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The notion of monotone dependence, which has played
a key role in reliability theory, is generalized to that of
“stochastically monotone dependence.” The idea here is
that since two lifelengths are dependent or independent
based on the disposition of a conditioning variable, they
are unconditionally stochastically dependent or indepen-
dent. A measure of stochastic dependence is introduced
and the measure used for comparing the correlations of
pairs of random variables which can now be described
as being “highly stochastically correlated” or “weakly
stochastically correlated.” Extensions to the multivari-
ate case are possible and the ideas illustrated via exam-
ples. This paper is expository; its purpose is to propose
a natural idea and to explore its ramifications.

1. Introduction and Motivation. An important, though little noticed,
principle of probability theory is that the notions of dependence and independence
are conditional, the conditioning being done on some observable or unobservable
quantity, say ©. It is common to think of © as a “parameter” and this is the point
of view that we adopt. A consequence of the above is that unconditionally the
notions of dependence and independence must be stochastic. That is, one should
not make an unqualified judgment that lifelengths X; and X, are dependent or
independent—rather one may talk in terms of the probability that they are depen-
dent or independent. This is contrary to current thinking although the literature
on artificial intelligence [cf. Pearl (1989)] appears to be taking cognizance of this
fact. In this paper, we explore the ramifications of the above formulation, and in
the sequel raise questions pertaining to the everyday used notions of covariance
and correlation.

By way of some motivation, consider a system of two components with life-
lengths X; and X2, operating in an environment which is characterized by an
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Discussions with Henry Block and Allan Sampson have helped clarify several issues; the oper-
ational scheme following Example 2.1 is a consequence of such discussions.
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abstract (idealized and unobservable) parameter ©® € R. Suppose that I, I, and
I3 partition the real line R such that I; U [, U I3 = R, and suppose that when
© € I, the operating environment is classified as being “average” or “normal”
whereas when © € I, of I3 the operating environment is classified as being “mild”
or “harsh,” respectively. Now it is possible to conceive of a situation in which
X, is independent of X;—denoted henceforth as X; 1L Xo—whenever © € I, and
that X; and X, are positively or negatively dependent whenever © € I, or I3
respectively. In any particular application, the exact disposition of © will be un-
known or will change—from the point of view of an analyst—and so the nature of
dependence between X; and X, is stochastic, depending on the probability that
O belongs to I, I, or Is.

Other scenarios which motivate the thesis of this paper arise from the biological
sciences in which the nature of dependence between the lifelengths of two organs
depends on the stochastic behavior of a conditioning covariate, such as the “life-
style” of an individual.

Whereas the rationalization of positive dependence under common environmen-
tal conditions is relatively straightforward, see for example Lindley and Singpur-
walla (1986), the rationalization of independence and negative dependence, partic-
ularly the latter, is more difficult. One possible argument is to suppose that under
harsh conditions there may be a tendency to devote more resources and mainte-
nance to the more important components of the system with the result that such
components perform better than expected than those components which receive
less attention. Such a policy would result in negative deperdence.

Latent variable methods (cf. Holland and Rosenbaum (1986)) consider the con-
cept of the distribution of a set of random variables given the latent variable.
Such models consist of a set of “manifest variables” and the “latent or parametric
variable.” The manifest variables which are real or integer valued can be observed
directly while the latent variable is unobservable. A basic assumption of the model
is that the manifest variables are conditionally independent given the latent vari-
able. Certain classes of latent variable models imply that the manifest variables
exhibit stronger forms of positive dependence with the latent variable. However,
these models do not incorporate the notion that the dependence of the manifest
variables may change with a change in the latent variable.

In view of the preceding arguments it is necessary to reconsider the various
notions of monotone dependence and their resulting bounds and inequalities. In
this paper we define a new concept of dependence between random variables. Two
variables are not unconditionally dependent or independent but are probably de-
pendent or independent, depending on the disposition of the conditioning variable.

2. Stochastic Monotone Dependence. Let A be a o-field of events gener-
ated by a sample space X and P be a family of probability measures defined on
Ai, 1 =1,2,..., the elements of A. Let X and Y be two vector valued random

variables, of dimension p and ¢ respectively, defined on X’; assume for now that
p=q21
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The notation ((X1LY)|@) means that X is independent of Y given @, where
0 is an s-dimensional vector of parameters. Without any loss of generality assume
that s = 1.

2.1 Stochastic Dependence and Independence. Suppose we have a partial or-
dering on RP such that for vectors a = (a1,4az,...,a,) and b = (by,b2,...,b,) in
RP

a<b means a; <b;, 1=1,2,...,p

and suppose that the elements A; are open upper sets, i.e., A; is an upper set if
a € A;, and a < b implies b € A; (Shaked (1982)).

DEeFINITION 2.1. The random vectors X and Y are independent given 8,
denoted by {(X1LY)|6} if

P{X € Ai[Y € Aj, 6} = P{X € A;|6}, VA;, A;, 0, and any P € P.

Suppose that @ takes values in R, and suppose that the Borel o-field generated
by R is endowed with a family of probability measures P. Let I, Iz, and I3 be
members of the Borel o-field generated by R and let P € P.

DEFINITION 2.2. The random vector X is § € I; conditionally independent of
Y and 0 ¢ I conditionally dependent on Y, denoted by {(X1LY)|0 € I, #}, if

i) P{IX € AilY € A, 0 € I} = P{X € Ai|l0 € I},
ii) P{X € A;|Y € A;j,0¢ L} # P{X € A;|0 ¢ I}, and VA;, A;, 6.

DEFINITION 2.3. The random vectors X and Y are unconditionally indepen-
dent, denoted by (X LLY) if

260 5 P{X € A;|Y € A;, 0} # P{X € Ai|0}, VA;, A;.

The subjective nature of the notion of independence is revealed in Definition
2.3 if one interprets 70 as being the nonexistence—to a probability assessor—of a
6.

LEMMA 2.1. If{X1LY|0 € I, #}, and if {0 € I} is the only event for which
X and Y are conditionally independent, then

P{X1LY}=P{0 €I}

ProoF. From Definition 2.3 we see that
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I

P{X1LY} = P{765 P{X € A|Y € A;, 0} # P{X € 4,|6}}

1— {P{76 5 P{X € A;|Y € A;, 0} # P{X € A;|6}}
1-(1-11(0)) = 1I(0),

where 11(0) = P(0 € I).
A strengthening of Definition 2.2 is given next.

DEFINITION 2.4. The random vector X is @ € I; conditionally independent

of Y, and is 8 ¢ I, conditionally positively (negatively) dependent on Y, denoted
{(XLLY)|(0 € I, > (<))}, if

i) P{X € A;lY € Aj, 0c I1} = P{X € A,-|0 € Il}, and VA;, Aj, 9,
i) P{AX € A;|Y € A;,0¢ ;} > (X)P{X € A0 ¢ I}

For convenience we denote P{X € A;|Y € 4;, 6 ¢ I} > P{X € A;|6 ¢ I} by
X 1LY, and by X1L)Y when the above inequality is reversed.

LEMMA 2.2. If {(X1LY)|0 € I, > (<)}, and 0 is unique, then

P{X11Y} =1(0) and
P{X1LMY} or P{X1LEO)Y} =1 -11(8).

Proo¥F. Follows from Lemma 2.1 and the fact that it is not possible to have
both P{X11(")Y} and P{X1L)Y}.

A further strengthening of Definition 2.4 is given next.

DEFINITION 2.5. The random vector X is @ € I; conditionally independent of
Y, and is @ € I;(I3) conditionally positively (negatively) dependent on Y, denoted
by {(XLLY) @€ L, >0 €I, <0 € L)}, if

i) P{X € Ai|Y €A, 0} =P{X e Al € I},
ii) P{X € A;|Y € A, 0 € I} > P{X € A;|0 € I}, and
iii) P{X € AilY € A, 0 € I3} < P{X € Ai|0 € 5}, VA;, A;, 6.

We may now state

LEMMA 2.3. If11;(0) = P{0 € I;}, then
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P{X1LY} = II(8)
P{XUWY} = 1,(0), and
P{XLLO)Y} = T(6).

2.2. Equivalent Conditions and Definitions. Assume that p = ¢ = 1. Definition
2.5 can also be stated in terms of the joint and the marginal distribution functions
of X and Y. Let

F(z,y|0) = P{X <z Y <y|6}
G(z|0) = P{X <z|0}, and
H(y|®) = P{Y <y|6}.

Then Definition 2.5 is equivalent to:

DEFINITION 2.6. The random vector X is 8 € I; cenditionally independent of
Y and is @ € I,(I3) conditionally positively (negatively) quadrant dependent on Y,
denoted by {(XLLY)|@ € I, > 0 € I, < 0 € I3)},if

i) F(z,y|0 € ) = G(=|6 € I)H(y|6 € I),
i) F(z,9|0 € L) > G(z|0 € L)H(y|0 € I), and
iii) F(z,y|0 € I3) < G(z|0 € I3)H(y|6 € I3).

Using a lemma by Hoeffding (1940), we are able to state Lemma 2.5.

LEMMA 2.4. (Hoeffding) If F denotes the joint, and G and H the marginal
distribution functions of X and Y respectively, then

400 ptoo
E(XY) - ECGOE(Y) = [ [ [F(z,) - G@)H(y))da dy,

provided the ezpectations ezist.

LEMMA 2.5. If conditions i), i), and iii) of Definition 2.6 hold and if the
conditional ezpectations E(XY|0), E(X|0) and E(Y|0) ezist, then Definition 2.6
implies that

i) E(XY|6 € )= E(X|0 € L)E(Y|0 € ),
ii) E(XY|0 € I,) > E(X|0 € )E(Y|0 € L), and
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It follows then that
LEMMA 2.6. {(XUY)@€h,>0€cl, <0c 3} =

i) COV(X,Y|0 € )=0,
i) COV(X,Y|0€l;)>0, and
i) COV(X,Y|0€3)<0.

EXAMPLE 2.1. As an example illustrating the intent of Lemma 2.6, suppose
that X and Y have a bivariate normal distribution with mean p = (p1,p2) and
covariance

Z _ o2  poio;
pPO102 0’%

where p is the coefficient of correlation. Then p is our conditioning variable and as
is well known {(X 1LY )|p = 0}, and X and Y have positive (negative) dependence
when p > (<)0.

To describe the operational implication of the above, suppose that we are
asked to make a prediction of X when Y = y has been observed. To simplify
matters suppose that p = (0,0) and that P(p # 0) = II;. Assuming that the
penalty of poor prediction is described by the squared error loss, we would specify
E(X|y, p=0)=0,o0r E(X|y, p#0) = po1y/o2. Operationally, we would toss a
coin whose probability of heads is II;, and bet on po,y/o, if the coin lands heads,
and on 0 if it lands tails.

A strengthening of Lemma 2.6 is

LEMMA 2.7. Let f and g be nondecreasing functions of X and Y, respectively.
If X and Y satisfy Definition 2.6, then

i) COV (f(X),9(Y)|0 € I) =0,
ii) COV (f(X),9(Y)I0 € I) > 0, and
iii) COV (f(X),9(Y)|0 € I5) < 0.

ProorF. This follows by an extension of a proof due to Lehmann (1966).

When ii) holds, we shall say that X and Y are conditionally 6 € I, positively
associated; and when iii) holds, we shall say that X and Y are conditionally § € I3
negatively associated.

Our motivation for a consideration of the above material is the introduction of
the notion of stochastic covariance and correlation. This is discussed next.
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2.3. Stochastic Linear Dependence. The notions of covariance and correlation
appear in everyday use of probability and statistics. In sample theory statistics, the
covariance and correlation have been viewed as fixed but unknown quantities. In
Bayesian statistics, all unknown quantities are to be assigned a prior distribution
to reflect one’s uncertainty about them. To see this, note that the conditional
nature of Definition 2.6, and its implications prompt us to generalize the notion
of covariance and make it stochastic. The situation here is not unlike that of
hierarchical modelling [c.f. Good (1983)].

Suppose that p=¢=s=1,sothat X =X,Y =Y, and @ = 0. Then from
Definition 2.6, it follows that COV (X,Y|0 € (f; U I5)) > 0, where

COV (X,Y|0 € (I, UL)) = E(XY|0 € (I, UL))
—E(X|0 e (LUL)E(Y|f e (,UDL)).

Using an argument analogous to that of Lemma 2.1, we see that unconditionally
P{COV(X,Y) > 0} = P{6 € (I;UI;)}. Thus a prior distribution on the covariance
would depend on the nature of the parameterization of the probability model for
X and Y, and our uncertainty about the disposition of the parameter. If § € I,
or if 8 € I, that is, if we judge (X 1LY) or (X 1LY, and if 6 is unique, then
P{COV(X,Y) > 0} = 1. Thus P{COV(X,Y) > 0} gives us a measure of the
strength of the linear relationship between X and Y.

The above motivates us to consider the quantity II(a) = P{|COV(X,Y)| > a},
a > 0, for characterizing the strength of linear dependence between X and Y.

DEFINITION 2.7. To simplify matters, suppose that E(X|0) = E(Y|6) = 0 and
that VAR (X]8) = VAR (Y'|#) = 1, for all values of §: then COV (X,Y) = p(X,Y),
the correlation coefficient between X and Y. Let II(a) = P{|COV(X,Y)| > a} =
P{|p(X,Y)| > a}; we refer to II() as the correlation survival function.

It is clear that II(@) | @, II(0) = 1, and II(1*) = 0. A plot of II(e) versus «,
0<a<l,forIl(a) =1- a,is given on the following page.

EXAMPLE 2.2. As an example of the above, let X and Y be binary with
P{X =1} = p,, P{Y = 1} = py, and P{X =1, Y = 1} = p,,. Clearly,
P{X=1,Y=0}=p;—Psy, P{IX=0,Y =1} =py — psy, P{X =0,Y =0} =
1- Pz — Dy + Pzy, and thus 0 < Pzy S min(?m?y)-

Suppose that p, and p, are specified, but the disposition of p;y is unknown.
Then it can be verified that

(Pzy = DPPy)
X,Y)|pey) =
(P i) V/P=py(1 = p2)(1 - py)

from which it follows that
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Figure 2.1. The correlation survival function when Il(a) =1 - a

l(a) = 1 - {A(pzpy + 0/Papy(1 - p2)(1 - y))
—A(pepy — @/Pey(1 - p2)(1 - 2y))}

where A(-) is the cumulative distribution function of p,,, for 0 < z < min(ps, py)-

To characterize the strength of linear dependence between X and Y via II(a),
we first note that the strongest case for linear dependence is when P{p(X,Y) =
1} = 1; that is, when we are absolutely sure that the values of X and Y match
perfectly. When this happens P{|p(X,Y)| > a} =Il(a) = 1,forall 0 < a < 1;
that is, the correlation survival curve is the locus BAC in Figure 2.1. The worst
case for linear dependence is when P{|p(X,Y)| > a} = 0 for all @ > 0. For this
case the correlation survival rate is the locus BOC. Thus, any correlation survival
function which is closer to the locus BAC is to be preferred, in the sense that the
variables are more highly correlated, to the one which is closer to the locus BOC.
The above considerations prompt us to suggest the following as a plausible criteria
for describing a high stochastic correlation.

DEFINITION 2.8. Random variables X and Y are said to be highly stochastically
correlated (HSC) if

P{ICOV(X,Y)| > a} = P{|p(X,¥)| 2 a} > 1 -,
0 < a £ 1; otherwise they are weakly stochastically correlated (WSC).

EXAMPLE 2.3. Suppose that in Example 2.2, that p;y has a uniform distribu-
tion on [0, min(py, p,)]. Then,
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(2a/Popy (1 - p:)(1 - 1))
min(p:mpy) '

The binary variables X and Y are HSC if II(a) > 1 — ¢; i.e., if

1 YPep(1=pa)(1-p)
2= min(pg, py) |

I(a)=1-

In order to compare the strength of linear dependence between two pairs of
random variables, we introduce the following definition.

DEFINITION 2.9. Random variables (X,Y) are stochastically more (less) cor-
related than (X1,Y1) if

P{p(X,Y)| > a} 2 (L)P{lp(X",Y')| 2 @}, 0<a<l.

st st
We shall denote the above writing p(X,Y) > (<)p(X1,Y?).

Definition 2.9 provides a basis for comparing the strength of the linear de-
pendence between (X,Y) and (X!,Y!) when their respective correlation survival
functions do not cross. To characterize linear dependence when the correlation
survival functions do cross, we need the following.

DEFINITION 2.10. Random variables (X,Y’) are more (less) correlated in ez-
pectation than (X1,Y1) if

1 1
/ lixy(a) da > (5)/ Tx1.y1(a) do
0 0
where
Ix,y(e) = P{|lp(X,Y)| 2 @} and IIx1 y1(a) = P{|p(X',Y")| > a}.

E E
We shall denote the above by writing p(X,Y) > (<)p(X1,Y?). It is obvious
from the above that

st st E E
ProPOSITION 2.1. p(X,Y) > (L)p(XL, Y1) = p(X,Y) > (L)p(XL, Y1)

ExAMPLE 2.4. The survival function of Marshall and Olkin’s bivariate expo-
nential distribution is given as

F(ID, y) — e—/\lx-/\gy—)‘ max(z,y),

where we suppose A; and Az known but A is unknown. Then {X 1LY | =0, >
A € (0,00)};i.e., X and Y are independent if A = 0, and otherwise always positive
dependent.
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The coefficient of correlation is
P(X,Y|A) = A/(Ar+ A2+ 2),
from which it follows that the correlation survival function is
I() = P{p(X,Y) 2 a} = 1= Al + X))
where A(-) is the cumulative distribution function of A, for A > 0.

If X has an exponential distribution with parameter A, then the correlation
survival function is

_ a/\'(/\l + /\2)
I(e) = exp{~ 2221t 22)y,
So X and Y are HSC if
aA’(Al + Ag)
_ZAVTA2)y 51
exp{ o }>1-o0,
that is, if
l—-a
D (o . —_ <a<l.
A< a0 +)‘2)log(1 a), forale, 0<a<1

An extension of the above ideas to the multivariate case together with notions
of higher order stochastic dependence are discussed in Brady (1988).
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