+0(x1+”T‘1).

The error term can be written also as O(x1/2+:N —172).

Secondly, we apply the theorem of residues to the rectangle with the vertices
a+iT, p+iT, where f=—1/logx. Note that the integrand is regular at s=1,
and that its residue at s=0 is O(1). The integrals over the horizontal sides can be
estimated by the error term in (2.1). Thus we obtain

1

=54 ,’iii (1 —25-1)22(s)x*s~1ds + O (xV2+EN—V/2),

Next we use the functional equation { (s)=yx(s){(1 —s), and observe that for Res<0

(1-22"9202(1~s) = > _dn)n* %,

—ip=1

2{n
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by considering the Euler product of the function on the left. This is substituted in the
preceding integral, and the series is integrated termwise. The situation is now the
same as in the proof of Voronoi’s formula, except that we have the extra condition
2{n. Hence we get, in analogue with (1.4),

I=(n }/5)‘1 ngnN d(n)n=%*cos (4n l/-n—;-n/4) + 0 (xV2+e N~1/2),

This and (1.4) show together that 4(x)—21 equals the right hand side of (1.22). On
the other hand, by (2.1), (1.3) and (1.21)

A(x)~21 = A4*(x)+ O (xV/2+e N~1/2),
The formula (1.22) now follows by a comparison of these expressions for 4 (x)—21.

Remark. The equation (1.23) can be verified as follows. Defining d* (1) by (1.24),
we have

Dn=ax (M) = Dypisax 1 ——;' Dhesax (— L)kt
= -1 = - = 1 = 1
DO~ (D 172 Zpgmgs 1+ Zpzec )
= D(x)_%'{D(x)'—z th§2x 1+2 th§2x 1+2hk§4x 1-2 2hk§4x 1+ th§4x 1}
2]k 2/h 2[h, 2]k
= D(x)—3{D(x)—2D (2x)+2D(x)+D(4x)—2D (2x) + D (x)}

= —D(x)+2D (2x)—1 D(4x) = D*(x).

3. Gallagher’s lemma

This lemma (see Gallagher [4], or Montgomery [10], Lemma 1.9) relates the mean
square of the absolutely convergent trigonometric series

(3.1 S =ZveMey) (e(@) =)

over the interval [—Y, Y] to short sums of its coefficients. Let 6=E Y

C(x) = 5_12|v——x[<*6 C(V).
Gallagher’s lemma is usually stated and applied in the form of the inequality

(3.2) SISOy < [7_|C(Pdx.

A precise form of the result is, however, the identity

(33) Jo 1522 ay = [7_jceopas,
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which obviously implies (3.2); this was Gallagher’s proof of (3.2). But (3.3) can be
applied to bound the right hand side in terms of S(y). We shall apply this argument
in the proof of the theorem, except that in place of C(x) we shall have a somewhat
modified sum.

For future reference we prove the following lemma.

Lemma 1. Suppose that the trigonometric series (3.1) is absolutely convergent.
1
Let Y=0, 6=3 Y 71, and suppose that a(x) is a continuously differentiable function
such that for all real x

(3.4) loe(x)| = By,

(3.5) [77 o @ du = By~

Let By=max (B3, B,). Then we have

SO 4
YZ +y2

(3.6) - S Zhs<sa cO)a()Pdx < By [~

If ¢(v)#0 only for v in a certain finite interval [A, B), then it is enough to suppose the
validity of (3.4) and (3.5) for A—d=x=B+3.

Proof. Let
C(x, u) = 2x—%6<v<x—,}6+u C(V).
By partial summation,

Zv—xl<zs cMa() = C(x, 5)a(x+—;—5)—f: C(x, uyo’ (x———~5+ u)du
Hence by (3.4), Cauchy’s inequality, and (3.5), the integrand on the left of (3.6) is
< BIC(x, 9P+ Byd [7C(x, w)[du.

The integral of this with respect to x is by (3.3)

< By~ [7 IS )|2(sm“5y) dy+Bys™ [*urdu [~ _|S(y )|2(Sm””y] dy

nuy

< Blzf::g Li(_{)lz dy+ B,6~ fm IS(y)|2[f0 %J dy
IS

<< B3f_ Yo )?

This proves (3.6), and the last assertion is obvious.
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4. Formulae for A7 (x) and E,(x)

In the next lemma these functions, which were defined in (1.28) and (1.29), are
expressed by truncated sums of Voronoi and Atkinson type. The method of proof is
due to Heath-Brown [7], but for completeness we give the details also here. We
retain the notations and assumptions of the introduction. For convenience we shall
denote by ¢ generally a small positive number, not necessarily the same at each occu-
rence.

1
Lemma 2. For |x—r[§?‘c we have

.1
4F (%) = Qux)t 3, 2pr (= 1) d (m)n =% exp (— 27nG?) cos (2 Y 2nnx — n/4) + O (T9).
4.2)
E\(x) = QnxH)'* 3=y (1" d(n)n > e(x2, n)r(x, n) cos (f (>, n))+O(L?,

where M=G™2L% and
4.3) r(x, n) = exp{—4G*(x ar sinh ((xn/2)"2x )2}

Proof. We choose N=T in the formula (1.22) for 4*(x). Then by (1.25) and
(1.28)
4 = QG [T (w2 3, (1) d (myn =

-cos (2 V2nn (x+u)—n/4)e= W du+ O(T).

Here (x +u)'/2 can be replaced by x'/2 with an error <<1. The integration can be extend-
ed over the whole real line with a negligible error. The sum is integrated termwise, and
the integrals are evaluated by the formula

4.4 [~ et du = (n/By”exp («*/48) (Rep = 0).

The contribution of the terms with #»=M is negligible, and (4.1) follows.
Turning to the proof of (4.2), we express E(¢) by (1.8), choosing N=T in the
definition of >, (z). By (1.29) and (1.26) we have

@.5) E@=235,67 [ 5((c+u)e @O du+O(LY.
Consider first the term with j=1. By (1.9) this is
(4.6) QMG [T (et 02 Syar (1) d(m)n="e((x+ )2, n)

-cos (f((x+u)% n))e~ ¥ dy,
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As above, we may replace (x+u)*2 by x1/2, and likewise e((x+#)?, n) may be replac-
ed by e(x?% n). Further, by (1.6)

)"
@.7) f'(t, n) = 2arsinh ((~27J J ,

whence

2
—3314—2f((x+ u)?, n) < n*2T%2,

3
—aéu?f((x—i— u)?, n) < n®?T 2

Hence we have the approximation
S+ w2, n) = f(x2 n)+4xar sinh ((zn/2)V2x Y u+A(n, x)u*+0(T~V2G3L3),

where
A(n, x) < (n/T)2.

We substitute this in (4.6), omitting the error term. This effects an error «<G*L*<1.
The sum in (4.6) is integrated termwise, and the integrals are again extended over the
real line. The new integrals are evaluated by (4.4), and as before, those with n>M
are very small. Hence (4.6) can be rewritten as follows:

4.3 Qa1 xRG™ 3, ap (1) d(n)n—*e(x?, n)
i n 2 4(x ar sinh ((mn/2)2x 1))
XR"’{"“ ’)[ﬁ(n, x)] e"p(‘ CR) )}+0(1)’

where
B(n, x) = G2—A(n, x)i.

We replace everywhere f(n, x) by G2, and the total error is
< T-¥G32L5 =< 1,

Hence (4.8) equals the right hand side of (4.2).

To complete the proof of the lemma, it suffices to show that the term with j=2
in (4.5) is <1.

Note that since we fixed N=T in the definition of the sum Zl((x+u)2), the
number N’ in the definition (1.10) of the sum X,((x+u)?) depends on (x+u)? ac-
cording to (1.12). However, it is convenient to replace N’ ((x+u)?, T ) by N’(x2, T).
By (1.12)

N (x%, T)—N'((x+u)?, T) < TYV2GL.
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For n=N'((x+H)? T) we have

27
22 - ) v

Hence by (1.10), for |u|=H,
2
Zu((e+ 1) = =2 Spren, y dmn =12 log 2
By (1.7) we have

g((x+w?, m)) = g(x? n)+2xlog (7):;—) u+ [log (%) +2] W+ O(|ufT-13).

cos (g((x+u)?, n))+0(T*G).

Substituting this in the previous formula and arguing as the case j=1, it is easily
seen that the term with j=2 in (4.5) is indeed <<1. This completes the proof of Lem-
ma 2.

Lemma 3. Let 0<¢<<G. Then with the assumptions and notations of the preced-
ing lemma, we have for |y|=1/3

4.9
A @+y+—41(T+y) = QO @+ Zmp (- 1) d(n)n~* exp (—27nG?)

X Re {el(2V2mn -y —nd) (o2 2mne_ 1)L 4 O (T¥),
and for |y|=K

(4.10)
E\(t+y+8)—E (t+y) = Qo) e+ p)V2 Spam (1) d(n)n=*e(T, n)r(z, n)

xRe {ei(f(T,n)+h(T, n)y) (e2i}/ﬁ§ _ 1)} + O(T—9/4+5 G“15/2) +0(T),
where
4.11) h(T, n) = 4T"2 ar sinh ((zn/2T)"2).

Proof. We begin by writing the left hand sides of (4.9) and (4.10) by means of
(4.1) and (4.2). In Af(x+y+¢&) and E,(t+y+§) we may replace (t+y+&)M2 by
(t+y)'/2 with an error <«1. Then (4.9) follows immediately from (4.1).

Turning to the proof of (4.10), we make a further simplification on replacing
e(x?, n) (resp. r(x, n)) with x=t+y+¢& or t+y by e(T, n) (resp. r(z, n)). To estimate
the error, note that by (1.5) we have, if nT ! is sufficiently small,

4.12) e(T,n) = 1+P(nT™Y),
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where P is a power series with vanishing constant term. Hence

d;i e(x%, n) < nx 3 < nT7%2,
Also, by (4.3)
F(x, n) < G?n?x—3 <« nT ~3/2L2,
Hence the error to be estimated is
<« T-"4+eGo2
which can be absorbed into the error terms in (4.10).
Writing
o(x, n) =1 (2% n),

we now have

4.13)
E(r+y+O—E (t+y) = Q)4 (v +p)2 3oy (- 1)"d(m)n=*e(T, n)r(z, n)
X Re {eiw(r+»’+ &m) _ pie(z+y, n)} +0(T—9/4+sg—15/2_|_ O(T‘).
Next we replace here the function ¢ by a linear approximation. For that we need its
two first derivatives. It follows from (1.6) that if »T —* is sufficiently small, then
(4.14) ST, n) =—n/4+2Q2rnT)V2(1+Q(nT ),

where Q is a power series with vanishing constant term; this is a more precise form
of (1.14). Now by (4.7) and (4.11)

4.15)
@’ (1, n) = 4rar sinh ((zn/2)V2¢ %) = h(T, n) = 2Q2ran)2+O(T ~1n¥?),

and by (4.14)
0" (x, n) < n3/2T 82

for t<x<«rt, n=M. Hence for y<«<K
o (t+y, n) = f(T, n)+h(T, n) y+0 (n¥*T~32K?).

When this is substituted in (4.13), the error term can be omitted at the cost of an
error <T ~*+:G-152, We get (4.10), except that in place of

2iVEmng__q
we have

eih(T, n)é _ 1 ;

by the last equation in (4.15) these factors can be interchanged with an error
«<T ~34+:G—52 which is admissible.
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5. Proof of the theorem

We want to estimate the integral
J=[5 (Bs(c+y+O—E(r+y)Pdy

in terms of the function 4F. Denote the error term on the right of (1.30) by R. By
(4.10) we have

(5.1) J<T" [* |Sia()e(y)fdy+R,

where A runs over the sequence

(5.2 A=An)=2n)*h(T,n), 1=n=M,
as well as the negative numbers —A(n), and
5.3 a(?) = a(i(n))
= (= 1)"d(n)n~¥%e(T, n)r(z, n)eif T(e2V2mi_1), 4 >0,

(5.4 aM)=a(—=», A<0.

The trigonometric sum on the right of (4.9) can be written, up to a factor %, as
(5.5) ZveMe(y),
where v runs over the numbers
(5.6) v=v(n) = Q2n/n)V2, 1=n=M,

as well as the negative numbers —v(n), and
G.D c() = c(v(n))
= (=1 d(n)n—** exp (— 2anG? el V2mme—m/d) (p2iY2mE_1)  y = 0,
(5.8) c(W=c(—=v), v=<0O.
We may now apply Gallagher’s lemma. By (3.2) it follows from (5.1) that

(5.9) J<TPEK? [T |3 sj<ys a(DPdx+R,
where
(5.10) d=3K1=4TV2G

There is a one-to-one order preserving correspondence between the sequences 4
and v, defined by the mapping A=A(m)—>v(n) for A=0, A=—Am)—~—v(n) for
A<0. Hence we may write a(4)=b(v), and the condition of summation for 4 in
(5.9) can be restated in terms of v. We shall do this explicitely below.
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By (5.2), (5.6) and (4.11) we have

v(n) = 2n 1t sinh (5 7A(n)77Y).
In the variable
(5.11) u = u(x) =2z 'rsinh (} nxc ),

the condition of summation in (5.9) may be written as
(5.12) u(x——;-é] v =< u(x—f—%é].

But in place of this, we want to have the simpler condition
(5.13) lu(x)—v| < 54.

The conditions (5.12) and (5.13) are actually almost equivalent, for the respective
sums are identical up to at most two terms. To see this, note first that by (5.11)

, Wx)=1+0(x2T7),
whence

|u (x5 0)— () £50)| < 8 (x| + 82T
On the other hand, the difference between consecutive numbers v near xi%é
is by (5.6) at least >M 12, The assertion now follows from the estimations
MY2S(|x|+ 02T 1< KT IM3T "1 « T-V2G 3 < T2
Observing also that by (5.3)

a(A(n)) < d(n)n~'4G,
we have

lZ]A—x[<%6 a(/l){2 < IZ[v—u(x)[<%_6 b(")l2
+7°G? {min (jx—3 6| ", 1)+ min (jx+3| ", 1)}.
Hence (5.9) now takes the form

(5.14) J<TK2 [ |3, yoysbO)PdutR;

note that
T1/2+8K2G2 << T—1/2+SG—2 P R

Next we compare b(v) with ¢(v). Suppose first that v=v(n)=0. Then by (5.6)
n= % Ve,
and comparing (5.3) with (5.7) we find that
(5.15) b() = c()a(),
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where

(5.16)
a(v) =e (T, % nvz) r (‘E, % nvz) exp {n2 G2vi+i (n/4 +f (T, —;— TCV2) — 2v7r1:)}.

Next we define for x<0

a(x) = a(—x); ;
then (5.15) is valid for all v. Note that by (4.14) we may now write for |x|<M/2
(517 a(x)=e (T, % nxz) r [1, % nxz) exp {n2 G?x2 4 2mixTYV2Q (—12— nx*T '1)} .

Hence, in particular, «(x) is continuously differentiable in the interval |x|=(2r M)/
where v varies.

With an application of Lemma 1 in mind, we find estimates for a(x) and o’ (x).
The function «(x) is bounded, for by (4.3)

(5.18)
r (r, 3 7x2)em % = exp {— G2x* T2 (co+ 0y (X2 T D+ e, (k2T 12+ ... )},

where the exponent is bounded for the relevant values of x. Also, by (5.17), (5.18),
(4.12) and (5.10), for |x|<M2,

/(%) < GULAT 1+ G 2T V22 < 5112

Consequently we may apply Lemma 1 with B,<1, By<<L*. It follows from (5.14),
(5.15) and (3.6) that

J < Tl/z"eKzfim [Z’vc(v)e(vy)lz(Kz—i-yz)‘1 dy+R.

But the trigonometric sum in the integrand is the same as in (4.9), so that we get
further

(5.19) J<T [ (4 (Ay+)— AL @+))

—1/3

2

K
KZ_I_yZ dy

+T‘/”“Kzflylgt/s|Z'vc(v)e(vy)|2y“2dy+R.
To estimate the integral over |y|=t/3, note that for Y>>t we have by (3.2) and
6.7—(5.8)
[T 13 ctep)fdy < ¥ 3, e} < YT*G,
since the sums C(x) in (3.2) are in this case either empty or contain only one term.
Hence the second term on the right of (5.19) is
<« TK:G =T 1+G 3« T V2G 2« R,

and the proof of the theorem is complete.
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6. A modified version of the theorem

In the next lemma we give an inequality of the type (1.30) in terms of the func-
tion E(¢) and A*(x). The proofs of the corollaries will be based on this lemma.

Lemma 4. Suppose that G satisfies (1.27) with b=1/6. Let G,=TY?G,
H,=G,L, Ky=T"K=TGi*®. Then we have

(6.1) Gr? foG‘dn f Trff‘{ S (E+o+m)—E(t+0))e= 200" do)* dt

<T° sup sup KEZ72[TP"E (A% (xpm)— A* (0)Pdx+ T(T G+ TG,

0<n=G, K,<Z=T/8 T/em—Z

Proof. We average the inequality (1.30) of the theorem with respect to the para-
meter ¢ over the interval [0, G). The inequality (6.1) will follow when the left hand
side of the averaged inequality is estimated from below, and the right hand side is
estimated from above.

Consider first the left side. In terms of E(¢) it reads as follows:

(6.2)
G=3 f7dt f* AS (Bt y+E+uD—E(G+y+u)e @ du) dy,

In place of y and ¢ we introduce the new variables

t=(t+y? n=20+y),

and in the innermost integral we integrate with respect to the variable v=2¢2y,
The range of integration in the ¢, #-plane contains the rectangle [T—K;, T+K,]X
[0, G4). The Jacobian determinant of the change of variables (y, £)—(¢, #) is of the
order T 1,
In the new variables,
E((t+y+E+u))—E((t+y+u)?)
= E(t+v+9+0(G2LY))—E(t+v+O(G2LY) = E(t+v+n)—E(t+v)+ O(LY);

in the last step we used the assumption G<T~'® and a standard estimate of

1
4 [—2—+it) . Denoting by 7 the expression in (6.2), we now have
6.3)
— - G T+K H (v 2
TG [0 dn [T [ (E(t+o+m)— E+)e 00T dol* de

< I+ T1/2+£G{2.
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Consider next the right hand side of the basic inequality. By (1.28), (1.25) and
Cauchy’s inequality
(4f e +y+O)— 41+ )P

<G [ (At y+ E+2m) = 4 o+ y + 0 2m)Rd

The expression to be estimated is hence
(6.4)
< G [T dE [TR (4% (Gt y+O2m)— A (320 g

t/3—H

K?
Ky VTR
where R again denotes the error term in (1.30).

We introduce here the new variables

x = (t+y)[2m,
n=(+y+02n—(t+y)2n.
Then the range of integration in the x, #-plane is contained in the rectangle
|T2r—x|=T/8, 0=n=G,,

and the Jacobian determinant is <7 ~1. The x-integral is estimated by considering
separately the ranges |T/2n—x|=K,, and 2/K,=|T)2n—x|=2"*'K;, j=0,1, ....
The #-integral is estimated trivially by taking the supremum of the integrand.
The expression (6.4) is found to be at most of the order of the right hand side of (6.1)
multiplied by T 12, Taking also into account (6.3), we obtain an inequality, which
gives a slightly modified form of (6.1) if its both sides are multiplied by 7*/2. In order
to get (6.1) precisely, we have to remove the extra factor T7/¢ in the exponent in (6.3).
Since T/t=1+0(Gy? and E(T)<T, this change can be made if the term
T****G7® is added to the right side of (6.1). But this term can be absorbed into the
error terms in (6.1).

7. Proof of Corollary 1

The function E(#) may increase rapidly, but it follows immediately from (1.1)
that it can decrease only relatively slowly, more exactly,

(7.1) E(+x)—E({f)= —cxlogt for 2=t=t+x=2t

It follows that if E(t,)—E(z,) is large and positive for f,<t,, then E(t;)—E(t})
is also large if the numbers #;=1, and f;=#, lie in certain intervals.

We may suppose that the distance between two adjacent intervals A; is at least
A, by going over to a suitable subset of cardinality =R if necessary.
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We consider in detail those intervals A; for which there exists a pair of points
t;, ty€ A; such that
7.2 h<ty, E(t)—E(l)=U=>X.

The remaining intervals can be dealt with analogously.
By (7.1) and (7.2) we have

Et)—E®)=3U
for
—XL2=H=t, th=l=tL+XL2
Hence, defining
G=T"2XL"% ie. G, =XL"*% H, =XL73
we have
(7.3) Gt [T (E(G+0)— E(f{+0v))e @20 dp > U
for

(7.4) tl—éXL_Zétfétl—%XL—z, t2+~;—XL—2§t;§t2+§XL-2.

Having fixed G;, we define
K, =TG;%?=YL?

1
as in Lemma 4, By this lemma there exists a number #,€ [5 Gy, GI] such that
(7.5) G2 [ K { j (E(t-l—v+110)—E(t+v))e—(v/2Gl)2 dv}’ dt

<T® sup  sup  KPZ~ [ E(A(x ) — 4%(x)dx+ THT GV + TGP,
0=4=G, K,=Z=T/8 /2

Let 1 be a number such that not only #{ but also all numbers in the interval
[1;—G,, t;+G] satisfy the condition (7.4) for #;. There exists an integer J such that
the number t;=t;+Jy, and all numbers in the interval [t;—G;, 1;+G,) satisfy the
condition (7.4) for #;.

We now apply (7.3) substituting 1+ & (resp. t3+¢) for #; (resp. t;); here ¢ is an
arbitrary number such that [£|=G;. It follows that

U<xGit j= 1f (E(t1+1710+’é+v) E(t;+(— 1)'70+§+v))e"("/2G1)’d1;
We square both sides, apply Cauchy’s inequality to the j-sum, integrate with respect

to &, and finally sum over all intervals 4; under consideration (say R; in number).
Taking into account that J<AG;", together with the facts that the intervals A4,
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1 1
are well-spaced and lie in the interval [T——Z— K, T+5K1]’ we obtain

R UG < AG® [T { [T (E(t+o+n9)—E(t+v))e %" dy 2 dt.

The assertion of the corollary now follows from this and (7.5).

8. Proof of Corollary 2

We apply Corollary 1 with
X=A=V2L"3

We cover the interval [T—TV ~* T+TV ~*], contained in the interval [T—TX ~2,
T+ TX ~?], by subintervals of length 4, deleting those intervals which do not contain
any point ¢;. These intervals are classified by the condition that the j’th class consists
of those intervals which contain at least 27 but less than 2/** points #;. We estimate
the cardinality of the j’th class.

By (1.18) the function E(¢) increases in each interval [t;—L?, t;+L?] an amount
>=V2L-1. The positive variation of E(¢) in an interval of the j’th class is therefore
>(1+2/L~?)V2L~1, On the other hand, the negative variation in the same interval
is <«<AL<«<V2L~% by (7.1). Hence we may take in Corollary 1

U (1+2L3V2LL

Corollary 1 now gives an upper bound for the cardinality of the j’th class. Multiplying
this by 2/ and summing over j, we complete the proof of the corollary.

9. Proof of Corollary 3

We observed already in the introduction that (1.37) follows immediately from
Corollary 2. Hence only (1.38) requires a proof.

We commence by showing that |E(?)| cannot be too large throughout a given
interval [T—T,, T+T,). Let T,€[T/3, T?/*], and define E;(x) as in (1.29) by choos-
ing G=T,T~2L~1, Then E\(x) is given by the formula (4.2), whence by a trivial
estimation
0.1 E)(TV?) < TV2HeT5 12,

By the definition of E;(x) this implies that there exists a number t€[T—T,, T+T]
such that
9.2) |[E(®)| < TV2+eTsV2,
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We are going to prove that for suitable T the estimate (9.2) is valid in the whole
interval [T—T,, T+T,], when the constant implied by the symbol < is somewhat
enlargened, say doubled. If this is not true, then

sup [E(tl) E(ty)| > TV2+eTy V2,

T—Tyst, t,<T+T
We now apply Corollary 1 w1th
A=2T,, X=Us=TVtT e
Using in (1.35) the hypothesis (1.36), we obtain
1< Ty T3+ X8 < T§T 32,

This is impossible for T,=cT*®, with c a suitable constant. Thus (9.2) holds in the
whole interval [T—T,, T+T,]. This proves (1.38).

The result could be somewhat sharpened by applying the theory of exponential
sums in (9.1) instead of the trivial estimate.

10. On the estimation of E(T)

We show briefly how the estimate (1.16) with 8,=1/3 follows from Atkinson’s
formula. ,
We begin with the trivial observation that if 1=¢=T=1,=2T, then

I(t) = I(T) = I(ty),
whence by (1.1)

(10.1) E(t)+O0((T—t)log T) = E(T) = E(t)) +O((1,—T) log T).
Let Y be a parameter with TY*L-'=Y=T8L"1, and let G=T"12YL™2
With this value of G we define E;(x) by (1.29). Then it follows from (10.1) that
E(T-Y)?)+0(YL) = E(T) = E,(T+Y)V?)+O(YL).
The values of Ey((T+Y)'/2) are given by (4.2), where M=TY*L®. Using also
partial summation and putting X=YL, we arrive at the following result.

Lemma 5. Let TY*=X=T and M=TX %L% Then

(102) E(T)<X+TW* . Sop sup| Se=e (=D d(n)n=4 cos(f(z, n)).
T|=X ¢=
The partial summation allowed us to drop the factors e(t, n) and r(t'/2, n).
Choosing X=T3 and estimating the sum in (10.2) trivially, we get E(T)<
T13+% Sharper estimates are obtained by applying van der Corput’s method and
choosing the parameter X optimally.
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