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0. Introduction

Let £ be an unbounded domain in the real m-dimensional cartesian spac.
R" and let a and k be real-valued and Lebesgue measurable functions on Qe
The function % is not required to have a constant sign. We shall consider a Hilbert
space realization of the spectral problem

(— i 802} + a(x))u = Mke(z)e in Q, (0.1)

% =0 on the boundary, £7(0.2)

where 1 is the eigenvalue parameter. Under certain conditions (Sections 1 and 2)
we shall deduce exact bounds for the positive and for the negative continuous
spectrum of this problem. The case when k() =1 for all # in £ was treated
by Arne Persson in [7].

The author wishes to express his gratitude to A. Pleijel and Arne Persson for
their generous interest.

1. Conditions, the speetral problem

Let OF(£2) be the set of all infinitely differentiable real-valued functions with
compact support in £ and write

(u, v) = f (grad u grad v -+ ouv)dx (1.1)

Q

when % and v are in O (). It is assumed that (uw, u) is positive definite on
Cy(£2). Furthermore there shall exist a constant C such that
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f |k|urtde < Clu, u) (1.2)
2

on CP(R). Completion of CP(2) with respect to |.|, |u] = (u, u)'* gives a
Hilbert space H on which (%, v) and, because of (1.2), also a form corresponding
to '

K(u, v):fkuvdx on Cr(0) (L.3)

can be defined as limits on Cauchy sequences in C§°(£2). The form K(u, v) becomes
symmetric and bounded. Hence

K(u, v) = (Ku, v) (1.4)

defines a selfadjoint operator K. Under suitable conditions the spectral problem
for K, i.e. for the equation Ku = pu, is equivalent to the eigenvalue problem
0.1), (0.2) if 4 = pt, see [8], [9]. Our aim is not to discuss such conditions but to
obtain exact bounds for the continuous spectrum of K as defined by (1.4).

The eigenspace corresponding to a real interval I is denoted by H(I). For
reference we state the following consequences of the spectral theorem. (1) If u 3% 0
is an element of H(I), then (Ku,w)/(u,w) i.e. K(u, w)/{u, u) belongsto I. (2) The
spectrum is discrete in I if H(I,) s finite dimensional for every closed interval I
contained in the open kernel of I.

2. Further conditions

Precompactness of a quadratic form ¢ on a linear space with scalar product
(.,.) can be characterized by a compactness inequality. To every &> 0 there

shall exist a finite number of (., .)-bounded linear forms L,, Ly, . . ., Ly such that
N

Q0 )| < e, ) + 3 1Ly (2.1)
i=

Precompact is compact if the space is complete.
Let S, be the intersection of 2 and the sphere {x:|x] <r}. Define a—
by a(z) = H|a(z)] — a(x)). We assume that for every finite r the integrals

fuzdx,fa;—(x)uzdx,f1k(x)1u2dx (2.2)
Sr Sr S

are precompact on CF(2) with respect to the scalar product in (1.1). Precompactness
implies boundedness. Thus for every » and every # in CZP(Q)
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fuz dxe < Cy(r)(u, u), (2.3)

S,

r

where the constant C,(r) depends on r. Similar inequalities are valid for the other
integrals in (2.2).
It is furthermore assumed that on CF{£2)

f grad® u de < Oy(r)(u, u), (2.4)

S,

T

where the constant C,(r) depends upon r.

The inequality (2.3) shows that every element % in H (Cauchy sequence)
determines a function also denoted by u which is square integrable over ..
Since r is arbitrary the definition of # can be extended to the whole of Q.
According to (2.4) the function « has generalized locally square integrable
derivatives of the first order. For % in H, wvalues can be attributed to the left
hand sides of (2.3) and (2.4) either as limits on Cauchy sequences or as integrals
in which the corresponding function and its generalized derivatives are introduced.
The inequalities (2.3), (2.4) remain valid in H. On account of their boundedness
the other two integrals in (2.2) can be similarly defined as limits or as integrals.
The integrals (2.2) are compact on H.

From the inequality (1.2) it follows that for 4 and v in H the value of K(u, v)
equals the integral in (1.3) in which the corresponding functions in L} (dx) are
inserted. These functions belong to L*(|k|dx). The inequality (1.2) is valid also in H.

The possibility that a non-zero element of H may determine a function wu
which is 0 almost everywhere is not excluded. However, an eigenspace of K be-
longing to an interval I of positive distance from the origin is in one-to-one cor-
respondence with its functions in Lj (dz). This follows from statement (1), end
of Section 1.

3. Sufficient conditions

As in Courant & Hilbert [1], pp. 515—521, it can be proved that for every
&> 0 a Friedrich’s inequality

. N
fuzdx gsfgradzudx +> (fw,u dx>2 (3.1)
=t
S,

r T T

holds on CF(L2). The functions w, wy, ..., wy are bounded and integrable with
compact supports. The proof is simplified since, when &, is not contained in £,
the functions in CF(£2) wvanish identically in neighbourhoods of the common
boundary of S, and 0.
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If a~(x) ond k(x) are bounded in every S., and if (2.3) and (2.4) hold, then the
compactness of the integrals (2.2) is a consequence of (3.1). For according to (2.3)
the linear forms in (3.1) are (., .)-bounded and by the use of (2.4) one can introduce
(w, w) in the e-term. Thus the first integral in (2.2) is precompact on COF(£2),
compact on II. Because of the boundedness of a—(x) and k(x) in 8, the last
two integrals in (2.2) are majorized by the first one, hence compact.

Remark. Under the conditions of Sections 1 and 2 we shall obtain bounds for
the continuous spectrum of XK. Any set of conditions which imply ours will evidently
do for the same purpose. Such a set (not assuming boundedness of o~ in §,) is
due to Arne Persson when k(x) is identically 1. His assumption that a(x) be
bounded from below for large values of |z| is, however, not necessary. In Section 9
we shall indicate an example in which a(z) is not bounded from below but all
conditions of Sections 1 and 2 are fulfilled.

4. Result to be obtained

Let
L} = sup (K(u, w)/(w, w)), L; = inf (K(u, u)/(u, )
when « varies in CF(£2 — 8,), and consider the non-increasing and non-decreasing
limits

Lt =lim L, L—=1limL .

An eagy consequence of the compactness of the third integral in (2.2) is that L+ >0
and L~ << 0. To see this take R > ». For Q(u, u) = f |k|u?dx, the precompactness

SR
relation (2.1) holds with certain Ly, L,, ..., Ly. The space CF(Sz — 8,) 1is of
infinite dimension and thus contains functions % # 0 for which L;(u) =0,
j=1,2,...,N. Tor such a function the precompactness relation gives
f]kluzdx < &(u, u) so that
SR

K (u, w)/(u, u) <e.

Thus L}F > —¢ and L <e for any e¢> 0 which shows that L+ >0 and
L= < 0. We shall prove the following

TaroREM. The spectrum of K outside L~ << u << Lt is discrete and this interval
contains no smaller interval with this property.
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5. A basic inequality

For 0 < ¢ <7 let ¢ be an infinitely differentiable function which is identically
0 for |z| < g, identically 1 for |z| > » and has all its values in the closed interval
[0, 1]. With %, also ¢u belongs to Cp(2) and (pu, pu) > 0. Easy computations
give

(pu, pu) = (4, u) — f(l — ¢?)grad? u dx — f(l - Hauwdr +
S" Sr
+ 2 f ugp grad w grad ¢ do + | u? grad? ¢ de.

8, 8

T T

According to the Cauchy—Schwarz inequality and by the help of (2.4) it follows
that for all » £ 0 in CF(Q)

0 < (gl ) < 1+ [ aurdefun o) + 0, [ oadso, v ) +
sr

S,

+ G, | wdx/(u, u). (5.1)
s/ '

Here the constants C; and O, depend upon the choice of ¢ including the choice
of p and r.

A first consequence of (5.1) is that for any element u = {%,}; in H, also
ou = {pu,}; belongs to H. For (5.1) shows, on account of the boundedness of
the integrals (2.2), that with », also {pu,}{ is a Cauchy sequence (with elements
in OP(2 —8,)). A transition to the limit proves (5.1) for » in H.

6. Upper bound for the positive continuous spectrum

For w in OpP(2) it is clear that K(u, u) = K(pu, ou) + f(l — ¢Akuidz, a
2

relation which remains valid for «# in H. With % in H this formula is divided
by (u,u). If gu =0 the quotient K(pu, pu)/(u, w) vanishes. If ¢u #% 0 the
quotient equals (K (pu, gu)/(pu, gu)) - ((pu, pu)/(u, w)). Here K(pu, pu)/(pu, pu)
< L;. For w in H the quotient (pu, gu)/(u,u) can be estimated according
to (5.1). In both cases
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K(u, w)/(w, w) < LF {1 -+ fcruz dx/(u, u) + C (fu2 da/(u, u))ll2 +

+ G, fuzdx/ u, U } f[k[u%lx/u u) (6.1)

where the constants depend upon the choice of ¢ including the choice of ¢ and
r, 0 <T.

Consider H(Lt + 6 < u << ) for 6 > 0. Because of (1.2) the entire spectrum
of K lies in the closed interval [— C,C] and H(L+ + 6 <p < w) =
H(L+ 4 6 < pu < ). The dimension of this space is claimed to be finite. Assume
the contrary. First choose & in 0 <e < d/2 and take p so large that
L} < L*+ e A choice of ¢ (and r> g) gives certain values to C; and C,
in (5.1). Take & > 0 so small that

(Lt 4 e){1 + & 4+ Cig) P - Coe)y + 6y < LT+ 6.

The integrals (2.2) appearing in (6.1) are compact, thus can all be majorized by an

expression
N
el ) + 3 L)
j=
If H(L+* 4 0 <pu < o) is of infinite dimension it contains non-zero elements
u for which the linear forms IL;(%) vanish, j=1,2,...,N. For such an element
it follows that

K, w)f(w, u) < (L+ + e}{1 + & + Cpe™* + Chey} + & < L+ + 8.

Since u belongs to H(LT 4 6 < u < o) the last inequality is violated by state-
ment (1) at the end of Section 1. Thus, according to statement (2) in Section 1, the
value of L+ is an upper bound for the positive continuous spectrum.

7. Best upper bound for the positive continuous spectrum

This section depends only on (1.2) and the positive definiteness of (1.1); compare
[10], p. 360.

Let M > 0 and assume that H, = HM < pu < o) is finite-dimensional.
Then H, is spanned by eigenfunctions v, ,, ..., vy which can be taken ortho-
normalized with respect to (., .). The eigenspaces H; and H, = H(— o0 < p < M)
are orthogonal complements, also orthogonal with respect to K(.,.). Put
% = uy, + u,, Where u; belongs to II; and wu, belongs to H, Then (u,u)=
(ug wy) & (g, up)  and  K(w, u) = K(uy, uy) + K(uy, uy). According to (1.2),
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K(uy, u;) < O(uy, w;) and because of statement (1) in Section 1, K(u,y, u,) <
M(u,, u,). Hence

K(u, w)/(w, v) < (C — M)(uy, uy)/(n, w) + M . (7.1)
Write w; = ¢,9; + 60, + .. . + oyvy, Where ¢; = (u;,v;) = (%, v;). The eigen-
values p; corresponding to v;, j = 1,2,..., N, are positive and ¢; = ‘uj_lK (u, v;).

Let % be a function in Cf(£2 — §,). On account of (1.2)

, 12
fkuvjdx S,uj'l(o(u, u) flklvfdx>
o-s,

2-5,
so that |¢;[%(u, u)™* tends to 0 when r tends to infinity, j=1,2,...,N. If
(U, wy) = ¢ + ¢ -+ ...+ ¢k is introduced into (7.1) the limit property of the
coefficients ¢; shows that, according to the definition of L* in Section 4,

]le = Mj_l

Lt = lim sup (K(u, w)/(%, u)) < M.

Thus L+ is the least upper bound of the positive continuous spectrum.

8. Bound for the negative continuous spectrum

A change of sign of k(x) shows that L— is the greatest lower bound for the
negative continuous spectrum. Thus the spectrum of K outside L— <u < L+
is discrete and this interval is the smallest one with this property. For a differential
problem of type (0.1), (0.2) this means that the spectrum in

1/L- < A <1/L*

is discrete and that no larger interval has this property.

9. Example

We shall show that our conditions can be fulfilled even with a function a(x)
which is not bounded from below for large values of |z|.

The domain £ is taken as the entire space R". Let p and P be functions
on R", p real-valued and P vector-valued with values in R*. If « belongs to
Cy(R™), partial integrations give

f (grad? u + au)dz = f (grad u + uwPydx + [(p — Pw?dx (9.1)

R" RrR" r"
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where @ = p — div P and P? is the scalar product of P by itself. The integrated
parts vanish since « has compact support. Thus the left hand side of (9.1), i.e.
(u, w) is positive definite on CF(R") provided p > P2 for all .

Take p = constant and P(x) = grad f(r) with » = |2]| and f'(r) = 4 + sin (+?),
where A is a constant. Then

a(x) = p — 2r cos (1) — (n — 1)r{A 4 sin (12))

which is not bounded from below. If 4 < 0 the function a—(x) is locally bounded.
We have P2 = (4 + sin (#2))? and it is easily seen that we can take p > (J4] + 1)
such that (2.3) and (2.4) hold with the integrals extended over the entire space R"
(the constants of course independent of #). This is still true if a positive locally
bounded function is added to a(x). The negative part of the new function a(x)
is still locally bounded. This gives a simple way of constructing a couple of locally
bounded functions a{x) and k(z) for which (1.2) and, on account of Section 3,
also the other conditions of Sections 1 and 2 are satisfied. The new function a(x)
can be chosen unbounded from below.
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