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Nonlocal Elliptic Systems Involving Critical Sobolev-Hardy Exponents and

Concave-convex Nonlinearities

Jinguo Zhang and Tsing-San Hsu*

Abstract. In this paper, a system of fractional elliptic equation is investigated, which
involving fractional critical Sobolev-Hardy exponent and concave-convex terms. By
means of variational methods and analytic techniques, the existence and multiplicity

of positive solutions to the system is established.

1. Introduction

In this work, we study the following nonlocal elliptic system:

(=A)* 2y — 5 4o [ul"*u 20 _Ju™ulo]? in Q
oF M Tard ’
) T N S L A
e A
u=v=0 in RV \ Q,

where € is a smooth bounded domain in RY containing 0 in its interior, 0 < o < 2,

N>a,0<s,t<a, \,pu>0,0<~v<~vyg,1<qg<2andn,0 >1satisfy n+ 0 = 2%(¢),

28 (t) =2(N —t)/(N — ) is the so-called fractional critical Sobolev-Hardy exponent.
Let 0 < a < 2, the fractional Laplacian in RY taking the form

(=A)*2u(z) = ¢(N,a)P.V. /RN W dy, VzeRYN,

where ¢(V, «) is the following normalization constant:
1—cos(¢)\ ! . / 1 N-1
C(N,Oé):</RN‘<‘Jv+a WlthC:(Cl,C)ER x R s

and P.V. stands for the Cauchy principle value. Precisely, setting

u(z) — u(y)
) |l’ _ y‘NJra

u(@) — u(y)

P.V. hes

dy = lim
=0 JRN\ B, (x

)

RN |l'—
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we can write () )
ZA)/2 — (N li wx) — u\y) d
(=A)* u(z) = (N, ) a_lgh RN\B. (2) 1T — y|N+a Y

Here the value (—A)®/?u(z) depends not only on the value of u near z, but also on
the value of u on the whole RN. Hence, we say that (—A)?/2 is a non-local operator.
See [3),/7,23] and references therein for the basics on the fractional Laplacian.

In this paper, we work on the bounded domain Q € RY and defined the space Xg / 2((2)

as
Xg/Z(Q) ={ue H*2RY) :u=0ae in RV \Q},

which generalizes to the space introduced in [22]. As in [24], we define the following scalar
product on XQ/Q(Q),

which induces the following norm

/2
u@)l g
| xel2 @) = ( (N, ) /RN/]RN \a:— ‘N+a dzdy .

Problem (|1.1]) is related to the following fractional Sobolev-Hardy inequality

P\ _ / / u(y)|? o2
—d dxd X Q
C( o ol ¥ xS |a:—y|N+a v Yu e XoT(@),

where 2 < p < 2%(¢), 0 < t < «, and the constant C' > 0. If t = « and p = 2, the above

inequality becomes the well-known fractional Hardy inequality

ul? \ / u(y)?
1.2 / dr < ¢(N,«a dxdy,
(1-2) o 27 o S |x—y|N+a

where vy = 2°T%(2F2) /T2(X72) is the best fractional Hardy constant on RY. Note
that vg converges to the classical Hardy constant (M)2 as o — 2. Using the fractional

Hardy inequality (1.2)), we employ the following norm on X o/2 (Q):

1/2
b = (e [ [ DR gy [ )T
RN JRN |90—| « a |z|*

(@) 0 Xo o/ 2(Q)
By the fractional Hardy inequality and Sobolev-Hardy inequality, for v < vp, 0 <t <

which is equivalent to the usual norm || - || ;.02
0

a and 2 < p < 2% (t), we can define the best fractional Sobolev-Hardy constant:

(1 3) A — inf fRN fRN |1Txx);‘%fi| dxdy — 7\[9 ‘\$||a dr
. a,t,p + O4/2( Q)\{0} (f |u\p )2/p
Q |

)
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and A 0« (1) is achieved for Q = RN by a function u (see [14]).

The existence and multiplicity of nontrivial solutions for nonlinear elliptic equations
with singular potentials and fractional Laplace operator has been recently studied by
several authors. We refer, e.g., in bounded domains to [2}[89L[24}28}|30], and for the whole
space to [13,/14,29] and the references therein. For example, Shakerian in [24] studied the
following singular nonlocal elliptic problems via the the variational methods and Nehari
manifold decomposition techniques:

JufP~?u

|z[*

A2y 2)|ul? 2y T
(1.4) (—4) Yz Af(@)|ul*"u + g(z)

u=0 in RV \ Q,

in €,

where Q C RY is a bonded domain, 0 < o <2, N >, 0<s<a, A>0,0<~v < g,
1 <qg<2<r<25(s), fand g are possibly change sign in Q. The authors prove that
problem has at least two positive solutions for A sufficiently small. In [2], Barrios,
Medina and Peral studied the subcritical case of and proved that there exists A\, > 0
such that the problem has at least two solutions for all 0 < A < A, when f(z) = g(z) =1,
t =0 and v < v, and discussed the existence and multiplicity of solutions depending on
the value p.

It should be mentioned that, for A, > 0, 2 <r < 2% and 2 < g < 2%(s), the following

nonlocal elliptic problems with Dirichlet boundary condition

q—2
(_A)a/2u: )\‘U|T_2u—|—;¢’u‘ S’U,
(1.5) ||

u=20 on 0f),

in €,

has been studied in [30] by Yang and Yu, and the existence results about positive solutions
were obtained. In addition, by a Pohozaev-type identity, they verify that, as ¢ = 2, s = «
and r = 27 (0) in , if  is a start-shaped domain with respect to the origin, the problem
has no nontrivial solutions. In [28], Wang, Yang and Zhou using the variational methods,
proved the existence of infinity many solutions for the following singular nonlocal elliptic
equation

(—A)¥/2 — 'yi = u|>O~2y 4 qu inQ,

x|
u=20 on 052,

when Q@ ¢ RY (N > 2) is an open bounded domain with smooth boundary and 0 € €,
a > 0 and 2} = 2N/(N — «) is the fractional critical Sobolev exponent. Moreover,
in [9], Fall and Felli considered the unique continuation property and local asymptotic of
solutions for the fractional elliptic problems with Hardy potential. We point out that the
homogeneous Dirichlet datum in is given in RY \ Q and not simply on 9Q, which

consistently with the nonlocal character of the operator (—A)®/2,
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The main difficulty of studying is that the equation with fractional critical
Sobolev-Hardy exponent. By very technical and complicated analysis, for 0 < v < ~p
and 0 < t < a, Ghoussoub-Shakerian [14] and Ghoussoub et al. [13] consider the following
limiting problem

(—A)O‘/Qu — 4o L in RV,
(1.6) [ |z[*
u>0, u#0 in RV,

and proved that the problem (1.6 has positive, radially symmetric, radially decreasing
ground states, and which approaches zero as |z| — oo. In addition, the ground states
solution u satisfying u € C1(R™ \ {0}) and

lim |z[’-Du(z) = Ao and  lim |z[*DPu(z) = A,
|z|—0 |z| =00

where A\, Aoo > 0 and S_(), S+ (7) are zero of the function

T
Una(B) =27

-7, VB82>0,0<y<vH

and satisfy

N —
0<pB-(7) <
In particular, there exists C7,Cs > 0 such that

i < u(z) < Cy
2[P-0) + [P = O = g Bm®) - (2]

, Yz eRY\ {0

Unlike the case of the classical Laplacian operator, no explicit formula is known for

this ground states solution u(z), but all ground states must be the form
Udc(z) = e~ WN=02y(z/e), Ve >0,
which satisfies

[/ Ve@) = U o / Uel® o — / LA
(1.7) ry Jry |z —yNte RN [2|* RV |z

= (Aa2: (t))(N_t)/(a_t)-

Now, we define the space W = X€/2(Q) X X3/2(Q) with the norm

1Ca, )1 = Tl + [lvll3-
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For any 0 < vy < vy, 0 <t < « and 7,0 > 1 satisfy n + 0 = 2}(¢), we denote the best

constant:
(1.8)
2 v(z)—v w2+ |v|?
g f Jen Jan (W\mz«l dxdy + %) drdy —~ [, % dx
amn,l ‘= " m T 0 .
(u,0)€EWN\{(0,0)} (fQ | ;x\‘t\ )

We will establish a relationship between A, ;2: (1) and Sq 5,0 as follows:

Theorem 1.1. For the constants Mgy ox ) and Sy introduced in and .,

hold
08 n\0/(n+6) g\ "/ 1t
Sano = < (5> + <77> >Aoc,t,2zz(t)'

Also, in recent years, several authors have used the variational methods and Nehari
manifold to solve semilinear elliptic equation, quasilinear elliptic equation and fractional
Laplacian problem, see [1,14,5,/10,/11}|{16-21,26,27] and references therein. This paper
is devoted to the existence and multiplicity of positive solutions for the nonlocal elliptic
systems with fractional critical Soboev-Hardy exponents and concave-convex terms.

To the best of our knowledge, the existence and multiplicity of solutions to nonlocal
elliptic system has not ever been studied by variational methods. Our proofs are
based on variational methods. Let us point out that although the idea was used before
for other problems, the adaptation to the procedure to our problem is not trivial at all.
Because the appearance of nonlocal term and critical growth, we must reconsider this
problem and need more delicate estimates. Moreover, since no explicit formula is known
for the ground states of limiting problem , we will get around the difficulty by working
with certain asymptotic estimates for this solution at zero and infinity.

To formulate the main result, we introduce

2
2—q 2% ()2 23, (t) 2% (t) —q\ zu
A= ——— A N 25(h—2 [ Za '/ H
o= (mag) " a0 (S
(1.9) 225()=a)

N — s 25.(s)(2—a) g
X (NwNRéV—S> (AaaS:QZx (8)) e )

where Ry is a positive constant such that Q@ C Bg,(0) and wy = % is the volume of

the unit ball in RV,
For C' > 0, set

Do = {(Ap) €RZ :0< @0 4 2/ o o),

We are now ready to state our main results.
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Theorem 1.2. Assume that 0 < a <2, N >a,0<v<vg,0<s,t <, 1<qg<?2and
1,0 > 1 with n+ 0 = 2%(t). Then we have the following results.

(1) If (A, 1) € Dn,, the problem (1.1) has at least one positive solution in W.

(2) There exists 0 < A* < Ay such that (1.1) has at least two positive solutions in W
for all (A, ) € Dp-.

We prove Theorem by critical point theory. However, the energy functional Iy ,
does not satisfy Palais-Smale ((PS) in short) condition due to the lack of compactness of
the embedding Xgﬂ(Q) s L2%W(Q, |z|~ dx), so the standard variational argument is not
applicable directly. In order to construct suitable Palais-Smale compact sequences, we need
to locate the energy range where I , satisfies Palais-Smale condition. By Nehari manifold
methods and analytic techniques, the existence and multiplicity of positive solutions to
the problem is established. The conclusion are new for the elliptic system with critical
Sobolev-Hardy exponent and fractional Laplacian operator.

This paper is organized as follows. In Section [2| we introduce the variational setting
of the problem and present some estimates about the ground states of problem , and
complete proofs of Theorem In Section 3] we give some properties about the Nehari
manifold and fibering maps. In Sections[4and[f] we investigate the Palais-Smale condition
and prove the existence of solutions to some related local minimization problems. Finally,
the proof of Theorem [I.2]is given in Section [6]

In the end of this section, we fix some notations that will be used in the sequel.
o W := Xg/2(Q) X Xg/2(Q) is equipped with the norm ||(u,v)||5, = llull2 + ||v]13.

O(e?) denotes |O(e?)|/e* < C and o(e') means |o(e?)| /et — 0 as e — 0 for t > 0.

L1(Q, |x|~® dx) denotes the usual weighted L(2) space with the weight |z|~*.

e 0,(1) denotes 0,(1) — 0 as n — oo.

e C, C;, ¢ will denote various positive constants which may vary from line to line.

2. Some preliminary facts

In this section, we collect some preliminary facts in order to establish the functional
setting.

First of all, let us introduce the standard properties of (—A)*/2 on the whole RV for
future use in this paper. For 0 < a < 2, the operator (—A)®/2 taking the form

(2.1) (=2)*u(z) = ¢(N,a) P.V. /RN W dy,
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where P.V. stands for the Cauchy principle value. It can be evaluated as

u(@) — u(y)

lim ‘JZ— ‘N-i—a

=0T JRN\ B, (z

Here the value (—A)*/?u(z) depends not only on the value of u near x, but also on the

@/2 i a non-local operator.

value of u on the whole RY. Hence, we say that (—A)
The singular integral given in (2.1) can be written as a weighted second-order differ-

ential quotient as follows (see [7, Lemma 3.2]):

N, «) uw(r +y) +ulx —y) — 2u(z)
A2y, — _C( / RN
(—A)*u 5 . Ve dy, x¢€

For u in S, the Schwartz space of rapidly decreasing C™ functions in RY, the fractional
Laplacian in (2.1)) can be equivalently defined by the Fourier transform:

(—A)*2u(€) = [€]*a(é),
where u = F(u) is the Fourier transform of u, i.e.,

F(u)() = /IRN efzm'zfu(ac) dx.

By Proposition 3.6 in [7], for all u € Hg/Q(RN), the following relation holds:

2 - u(y)?
| meieiruep ag =45 [ HEZEE gud,

where the fractional Sobolev space H / (RN) is defined as the completion of Cs°(RY)

under the norm

1/2
2 — o 2 — _AYa/4, 12
[y, = [ relFu© P = ([ 1 ar)

We start with the fractional Sobolev inequality [6], which asserts that for N > a and
€ (0,2), there exists a constant S(N, «) > 0 such that

u(y)|? /2N
20) S SV /]RN/RN |x—y|N+0& dxdy, Yue H, " (R"),

a3

where 2%(0) = 2% := 2N/(N — «) is the so-called fractional critical Sobolev exponent.
Another important inequality is the fractional Hardy inequality [15], which states that

under the same conditions on N and «, there exists a constant vy > 0 such that

”YH/ |’2dw<cNoz/ / _—l;,(jL)‘zdmdy, VueHg‘/Q(RN),
RN |2|* rV Jry |z —yNTe
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r2(&re)

S Yo 4

where yg = 2 (s)
N—2

converges to the best classical Hardy constant (T)2 as a — 2. Throughout this paper,

is the best constant in the above inequality on RY. Note that v

without loss of generality, we may assume that ¢(N,a) = 1.
By interpolating these inequalities via Holder’s inequalities, one gets the following

fractional Sobolev-Hardy inequality, see [14].

Lemma 2.1. Assume that 0 < a <2, 0<s<a <N,y <~vyg and 2 <p < 2%(t). Then,
there exists a positive constant C, such that for all u € HQ/Q(RN)

PN [u(z) — u(y)? Jul?
([ o)< [ [ Mo o f
RN |z RN JRN |x—y\N+o‘ RN |2]|*

Remark 2.2. Under the same conditions on «, s and p, for any u € X a/2 (Q), there exists
a constant C' > ( such that

(2.2) C(/ [ul? )2/17 / / N )’2 dwdy—v/ ’ ‘2 dz,
Q\w\s RN JRN ‘UC—Z/‘ ta q |zl

as long as v < vp.

From (2.2), we can define the following best critical Sobolev-Hardy constants:

fRN fRN % dxdy — 'VfQ Tal® - da

Aoty = inf z .
uexg?(Q)\{0} (J, Iull;t‘ ) dx)Z/Qa()
and
|u(z)— U(y)|2 v(z)—v(y)|? _ Jul+[v[*
(2.3) Same:= inf Jris S ( ey e T Je—yFie ) dedy — Jo EE dz
. L u,v w|" v9 2/(n+0) ’
(u,0)€WN\{(0,0)} (fQ \ I;‘ltl ) n

where 7,6 > 1 and 1+ 6 = 27,(¢). The relationship between A, ; 2« ;) and S ;¢ as follows

(see Theorem [1.1)):
o/+o) [\ 10
Sa,n,@ = < (g) + <77> )Aa,t,Zg(t)‘

Proof of Theorem 1.1 Let {w,} C XO‘/Q(Q) be a minimizing sequence for A, o). Let

l1,l5 > 0 to be chosen later and consider the sequences u,, = ljwy, v, = law, € Xa 2(Q)

By (2.3] -, we have

(2 +B) (fan Jan LentnlE quay — o [, bl do)
Wny 25(t) 2/2%
(I18)2/ 0100 ([, Loal2 ) 21240

(2.4) > Sano-
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Defining g: Rt — Rt by setting g(z) = z20/(10) 4 z=21/(1+9) e have

by I+ 15 B+
I\~ T ) (118)2/ o)

n\ N0y 9\ t0)
winae) = (4/3) = ()" + (8

Choosing I, l2 in the inequality (2.4)) such that {1 /ls = \/n/0 and letting n — oo yields

6/ (n+6) 9\ " (1+6)
(25) ( (g) + <’I’]> >Aa,t,2g(t) > Sa,nﬁ-

On the other hand, let {(u1,,,u2,,)} C W\{(0,0)} be a minimizing sequence for Sy, ;.9

Set hy, = spua,, for some s,, > 0 and satisfies

and

|y |2 ) | |26
(2.6) T = 0 dx.
Q Q
Then Young’s inequality yields
|1 0" ||’ gy < |u1,n|23(
||t —n+0 ||t + 0 \:U|t
_ 77+ 0 ’U17n|2‘§( dr = |U17n’2 () dx
n+0Jo |zt o |zl '

Moreover, from (2.6) and (2.7]), we can estimate

2 —
oo oo (P22t n 0Py )t ) gy g f Mraltthinal g
(foy Toteluanl? g 270r40)

|=[*

unxu” ? U2,n\T)—U2,n 2 unQUn2
S S (M + M) dady — 1 fo Melppeel do)
sy 00O ([ Juraltlhal” g y2/r40)

|[*

|u1,n () —u1,n(y)|? _ [u1,n|?
N 529/(77+9) fRN fRN [z—y|Nto *dl’dy ’YfQ EE dx
- w1740 5\ 2/ (110)
(Ja dz)

|[*

(2.8) fRN Jew % drdy — v Jq ||hT|Lf|x dx

(o i 0

|=[*

+s 29/ n+6)—

> 329/(77+9)A + s —2n/(n+6)

a,t,25 () Aot 2x (1)
= Aa,t,2g(t)(57219/(n+0) + s, 2n/(n+9))
= Aa,t,2;(t)9(5n)

> Ao onty9(v1/0)

/o) o\ )
= ((9) + E Aot 2nt)-
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Thus, (2.8)) and the definition of S, ;¢ yield that

n\ 0/ (n+9) 9\ 1/ (n+0)
(2.9) ( (5) + 5 Aa,t,2;(t) < Sa,n,0~
Hence, from (2.5) and (2.9)), the proof of Theorem is completed. d

In the end of this section, we consider the following limiting problem

(2.10) || x|t

From [13[14], we known that the problem ([2.10) has positive radial ground states
Ue(x) = z-:_(N_O‘)/Qu,y(x/s), Ve >0,

where . is the unique radial solution of the limiting problem with u,(z) € C*(R™ \ {0}).
Furthermore, u, have the following properties:
(2.11) lim [z]%~Duy(z) = N, lim |25V, (2) = Ao,
|z|—=0 |z| =00
where Ao, Aog > 0 and S_ (), B4+(7) are zero of the function ¥y 4.
Choose p > 0 small enough such that B,(0) C Q, p € C§°(2), 0 < p(z) <1, p(z) =1
for |z| < p/2 and ¢(x) = 0 for || > p. Set u.(x) = (x)Us(z). Then, we get the following

results:

Proposition 2.3. Assume that 0 < a < 2, N > «a, 0 < v < vy, 0 < s5,t < a and
1 <q<2(s). Then, as € — 0, we have the following estimates:

(2.12) el = (Aagaz )~ 4 028+ Ha=Ny,
(2.13) o |u€|ff§(t) = (Aapagw) "™ 4 OO TN
and

CeN—s—alN=e)/2 if g> (N —s)/B+(7),
(2.14) Juel? 4, = CeN=smdN=)R) el if g = (N —5)/B+(7),

o |zl
C 2B+ (1)~ (N—a)/2) if g < (N —5)/B+(7),

where the number B4 (7) is a solution of Un o(8) =0 in (N —a)/2, N — al.



Nonlocal Elliptic Systems Involving Critical Exponents

Proof. For ([2.12]), we can compute

(2.15)

2 |ue (z |ue
€ d d
el / L |x—y|N+a v W/

2
RN JRN |9C - | ¢ Q |z

) — 2¢(2)Us (2)p(y)Ue (y) + ¢* (y)UZ(y) B |pUe|?
// o — gl dwdy o [ S
_ / / U2(@) = ¢ @U:(@)U(y) + *WU2) = QU @Ve@) ;o
RN JRN |z — y|NV+e
/ / U(y) + 2> () Ue(2)Ue(y) — 20(x)0(y)Ue (2)Ue (y) dudy
RN JR lx —y|Nto
|§0 a|2 |<)0U8|2
7/ \ |a d“”/m o
() (©*(2)Ue(2) — ©* (y)Ue () B U
[ L o=y arty o [ G
/ / U(y) + 2> ) Ue(2) U (y) — 20(x)0(y) Ue () U (y) dody
RN JRN |z —y|[N+e

2
—l—’y/ |¢UZ| dx
RN\Q |z|
2 2% (t) _ 2
@ ()| Ue|* / / (e(@) — ¢(y))
= —d =2 U (x)U(y) ded
fo Bt [, L R UV ey
2
+’y/ |('0UZ| dx
RN\Q ||
25(1) 2 _ 2% (t) 2
L[ Oy [ GO, e,
Ry |7 RN | RN\Q |z
(p(@) — o(y))?
=0, U, dxdy.
[ U@ ) dedy
Using (2.11]), it is easy to check that

/ (@%(z) — 1)|Uc(x)]?® .
RN ||t
(2.16) < / U ()% dp — e—(N=1) / Juy (z/2)?2 ) "
RN\Bp/Q( ) |x|t RN\Bp/Z(O) |x|t
2)]2a(t) 2% (4)

:/ ’U’Y( )t dr — O(E 5 (26+(7)7N+a)) _ 0(52,8+(7)7N+a).
RYA\B,, /(2¢)(0) ]

In the same way, we have

2 2
/ |U5(x)| dx — E—(N—Oc) / ”U"Y(‘:U/g)’ dm
rRM\Q  |T|* rRV\Q 7]

1489



1490 Jinguo Zhang and Tsing-San Hsu

1
_ 2B+(7)—(N—a) - -
=0(e )/RN\Q PR dx
28 () -(N—a)y [ L
Since (N — «)/2 < B4(v) < N — a, we get 284 (y) + a — N +1 > 1. Thus
2
(217) 'Y/ |()0($)U€(x)| dr = O(E2B+(7)7N+a)‘
RN\Q ||
Moreover,
_ 2
ry Jry |z =yt
2
_ 28.(7)-N+a (p(z) — (y)) Ue(z) Ue(y)
(218)  =e¢ /RN /RN [z — y|Nta  c@Br()-N+a)/2 o(2+(7)-N+a)/2 dudy

2
_ _28:(7)-N+a / / (p(@) — 0(y))* uy(z/€) uy(y/c) drdy.
RN JRN ’IE — y’N+a g/BJr('Y) €B+(’Y)

It follows from Ground State Representation [12], Legesgue’s convergence theorem yields
that there exists C' > 0 such that

: ())? uy(x/e) uy(y/e)
lim, /RN /RN |;c—y|N+a P gha(y) 9Ty

1 1
(2.19) / / —ev)” - dud
v Jen rx—er+a ]+ [y

= HSDHH(?/zm(w)(

<
RN) —

So, ([.15), [@-16), (2-17), (2.18), [@.19) and (I.7) imply that

2 _ ’Ua(ﬂf)|22(t) 2B+ (v)—N+a
e 2 = /RN o )

N— a— _
_ (Aa,t,Qj;(t))( t)/( t)+0(€25+('y)+a N).
In order to get m, we first compute
[ fue(@)PO o= [ L
EdK Q ||t

25.(8) 250 (g) — 25(®)
VL o, [ (R0 - DU
o ol 0 Bk

2,.(0) 25.(8)
(2.20) :/ 7|U€(x)|t da:—/ 7’UE($)L dx
RN |z RNM\Q |z

2@ () — 25 (1)
¢ [ EE IR
Q

25(8)
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Now we estimate last two terms in (2.20)). For (I),

/ Ue(@)[*>®) / o= Py (/)20
RN\Q RV \Q

|z | z[*

— o~ (N-t) |U7($/5)|2:‘(t)
RN\Q ||t

=B+ (7)-25(t)
—etro O/e| #00%0)
RN\Q |z|

_ NHABL ()20 / O (|| ~#+ N 2:0-1) gy
RN\Q

= 1
— g~ N+ ()25()
o h /p © <Tﬁ+(’7)'22(t)+t_N+1> dr.

Since (N — a)/2 < B4+(y) < N — «, we have 54(7)2%5(t) — N +1+¢ > 1, which implies

that there exists C' > 0 such that fpoo rﬂ+<w)-2a%t)+t—zv+1 dr < C. Then
2*
(2.21) / M dr = O(€5+('Y)'2’,;(t)fN+t)'
rMo |z
For (II),
220 (z) -1 25(t)
/ — Z‘U€<$)’ dw
_ —(N—t)/ (1= * O @)y (/)=
¢ ||
25 (t
ot [ 0,
Q\B,2(0) ||
—B1(7)25(t)
(2.22) :e—(N—t)/ O(|z/e| : )dx
O\B,5(0) ||
— Br(y)25H)—(N-1) / O(|z /e ~P+()-2a()) o
B t
O\B,2(0) |z|

. > 1
= OP+(MN 2~ (N=1)
=cer /p/Q X <rﬁ+(v)~2z(t)+t—N+1> ar

= O(P+(N 2= (N=1)y,

Therefore, from (2.20)), (2.21)), (2.22)) and (1.7]), we get

2k 2%
lue | a(t) dr — / |Ue ()| &) o + O(€ﬂ+(w).22(t)_]\[+t)
o |zff RV |zl

= (Aa 1.9% (t)) (Nit)/(ait) + O(EB+(’7)'2Z(t)*N+t).

This completes the proof of (2.13)).
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Finally, we compute (2.14). For all 1 < ¢ < 2% (s), as € — 0,

|ue (2 /‘90 dac
e rw\s
—(N-a)/2 q
_ [ B et
]

x/e)|?
(2.23) > ga(N- a)/2/ |uy ( /S)| da
) B, /2(0) ||

= 5f1(Na)/2+Ns/ w ”
By/(2¢)(0) |z

0/ (22) ]
—q(N—a)/2+N-s
> € /po O <r5+(7)'Q+5—N+1> dr,

where the constant pp > 0 small enough.
(i) If B4(y) - ¢+ s — N =0, it is not difficult to calculate that

0/(22) ) 0/(29) 1

PO
So, and - 2.24)) yield that

q
(2.25) de > CeN7s7aN=a)/2 ]y |g|,

(ii) If B4(y) -¢+s— N <0, it follows that S4(v)-g+s—N+1<1 and

p/(22) 1 p/(2¢) N
(220 /ﬂo et N = /p ) pN=s=B+()-a=1 g — Ce=(N=s=F+(1)4),

Then, inserting (2.26|) into (2.23)), we obtain

(2.27) [Uel? 1 5 CeN—s—a(N=a)/2-Ntst85 (1) a — (pa(Bs(3)~(N-a)/2),

(iii) If B4 (7)-g+s— N > 0, we have 54 (y)-¢q+s— N+1 > 1, then there exists C' > 0
such that

o/ (2¢) .

Therefore, by (2.28) and ([2.23]),

Q |$|S

Ths, and (Z29) imply @T1). 0
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3. The Nehari manifold

The corresponding energy functional of (|1.1)) is defined by

1 2 [ |ul?vlf 1 Jul / [0]*
7 _ 1 2 de — =\ d dz | .
Au(u,v) QH(UW)HW n+0J)q |zf v q T q |z|* *

Denote
|ul?

u [v]4
Qxp(u,v) = A d:c+u/ dx.
u(w,v) Q |z]° q |z[°

By the Hélder and Sobolev-Hardy inequalities, for all v € X o/ 2(9), we get
q q 1
|u]8 dx :/ |u’q . r— dx
o |z| Q |z|BmE° g mE)

(2;(5)_(1)/23 (S) 2% (S) Q/QZ (8)
< / %d:ﬂ [ul —dx
By (0) 17| a |z
Ro (25(s)—a)/2%.(s) )
g(NwN / rN-S-ldr) (Mo ey) ™l
0

(25.(s)—q)/25(s)
NUJNRN_S —q/2
_< : ) (as2z,9) " Nuld,

N —s

where Ry is the positive number such that Q@ C Bg,(0) := {z € RY : |z| < Ry}, and

WwN = % is the volume of the unit ball in RY. Then, from the Sobolev inequality,

Hélder inequality and (3.1]), we get that

NwNRéV_S

Q)\,u(uav) < ( N _ s

(25(5)—a)/25.(s)
) (1) 4 21000

(3.2)

—q/2
x (Rasaz ()2l 0)[1% -

Definition 3.1. A pair of functions (u,v) € W is said to be a weak solution of (1.1)), if
for every (¢,v) € W, we have

[ ] ’ IOCORCE P
RN JRN x— a o 2o
/RN /]RN |2 _);Te\/(fi ) dwdy—’)’/ﬂ,iﬁd:x
w972 v]a—2
‘A/| |\:c|s twp [ ||:c|s

/WM"%@MG /PM R
n+9 ] n+9 |zf*
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Since the energy functional I, is not bounded from below on W, it is useful to

consider the functional on the Nehari manifold

NA#L = {(u7 U) ew \ {(070)} : (I;\#(u,v), (u7 U)) = 0}
Thus, (u,v) € N, if and only if

[ul?[v]®

(33) w0}y =2 [ PR de = @it = 0.

The Nehari manifold N, ,, is closely to the fibering maps m: 7 — Iy ,(7(u,v)) given
by
2 272a(t) |u||v]?

m(T)Z%H(Ua”)H%V_ 2:() Jo o |zl

Tq
dr — ?Q)\,#(u, v).

Notice that
o~ ul|™v|? _
! (7) = 7l (u, 0) [y — 272501 /Q ’H‘d O (),
a]]of

o |z’

m"(7) = | (u, 0)|fy — 2(25(t) — 1)7%>02 dz — (¢ = 1)717%Q) pu(u, v).

It is clear that m/(7) = 0 if and only if (Tu,7v) € N, ,. Hence, (u,v) € Ny, if and only
if m/(1) = 0.
Now introduce the functional

Dy p(u,v) = <I/'\,”(u,v), (u,v)).

We see that @), € C*(W,R), N, , = @;L(O) \ {(0,0)}, and for all (u,v) € N, we get

: _ ) ey [ Ll
(), 0), (u,0)) = 20 (s )y — a@au(wrv) = 2200) | i da
u Ua
(3.4 — -l - 220 - [ M
(35) = (24(0) = DQx (1 v) = (25(8) — 2) () [y

Following the methods used in [31], we split V} ,, into three parts:

NIM ={(u,v) € NA,M K C\,,u(uvv)v (u,v)) > 0},
N)(\),u = {(u7v) € N/\,u : < l)\,,u(u7v)a (U,U)> = O}v
Ny, = {(wv) € Ny { A\u(u,0), (u,v)) < 0}

In order to understand the Nehari manifold and fibering maps, let us consider the
function f,,: Rt — R defined by

[l |0’

Bl dz.

Fuw(7) = 77|, 0) [y — 27700
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Thus,

Ju|v®

Fon(m) = (2= @7 7 (u, 0) |3 — 2(25(t) — q)r2a (B0 t
o |zl

We can see that if (tu,7v) € Ny, then
T fl (1) = m (7).

Hence, (Tu,Tv) € /\/‘/\fu (or (ru,7v) € Ny ) if and only if f, ,(7) > 0 (or f;,(7) < 0).

Moreover, it is clear that,
m/ (1) = 797 (fup (1) = Qx pu(u, )
and for 7 > 0,
(3.6) T(u,0) ENyy = m(1)=0 <= fuo(1) =Qxu(w,v).

Lemma 3.2. Assume that (u,v) € W\ {(0,0)}. Then the function fy, satisfies the
following properties:
(i) fuw has a unique critical point at

1/(25(0-2)
( —Q)Il(u V)i

\U\"\v\"
-4 fQ

(ii) fuw is strictly increasing on (0, Tmax), and is strictly decreasing on (Tmax, +00);

Tmax =

(ili) lm, g+ fuw(7) =0 and im; 4o fuo(7) = —o0.
Proof. This follows from a direct computation. ]

From (3.6)), we have seen that m/(7) = 0 if and only if there exist A\ and p > 0 such
that the following condition holds:

fu,v(Tmaac) > Q)\,u(u, 1)).

By a direct calculation,

2— 25, (t)—q

25, (t)—q .
putrm) = e (ms) ™ ~aoa)” )
T (Jo, Wl gy s \\2(2(0) —0) 2(2(6) — q)

e

2-¢ 25(H)—q 2% ()(2—q)
2 — PHOE) 2 — 25 (D)2 o

> [1(w, )[4 ([ 5o ) - §2Ea0=2)
2(2:(1) — q) 2(25(t) — q)

s * 25, (1) (2—q)
o)l (52t ) EO (Bl = 2) gt
RLACTROEr 2(t)—q) St
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And from (1.9) and (3.2)), for all (A, ) € Dy,, we have
0 < Qxpulu,v)

N—s
< <NWNRO (A/C=0) 4 2/ =02

(25(8)=q)/2%(s)
N —s )

—q/2
X (Roszs (o) 21w, 0) 1%

_2-q ; -
<Ny (g ) (02 g
) w 2(2Z(t) - q) QZ(t) —q a,n,0
S fu7v (Tmax)-

Then, Lemma and (3.7) deduce the following result.

Lemma 3.3. Let (A, u) € Dp,. Then, for every (u,v) € W\ {(0,0)} with Qx ,(u,v) >0,

there exist unique 1 := 71 (u,v) and T2 := T2(u,v) > 0 such that

(1) 0 <7 < Tiax < T2;

(2) (nu,mv) € N, and (rou, pv) € Ny, ;

(3) Inp(miu, 71v) = Infreo rpa] Iau(TU, 70), Iy 1 (T2u, T20) = SUP,c[0,00) Inu(TU, TV).

Proof. Let (u,v) € W\ {(0,0)} with @ ,(u,v) > 0. By (3.7) and Lemma [3.2} there exist

unique 7 and 7 with 0 < 71 < Tiax < T2 such that

fu,v(Tl) = fu,v(TQ) = Q,\,H(u,v), f’[ll,,v(Tl) >0> f;,v(TQ)‘
This and (3.6 imply m/(71) = m/(72) = 0 and m”(71) > 0 > m”(m2). So, the fibering map

m(t) has a local minimum at 7; and a local maximum at 72 such that (ryu, 71v) € N, /\+ u
and (Tou, T2v) € ./\/')\_’#.

Since m(7) = I ,(Tu, Tv), we have I ,(1iu, 1iv) < Iy, (Tu, 7v) < Iy 4 (20, T20) for all
T € |11, 1), and I ,(Tiu, T1v) < Iy 4(Tu, 7o) for all 7 € [0, 7). Thus,

Iy, (nu,mv) = inf I ,(tu,7v), I),(rou,mv) = sup Iy ,(Tu,1v).
’ Te[omiax] ’ ’ 7—6[07+oo) ’

This completes the proof. O

Lemma 3.4. If (ug, vo) is a local minimizer for Iy, on Ny, and (ug,v) ¢ J\/}(\]M, then
I;\"UJ(U(),U()) =0.

Proof. Let (up,vo) be alocal minimizer of I, on N, ,. Then, there exists a neighborhood

D of (ug,vp) such that (ug,vp) is a nontrivial pair solution of the optimization problem

Iy (10, v0) = in I, (uv) = ' (1, 0).
w0, o) (u) DI}, aal0) =By T 0)

(I3, (u0),(u,0))=0
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Hence by the theory of Lagrange multiplies, there exists x € R such that I} M(Uoﬂio) =
KP (10, v0), which implies that

(3.8) (I (w0, v0), (uo, v0)) = K(®) ,(uo,v0), (10, v0))-
Since (ug,vg) ¢ Nf,u’ we have (@)  (uo,v0), (uo,v0)) # 0 and so by (3.8), £ = 0. This
completes the proof. O

Lemma 3.5. There exists a positive number Ag > 0 such that if 0 < X\2/(2=0) 4 2/(2-0) <
Ao, then J\/‘g’# = ().

Proof. Assume by contradiction that there exist A and g > 0 with 0 < \%/(=9) 4 ,2/(2-9) <
Ao and such that N /(\)7 W F 0

Let (u,v) € N/Q,u, by (3.4) and (3.5)), we get

2(25(t) —a) [ |ul"v]’ 2,(t) —q
2 « 2 _ “a
69 ol = 250 [ o)l = 22— uwo)
By (3.1) and Young inequality, it follows that

2025(t) —q) [ |ul"v]’

u,v)|[Zy = e dx

2(25(t) — o 4 o

(3‘10) < ( a() Q) < n ‘u| dr + ’U| dw)
2—¢q n+6Jo |z n+0Jo |zt
2(25(t) —q) —9n(1)/2 o
< = Banayo) O w5,
which leads to
2—¢q 2% (1)/2 1/(25(t)-2)
3.11 > ——— (A X o .
(3.11) w0l > (5o (Reaazo)
On the other hand, from (3.2)) and (3.9)),
26(t) —q
2 _ “a
H(U,’U)HW - 23(15) — 2@)\#(@6,’0)
N o\ (2a(9)—a)/2%(s)
< 2;(t) —q NWNRéV (Az/(zfq) + Mﬁ)@—q)/?
T 2x(t) —2 N —s

X (AaaS»ZZ(S)) _q/2H (u7 U) Hq ?

it follows that

25, (s)—q

25 (t) — ¢ 1/(2—q) NWNRNiS 2% (s)(2—q)
< L= N
sy Mol s (2071 2

% ()\2/(27«1) + u2/(2fq))1/2 (AQ’S,QZ(S))—q/[QO—q)]_
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Thus, (3.11) and (3.12)) lead to the inequality

N @=a) ) 2/(2=a) > A
This is a contradiction. O

Lemma 3.6. The energy functional I, is bounded below and coercive on Ny .

Proof. Let (u,v) € Ny, then by (3.2) and (3.3)), we have

Bnt) = ol - o [ - 10, )
(57 5 ) w0l = (5 = 5 ) Qo)
> 20w ol - 20w ol
where
Co i (ch\]rvljé:_s> (28(s)—q)/25.(5) (/\2/(2_q) N u2/(2_Q))(2_q)/2 (Aa,s,Qg(s))_q/z > 0.
Since 1 < ¢ < 2, the functional I, is coercive and bounded from below on N, ,. O

By Lemmas and for each (A, ) € Dp,, we can consider the following local

minimizer problem on N ,,, Ny , and Ny

ey = inf{Iy ,(u,v) : (u,v) € Ny .},
Crp = inf{I) ,(u,v) : (u,v) € ./\/A_,#},

c}t# = inf{I) ,(u,v) : (u,v) € N;r#}
We have the following properties about the Nehari manifold N} ,,.
Lemma 3.7. The following facts hold:
(i) If (A, 1) € Dp,, then ey < ciu < 0.
(i) There exist co, Ax > 0 such that ¢y , = co for all (A, p) € Da,, where

2 2

q(25(t) —2)\ >« 2-¢q -2 25.0)

A* =\ S N~ A N 2% (£)—2
(2(23(75) —q) 2(2%(t) — q) (Aat20)

2(a—24(5))

NwNRN_s 25 (s) (2—a) g
0 =




Nonlocal Elliptic Systems Involving Critical Exponents 1499

Proof. (i) First, from the definitions of ¢y, and ¢ .o it is easy to deduce that ¢, < cf "
Moreover, for (u,v) € ./\/;“u, we get

2 |u|"
2o =gy Ol > /

and so
= (- -2 -) [
<[(:-3)+ G- zm) mwa Vel
_ (2 B Q)(2Z(t) — 2) H(uav)HIQ/V
2q2(t)

< 0.

This implies ¢y, < c}f < 0 and completes the proof of (i).
(i) Let (u,v) € Ny ,. By (3.4) and ( (3-10),

s 2 il 230/ 0
2(9% (1) — o) dr < (A 4o a &
2(25(t) — q) [ (w, v)[lfy < /Q 2]t T < ( a,t,ZQ(t)) H(“v”)HW

Hence, we have

2—¢q 1/(25(#)—2) 2% (1)
3.13 _— A . 20251 -2) |
(3.13) sl > (=) (Aae220)
From (3.2) and (3.13)), we infer that

Do) = (5= g w0l = (5 = 55 @uteno)

2(% 2*(t)>”< 3 — (2%(2*)(;) )<ch\§vz_%g:—s)<2;(s>—q>/2z(s>

x (¢ q>+ e q>)<2‘q>/2<Aa32*<s)>‘q/2u<u,v>||%v
2% (t) — Nwy RN 75\ (26(5)—)/22(s)
[~ g i - (25 (M58
q2%(t) N —s

< ( Az/m—q) v Nz/@—q) YED2 (A o) —q/Z]

25 (t) — 2 2—q >2*2(t)q_2 2,(H)(2-q)
q | Za a Ay on ) 2CE02)

B (22(22(;) q) (chévizéz *S)@z(s)—q)/zz(s)

x (/-0 42—y Aa,sg;(s))‘q”]-
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Then, if
25 () —2 2 BO- 25, (1)(2—q)
alt) — —q D2 L0
22,1 <2<2z<t> - q>> (o (o) 2550
« _s\ 2a(s)=a)/25(s)
2:(t) —q\ [ NwyRY ()\2/(27(1) n IU/Z/(qu))(Z*q)/2 (Ao )7q/2
q2%,(t) N —s ,8,2% (8) ,
that is,
2 2
_ _ 25 (1) —2)\ 2« 2—gq AR
2\2/(2=a) L 2/(2-0) o A .= (q(a> (
8 2250 -a))  \22®) —0)
M N — S E s —q g
X (A por ) 2802 | ———— Ay aoe (o)) 50,
( vt72o¢(t)) NWNRéV_s ( ’ 5204( ))
we can get
Iy u(u,v) > ¢ = c(q,t,s,0,N) >0, V(u,v) e ./\/')\_’H.
Hence, for all (A, 1) € Dy, , we can prove (ii). O

Remark 3.8. We can easily deduce that Ag/A, = (2/¢)*/?~9 and A, < Ag.

4. Appropriate Palais-Smale sequence

Definition 4.1. Let ¢ € R, W be a Banach space and I, € CY(W,R). {(un,vn)}nen
is a (PS). sequence in W for I, if Iy ,(un,v,) = ¢+ 0,(1) and If\,#(un,vn) = o,(1) as
n — oo. We say that I , satisfies the (PS). condition if any (PS). sequence {(un,vn) }nen

for I, admits a convergent subsequence.

Proposition 4.2. Assume that N > a, 0 < v < v, 0 < st < a, 1 < g < 2 and
n+60 = 25(t). If {(un,vn)tneny C W is a (PS). sequence for I, with c satisfying
0<e< K‘,—:’;(%)(N_t)/(a_t), then there exists a subsequence of {(un, vn) }nen converging

weakly to a nontrivial solution of ((1.1)).

Proof. Suppose that {(u,, vn)}neny C W satisfies Iy ,(un, v,) — ¢ and I} (up, v,) — 0 with
ce (0, %(%)(N—t)/(a—t)) as n — oo. Since {(un, vp)}nen is bounded in W, there is
a subsequence, still denoted by {(un, vy)}, and (ug,v9) € W such that (uy,v,) — (uo, vo)
weakly in W. Therefore, by Sobolev embedding theorem, as n — oo,

Up — ug, Un —vg weakly in L2®(Q, |z|7 dx),
(4.1) Up — Ug, Up —> v strongly in LI(Q, |x| ¥ dx), V1 < ¢ < 2% (s),

un(x) = up(xz), wvnp(x) = vo(z) a.e. in Q.
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Hence, from (4.1)), it is easy to see that I} u(uo, vo) = 0 and

(4-2) Q)\,M(u’na Un) = Q)\,M(UO; UO) + On(l)'

1501

Now, we claim that (ug,vg) # (0,0). Arguing by contradiction, we assume (ug,vg) =

(0,0). By (4.1) and (4.2), as n — oo,

on(1) = (I&yu(un, Un); (Un, vn))

w, | v, ¢
|ty ) B — 2 /Q ‘H‘d — Qu (o)

_ 2 |un’n|vn|6
= [|(tn; vn) 5 — 2 ol dz — Qx u(uo, vo) + on(1)

w, | v, ¢
|ty ) B — 2 /Q ‘H‘d

which implies

4.3 2
(4:3) o0 Jaf

Then, from the definition of A, 2: (1) and (4.3)), we have

. ) ' |Un|n”0n|9 2/25(t)
I = lim ||(up,vn)|l5y = Same lim ——dx = San0
n—00 n (e}

—00

This implies

25, 1)/ (25.()-2)
either [ =0 or lZQ(SZYéW) :2<S

If [ =0, then by (4.2) and (4.3)), we get

1 1
il
20 2x(t)

[0}

c+on(1) = Iy u(up,vn) =

which contradicts ¢ > 0. Thus we conclude that [ > 2

c+on(1) = I p(un,vn)
1

de =1, |(un,vn)|3y = 1>0 asn— oc.

) (N—t)/(a—t)

l - Q)\,/J(u07v0) = 07

(Saé'r],ﬁ ) (th)/(aft)

2
1 1
- (2 - 2z<t>> ton(l)
a-t (Mﬁ) =ty

- N-—t 2

— u ,/U XL (Q)\ Uq /U1

This contradicts the assumption on ¢. Therefore (ug,vg) is a nontrivial solution of ([1.1])

and completes the proof of Proposition

O
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Moreover, using the Ekeland variational principle, we get the following result, the proof
is similar to [24], Proposition 3.8] and the details are omitted.

Proposition 4.3. Assume that N > o, 0 <y <, 0< s, t <aand 1 < g < 2. The
following facts hold:

(i) Let (\,pu) € Dp,. Then there is a (PS)e, ,-sequence {(un,vn)} C Ny, for Iy,

(ii) Let (A, p) € D, . Then there is a (PS) - -sequence {(un,vy)} C N/\_u for Iy .
I i

c;’
5. Local minimization problem

In this section, we establish the existence of a local minimizer for I , in N, ;r R

Theorem 5.1. Assume that N > o, 0 < v < vy, 0 < s,t < aand 1 < g < 2. If
(A, 1) € Dpy, then Iy, has a local minimizer (u1,v1) in N;ru and satisfies the following:

(i) Dyp(ur,vi) =cnpy = c;:u;
(ii) (u1,v1) is a positive solution of (1.1)).

Proof. By Proposition there exists a minimizing sequence {(un,vy)} for I , in N,

such that, as n — oo,
(5.1) Iyu(tn, vn) = e+ o0n(1) and Iy |, (un,vn) = on(1).

By Lemma we see that I, is coercive on N ,, and {(upn,v,)} is bounded in W.
Then there exist a subsequence, still denoted by {(uy,v,)}, and (u1,v1) € W such that,

as n — 0o,
Up — U1, Up — v1 weakly in Xg/Z(Q),
(5.2) Up — u1, Up —v;  weakly in L2®(Q, |z,

Up = u1, vy — vp strongly in LI(Q, |z|7%), V1 < g < 25 (s),

un(x) = ur(z), vp(z) = vi(z) ae. in Q.

This implies that
(5.3) Qx pu(tn, vn) = Qr (w1, v1) + on(1).

We now claim that (ug,v1) is a nontrivial solution of (1.1)). From (5.1)), (5.2]) and (5.3),
it is easy to verify that (u1, v1) is a weak solution of (1.1). Moreover, from (u,, vn) € Ny,

we get,

q-23(t)

I .
22@) B )\,u(umvn>

64 Qualuntn) = S )y -

2(25(t) — ¢
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Let n — oo in (5.4)), by (5.3) and Lemma (i), we have

q-2,(t)
Q)\ up,v1) 2 —s -~ Capu > 0.
7/1‘( ) 2z(t) _ q sH

Thus, (u1,v1) € Ny, is a nontrivial weak solution of (L.1I).
Next, we show that (u,,vs,) — (u1,v1) strongly in W and Iy ,(u1,v1) = ¢y p. From
the fact (u1,v1) € Ny, and the Fatou’s lemma it follows that

(W < I)\,u(ula Ul)

= oy 2200, )
< lim |2alt) =2 2 2:(t) —q

mll(un,vn)\lw WQAH(%,%)

n—oo

= nh_}ngo Iy, (tn, vn)

= Cx s

which implies that ¢y, = Iy, (u1,v1) and limy, o0 || (tn, vo)||E = || (u1,v1)]|E,- A standard
argument shows that (uy,,v,) — (u1,v1) strongly in W.

Finally, we claim that (uj,v1) € J\/”r Assume by contradiction that (uq,v1) € NA_
Then by Lemma there exist unique 7'1 and 7, > 0 such that (7'1 Uy, Ty vl) e N N
(1{ u1, 7 v1) € NA,# and ;7 < 77 = 1. Since

d d?

EI,\#(Tful,val) =0, I 2[>\7M(TI+’UJ1,TI+U1) >0,

there exists 7" < 71 < 7 such that I ,(ry u1, 71 v1) < I u(7fu1, 7fv1). By Lemma

we have
Dy (i un, 7 01) < Dy(miun, mior) < I (w7 01) < Iy, v1),

a contradiction. Moreover, from I ,(ui,v1) = In,(luil, |v1]), (Juil,|vi]) € Ny, and
Lemma we may assume that (u;,v1) is a nontrivial nonnegative solution of
in W. By the strong maximum principle |25, Proposition 2.2.8], it follows that u,v; > 0
in Q. Hence, (u1,v1) is a positive solution for (L.I)). O

Remark 5.2. From Lemma[3.7(i) and (3.2)), for this nontrivial solution (u1,v1), we obtain

0>cnpy = Iypu(ur,v)

_ (; _ 2*1(75)) (s, 00)|3 — <; - 21(t)> Qxp(un, v1)

> 2;(2)*()%,#(%@1)
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. s\ 24(s)—a)/25(s)
_20(t) —q ( NonR{ (A ) 4 2/C-0))2=0))2
q-25(t) N—s

% (Maszs (o)~ (ur, 00) ]9

This implies that Iy ,(u1,v1) — 0 as A — 07 and g — 0%,

Now, we will establish the existence of the second positive solution of (L.1)) on N, 4

Lemma 5.3. Assume that 0 < a < 2, 0 <~y <y, 0<s;t<a<N,1<qg<2 and
1,0 > 1 with n+ 6 = 2}(t). Then there exist (u,v) € W\ {(0,0)} and Ay > 0 such that

fOT (>\7M) € ©A17

) (N=t)/(a=t)

a—t (S 1,0
(5.5) 31;10) I (Tu, ) < oA <0‘277

In particular, cy , < %(Saémg)(N—t)/(a—t) for all (A, ) € Dy, .

Proof. Let p > 0 be small enough such that B,(0) C . Taking a cut-off function ¢ €
C5o(92) satisfies 0 < p(z) < 1, ¢(z) = 1 for |z| < p/2 and p(z) = 0 for |z| > p. Set
Ue(x) = e~ WN=2/2y_(z/¢) and uec(2) = p(2)Ue(z), where u,(z) is a ground state solution
of problem . Then, we consider the functions

(1) = D) u(Ty/nue, VO u,)
2 ) -4
= *”(\/ﬁu& \/aus)”W - 7Q>\,u(\/ﬁusa \/§u€)
QT - / !\/ﬁug\’?|\/§u€|9

jf*

and

27’ al / |\/77u5|77\\/§u5\9

jf*

,7_2
h(r) = T (e, Vo) Iy

By the fact that
" 2 S2alt)
7-2 B 2T2a (t) B B1 Bl 224(?)*2 BQ B1 25(t)—
o\ 27 T o) 72 T 2 2B, 2 (1) \ 2B,
25,(1) 25, (1)

B —t B12 (t) B —t B 25,()—2
2N =1) opyymoz 2N =) \ 2B, %mw

(N=t)/(a—t)
— B
__“ ¢ ( 12> ,  where B1,Bs >0
(
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and Proposition 2.3 we can get that

) (N=t)/(a—t)
sup h(7) a—t (n+ 0)lucll3
>0 T 2(N -t (20305 [, %d@%

a—t 1 =3 0/ (n+6) g\ 0/(n+0) \ (N—t)/(a—1)
s () (G
2(N —t) \ 2 6 n

o (N-0)/(a—1)
(Aa,t72* (t)) (N=t)/(a—t) + 0(525+(7)+Q*N)
>< (&3
(( (N-0/(a1) 1 O(e% 08+ () +-N)) 22w

AN

Aa,t,Qg(t))

(5.6) _a-t (1 E=as <Q>9/(7}+9)+ 0\ /0 \ (V-0 (=0
N—t\2 0 n

)(N—t)/(a—t) + O(€2B+ ('y)+afN)

X (Aa,t,2;;(t)

Ca—t[1f o) o\t (N=t)/(a—1)
Nt [2( (5) N (n) (Aas2a (o)

+ 0(525+(7)+Q*N)

(N=t)/(a—t)
_ a—t Sa,n,@ + 0(626+(7)+a—N)'
N —t 2

On the other hand, using the definitions of g and u., we get

2
9(1) = D) u(Ty/nue, VO u) < %H(\fnue, \/éus)H%V for all A\, x> 0 and 7 > 0.
Combining this with (2.12)), let ¢ € (0,1), then there exists 79 € (0,1) independent of

€ > 0 such that

(5.7) sup ¢g(7)

T€[0,70]

a—t [ Sape) D/
N —t 2 ’

Hence, by (5.6)), for all 1 < ¢ < 2 we can choose A1 > 0 so small that, for all (A, u) € Dy,,

we get

sup g(7) = sup (h(T) — 7:@,\#(\/77%, Vo u5)>

T>T0 T>T0
(N—t)/(a—t)
(5.8) < ]O\‘[:’; (502779> 4 O(e2P+(M+a-N)

q
_ 7;0()\77(1/2 + wgq/Q) ‘UE‘: dr.
q o |7

Now we need to distinguish two cases:

Case 1: 1 < g < (N —5)/B+(7). By (2.14) one can get

i e|| de > CelBs()-(N=a)/2)
X
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Moreover, from [y (v) > (N — «a)/2, we get

28:0) +a =N =g (800 - * 52 ) = 20 (B0 - %) >0

Then

2ﬁ+<v>+a—N>q<ﬁ+<v>—N_o‘).

Combining this with (5.7)) and (5.8]), for (A, u) € Dp,, we can choose € small enough such
that

su T) < e
72139() N\ 9

Case 2: (N —s)/B+(v) < g < 2. By (2.14) we have that

o —t <Sa,77,6‘> (N=t)/(a—t)

juel? ) ONTTINTOR i g > (N = 5)/B4(7),
T =
o |z[° CeN-s=aN=e)2|In¢| if g = (N —s)/B+(7).

Moreover, it follows from S84 (v) > (N — «)/2 and (N — s)/B4+(v) < g that

N — N —
a>2N_S_Q<2a>,

(5.9) 26, (7) +a— N >q <6+(v) -

Therefore, from (5.7)), (5.8) and (5.9), we get that for (A, ) € Dy,, we can choose € > 0
small enough such that

a—t <Sa,n,9> (N=t)/(a—t)
5 .

su 7)<
Tzr(;g( )< N ¢

From Cases 1 and 2, (5.5) holds by taking (u,v) = (/7 ue, Vou).
From Lemma the definition of ¢, i and (5.5)), for all (A, u) € Dp,, we obtain that

there exists 7= > 0 such that (77/qu., 7~ V0 u.) p and

c;M < DT Ve, 7 VO )

<sup Iy , (TN ue, TVOu)) <
>0

The proof is thus complete. O
Now, we establish the existence of a local minimum of I , on N, -

Theorem 5.4. Assume that N > o, 0 <~y <yg, 0<s,t <a,n,0>1 withn+6 = 2}(t)
and 1 < q < 2. Let A* = min{Ao, Ay, A1}. Then Iy, has a minimizer (ug,ve) in /\/’;M for
all (A, 1) € D+, and satisfying

(1) Dyuluz,v2) =cy
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(ii) (ug,v2) is a positive solution of (1.1)).

Proof. By Proposition (ii), there exists a (PS)C;YM—sequence {(un,vn)} C NA_# for I,
for all (\,u) € ©p,. By Lemmas and Proposition for all (\,pu) € Dp,,
I, satisfies the (PS)C;, condition for all ¢, € (O,%(%)(N*t)/(o‘*t)). Then, for
all (\, 1) € Dp~, there exist a subsequence still denoted by {(un,v,)} and (ug,vs) €
W\ {(0,0)} such that (up,v,) — (ug2,v2) weakly in W. Arguing as in the proof of
Theorem [5.1] for (A, p) € Da+, we obtain (un,vn) — (ug,v2) strongly in W and (ug, v2) is
a positive solution of .

Finally, we prove that (ug,vs) € N, - Arguing by contradiction, we assume (uz, v2) €
,/\/Iu. Since Ny , is closed in W, we have ||(u2,v2)[lw < liminf,oo [|(un, vp)|lw. More-
over, by Lemma there exists a unique 7, such that (75 ug, 7y v2) € N Ay This and
(un,vn) € Ny, deduce that

Cp < Iy (19 ug, 75 v2) < nhj& I (15 Up, 75 vp) < nl;rl;o Iy p(un,vp) = Crp

So, (ug,v2) € N, s This completes the proof of Theorem O

6. Proof of Theorem

By Theorem the system ((1.1)) has a positive solution (uj,v1) € ./\//\f# for all (\,u) €
Dp,- This gives the proof of Theorem [1.2{i).

By Theorem for all (A, ) € Dp~, the system (1.1)) admits a positive solution
(ug2,v2) € N/\_’#. Since N;u ONA_,# =0, N;f# UNy, =N, and A* < Ag, we can get that
(u1,v1), (u2,ve) are distinct positive solutions of the system (1.1}, and complete the proof

of Theorem [1.2ii).
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