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On Special Values of Selberg Zeta Functions

Koichi Takase

§0. Introduction

Let X be an arithmetic object (or “motif”). Typical examples of X
are
1) algebraic varieties defined over algebraic number fields,
2) complex or £-adic Galois representations of algebraic number fields,
3) prehomogeneous vector spaces defined over algebraic number fields,
or
4) automorphic forms of “type Ag”.

Associated with X, we have a zeta (or L-) function (x(s). The
function (x(s) is defined for Re(s) >> 0 by a Euler product or by
a Dirichlet series. It is believed, or partly proved, that {x(s) has a
meromorphic continuation to the whole s-plane and has a functional
equation with respect to s — 1 — s (we will take such a normalization
of (x(s)).

For an integer n, the special value (x(n) is very mysterious, but we
have a widely believed dogma,;

Dogma. The leading coefficient of the Laurent expansion of (x(s)
at s = n is a product of three numbers A, P and R;

CX(S):APR(S_n)e+
where A is an algebraic number (over Q), P is a transcendental num-
ber (over Q) and R = vol(L\R") with a lattice L in R" with r =
ords=1-n (x (5)-

These three numbers A, P and R in Dogma are called the algebraic
part, the period and the regulator of (x(s) at s = n.

A typical example is the residue formula of Dedekind zeta function;
let K be a finite algebraic number fleld and (x(s) the Dedekind zeta
function of K. Then (x(s) has a simple pole at s = 1 and

Ress—1Ck(s) = h- (wy/|D])~! - 27 (27)"™ - R(K)
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where h is the class number of K, w is the number of root of
unity contained in K, D is the absolute discriminant of K, r; (resp.
r2) is the number on real (resp. complex) places of K and R(K) =
vol(Ux\R™*%7271) is the regulator of K. Here Uk, the unit group of
K, is a lattice in R™*+72~! with 71 + 73 — 1 =ord,—o(x(s). Then A =
h - (wy/|D|)"t, P = 21(2r)" and R = R(K) with the notation in
Dogma.

Special values of Selberg zeta function are considered by [DH] or
by [F]. Let T be a discrete torsion-free co-compact subgroup of SLy(R)
and Zr(s) the Selberg zeta function associated with I'. Then they give
a formula

Z'(1) = C971 . detA
where detA (resp. g) is a functional determinant of the Laplacian A
on (resp. the genus of) the Riemann surface I'\'H and C is a constant.
The purpose of this paper is to give an interpretation of the formula
according to the Dogma on special values of arithmetic zeta functions.
My conclusion is that C97! is the period and detA is the regulator. See
84 for detailed discussion.

Notation. We will use the following notations;
G = SLy(R) = {2 X 2 — matrices of determinant 1}
K=SO(2,R)={geG|tg-g=1}
where K is a maximal compact subgroup of G. An element of K is
denoted by r() = (gfﬁgzg —Cz;r(lg?)) (0 € R). Foralln € Z, let
8, be a unitary representation of K defined by 6,,(r(8)) = exp(yv/—1n#0).

We will denote by C.(G) the complex vector space consisting of the
complex-valued continuous functions with compact support.

§1. Harmonic analysis on SLy(R)

1) Spherical functions

We denote by G the unitary equivalence classes of the irreducible
unitary representations of G, and

Gn)={reG|m@bn,7|x)>0}

where m(8,, 7| k) is the multiplicity of , in the unitary representation
7|k of K. For a (w, H) € G(n), we have m(é,,7|k) = 1 and put

(@) = (M(2)u,u) (2 €G)
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with v € H such that |u| = 1 and #(k)u = 6,(k)u for all k € K. The
function ¢, » is a spherical function of type 6, in the sense of [W]. Two

representations w and 7’ in a(n) are unitarily equivalent if and only if

Pn,r = Pn,m’-
The Lie algebra G = Lie(G) of G has an Iwasawa decomposition
G=K®A®N where K = Lie(K) and

a 0 0 b
A—{(O _a) |a € R}, J\/’_{(O 0) |beR).
Corresponding Iwasawa decomposition of G is G = K - A- N where
a O 1 b
A-{(O a'1> |0 <a€eR}, N—{(O 1) | be R}
Any element z € G is uniquely expressed by = = k(z) - exp H(z) - n(x)

with k(z) € K, H(z) € A and n(z) € N. A Haar measure dg (k), d4(a)
and dy{(n) on K, A and N are defined respectively by

di (r(6)) = (2m) " Ldr,

) 0 o, —1
dA(O y_l)—2y dy,

1 =z
dN<01

[axty=1, [ expl=2p(Er@)an () =1
K N

=7 dz.

Then

where 7 = 6(n~!) with a Cartan involution 6(z) = z™! of G and p is
the half-sum of positive roots of G, in our case p (g —Oa> = a. A Haar

measure dg(z) on G is normalized so that
[ r@ote) = [ ax® [ au@) [ dnn)sikan) - exp(-2p(t ().
Put, for all m € Z and s € C,
oo (T) = / ano(ksk Ddg (k)  (2€G)
K

where

an,s(z) = 6n(k(z)) - exp{—(s + 1)p(H(z))}.
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Then we have

wn,s(l) =1
Spn,s(k'wk,) = 6n(k) - pn,s(T) - 6n(k’l)
for all k, ¥’ € K, and

t
N 9 = (cosht) "tV F((s+14n)/2, (s+1—n)/2;1;tanh? ¢
Pn, 0 e t

where

Fla,biL;2) =Y (a)a(b)az"/(n))* (2| < 1)

({a)n =ala+1)---(a+n—-1), (a)o=1)
is the hypergeometric function. We have
Pn,s = Pm,t
if and only if n = m and s = +t. If part is due to Euler’s formula
F(a,b;1;2) = (1 —2)"" 2 °F(1 —a,1 —b;1;2)

and only if part is due to the formula

1
Q(pn,s = 5(82 - 1) *Pn,s

where

1
Q= §(1§I2 +2X,X_+2X_X,)€U(G®rC)

10 0 1 00
= 4) xe=(a) =(10)

is the Casimir operator on G. All spherical functions of type 6, on G
are equal to ¢, s for some s € C [Wr: vol.Il, p.43, Example].
Let L1(G, é,,) be a complex vector space consisting of the complex-
valued measurable functions f on G such that
1) Jg lf(@)ldg(z) < oo
2) flkzk') = 6,(k)f(z)b, (k') for all k, k' € K.
Put C.(G, 6,) = C.(G)NL*(G, é,) etc. The spherical Fourier trans-
form of f € C.(G,$é,) is defined by

@n,s(f) = ‘/;‘Pn,s(x)f(w)dG(x)
- /A Fy(a) exp{~sp(H(a))}da(a)
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where

- /N flan)dn(n) - exp{p(H(a))}  (a € A)

is the Abel transform of f.

2) Unitary dual of SLz(R)

The unitary dual G of G is consisting of the following series of rep-
resentations;

a) Principal series

Let
P:{(g aﬁl) | a € RX, beR}

be a parabolic subgroup of G. The modular function Ap of P is defined
by

Arla) = exp{-2o(H @)} =a* o= (5 1) e

For s € /~1R and j = 0,1, define a unitary character x;, of P by

e (5 o20) = @flaly - lof

Let 7/° = IndIGDXj7s be the induced representation of G. The repre-
sentation space EJ° of m;,s consists of the complex-valued measurable
functions f on G such that

1) f(zp) = Ap(p)/2x;,s(p) "  f(z) for all p € P,
) S [F(R)]Pdk (k) < oo,
/ S (k)g (k) (k)

with an inner product
and the operation of 7; ; is defined by
(M) )W) = fz7y)  (fE€Ejs, zy€Q).

Define an element f,{s € ;s by

o (kp) = Ap(0)*x,s (P )En(k™) (k€ K,pE P).
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Then {f#* |n€Z, n=j (2)}isacomplete ortho-normal system of
E33, We have

(72 (@) f°, F2°) = pns(z)  (z€G)

forall n € Z such that n=3 (2).
Unitary representation 7%° is irreducible for all s € +/-1R
[Wr: Th.5.5.2.3]. Unitary representation 7!-° is irreducible for all 0 #

s € v/—1R [Wr: Th.5.5.2.1]. They are the members of the principal
series. We will denote by ép the subset of G consisting of the principal
series representation. Put é(n)p = ép N G(n).

b) Discrete series
Upper half plane H = {z € C | Imz > 0} is identified with a
quotient space G/ K via ¢ — z(v/—1) where z(z) = (az +b)/(cz+d) for

x = <z g) € G and z € H. Let dg k(&) be a G-invariant measure

on G/K = H such that

Lﬂwmm=ém(émw@w0@m@>

1 dmdy
42
Take an integer n > 1. Let L2(H,n) be a complex Hilbert space

consisting of complex-valued measurable f on H such that

Then
(z=xz++/—-1y € H).

da/k(2) =

(Lu@mmamwm2<m
with inner product
(£,9) / F()9() (Im )" dg xc (7).

Define a unitary representation 7™ of G on L?(H,n) by

(@"(@)f)(2) = f@7 () I (=7, 2)™ (z€G, felLl*(H,n))

b
d
E_,,) be the subspace of L?(H, n) consisting of holomorphic (resp. anti-
holomorphic) functions on H. Then E., is a G-stable closed subspace

where J(z,2) = cz +d for z = (CCL ) € G and z € H. Let E, (resp.
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of L*(H,n), and put 74, = 7"|g,, . Put for 0< £ € Z

)#n (ze H)
Fna) =T = (VEEZ) (1)

Then {fine| 0 < £ € Z} is a complete orthogonal system of E.,, such
that

(n —2)!
2 _ - —
[ famel” =4 (+n—1)

For all integers £ > 0, we have

Tin(k)fine = Os(ni20)(k) - fene  forall ke K
If:l:n,f'_z(ﬂ-:l:n(x)fin,l: f:tn,l) = @i(n—f—?@),n—l(x)-

The unitary representations 74, (1 < £ € Z) are irreducible and square-
integrable of formal degree (n — 1)/4. They are the members of the
discrete series representations. We have

_ (VA=)
Lpn,nwl('r)_<2—\/j_> J(x,\/—_l)

V=1+z(v/-1) ) -
(@) = (Y2 P2V TIY g, /S (zeG).
o-nnmale) = (L2 @V @eq
If n > 2, then 7, is integrable. We will denote by éd the subset of G
consisting of the discrete series representations. Put G4(n) = G4NG(n).

c¢) Complementary series

Take a real number 0 < ¢ < 1. Let E? be a complex vector space
consisting of complex-valued measurable functions f on G such that
1) f(zp) = Ap(p)1+9)/2f(z) for all p € P

2) [y |f(k)PPdg (k) < oo.
A positive definite inner product (,), on E? is defined by

(f,9)o = 3 /K /K H(kY) 72 (k) g (D (k) (1)

where H (k) = det(1 — k?) and

oc+1

o—1 o
=2 .

_ (@-1)/2
c, /K H (k) dx (k)
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A completion of E? with respect to (,), is denoted by Eo. A unitary
representation 77 of G on E? is defined by

(7 (@) f)y) = f(z™ly) (fFEE, =zyeq).

Then (7°, E°) is an irreducible unitary representation of G. Let fZ be
a function on G defined by

fS(kp) = 8,(k71) - Ap(p) )/ (ke K, peP).
Then {fZ | n € 2Z} is a complete orthogonal system of E° such that

g

2 —1—0
ol —1 o 2:

(k) fn =n(k)- 7 (k€ K).

We have
\F717 2 (7 (@) 7, £7) = eno(z) (€ G).

d) Limit of discrete series

We will use the notations of a). Let E}_’O (resp. E°) be a closure
of the complex linear span of {f}% | 0 < n € Z, n = odd} (resp.
{fH910>neZ n=odd}). Then E}° is a G-stable closed subspace
of B0, Put 7}° = 7r170|E1i,o. Then (n}°, EL°) is an irreducible unitary
representation of G.

Using the notations defined above, the set G(n) is described by the
following table;

)n=20

Q0 Pn,m

(%5, E%*) for s€+/—1R| gz

(ﬂ”,E") for 0<o<1 0,0

i¥e wo,+1 =1
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ii) n=even#0

T Pn,m
(n%s, E%%) for se€+/—1R ©On,s
1< |m| < |n|
(7Tm7 Em) for m=even mn>0 "pn,|m}—-1
(WU,EU) for 0<o<1 Pno
)
iii) n = odd
T Pn,m
(n%s, E®%) for se€+v/—1R Dn,s
1 <|m| < n|
(T, Em)  for m=even mn >0 |¥mim-1
(1% EL°) e =sign(n) Pn,0

For any 7 € G(n), there exists uniquely a s € C/{%1} such that
©n,m = Pn,s- Then the set G(n) is identified with D(n)/{£1} via the
mapping m — @n x = Qn, s > 5, Where

V-1RU{ceR|0<|o|<1}u{£l} if n=0
vV-IRU{c eR|0< |o| <1}U{£1}u{m € Z : odd}

if n=even#0
V=1IRU{0# m € Z: even} , if n =odd.

D(n) =

3) Paley-Wiener theorem

Let G = K@V be a Cartan decomposition with respect to a Cartan
involution 6(X) = —tX (K = Lie(K)). Then all elements z € G are
expressed uniquely x = k - exp X(z) with k € K and X(z) € V. Define
an inner product {, ) on G by (X,Y) = —Bg(X,0Y) where Bg(X,Y) =
4 -tr(XY) is the Killing form of G. Then G is an Euclidean space with
norm | X| = (X, X)¥/2. Put o(x) = | X(x)| for z € G.

For all 0 < r € Z, 0 < p € R and invariant differential operator
D € UG ®r C) on G (here U(G @r C) is the universal enveloping
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algebra), put

vh (f) = sup(1 + o(2))"wo(x) ~>/?|Df (2)|
z€G

for f € C*(QG), where
n(z) = poae) = [ exp{=plH (@)} (k).

Let CP(G) be a complex vector space consisting of the complex-valued
C>°-functions f on G such that v, (f) < oo for all 0 < r € Z and
D e U(G ®r C). we have C4(G) C CP(G) C L?(G) for 0 < ¢ < p.

Take a f € C2N LY(G). Then n(f) is a trace class operator for all
e Gqu @p [Wr: Th.10.2.1.1, vol.II, p.174, Example(1)]. We have the
following Planchrel formula [M, Wk1,2];

F1) = 3 dem) (D) + 3= 3 / (92 () g ()

7r€Gd 3=0,1

where d() is the formal degree of = € G4 and

7r - tanh(7r) if j=0
pi(r) = e
mr - coth(mr) if j=1

If f €C3(G)NLYG,6,) withn=j (2), we have

= Y 2l () ermale)

4
1<m<in]
m=n (2)
to | @n,2\/—_1r(f) - P oy (& iy (r)dr.

For f € C(G,6,) = CY(G)N LY(G,$,), the spherical Fourier trans-
form

Gns(f) = /G ons(@)f(@)da(z)  (s€C)

converges absolutely for s € D;UD(n) where Dy = {s € C| |Re(s)| < 1}
[Tr, TV]. A characterization of the function s — &, s(f) is given by [Tt].
Let C! (@ ,6,) be a complex vector space consisting of the complex-valued
continuous functions F on Dy U D(n) such that

1) F is holomorphic on |Re(s)| < 1,

2) F(=s)=F(s),

3) SUP|Re(s)(<1 [js—mmF(s)‘ 1+ |s])* <ooforall0<me Z and o € R.

Then we have
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Theorem 1.1. The space C*(G,6,) is C-linear isomorphic to
CY(G,6,) by a C-linear mapping f — B s(f).

Proof. [Tr] considered an operator-valued function 7 — 7(f) on
G(n). But, for a f € C}(G,6,) and (r, H) € G(n), we have =(f)u # 0
only for v € H such that n(k)u = §,(k)u for all k € K, and in this
case we have w(f)u = @, »(f)u. So, in our case, the operator-valued
function 7 +— 7(f) can be identified with a function 7 — &, (f). The
weight function p;(r) of the Planchrel measure is given by

pi(r) = (en(r)en(=r)) 7"
for n € Z such that n =3 (2), where

cn(r) = 771/2T (\/ﬁr) r (\/—_127" + 1)

fr(FE ()

with Euler’s gamma function I'(s). Put

V,={s€v-1R | Im(s) <0, c,(s)=0}
e if |nj<1
_{{—\/_——1k|0<k<|n|, k=n+1(2)} if |n|>1.

Then
0 if |n|<1 or mn=odd

{=v-1} if |n|>1, n=even

corresponds, by the identification given in 2), exactly to m € @d(G)
which is not integrable. With a characterization of the integrable repre-
sentations by [HS], the linear relations appearing in Definition 3 of [Tr]
becomes trivial. Then our C!(G, 6, coincides with the space C1(G, F)

with F = {6,} defined in [Tr]. Then [Tr: §11,Th.1] gives our result.
Q.E.D.

Vnﬂpl———{

4) Trace formula

Let T be a discrete subgroup of G such that I'\G is compact, and
(x,V) a finite dimensional unitary representation of I'. Then, for all
« € T', the centralizer G., of v in G is unimodular and I',\G,, is compact
where [y = ' G,. Fix a Haar measure dg_(z) on G. A G-invariant
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measures dg_\g(%) on G,\G and dr \q, () on I';\G, are normalized

so that
/Gf(x)dc(w) =/ </ fyz)da, ( >dG \a(®)

/ f(z)da, ( /I“\G Zf(aiv)drv\cv(j?)

Y o€l

and

respectively.
Let 7Xx = Ind?x be a unitarily induced representation of G. Then,
for all f € C1(G,$,), we have a trace formula

S, )P (f)
ﬁea(n)
(1.4.1)
= Y ) vl [ e e o

{7}r€Conj(T) G4 \G

where m(m, wX) is the discrete multiplicity of 7 in 7%, Conj(I') is the
I'-conjugacy classes of I' and vol(I',\G,) is the volume of I',\G,, with
respect to the G,-invariant measure dr_\¢, (2) [M: Cor.2.16].

Suppose that I is torsion-free. Then any 1 # v € I' is hyperbolic,

that is, it is G-conjugate to an element h(y) = (G(O’Y) a('}?)_l) e G

such that |a(y)| > 1. Then, for all 1 # v € T and f € C*(G, 6,,), we have

(1.4.2)
/ F@ ) dg 6 (@)
G \G

=D<;L<v)>(,283,)" 7 (" )

=00 (240 15 | Buvseh) ey Triogla(ar

a O

where D(h) = |a —a~ 7! for 1 # h = (0 "

1) € G. In this case,
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the trace formula is written in the form

> mr, 1) (f)

s€D(n)/{+1}

. m—1_
=dimV - vol(T\G) ) — Pnm-1(f)
i<m<|n|
m=n(2)

. 1 * o~
+ dimV - vol(T\G) / Pn,ay=1r(F;(r)dr

.210g|a('y)|. a(y) \"
+ > tx() T, : (1) D(h”))(la(v)l)

1#{y}r €Conj(T)

% %/_ ﬁnx/—_lr(f) eXP(\/—_lTlogla(fy)])dr

for all f € C}(G,6,). Here n° € G(n) is the unitary representation
corresponding to s € D(n) (see 2)), and 7 = 0,1 such that n =j (2).
In other word, by Theorem 1.1, we have

Y. mr®,m¥)g(s)

se€D(n)/{£1}

= dimV - vol(I'\G) - Z %ll—g(m -1)

1<m<|n|
m=n (2)

(145) 4 dim? volT\G) - - [ g2y T
2log|a(v)] a(v) \"
+ trx(v) - -D(h(y)) [ —=%-
1¢{7}§;onj(p) Ty = (M) (|a(7)|>

X —/ vV—1r)exp(v/—17rlog|a(y)|)dr

for all g € Cl(@,én). By [HP], we have

m(m,7X) = dimV - vol(T\G) - d(x)
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for all integrable 7 € Gg. Then we have

> m(r*,m)g(s) + C(n)g(1)
s€D'(n)/{X1}

= dimV - vol(T'\G) - i /00 9(2v/=1r)p;(r)dr

+ > trx(v) - 2ogla(x)] - D(h(7)) ( a(7) )n

1#{7}r€Conj(T’) Ty (M) la ()]
1 o0

%= | Buv=ro (D exp(v=Trlogla(y)dr

for all g € C1(G, 6,,). Here
V-IRU{ceR|0<|o|<1}U{l} if n=0
D'(n)=¢ vV-IRU{c€R|0< |o| <1} if n=even#0
vV—-1R if n=odd

m(myg, 7)) — dimV - vol(T\G) if n =even# 0
0 if n=odd,or n=0.

5) Selberg zeta functions

Let T’ be a discrete torsion-free subgroup of G such that T\G is
compact. In this case, we have vol(I'\G) = 2g — 2 where g is the genus
of the Riemann surface T\G/K. Let (x,V) be a finite dimensional
unitary representation of I'. Any element 1 # v € T' is hyperbolic, and
the centralizer I', is a cyclic group. A non-trivial I'-conjugacy class
{7}r € Conj(T) is called primitive if the cyclic group I, is generated
by v. We will denote by P(I") the subset of Conj(I") consisting of the
primitive I'-conjugacy classes.

For 7 = 0,1, a Selberg zeta function is defined by

- a(v) 7 —2(s+£
Zr 5(x,5) = det(1 - x(7) a(y) 740,
raw Ml;mg ’” (faml) !

The infinite product converges absolutely for Re(s) > 1, and has a mero-
morphic continuation to the whole s € C. It has a functional equation

Zrj(x,1—s)

s—1/2
=Zr,;(x,s) - exp {2 -dimV - (29 — 2)/0 uj(\/—_lfr)dr} .
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This functional equation can be written in a “symmetric form” [V]; let
I'z(s) be the double I'-function of Bernes defined by

FQ(S -+ 1)_1
=(27r)s/2 -exp[—{s(s + 1) — vs%}/2]

X H (1+s/n)™ - exp{—s +s2/(2n)}

where v is Euler’s constant (y = 0.577215--+). The double I'-function
has the following properties;

Iy(1 - *
log %% = s-log(2w) — /0 7z - cot(rz)dz

Tyo(s+1) =T(s) 71Ty (s).
Define the “I'-factor” AN (x,s) by

72 (x, 5) {(27m)°Ta(s)Ta(s + 1)}4mV(29-2) i =0
M 73 — ]
r,;\X {(271')SF2(S + 1/2)2}d1mV(29—2) if j=1
and put
21, (x> 8) = Z55(X; 8) - Zr (X, 8)-
Then we have a functional equation
Zp i (61— 8) = Zr ;(x; 5)-

The zeros of Zr ;(x,s) and its orders are described by the following
tables;

i) j=0
Table 1.1
Zero order
1 m(1F7 X)
0 m(1r, x) +dimV - (g — 1)/2
-n (0<nelZ) 2 - m(mapto, ©X)

0<s<1 m(m?s1, 1X)
Re(s) = 1 m(n?s1, 1X)
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i) j=1
Table 1.1
zero order
1 2- m(m3, 7X)
i-n (0<neZ 2 - m(mont1, TX)
Re(s) = % m(m?~1, 7X)

§2. Special values of Selberg zeta functions

Special values of Selberg zeta function are considered by [DH, F].
We will recall their methods and results.

Let T be a discrete torsion-free subgroup of G such that T'\G is
compact. Let (x, V) be a finite dimensional unitary representation of I.
Fix an integer n € Z such that n = j (2) with 5 = 0,1. Now consider
a heat equation

_ o

(2.1) Af =%

for f(*,t) € C}(G,6,) (t > 0). Here A = 8- with the Casimir operator
e U(G®r C) on G. Because Ay, s = (s? — 1), s for all s € C, the

spherical Fourier transform ]?(s, t) = pn, s(f(*,t)) satisfies an equation

(2:2) - -F
Then f(s,t) = C(s)exp{(s® — 1)t} with a function C(s) of s. Put
g+(s) = exp{(s® — 1)t}. Then g, € C1(G,8,) for ¢t > 0 and, by Theorem
1.1, there exists a f(x,t) € C1(G,&,) such that f(s,t) = g.(s). This
function f is a fundamental solution of the heat equation (2.1).

We will consider the case of n = 0. Applying trace formula (1.4.6)

to g € Cl(é, 1x) (¢t > 0), we have an identity
(2.3) H(t) + m(1r,x) = I(t) + G(t) (¢>0)

where

Hiy= Y. m@',m)-gs)

s€D”(0)/{£}
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with D”(0) =+v/—-1RU{oc € R |0 < |o| < 1}, and

I(t) = dimV - vol(T'\G) - ;il? /°° gt (2v/—1r)dr

- log la(v)]
G(r) = (4m) ™2 trx(+) - e D(h())
l;é{v}peggonj(r) Ty i<y >) v

x 72 exp{~t — - (log a(x)])?).

The term m(1r, x) comes from Frobenius reciprocity law; m(1g, 7X) =
m(1r, x). The Mellin transforms of H(¢), I(t) and G(t) are denoted by

FNI(S), f(s) and 5(3) respectively, that is,
H(s) = / Ht)t*~'dt  etc.
0

Let x(0,1] (resp. X(1,00)) be the characteristic function of the interval
(0,1] (resp (1,00)), and put

A(t) = H(t) + m(1r,x) - X(0,1(t) — I(t)

(24) = G(t) — m(Ir, X) - X(1,00] (t)-

Then A(t) decays exponentially as t — +0 or t — +o00, and the Mellin
transform A(s) is an entire function of s. We have

I(s) = dimV - vol(T\G)I'(s) - J(s)
where

J(s) = (4m)7* /:?vﬁ + 1) Ppo(r/2)dr (Re(s) > 1)

which has a meromorphic continuation to the whole s-plane whose sin-
gularities are simple poles at s =1,0,—1,—2,---. By (2.4), we have

G(s) = A(s) = m(1p, x) - s !

and C~1'(s) has a meromorphic continuation to the whole s-plane. On the
other hand we have

G(s)=T(1—s)7! /Ooo{r(r + 2)}_3dirlog Zro(x, g + 1)dr
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for Re(s) < 1 by the formula

= -1 c\? £\’ 1 s—1
/0 (4mt) /2 exp{— (5) t— <§> STt
=I'(1-s)"" /0 {z(z+ )} exp{—¥(z + g)}da:
(Re(s) < 1,£>0,c>0)
cited in [F]. Then
(2.5) H(s) = G(s) + I(s)
by (2.4). On the other hand, we have
H(s) = T(s)¢rx (s, 8)
Gald) = Y mlam, )1 —r)

reD”(0)/{x}

Then (r,(s,A) is a meromorphic function of s, holomorphic at s = 0.
By the Table 1.5.1, the Dirichlet series (r (s, A) is

1 1 —s
Lhalsd) =5 Y (G+ud)
w=%+\/—_1u

where ) _ 14T is the summation with multiplicity over the zeros
w =1+ +v/=1u of Zro(x,s) such that 0 < Re(w) < 1. Let

Zro(x,s) = A- (s — 1)™A0X) 4 [terms of degree > m(1r, x)]
be the Laurent expansion of Zr o(x, s) at s = 1. Then, by (2.5), we have
(f‘,x(oa A) = !I_I)%F(S) (CF,X(Sa A) - CF,X (03 A))
=2-m(1lr,x) -log2 — log A — dimV - (29 — 2)J'(0).

Now put
detAr,, = exp{—('(0,A)}

which is the functional determinant of A operating on the space
EX(1g)={u e EX|nX(k)u=u forall ke K}.

Here EX is the representation space of 7% = IndSy. Then we have
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Theorem 2.1. The Laurent expansion at s =1 of Zro(x,s) is
Zro(x,8) = R- P (s —1)™20X) 4 [terms of degree > m(1r, x)]
where

R =det Ar,,
P = 4mrx) . odimV-(29-2)

with C = exp J'(0).

83. Dedekind zeta functions

Now we will consider Dedekind zeta functions. Detailed discussion
will be given in [Ta].
Let K be a finite algebraic number field and

(s)= [TQ-N@™)™"  (Re(s) > 1)

the Dedekind zeta function of K. Then we have the explicit formula
(Weil [15])

=F(0)log |D| + 2 /00 F(z) cosh(z/2)dz

- Z ZN v) "% log N(v) - {F(log N(v™)) + F(—log N(v"))}

v<oo n=1

+y = / +\/_1x) Re(f2 (3 +v~1z))de

v|oo
where F' is a suitable test function and
(3.2) P(s) = / F(z)exp((s —1/2)z)dz

3. is the summation with multiplicity over the zeros w of (x (s ) such
that 0 < Re(w) < 1, D is the absolute discriminant of K, ) __ (resp.
Ev| ) is the summation over the finite places (resp. infinite places)
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of K, and I'y(s) = n~%/2I'(s/2) if v is real, [';, = (2m)!7°T(s) if v is
complex.
The heat equation
O*F _OF
82~ Bt

has a fundamental solution
(3.3) Fi(z) = (4n - t) "2 exp{—(z/2)%t 7} (r e R,t>0).

Applying the explicit formula to the function F;(z), we have

(3.4) H@t)=I(t)+2+G@t) + > _ L)
v|oo
where
Hit)= Y  ewp{- ( +u?)t}
w=31+v—1u
=2 Z ZN(’U )""/2log N (v)

x (4m - )12 exp[—Z{t + (log N(v))2t™1}]
I(t) =log|D| - (4r - t)—1/2 exp(——t/4)

Iv(t):%/oooexp{ (3 +7)1} - Re(r? ( + vV 1a))de

Let x(0,1] (resp. X(1,,0)) be the characteristic function of (0,1] (resp.
(1,00)), and put

A(t) = H(t) — 2x.(t) — I(t) = Y _ I
= G(t) + 2X(1,00) (t)-

The Mellin transform of H(t) etc. is denoted by H(s) etc., that is
H(s) = / H()t* 'dt et
0

Now A(t) decays exponentially as ¢ — +0 or ¢ — 400, and the Mellin
transform A(s) is an entire function of s. Then, by calculating A(s) in
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two ways, we have

(3.6) H(s) = G(s) +I(s) + 2I'(s) > _ Ju(s)

v{oco

Here _
H(s) =2T'(s)¢(s, Ax)
with

1 1 2\—s
(s, Ak) =3 > (7 )
w=1+v/"Tu

where Y _ 14y =Tu is the summation with multiplicity over the zeros

w = % ++v/—1u of {k(s) such that 0 < Re(w) < 1. The infinite series
((s, Ak) converges absolutely for Re(s) > 1/2 and has a meromorphic
continuation to the whole s-plane which is holomorphic except for the
possible double poles at s = % —j(0 < j€Z). We have

Ck

R 2(z+1) {z(z+1)}dz
K

G(s) =2I(1 —s)™ /O

for Re(s) < 0, and G(s) has a meromorphic continuation to the whole
s-plane with unique simple pole at s = 0 with residue 2 because we have

G(s) = A(s) + 257! by (3.5). We have also

T(s) = (4v/m) " log|D| - T(s - 1/2)

Jv(s)z—/()m(%+ )~ Re(® ( +V=T2))dz

T

converges absolutely for Re(s) > 1/2, and has a meromorphic continu-
ation to the whole s-plane which is holomorphic except for the possible
double poles at s = 1 — (0 < j € Z).

Now (3.6) with some calculations gives an identity

1
¢'(0,Ak) = — log(Ress—1(k(s)) — 1 log |D| + Z J,(0)
v|oo
Then we have the following

Theorem 3.1. We have a residue formula

Ress=1Cx(s) = |D["1/4(exp J1(0))™ (exp J5(0)))"* det Ak



122 K. Takase

where J1(8) = Jreal(s), J2(8) = Jecomplex(s) and
det Ax = exp(—('(0, Ak))

is the “functional determinant” of the “Laplacian” Ak assoctated with

K.

84. Concluding discussion

There exist a lot of analogies between Dedekind zeta functions and
Selberg zeta functions. They are both defined by Euler products, and
so they have no zero in the region of absolute convergence of the Euler
products. They have also symmetric functional equations with respect
to s — 1 —s. Such a functional equation for Dedekind zeta function
is well-known, and for Selberg zeta function is given in §1,5). Because
of these functional equations, Dedekind zeta functions or Selberg zeta
functions have zeros on the negative real line which are called trivial
zeros. All other zeros are in the critical strip 0 < Re(s) < 1, and they
are called non-trivial zeros. The generalized Riemann hypothesis states
that the non-trivial zeros are on the line Re(s) = 1/2. Table 1.5.1 or
1.5.2 shows that the generalized Riemann hypothesis is almost valid for
Selberg zeta functions, that is, except for the finite number of zeros on
real line 0 < s < 1, the non-trivial zeros are on the line Re(s) = 1/2
(there is an example such that Zr o(x, s) does have a zeroon 0 < s < 1).

Selberg [Se| defined “Selberg zeta function” in order to solve the
following crossword puszzle:

Crossword Puzzle
Dedekind zeta function ?

explicit formula Selberg’s trace formula

So the relation between Dedekind zeta functions and Selberg zeta func-
tions are clear from its origin.

The arguments in §1 and §2 are quite parallel. We can find a tight
correspondence between these two arguments
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Table 4.1
Dedekind zeta function Selberg zeta function
explicit formula trace formula
2
heat eq. ?9:31; = %—f heat eq. Af = %ti
C(571AK) 1 CF;X (S’ A) 1
:§sz%+ﬁu(1+“2)_s =212 Ew=%+\/~—1u(z+u2)_~s
detA g = exp{—('(0,Ak)} detAr,, = exp{—('(0,A)}
(k(8) =25 +b+c(s— 1)+ | Zro(x,s) = A (s — 1)™mArX) 4 ...
a = C]ChrdetAg|D|~1/4 A = ¥V (29-2)det Ap , 4™(1rX)
log(w+/|D|27™ (27)~"2) g = genus of I'\G/K

Here (s, Ak ) (resp. {r,x(s,A)) is the summation with multiplicity over
the non-trivial zeros of (x(s) (resp. Zro(x,s)). Weil [Wel] shows that
the number log(w+/|D|27™(27)7"2) plays the role of “genus” for the
finite algebraic number field K. In other word, the numbers r; and ry
are linearly related with the “genus” of K.

Now the residue of (x(s) at s = 1 is a = C]*Cy?>detAg - |D|~1/4
(Theorem 3.1), and the leading coefficient of Zpo(x,s) at s = 1 is
A = 4™V (29-2)detAp , (Theorem 2.1). The factors C]*C5? for (k(s)
and C4imV(29-2) for Zr o(x, s) are depending only on the genus of alge-
braic number field K or Riemann surface I'\G/K. On the other hand,
the factors detAg for (i (s) and detAr, for Zr o(x,s) depend deeply
on the non-trivial zeros of (x(s) and Zro(x,s) respectively. So the
correspondence of these factors is

Table 4.2
Dedekind zeta function | Selberg zeta function

C{'l 052 CdimV(?g—2)

|D|~Y4detAk 4m(ArX) detAr

Now compare the formula in Theorem 3.1 and the classical residue
formula of (x(s) given in §0. Then the factors C7*C3? and 2™ (27)™
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depend only on the structure of K ®gR. On the other hand, the factors
h-(w+/|D])~'-R(K) and |D|~'/*det Ak depend deeply on the arithmetic
of number field K. So the correspondence of the factors is

Table 4.3
classical formula Theorem 3.1
2" (27)"2 C*C?

h- (wy/[D])~1 - R(K) ||D|~"/*detAg

As is pointed out in §0, the factors 2™ (2m)™2 and h-(w+/|D|)"1-R(K)
are the period and the regulator respectively of the special value of (x(s)
at s = 1 in the sense of Dogma given in §0. So, by Table 4.3, the factor
CT*C5? is the period and the factor | D|~*/4det A is the regulator. Then
Table 4.2 shows that the factors C4mV(29-2) and 4m(1F’X)detAp7X play
the role of the period and the regulator respectively of the special value
of Zro(x,s) at s = 1.

Problem. For the Dedekind zeta function, the factor h-(w+/|D}) -
R(K) contains the algebraic part h - (w+/|D])~! of the special value of

Cx (s) at s = 1. Does the factor 4m(1F’X)detAF7X for Selberg zeta function
contain the “algebraic part” of the special value of Zr o(x,s) at s = 17
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